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WORKING ON ALGEBRAIC THINKING Luis Puiga, Janet Ainleyb, Abraham Arcavic, and Giorgio Bagnid a



Universidad de Valencia, bUniversity of Leicester, cWeizmann Institute of Science, d Università di Udine



A STARTING POINT At the first meeting of the CERME Algebra Group in Larnaca, Cyrpus all participants were asked to write down a sentence starting with “At the beginning of the work of the Algebra Group I think that algebraic thinking must include…”, and to keep it safe till the last session. Then we jumped to work in several problems proposed by John Mason and Janet Ainley, to begin our work by experiencing the kind of thinking we have to reflect on, and by interacting among ourselves. Before meeting in Larnaca we had gone through the process of peer reviewing the papers, ending with 14 papers accepted for presentation. These papers were presented in four themed groups, which organised the type of research or theoretical questions dealt with, under the labels: x expressing generality, x teachers, x expressions and equations in the interface between arithmetic and algebra, and x mathematical objects and representations. After four sessions discussing the presented papers, we moved to discussion around two groups of issues that emerged: x Object and meaning / situated algebra x Emergent algebabble / Generality as central / generalisation, abstraction, formalisation OBJECT AND MEANING / SITUATED ALGEBRA The papers more relevant to this topic were those by Bagni; Barbosa, Palhares and Vale; Dörfler; Fischer; Lagrange and Chiappini; Mason; Wilson and Ainley; Rahman. They raised issues concerned in various ways with algebraic activities situated in the use of artefacts and representations used by teachers and learners. Our discussion went through a set of questions on the emergence and extension of meaning, and on the characteristics of the situations in which meaning emerge. x How can teachers extend situated meanings? x Can meaning emerge from the practice of manipulation (of symbols or objects) with rules? x Can meaning emerge without practice?
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x What features of a situation do we anticipate can afford access beyond the situation? The term ‘situation’ was used broadly to encompass task, medium, pedagogic approach by teacher, and classroom ethos, and we pointed out the central role of the teacher in going beyond it: x Teacher stressing purpose. x Teacher’s choice of emphasis in original situation. x Teacher referring back from new context to original situation. EMERGENT ALGEBABBLE / GENERALITY AS GENERALISATION, ABSTRACTION, FORMALISATION



CENTRAL



/



The papers more relevant to this topic were those by Alexandrou-Leonidou and Philippou; Drury; Dörfler; Fisher; Gómez; Hadjidemetriou; Mason; Molina, Castro and Mason; Papaieronymou. They raised issues concerned in various ways with expressing generality or symbol manipulation or problem solving as the core principle of school algebra, and with pupils trying to make sense of the algebraic language they are learning. Curricular issues Discussion about the central role of generalisation in the teaching and learning of school algebra led to the question what is school algebra about?, and the discussion of curricular issues. Generalisation was contrasted with symbol manipulation and with problem solving, as the core principle of the curriculum of school algebra. One position was that algebraic expressions can be used as tools or as objects. The approach is then to use them as objects in their own right, and use manipulation of expressions to investigate expressions – what can I do with them? Algebraic expressions are diagrams in Peirce’s sense, and these diagrams are the very objects of mathematical activities. Another position stated that a curriculum organised around problem solving does not exclude, but includes expressing generality, at least in two ways. First of all expressing generality is a problem solving activity, hence if the core principle of the curriculum is problem solving, this does not have to mean that pupils are presented only with work on quantitative arithmetic-algebraic word problems, but it should also include working with problems in which the aim is to express generality. Secondly, expressing generality is a way to endow algebraic expressions with meaning. In order to solve word problems by using the algebraic language, pupils need to learn the use of algebraic language in a meaningful way, its syntax and the special feature this language has of calculating with the expressions without resorting
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to its content – a possibility due to the fact that algebraic expressions are icons (a kind of diagrams), in Peirce’s terms, as he explained in Peirce C.P. 2.279. “Meaningless symbol manipulation”, or symbol manipulation following a set of conventional rules, can come later on, when one can set aside the meaning of expressions to carry on the calculations. Actually, rules of symbol manipulation are also meaningful. Ways of symbolising can be social conventions, but rules of manipulation of symbolic expressions are grounded in the observation of some structure. What does ‘meaningless symbol manipulation’ mean? Setting aside meaning – but can also mean without a sense of overall purpose. Historically, the purpose of symbol manipulation, and of solving equations is the solutions of (classes) of problems. Through a process of progressive abstraction algebraic expressions are studied as objects, and so on. Mathematisation is a practice of progressive abstraction. To jump into one level, i.e. symbol manipulation, instead of climbing up levels, or to be thrown into one level instead of being given the opportunity of climbing up the staircase of levels is not a good way to organise the curriculum. On abstraction Generalisation was contrasted with abstraction, by pointing out that abstraction could consist of x taking a property – forgetting the object and asking ‘what else has this property?’; x forgetting some meanings; x transforming - a means of organisation of objects into a single object. On idiosyncratic signs Algebabble is an expression used to capture what pupils do when they are going through the process of giving meaning to algebraic activity. The idiosyncratic signs they produce are x windows to pupils cognitions, x endowed with meaning by them. A PRODUCT OF OUR DISCUSSION At the last meeting of the CERME Algebra Group in Larnaca, Cyrpus all participants were asked to produce the paper in which they have written their ideas on what algebraic thinking must include, and to reflect on what new things they could see in their papers after our discussions. One of them just said: “looking at my paper what I see is if students are able to see the structure of an equality they have begun algebraic thinking”.
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REFERENCE Peirce, C. S. (1931-58). Collected Papers of Charles Sanders Peirce. Edited by Charles Hartshorne and Paul Weiss (vols. 1-6) and by Arthur Burks (vols. 7-8). Cambridge, MA: The Belknap Press of Harvard University Press
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RESEARCH IMPACTING ON STUDENT LEARNING: HOW CONSTRUCTION TASKS INFLUENCED LEARNERS’ THINKING 1 Shafia Abdul Rahman The Open University Abstract Research is commonly conceived as an exocentric process where one person probes the behaviour of another. While in many cases the intention of the researcher is to gather information about the learner, the study described in this paper illustrates how research can have an impact on student learning in terms of revealing to the learner aspects of the topic that were not previously focused upon. Twenty five students studying A-level and undergraduate engineering, pure mathematics and education were invited to construct relevant mathematical objects meeting specified constraints. Having constructed these examples, learners displayed a range of awareness of the effect of the construction tasks on their understanding of the concepts involved. INTRODUCTION Understanding of mathematical ideas seems to be highly cognitively situated, in the sense that learners may be well-equipped to work on the standard textbook problems in a familiar context and yet become incapacitated when faced with novel situations. This may explain why learners do not seem to be able to cope with situations beyond what they are familiar with. Following Mason (2002), I see conceptual understanding as not only the ability to use situated knowledge to solve routine problems correctly but more importantly, as the ability to extend that situatedness appropriately and efficiently into unfamiliar situations. Dealing effectively with novel situations is likely to depend on which aspects of the concept/idea become the focus of learners’ attention namely, what they regard as important. In this paper, I report on a study which explores learners’ awareness of integration using the ‘structure of a topic’ framework (Mason, 2002; Mason & Johnston-Wilder, 2004). I discuss only two of the many tasks that were prepared for the study. The topic of integration is of particular interest to me because of its wide applicability in a number of areas. The topic has been considered by a number of researchers (see for example Orton (1983); Ferrini-Mundy & Graham (1994); Norman & Prichard (1994); Selden, Selden & Mason (1994)). What is reported on is learners’ lack of flexibility, their inability to make necessary links/connections between concepts/ideas and their lack of understanding of underlying principles without a clear identification of the object of the research or causes for such 1



This paper draws data presented in an earlier paper (Abdul Rahman, 2006) and a book chapter (Abdul Rahman, in preparation).
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problems. The concept of integration, particularly poses problems to learners. Unlike differentiation, which is a forward process, the difficulties faced by learners in the reverse or backward process of integration are more complicated because it is essentially creative rather than algorithmic. The dual nature of integration, which is both the inverse process of differentiation and a tool for calculation of area and volume and length, can be confusing to learners. Understanding in mathematics involves learners getting a sense of it in relation to their past experience. Tall & Vinner (1981) used the notion of concept image to capture what it means to have a sense of a concept. It describes “the total cognitive structure that is associated with the concept, which includes all the mental pictures and associated properties and processes”. Using awareness to explain the act of coming to know mathematical ideas, Gattegno (1987) asserts that ‘knowing’ means stressing awareness of something and that this awareness is what is educable, indeed that only awareness can be educated, whereas other things can be trained. Informed by this assertion and enriching the notion of concept image with the three interwoven dimensions of human psyche (cognition, affect, enaction), Mason (2002) developed a framework referred to as ‘structure of a topic’ to describe how a mathematical topic is conceived. The framework comprises three strands: behaviour, emotion and awareness, which are closely associated with the more familiar terms enaction, affect and cognition. Behaviour is trained through practice but training alone renders the individual inflexible. Flexibility arises from awareness which informs an directs behaviour. Learning then involves educating awareness which in turn directs appropriate behaviour. Energy and motivation to learn arise from the harnessing of individuals’ emotions. Placing emphasis slightly differently, Kilpatrick et. al. (2001) suggest five strands of mathematical proficiency: conceptual understanding, procedural fluency, strategic competence, adaptive reasoning and productive disposition. These strands can be explained in terms of awareness, behaviour and emotion. Conceptual understanding can be related to awareness as relevant actions are brought to attention when engaging in activities. Procedural fluency is attained by training of behaviour, although the training of behaviour alone may result in inflexibility of thought and a lack of adaptive reasoning. More appropriately training of behaviour must be driven by educating awareness so that students not only practice recently met ideas but also gain experience with some new concept. Productive disposition and strategic competence relate to emotion, as they deal with developing experience of identifying problem solutions and justifying conjectures. Behaviour which is to be flexible and responsive to subtle changes must be guided by active awareness. A particular form of active awareness is the discernment of variation, which is what Marton (Marton & Booth, 1997) regards as learning: making distinctions, both discerning something from, and relating it to, a context. According to Marton, aspects of a phenomenon, situation or problem are discerned because they are simultaneously
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present in the individual's focal awareness and so define the individual's way of experiencing the object. This fits with a view of mathematics as being essentially about the study of invariance in the midst of change. Awareness of things that can vary and those that remain invariant in mathematical objects is essential for understanding any concept. Learners can be assisted in becoming aware of both the invariance and the possible change when constructing new mathematical objects for themselves. In the context of learning, Watson & Mason (2005) argue that learning involves extending awareness of dimensions of possible variation associated with tasks, techniques, concepts and contexts, as well as the awareness of the range of permissible change within each of those dimensions. In this regard, what learners make of mathematical examples and their awareness of what can vary and what is kept constant to maintain the exemplary nature of the examples can reveal dimensions and depth of their awareness and promote and enrich their appreciation of the mathematical topics. Integral to effective mathematics instruction is the use of examples to illustrate and clarify mathematical concepts. While teachers may use examples to illustrate definitions and exemplify the use of a particular rule or theorem, learners may focus on the specific details of examples and may develop restricted thinking that only those kinds of examples are appropriate. So, they may overlook the generic sense of exemplification which the teacher intends for them. Constructing examples, however, involves different cognitive skills from working out given examples. Dahlberg & Housman (1997) showed how learners who generated examples and reflected on the process attained a more complete understanding of mathematical concepts by refining and expanding their evoked concept image. Hazzan & Zazkis (1997) showed how learners had difficulty managing degrees of freedom of generated examples. According to Watson & Mason (2005), encouraging learners to generate examples of mathematical objects can expand their example space and shift their attention away from the particularities of examples to generalizations. By prompting learners to construct examples, what they choose to change reveals dimensions, depth and scope of their awareness. Constructing examples forces them to attend to form in the example and disregard details that make up the example. Discerning generality with an awareness of particular details in mathematical examples requires learners to be sensitive to what can change and what must remain constant. Although learners do not normally encounter this type of question in their learning of concepts, it is my conjecture that example construction itself could develop their ability to discern dimensions-of-possible-variation and could reveal their awareness of the concept, which could give insight into the structure of their understanding. METHOD Semi-structured interviews were carried out with five pairs of students studying A-level mathematics and fifteen undergraduates around South East England in the United Kingdom. These students were in their first year, studying mathematics, engineering and education. The aim was to expose a range of responses in different
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learners concerning understanding of the topic. The sessions were tape-recorded and time was allotted for each task so that interviewees had enough time to answer all the questions. The interview sought to reveal the nature of students’ understanding of integration. The questions in this task were intended to elicit learners’ understanding in terms of what they are aware of, how their behaviour develops and the corresponding emotion that provides motivation and energy to learn. Next, the students were invited to construct relevant mathematical objects meeting specified constraints with the aim of revealing their connections to the topic. Given 2



the integral ³ (1 



x ) dx



0



, the students were invited to construct another integral like



0



it where the answer is 0. Next, they were invited to construct another example and a third one. The aim was to reveal their connections to the topic by changing dimensions that could vary. In the second task, the students were given the 3 2



expressions 2³ ( ln x  )dx



2 x ln x  x



d 2 x ln x and asked to construct simpler and dx



more complicated examples. What they chose to change in their examples could reveal the scope and nature of their awareness. THE OUTCOME Learners in this study displayed a range of awareness of the effect of the construction tasks on their understanding of the concept involved. To my surprise, the tasks that were intended to be research probes in fact influenced the learners’ thinking of the topic concerned and changed their perception. Those who were aware of the change in their perception were able to articulate the change and express their appreciation. 3
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Marlene, a mathematics student, constructed ³ (1  x)dx , ³ (1  x)dx and ³ (1  x)dx . She later realized that they are not going to work and suggested that changing the gap 4



2n



2



n



might work and constructed ³ (1  x)dx . She constructed a general example of



³ ...dx .



Her attention seemed to be focused on techniques of integration, particularly on the limits. She did not seem to reveal associations to area. Changing her perspectives slightly differently and probing her awareness, Marlene appeared to shift her



CERME 5 (2007)



819



Working Group 6



attention away from the particularities of the example and revealed richer connections. Interviewer: Why is it coming to zero? Marlene:



Because there’s no area underneath it touching the graph, touching the xaxis. [After sketching] Aaahh .… they’re cancelling each other out. Look at that! Nifty! Because part of the area is underneath and it’s negative and it cancels out. … So we can do [change] both limits, couldn’t we? … So we’ve simply got the situation here, we’ve got these little areas, when x is naught we got 1, naught and -1 and then naught to 2, if we sum both of them, we are going to get little areas that are going to cancel each other out. 3



4



1



2



She then constructed examples such as ³ (1  x)dx and ³ (1  x)dx . Asked to express her awareness of dimensions that could vary explicitly, she noted: You can change the function; involve any straight line function that cuts through the origin …. It doesn’t necessarily have to go through the origin, does it? You have to set the limit from either side of the point where it did go through. Any straight graph would work.



Although her sense of connections seemed enhanced, she did not display enough evidence to suggest rich connection as she did not change the function. In Task 2, she constructed 2³ x 2 dx 2



x3 3



d x4 as the simple example and suggested that having dx 4



trigonometric and logarithmic functions would make the example more complicated. After constructing examples, Marlene was asked whether the act of constructing examples had made her aware of changes in her perception of the concept. She concluded: I think it helps you discern what’s in front of you in the sense that you saying what is it that makes it what it is. Once you’ve isolated that, you can then identify other things which are similar, either more complex or less complicated, but still the same in similarities. I’ve never tried to make easier or more complicated ones virtually the same thing but it made me look at the object and consider the method you would need and the characteristics of the object itself to try and discern some parameters, put it in a box, deprive it in some way to make it possible to make similar the deviant.



The construction tasks seemed to have afforded a shift in Marlene’s attention from focusing on rules of the method to use to discerning properties inherent in the
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examples. By tinkering with the example to construct simpler and more complicated examples, Marlene appeared to be forced to attend to the form present in the example. In the above extract, Marlene expresses her sensitization to and appreciation of the structure in the example once she has identified the method to use. In Task 1, Paul, an education student, constructed ³ x 3  4 and remarked: It is just symmetric so whatever you’ve got the same thing on both sides, actually opposite things on both sides, like where you stick the same value and plus and minus and that bit cancels that bit.



He then suggested one of the trigonometric function (sin or cos) as another example. Paul displayed rich connections to the topic, although he displayed emotional predisposition to the topic and hesitant in his speech. 3



Tina, also a mathematics student, constructed n n n generalized to ³ (1  xn 1 )dx ª« x  xn 1 º» n n 0



¬



n



¼0



n



³ (1  0



nn n n 1



0, n t 2 .



x2 )dx , 3



4



³ (1  0



x3 )dx 16



and quickly



In the end, Tina observed:



It has probably made me realize that when I was saying area, actually I don’t really think about it as area under the graph that much. It’s more about just kind of applying some sort of transformation on the object in a way; it’s sort of applying the set of rules to what you’ve got in different matters like that in order to come with the answer.



Tina’s remarks suggest that she appears to be chorusing associations of the concept without necessarily having awareness of that association when she is working a problem. Realization of this contradiction between what she said and what she displayed acts to reveal her awareness of the concept involved. She struggled to understand the expression in Task 2 because it was not in the form she is familiar with. After extensive clarification, she exclaimed ‘That could be any function’ and constructed ³ xdx



³ 6 sin x cos



3



x  10 sin 3 x cos xdx



x2 2



d x3 dx 6



and



d sin 3 x cos x dx



3 sin 2 x cos 2 x  sin 4 x



as the simpler and more complicated examples,



respectively. At the end of the tasks, she noted: We don’t normally have situations where you are told to give examples; you are just given things to do. That’s normally the other way round rather than you actually thinking of the examples. I suppose as students in school, we haven’t really had a chance to create many ideas like this for ourselves. We have always been given ones to derive or to evaluate ourselves.
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Other learners focused on the details of the tasks themselves and did not express any appreciation of the effect of the construction task on their understanding. Robert, 0



an engineering student, constructed ³ ( x 1)dx as the simpler example. Being asked 2



how he came up with the example, he remarked: Basically I … like … worked it out and then work it backwards … thinking along that … I don’t know how to actually … [inaudible]. Basically I have some values … what I’m trying to do is like … find the expression and work it backwards. … I just basically have x2 over something … which comes into full … whole numbers wouldn’t work, so it has to be a fraction.



It seemed that Robert’s attention was focused on technique and displayed limited connections to the topic. In Task 2, he displayed richer connections and constructed



³ cosh dx



sinh



d cosh as the simpler example. At the end of the tasks, he observed: dx



Just many problems that are in fact the same in dimension although they look different.



Dan, a mathematics student, displayed rich connections to the topic and demonstrated facility with technique. He observed: These things were almost identical to the thought processes I go through to just solve the things. They weren’t very different for me. … What I tended to do was I tended to start with the rules and then work from the rules of the method to create something that is [required].



He suggested that: The actual complexity has no bearing in … or the method you use to solve a certain problem is independent of how complex the thing actually is.



Dan did not display any awareness of change of perception and hence, appreciation of the effect of the construction task on his understanding. He commented on the tasks themselves and displayed little or no awareness of their effect on his understanding. Charlotte, a mathematics student, suggested working backwards to get the answer. I don’t know. Can we work backwards and say, “I know 25 – 25 is zero, how can I get the 25 like 5x and I can have x 2 . I must have integrated that and that should be x – 5 and do that between 5 and x 2  5 , 5 2  (5 u 5) .



It appeared that she was caught up in the act of algebraically manipulating the integral and displayed no evidence of geometric thinking. Charlotte’s attention to
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technique appears to overshadow her awareness of form and other associations linked to the concept. She did not construct any example in Task 2 and in the end, pointed out: It’s really hard when you say, “Can you think of a simpler one” because you just think of the concept as the concept, don’t you? You don’t think of it as having that many forms.



After constructing examples that revealed restricted connections to the topic, Chris remarked: Chris: I’m starting to understand what classes of different problems are.



It seemed that these students’ remarks suggest that they are sensitized to notice the difference in types of examples rather than what is the same. DISCUSSION AND CONCLUSION The different ways in which learners experience and understand mathematical concepts can reveal the nature and structure of differences in how learners experience and understand what they are supposed to learn. Particularly, the nature of learners’ awareness is revealed through aspects in a mathematical example that they focus their attention to and thus, regard as important. Becoming aware of change in one’s perception and developing the ability to express appreciation such a change requires learners to become sensitized to that change. A change in perception afforded by the example construction tasks is particularly important since learners become sensitized to notice structure in mathematical example. Awareness of what can change and what must remain constant helps learners discern form from details in examples. By becoming aware of features not previously at the focus of their attention, learners who were expecting to be ‘tested’ about their knowledge in fact revealed to themselves aspects of the concept that were not previously salient to them. While some learners expressed appreciation of the revealed awareness, others focused on details of the tasks themselves and did not articulate any awareness of this change. Research activities that traditionally focus on learning about probes from learners’ responses only stress the strengths or weaknesses of probes. On the contrary, this study demonstrates the use of probes in learning about learners. Sensitivity of probes is important in revealing more or different things learners could be aware of because different probes elicit different responses from learners. Not only do the probes reveal to the researcher something about learners’ awareness, they were also very revealing to learners themselves, about their awareness of aspects of the topic as revealed through their construction of mathematical examples. Learners who were sensitized to their own change in their perception articulated the change and expressed their appreciation while others focused on the details of the tasks themselves. Surprisingly, the tasks that were intended to be research probes had an impact on some learners’ thinking of the concept and of themselves.
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ELEMENTARY SCHOOL STUDENTS’ UNDERSTANDING AND USE OF THE EQUAL SIGN Vassiliki Alexandrou-Leonidou and George Philippou University of Cyprus Understanding the notion of equivalence and the sign that represents it are important prerequisites to the development of important algebraic concepts and procedures. Understanding the structure of an equation is critical for the development of early algebraic thinking. The present study focuses on the types of understanding that students have on the equal sign, the ways they interpret it when they fill in and construct equations and their ability to solve equations, presented in several formats. Analysing questionnaire data from 296 3rd to 6th grade Cypriot students, we found that they have serious misconceptions on the equal sign (=). This is possibly due to the long and one-dimensional use of this sign in arithmetic. Given that these misconceptions adversely affect students’ efforts to proceed to more advanced algebraic concepts, such as solving equations, implications are drawn as to how far relational understanding of the equal sign could be developed in the primary school. THEORETICAL FRAMEWORK AND RESEARCH GOALS Developing algebraic thinking to young students is one of the main goals of modern mathematics curricula. This idea is based upon previous research findings concerning the learning difficulties that secondary school students face when studying algebra. In the same direction, mathematics education specialists as well as institutions (Kaput, 1995; NCTM, 1997; RAND, 2001; ICMI, 2004) have suggested that a greater proportion of students study algebra and that the development of algebraic concepts need to begin early as soon as the students begin the study of numbers. Consequently, the teaching of algebra needs to be according to the intellectual maturity of students, especially the younger ones. Additionally, there is a necessity for algebraic ideas to have meaning for the students’ everyday life (Stacey and Chick, 2004). The notion of equivalence and the equal sign may be of those mathematical concepts and symbols which present the mathematical thinker with the duality between process and concept. Gray and Tall (1994) introduced the idea of an amalgam of process and concept by calling this mental structure as a “procept”. Consequently, the notion of equivalence and the sign that represents it may be a procept with dual meaning both in arithmetic and algebra. Nevertheless, equivalence is one of the most important notions for the development of algebraic thinking; It is critical for equation solving, since it is the major underlying concept of the structure of any algebraic equation. Kieran (1989) refers to two types of structure for equations: (a) surface structure which comprises the given terms and operations of the left- and right-hand expressions and the equal sign denoting the equality of the two expressions, (b) systemic structure which includes
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the equivalent forms of the two given expressions. Much of elementary school arithmetic is oriented towards “finding the answer” (Kieran, 1989, p. 33). In order to introduce elementary school students to early algebraic thinking, it is necessary for teaching to shift emphasis to the structure of equations. Research has shown that many students have limited understanding of equivalence and of the sign that represents it (=). The insufficient understanding of the equal sign is not limited to elementary school students; it extends to secondary and higher education (Behr, Erlwanger & Nichols, 1980) and it influences the learning of mathematics at these levels. As Cooper and Baturo (1992) have suggested, limited understanding of the equal sign may be due to the superficial and insufficient understanding of the dual meaning of the sign: (a) statically-relationally as a “scale” sign, i.e. 2 + 3 weighs 5 and (b) dynamically-operationally as a change sign, i.e. 2 changes by adding 3 and becomes 5. Previous work by Knuth, Stephens, McNeil and Alibali (2006) with students in grades 6-8 has shown that more than half of the grade 6 and grade 7 students provide an operational definition of the equal sign (gr6-53%, gr7-36% and gr8-52%). It was also found that only a small proportion of middle school students provided a relational definition (gr6-32%, gr7-43%, gr8-31%). This dual meaning may be the source of difficulties and misconceptions about the equal sign and other connected algebraic symbols, even for students at secondary and higher education. Moreover, research has shown that many students understand the sign of equivalence as simply an “execution sign” ordering to perform the operations preceding it (McNeil & Alibali, 2000). This may be due to the frequent one-dimensional use of the equal sign in arithmetic in elementary school. Knuth et al., (2006) have found a strong positive relationship between middle school students’ understanding of the equal sign and their performance in equation-solving. They claim that relation holds irrespective of mathematical ability making the point that “… even students having no experience with formal algebra (sixth, and seventh-grade students in particular) have a better understanding of how to solve equations when they have a relational understanding of the equal sign” (p. 309). Even though the idea of developing algebraic thinking in the elementary school has been around for some years now, the relevant research focusing on the abilities of these students for algebraic thinking leaves much to be required (Falkner, Levi & Carpenter, 1999; Saenz-Ludlow & Walgamuth, 1998; Witherspoon, 1999; Carpenter & Levi, 2000; Carraher & Earnest, 2003; Kieran & Chalouh, 1993). Research has nowadays focused on areas where arithmetic and algebra have common ground. The objective is to take advantage of procepts that occupy the intersection area in the material to be taught, in order to facilitate students’ make the transition from arithmetic to algebra, developing basic algebraic thinking from the elementary school.
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One of the issues that need additional study is the teaching of equation solving (arithmetic and algebraic) in order to develop the dual meaning for the equal sign. Although a number of studies have been reported on this issue, most of them concerned middle and secondary school students (Knuth et al., 2006). Additionally, equation-solving abilities have been measured with tasks represented in symbolic formats, while we are not aware of studies that have measured elementary school students’ abilities to solve equations represented in other formats (i.e. pictures, words, diagrams). The present study focuses on the abilities that elementary school students have for algebraic thinking. The main goal of this research was to study the types of understanding that primary school students (age 8-12) have for the equal sign. Another objective was to explore the ways in which these students use the equal sign when they construct and complete equalities and how the type of understanding they have about it influences their ability to solve arithmetical and algebraic equations that are represented in different formats. The present study is part of an extended work on these issues and it includes a teaching experiment which aims to develop elementary school students’ algebraic thinking. METHODOLOGY Participants in the study were 296 students (161 male and 135 female) from an urban and a rural primary school, 74 were 3rd graders, 68 4th graders, 81 5th graders, and 73 6th graders. Data were collected through two tests. Test 1 (T1) comprised of three parts and aimed to grasp the type of the students’ understanding of the equal sign. The first part of T1 required students to write an informal definition of the equal sign in three contexts (the sign on its own, the sign at the end in a mathematical sentence and the sign between two equivalent mathematical sentences). These tasks were used in Knuth et al. (2006) study in a similar way. The second part of T1 required students to complete equalities of different structure, that is, different number of operations, with different position of the equal sign and different position of the unknown quantity, i.e. a + b = __ + d, a + b + c = a +__. We used only single digit numbers in the first and the second part of T1, to avoid students’ difficulties with the operations’ algorithms. The first task of the third part required that students construct an equality with 4 numbers, i.e. __ + __ = __ + __ (This task was originally used by Witherspoon (1999). The other four tasks in this part asked students to use the four operations and their own numbers to create a given result (These tasks were originally used by Saenz-Ludlow & Walgamuth (1998). Test 2 was designed to measure students’ ability to solve equations of similar structure, which were represented in different formats, as shown in Appendix. The two types of structure that were used (the unknown quantity before the equal sign – called “start unknown” - and the unknown quantity after the equal sign – called
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“result unknown”) were each represented in seven formats of representation (word equation, word problem, picture, diagram, equation with an unknown quantity shown in empty line, geometrical sign and algebraic symbol). The definitions, provided by the students in the first part of T1, were coded as “relational”, if the students indicated that the equal sign represents a relationship of equivalence, and as “operational”, if they indicated that it announces the result or it gives the direction to do the operations. In order to classify the type of understanding students had for the equal sign, we use the term “inclusive understanding”, if the students gave both operational and relational definitions and the term “restricted understanding”, if they gave only operational definitions. No response or unclear responses were coded as “other”. The responses to the equalities in the second part of T1, were categorized according to how the students used the equal sign. Correct responses were coded as “Right”, responses giving the sum of all the digits presented in each the equality, were coded as “Sum”. Answers, which were the sum of all the operations before the equal sign, were coded as “Left Side Sum-LSS” and those, which were the sum of the operations after the equal sign, were coded as “Right Side Sum-RSS”. Students also gave answers which could complete a mathematical sentence of the structure a + b = c with the first three digits of the equality, regardless where the addition or the equal sign was, i.e. for an equality such as __+ 6 = 7 + 4, they answered 1. These responses were coded as “Three First Numbers – TFN”. Students’ responses to the tasks of the third part of T1 were coded as “Right”, if they inserted numbers that verify the equalities. For task 1, in the case that students put the sum of the two numbers that preceded the equal sign right after it, their answers were coded as “Answer After Equal Sign–AAES”, i.e. 8 + 4 = 12 + 5. When students put the numbers in the wrong direction, in tasks involving non-commutative operations (i.e. subtraction), their answers were coded as “Wrong Direction-WD”, i.e. 15 = 3 18. No response or other responses in tasks of this part of the test were coded as “Other”. Correct responses to the equations of T2 were coded as 1 and wrong responses were coded as 0. Each student’s score for every format of representation used to present the equations was calculated by adding the number of correct responses to the four equations of each format. RESULTS Table 1 presents the students’ type of understanding for the equal sign. None of grade-3 students had shown inclusive understanding of the equal sign when it was presented on its own or in a mathematical sentence. Only 10% of these students had given inclusive understanding of the equal sign when it was presented in an equivalency.
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Very few grade-4 students had shown that they understand that this sign represents an equivalency in any context. The data shows that about half grade-5 (46,9%) and grade-6 (54,8%) students could recognize that the equal sign represents a relationship when presented in an equivalency. In the other two contexts, most grade-5 and grade-6 students showed an inclusive understanding. Task: How do you understand Type of Grade 3 the following sign? understanding 77 = Restricted 0 Inclusive 23 Other 73 3+5+2+4= Restricted 0 Inclusive 27 Other 43,2 5 + 6 + 4 = 5 + 10 Restricted 9,5 Inclusive 47,3 Other



Grade 4



Grade 5



Grade 6



82,4 7,4 10,3 91,2 1,5 7,3 50 15 27,9



72,5 15 12,5 87,7 3,7 8,6 34,6 46,9 18,5



47,9 37 15,1 65,8 17,8 16,4 16,4 54,8 28,8



Table 1: Percent of students’ type of understanding of the equal sign in three contexts



Table 2 summarizes the students’ responses to the equalities in the second part of T1; findings exemplify the misconceptions that they have about the equal sign. About half grade 3 and grade 4 students responded correctly to an equality, which had a missing number right after the equal sign. Most students in each grade (3rd – 37,7% and 4th grade – 32,8%) responded with the sum of the numbers on the left side of the equal sign, ignoring the addition of number 3 after it. Task 9 + 6 + 3 = __ + 3



6 + 8 + 3 = 14 + __



16 + __ = 9 + 7 + 5



__ + 8 = 9 + 5 + 3



Response Right Sum LSS Right Sum LSS Right Sum RSS Right Sum RSS TFN



Grade 3 56,5 0,0 37,7 66,2 9,2 12,3 70,5 0,0 19,7 60,7 6,6 13,1 8,2



Grade 4 54,7 4,7 32,8 76,8 5,4 3,6 71,4 0,0 3,6 67,3 3,6 0,0 14,5



Grade 5 72,2 2,5 13,9 86,8 0,0 5,3 92,5 1,3 3,8 85,9 0,0 2,6 0,0



Grade 6 84,7 1,4 11,1 94,2 1,4 2,9 88,1 1,5 4,5 84,1 1,6 4,8 1,6



Table 2: Percent of students’ responses to the completion of equalities



More students from higher grades responded correctly to the equality, although a considerable percentage of students answered with the left side sum (grade 5 - 13,9%,
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and grade 6 - 11.1%). Almost one out of 10 3rd graders (9,2%) responded with the sum of all numbers to the equality that had the missing number at the end of it. When the missing number was before the equal sign, almost one out of five 3rd graders (19,7%) completed the equality with the right side sum. This is an indication that they used the equal sign as an order to “find the sum”, but in the opposite direction, ignoring the addition of number sixteen that preceded the gap. Students’ responses to the last equality were similar to those given to the previous one, although the missing number was at a different position. It is very interesting though to notice the responses given by grade 3 and grade 4 students for this equality; they answered 1, which completed the equality when considering only the first three numbers, that is, 1 + 8 = 9 and dismissed the following two addends. This is an indication that younger students could work out only the first three numbers of the equalities, ignoring the rest of the terms and operations. Task ___ + ___ = ___ + ___



15 = ___ + ___ 15 = ___ - ___



15 = ___ ___ 15 = ___ ÷ ___



Response Right AAES Other Right Other Right Wrong direction Other Right Other Right Wrong direction Other



Grade 3 62,1 28,8 9,1 97 3 56,1 33,3 10,6 98,5 1,5 41,5 26,2 32,3



Grade 4 74,1 14,8 11,1 94,5 5,5 71,9 15,8 12,3 96,4 3,6 61,2 18,4 20,4



Grade 5 89,9 7,6 2,5 98,8 1,2 87,5 3,8 8,8 100 0 83,8 2,5 13,8



Grade 6 92,2 0 7,8 100 0 90,6 1,6 7,8 100 0 92,2 3,1 4,7



Table 3: Percent of students’ responses to the construction of equalities



Table 3 shows that the proportion of students answering correctly the first task of Part 3 in T1 was increasing by grade level. Similarly, the proportion of students who put the sum of the numbers before the equal sign right after it has a constant decrease grade by grade. The students who gave the latter response completed the fourth missing number with one that was irrelevant to the previous three. It is important to note that the number of students of all grades who correctly completed the second and fourth task of this part of T1 was quite large. On the contrary, for tasks 3 and 5 the number of correct responses decreased significantly. The percentage of correct responses to the third and fifth task increased constantly grade by grade. A significant number of students completed the equalities by putting the missing numbers in the opposite direction, i.e. 15 = 3 – 18 or 15 = 3 ÷ 45. The proportion of students who used the equal sign in this way decreased grade by grade.
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We applied analysis of variance to check for differences among students in different grades with respect to their ability to complete and construct equalities; it was found that students in elementary school have significant grade difference (F3-292 = 12,02, p, s(x) - s(a + 1)defined on [0;a].
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After entering this function in Casyopée, they tried the entries of the ‘compute’ menu (expand, factor, normal…) and choose the factored form because they thought that it was simple and therefore more easy to use. They then used the ‘justify’ menu, which produced elements of the proof in the Note Pad. After that they edited these elements to write a proof. In contrast with paper/pencil situations, it was a very active and satisfactory part of the work, thanks to the help of Caysopée. A scenario for the extension The above report on these two sessions of experiments using the existing version of Casyopee is evidence of its support to students’ algebraic activity, but also highlights their difficulty in making sense of the links between the geometrical situation and the algebraic model. In the second session, we made students use the dynamic geometry software before using Casyopée so as to help them to make this link, but this was limited because they could not go back and forth and move objects from one environment to the other. With the extension planed in the ReMath project, students will be able to create the rectangle and the points in a dynamic geometry (DG) module, M being a free point on [AB]. The lengths AB and AD will be Casyopée parameters (like a above) and the students will be able to change them by animating the parameters. Casyopee will then provide a means for defining and computing symbolically the geometrical functions. Students will be able to choose an independent variable (for instance the length AM or BM) and a calculation involving lengths as a dependent variable. They will be then able to build a function for the area of the parallelogram. The DG figure and the functions will be dynamically linked. Animating the parameters will change the rectangle as well as the representations of the functions (expressions, graphs, tables…) Dragging M will move the trace on the graphs. Conjecturing and proving the minimum will be done by steps similar to the situation experimented without the extension. However, we expect that these steps will involve more exploration with the geometrical situation in mind. A NEW OPERATIVE AND REPRESENTATIVE ARTEFACT FOR ALGEBRA LEARNING: THE DIGITAL ALGEBRAIC LINE OF ALNUSET In order to mediate and to support the development of the capability to control the sense and denotation of algebraic expressions and propositions, in the ReMath project a working group of ITD-CNR is developing ALNUSET (ALgebra of the NUmerical SETs). In this document we consider only a component of ALNUSET, namely the Digital Algebraic Line (DAL).
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The DAL environment of ALNUSET comprises two parallel lines intersected by a perpendicular line. The two points of intersection define the points 0 on the two algebraic lines, which are characterized by the same dynamic unit of measure. A post-it is associated to each point represented or constructed on the DAL: the content becomes visible when the mouse pointer moves close to it. The DAL is based on a representation built by mathematicians in the preceding centuries, the numbers line. In the ReMath project with the design and the implementation of ALNUSET we have exploited the possibility of visualisation, interactivity, dynamicity and computation offered by technology to transform the numeric line into a digital algebraic line, making available a new operative and representative possibility, not available on the numbers line: to use mobile points on the line marked by letters to express, in general form, the generic element of the considered numeric set. The mobile point is a useful metaphor to conceptualize the notion of algebraic variable and it is a useful operative tool to geometrically construct algebraic lettering expressions on the line and to externalize what they denote. We do believe that the Algebraic Line can exist only as digital artefact because its algebraic nature is due to the introduction of mobile points on the line and this characteristic is possible only through digital technology. The new operative and representative possibilities offered by the DAL of ALNUSET allow the user to perform the following four algebraic activities: Construction of algebraic expressions and their representation on the line; Externalization of what variables and algebraic expressions depending on them denote; Research of real roots of polynomials with integer coefficients; Identification of the truth set of algebraic propositions. In the following we will present the first two activities. Activity 1: Construction of algebraic expressions The DAL is an operative and representative environment for the construction of algebraic expressions involving integers and letters defined on a specific numeric set (natural integers, relative integers, rational numbers, rational numbers extended to rational powers). Three geometrical models are available to join numbers and letters by means of the symbol of the mathematical operations and to construct algebraic expressions: a model for addition/subtraction, a model for multiplication/division, a model for integer power/rational power. Each of these three models can be used to perform both the direct operation and the inverse one. In the figure three examples concerning the model of the operations are reported.
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In the first case the model of addition is used to perform 2/3+3/2; in the second case the model of the division is used to construct the fraction 3/2; in the third case the model of power is used to construct until the fifth power of 3/2. As a basis for constructing new mathematical expressions, the DAL makes available a predefined range of integers on the lines and provides the opportunity to use letters as names of mobile points represented on them. Integers represented on the lines, letters corresponding to mobile points and mathematical expressions already represented on the DAL can be joined up by means of the geometrical models of mathematical operations in order to create new mathematical expressions. Every new mathematical expression constructed in this way is associated both to a point that indicates the result of the operations performed in sequence and to a post-it that will contain all the equivalent expressions constructed by the user denoting that point. Some examples of mathematical expressions: x



“2/3” is a mathematical expression produced by combining the integers 2 and 3 with the operation of division. The expression created in this way is associated to a point on the line and it is inserted in the post-it associated to this point. Any equivalent expression of 2/3 constructed by the user denotes the same point and it is inserted in the same post-it. We note that the point constructed on the line is a efficient metaphor for the notion of rational number while the post-it associated to it that contains all the fractions that are equivalent to 2/3 is an efficient metaphor of the notion of “class of equivalence”. The DAL makes available an important conceptual metaphor for the construction of the concept of algebraic variable: the algebraic variables are mobile points on the DAL that denote numbers. The variable associated to a mobile point can be exploited to generalize properties of the numerical sets. For example, once the variable n is represented on the line the expression (n*2)/(n*3) can be constructed and it is possible to verify that such expression is associated to the same point of 2/3 and it is contained in the same post-it, whatever the value of n is, namely whatever the position of the mobile point n on the line is.



x



2*x+1 is a mathematical expression produced through two constructive steps: construction of the expression 2*x by combining the integer 2 and the letter x by means of the operation “*”; construction of the expression 2*x+1 by combining the previous expression 2*x and the integer 1 by means of the operation “+”
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We note that the expression x+(x+1) is an equivalent expression of 2*x+1, i.e. it makes reference to the same point on the DAL, and so it appears in the same post-it of that point. Activities of this type can be of great importance to construct the idea of what an algebraic expression denotes or to understand what means that two expressions are equivalent or to learn how to build algebraic expressions addressing specific aims. Activity 2: Externalization of what a mathematical expression denotes Once a mathematical expression that contains letters in its structure has been constructed and represented on the line, it is possible to drag the variable points on the DAL referring to those letters. When a mathematical expression depends on a variable, the dragging of the variable point on the DAL will refresh the expression depending on it. It is not possible to show on a static support the dynamic effect produced by the drag of the variable point on the DAL. Referring to the previous figure the reader has to image to drag the mobile point x and at the same time to see the movements of the points that are associated to the expressions depending on x (i.e. moving the "x" point will make the "2*x+1" and “x+(x+1) points move accordingly). Hence, the dragging of variable points on the DAL is a way of externalizing what a mathematical expression denotes (e.g. in the previous example, the set of odd numbers) and the sense incorporated in its syntactical structure (odd number as successive of an even number or as sum of two consecutive numbers) Moreover the drag action can be used to highlight different meanings of the use of letters and of mathematical expressions in algebra. For example, when the user drags the variable x point to verify what the expression 2x+1 denotes, s/he uses the letter as a means of numerical generalisation. When the user drags the variable x point searching for the value(s) for which two points relating to the A(x) and B(x) expressions coincide, s/he uses the letter as an unknown and this meaning is reified in the way s/he uses the drag. A variable point assumes the meaning of a parameter when the drag is used to instantiate only some
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specific values of the associated letter with the aim of evaluating the corresponding results of a mathematical expression containing that letter.



CONCLUSION Casyopée and ALNUSET share a common motivation: to use technology to provide students a means to access existing algebraic representations, built by mathematicians in the preceding centuries. It is based on a transpositive perspective: mathematicians did not abandon the algebraic notation, but rather developed specific computer artefacts (symbolic calculation, mathematical writing systems…) to help in their everyday practice of this notation. Researchers in both teams also think that technology must be used to enrich the existing algebraic representation. In ALNUSET new cultural artefacts embedding new ways to represent mathematical object are made available. Caysopée focuses rather on new opportunities for operating upon algebraic representations and on new possibilities for linking algebra to other domains. These new operative and representative characteristics exist thank to the possibility of visualisation, computation, dynamicity and interactivity offered by the technology. They can facilitate the user to interpret algebraic phenomena or to recognize specific mathematic meanings in what the representation exhibits in the interaction. For instance the possibility to construct mobile points on the line in ALNUSET is a concrete way to reify the idea of letters as unknowns for the aim to use them to build algebraic expressions and polynomials in a constructive way. As another example, modelling a geometrical dependency into an algebraic function in Casyopée helps to give a meaning to letters involved in the algebraic definition and treatments.
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RESEARCH AND PRACTICE IN ALGEBRA: INTERWOVEN INFLUENCES John Mason Open University UK I report on the development of curriculum materials in which pedagogy, didactics and mathematics are interwoven. The course was intended for practising teachers whose own perceptions of and competence in algebra is limited and whose choices when teaching are therefore circumscribed. The materials were informed by research, and designed to influence practice. Some of the principles underpinning the development of the materials are described, and observations are made about the kinds of research which proved informative and influential. BACKGROUND The Open University has a significant history spanning nearly 40 years in the presentation of distance learning materials for teachers at all ages and stages of their careers. In response to evidence that a significant number of teachers in secondary school have limited, and usually very traditional views about mathematics, it was decided to prepare courses contributing to an Advanced Diploma which would broaden their perception of what algebra is and could be about, and which would also enrich their access to informed choices when planning and leading lessons in algebra. In the event, probably due to lack of funding for teachers to undertake professional development once they are qualified as teachers, and probably also due to severe pressures on their time and their energies, the audience is rather varied. Some 50% of the people taking the course are people who wish to qualify as a teacher, and who therefore require an undergraduate degree with substantial mathematics in it before they can go on to become qualified teachers. Many of these are already employed as teaching assistants in schools. Some 40% are actually practising teachers, and some 10% are parents, consultants, and other people with an interest in mathematics education. The course, called Developing Thinking in Algebra is based on a book of the same name (Mason et al 2004) and is a companion to similar courses in Geometry and Statistics, with an introductory course on Developing Mathematical Thinking to round out the Advanced Diploma. Each course is considered to involve 200 hours of study. Assessment is by tutors who contact the students by phone and who mark their four assignments. There is also a website where issues and concerns can be raised and discussed by staff and students. Typically 150 students take each course each year, though even if there were 500 on each, the national need would not be met.
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CORE OF THE COURSE The algebra course is based around the notion of expressing generality as being the essence of school algebra. Historically, algebra is usually seen as arising through a desire to be able to solve problems involving some unknown number or numbers. As Mary Boole (Tahta 1972) put it, by ‘acknowledging your ignorance’ you can denote what you do not know with a letter, and then manipulate that letter as if it were a number in order to express relationships and constraints arising from the problem. Support for this view can be found in the use by early authors of the term cosse (‘thing’) as the ‘as-yet-unknown’. At the same time however, there is a pervasive historical thread by authors wanting to solve every problem, or trying to indicate that the solution to a particular problem was to be seen generically as a method for solving a whole class of similar problems. Authors used a variety of means for informing the reader of the ‘general rule’, in words, and through the use of examples. Newton may have been one of the first to use letters to denote as-yet-unspecified parameters so as to solve a problem ‘in general’. There is however a conceptual commonality between the use of a letter to stand for an as-yet-unknown and the use of a letter to stand for an as-yet-unspecified parameter: both depend on the person to be stressing the letter as label rather than as the value signified. Flexible movement between attending to the label and attending to the content (syntax and semantics of expressions) is the essence of working effectively with expressions of generality. Clearly every discipline involves expressing generality about something: geometry for example is about relationships and properties to do with shape and space, or as Gattegno put it, ‘about the dynamics of the mind [mental imagery]’; algebra arises from expressing generality about properties of and relationships between numbers. Gattegno (1970 p. 26) goes further and suggests that Algebra is present in all mathematics because it is an attribute of the functioning mind.



He was convinced that awareness, recognition, and explicit evocation of the powers of the mind, could make mathematics much more meaningful to learners. In a sense, algebra arises when we transcend the particular, when we refer not to the actual but to the possible. In algebra we refer to quantities and relationships which cannot be seen or touched because they exist only in our minds as potential. Core Principle The conjecture and core principal underlying the course materials is that where learners have been explicitly involved over a long period of time in becoming aware of and expressing generality involving quantities, the manipulation of algebraic symbols and the use of algebra to resolve problems is relatively straightforward. However, where learners are thrown straight into the manipulation of symbols ‘as if
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they were numbers’, the whole process becomes mysterious, the purpose unclear, and the practice merely routine; motivation and performance suffer, and interest in mathematics itself declines. It is not easy to point to specific empirical research to validate the core conjecture using statistical studies. However, taking the core conjecture as a stance, reading through the literature confirms that where learners have struggled with algebraic thinking, generality, and manipulation, they have usually had a very limited explicit exposure to these ideas. I am however not aware of research which has been able to pinpoint the source of algebraic success to expressing generality specifically. Fairchild (2001) did show significant improvement in scores for learners enculturated over a year into expressing generality using the visual metaphor of area. Course Structure The course is divided into three blocks of four chapters, with three final chapters summarising and collecting in one place various remarks about the pedagogical principles employed in the construction of the materials, and which can also inform and underpin pedagogical and didactical choices teachers can make when preparing for or participating in lessons. Each block has a chapter which develops the theme of expressing generality; a chapter which develops the notion of learners’ powers to make mathematical sense, and the notion of pervasive mathematical themes; a chapter on the role and use of symbols, including symbol manipulation; and a final chapter on representations and the use of ICT (graphics calculators, spreadsheets and graphing software in the three blocks, respectively). Thus the course design follows a form of Bruner’s spiral curriculum, seeking to deepen and enrich learners’ sense of the topics by returning to them repeatedly in more detail. Our own version of the spiral curriculum is expressed in terms of ‘frameworks’ or ‘pedagogical constructs’, including a spiral of personal development and insight summarised as Manipulating–Getting-a-sense-of–Articulating by drawing attention to the nature of activity which contributes to effective internalisation and hence learning. As articulations become succinct, they in turn become manipulabel components for further use. The framework See–Experience–Master acts as a reminder not to expect instant mastery or evidence of ‘learning’ when introduced to a new way of thinking or a new concept. Often considerable re-experiencing is required before fluency and facility (components of competence or mastery) are achieved. An unusual feature of the book is the large number of tasks on which the reader is invited to work, with, in many cases, only passing indirect reference to ‘answers’. This is in order to emphasise that the purpose of working on tasks is to generate experience from which to learn, rather than to obtain answers to check at the back of the book. There are far more tasks than anyone can work on much less explore fully, because the book is seen as a lifetime resource, not simply a once-off course. While the tasks are aimed at people studying the course, most have been adapted for use in classrooms by ourselves or others. The course is explicit about providing not ready-
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made tasks for use in classrooms, but rather principles for augmenting and modifying tasks so as to suit specific learners in particular situations. Another unusual feature of the book is the interweaving of suggestions about pedagogical strategies and suggestions about specific didactical tactics and devices (which are at least algebra specific if not topic specific within algebra). This, like the high density of tasks, has been a hallmark of CME materials since the centre began in 1982. We have always seen working on mathematics for yourself as an essential component of preparing to teach others, and that in order to sensitise yourself to learners it is vital to become more aware of your own experiences and propensities, your own use of your powers and your own encounters with significant and pervasive mathematical themes. MATHEMATICAL POWERS Concomitant with the core conjecture is the observation that every learner who gets to school has displayed the powers necessary to think mathematically, and certainly algebraically. What is needed therefore is not ‘instruction in algebra’ but rather the evocation and application of those powers to number relationships and properties. The issue is how to get learners to use, develop, refine and hone their powers rather than have them usurped by textbooks (as is usually the case) and teachers. When teachers and texts do the specialising and the generalising, the conjecturing and even the convincing for students, they enculturate students into parking their own powers at the classroom door as ‘not wanted here’. Fundamental among the powers referred to explicitly in the course is imagining & expressing, which may make use of a variety of modes including movement, gesture, pictures, words and symbols. Expression includes Mary Boole’s ‘acknowledging your ignorance’ and so denoting that which is as-yet-unknown or un-specified by some sort of a symbol (a little thought bubble, a box, an acronym, a letter). A particular feature of imagery associated with algebra is seeing through the specific to something more general, to seeing the particular as exemplary rather than simply as singular, to seeing the particular as indicative of possible variation. Specialising & Generalising are powers which are hardwired in people in order to cope with the myriad of sense-impressions which impact them at every moment. These powers have been referred to explicitly by many, including Whitehead (1911) and Polya (1962) and reiterated in our materials since 1982. Conjecturing & convincing are core human powers, since every action is a conjecture, no matter how confidently asserted. Justifying actions is what is meant by ‘being responsible’ (from the verb spondere). Western culture has amplified two aspects of convincing: explaining our actions (as if ‘to mummy’) and justifying our actions (as if ‘to daddy’), hence the continuing confusion between proof and reasoning. Mathematics involves, among other things, being enculturated into the practices of convincing others, not on the basis of emotion or tradition, but on the



CERME 5 (2007)



916



Working Group 6



basis of mathematical structure, on the basis of mathematical reasoning itself. This can provide an important emotional experience for troubled and turbulent adolescents looking for solid ground in which to anchor themselves, by providing experience of a way of recognising cause-and-effect in relation to their actions outside classrooms. Organising a complex of objects by isolating certain properties and sorting out relationships between classes, is primal human activity. It is one of the major contributions of language, and involving as it does the characterising of objects which belong in a specific class. Without organisation into classes and groups, every sense impression, every encountered ‘object’ would be individual and unique. Much of mathematics concerns organising problems into problem-types resolvable by the using the same technique(s) or method(s), and specifying properties which characterise the objects belonging to a class (Lakoff 1987). These powers are only some of the most pervasive, significant and effective human powers which can be, which need to be exploited and developed in order to make sense of algebra and to make algebraic sense. MATHEMATICAL THEMES Pervasive themes which serve to integrate apparently disparate mathematical topics are interwoven in the course materials. For example: Freedom & Constraint: Every mathematical task and exercise is an example of constraints placed upon freedom. Think of a pair of numbers (bcome aware of the freedom of choice available to you: did you consider rationals? irrationals?); add the constraint that their sum must be 10; (what is the effect on the freedom available now?); add the constraint that the difference is 3 (what has happened to freedom now?). Not only can this perception of tasks be liberating, but it can also offer an approach to solution: try to express the most general possibilities at each stage, adding the constraints one by one, rather than trying to deal with all the constraints at once. This theme mirrors adolescent experience of institutions, and if made use of in mathematics, can serve as a model for how to deal with imposed constraints in the social dimension. Doing & Undoing: Every time you find yourself ‘doing something’ in order to get a result, you can ask yourself whether you could go backwards from the result to the given. Put another way, what sorts of actions can be undone uniquely, or even at all? Much of the power of mathematics derives from the creative undoing of routine doing (Melzack 1983, Groetsch 1999, Gardiner 1992, 1993) Invariance in the Midst of Change: Many mathematical theorems are statements of some invariant relationship. But invariance only makes sense and is only detectable when there is variation. So any theorem stating an invariant also has to state what is permitted to change, and in what ways. When two things are considered to be the same in some respect, then an invariance has been detected, and it is useful to



CERME 5 (2007)



917



Working Group 6



consider what changes will preserve that invariance. This is what Marton (see Marton & Booth 1997) refers to as dimensions of variation, which Watson & Mason (2002, 2005) extended to the domain of mathematical pedagogy by referring to dimensions of possible variation and ranges of permissible change. This language is used in the course to draw teacher attention to the importance and pervasiveness of this mathematical theme. PEDAGOGICAL STRATEGIES AND CONSTRUCTS A number of distinction-triples are proposed in the book, as frameworks on which to hang examples drawn from personal experience which can act as reminders to choose to act in a particular way in the future. Thus the more someone can relate their own experience to a label, the more likely they are to find a relevant distinction come to mind when planning or conducting a lesson. These constructs were used to inform the writing of the book and the course. Enactive–Iconic–Symbolic: These modes of (re)presentation identified by Bruner (1966) provide a framework-label not simply for different modes of (re)presentation, but as reminders about different worlds which people occupy at different times, and a reminder that many people learn more effectively if they are given support for working in different modes, as well as prompts to make transitions from one mode to another. Bruner paradigmatically refers to using apparatus, having it present but slightly out of reach, then present but requiring an effort to use, and finally being weaned off the apparatus altogether. This is also a paradigmatic example of scaffolding–and–fading which provides an alternative and complimentary label for access to the same awarenesses when teaching. Do–Talk–Record: Introduced in Floyd et al (1981), this construct can act as a reminder that it is not enough simply that learners be ‘doing something’, but rather that what they are doing supports and promotes desire to articulate what they are doing in preparation for making written records. Forcing learners to record in symbols, or even in pictures, before having sufficient time to develop some facility in the doing and some fluency in the talking, can inhibit rather than support learning. Trying to articulate can clarify actions; trying to record can clarify both doing and articulating. All three together contribute to learning. See–Experience–Master: In order to make more precise the notion of spiral learning, Floyd et al (1981) introduced these distinctions as a reminder that early encounters with an idea, technique, concept, method, way of thinking etc.. is more a matter of ‘seeing something go by’ than of ‘taking on board’. With ongoing experience of (re)encountering the same idea, perhaps in fresh contexts, its significance and utility can begin to be appreciated. Masterful proficiency cannot reasonably be expected without continued exposure and learners realising that it is indeed re-exposure to things they have encountered previously.
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Manipulating–Getting-a-sense-of–Articulating: This framework-label was also introduced in Floyd et al (1981) to complement and precise aspects of the other frameworks. Here emphasis is on the purpose and intention of specialising: not simply to ‘do some particular cases’ but to ‘get a sense of’ underlying structure, of what is permitted to change (and in what way) and what is invariant. Hence it supports the process of generalising. It also acts as reminder that talking about what you are doing, if only in your own head, is an important contribution to the processes of assimilation (what is the same about this and other things experienced previously?) and of accommodation (what is different about this situation and what was expected based on past experience, and how can these be reconciled?). Watch What You Do: A really useful strategy when specialising (working on particular cases in order to locate and express a generalisation) is to watch what you do as you ‘do’ the particular or special case. Often your body and-or your subconscious will display patterned behaviour that indicates how to generalise your actions to other cases or situations. Say What You See: Given a picture, drawing, diagram, figure, set of exercises, an algebraic expression etc., it can be very helpful to get into the habit of rehearsing to yourself (be articulate and explicit about) what strikes you. This can be developed by getting people to say what they see in small groups, where, starting very simply, people discover details to discern that they may have overlooked, and relationships they may not have contemplated. Structure of Attention: We have never been reticent about putting forward conjectures in our courses which have not been validated by large scale empirical studies. Quite the contrary. We have found that distinctions which we find fruitful are likely to be fruitful to others. To this end we included in both the algebra and the geometry course, suggestions about the way in which attention is structured. The idea is that if teacher and learner are attending to different things, or if they are attending to the same thing but in different ways, then there is likely to be confusion. By becoming aware of what they are attending to themselves, and how they are attending to it, teachers can be sensitised to consider what it is that learners are attending to and how. This in turn may suggest actions so as to try to bring these into closer alignment. The structure of attention proposed in the course is based around terms which are closely related to the van Hiele levels in geometry (van Hiele 1986, Usiskin 1982) but makes use of the observation that often people experience rapid fluctuations between the different states of attention, while at other times the states seem to be quite stable. The states identified are: gazing or holding a whole; discerning details; recognising relationships between discerned details; perceiving properties of which the relationships are particular cases; and reasoning on the basis of agreed explicit properties, rather than simply on the basis of any properties that come to mind.



CERME 5 (2007)



919



Working Group 6



While it is never appropriate to label people with levels, it can be helpful to be aware of the structure of your own attention, so that you can take action to direct the attention of learners appropriately. DIDACTICAL TACTICS Didactical tactics are specific to particular mathematical topics. For example, there are a number of tactics which support the expression of generality and the uncovering of structural properties. Here is one such. Tracking Arithmetic A specific strategy promoted in the book is called tracking arithmetic. It is not ‘new’, but expressed as a didactical choice, it seems to strike many people as ‘so obvious, why did I not think of it?’. THOANs (Think Of A Number games) provide a rich context for engaging learner interest: Think of a number. Add one. Multiply by 3. Subtract the number you first thought of. Add one. Divide by 2. Subtract the number you first thought of. Your answer is 2.



By undertaking to do the calculations on a specified number BUT to carry out only those operations which do not actually involve your starting number is to track your number through the calculations. Experience suggests that it is useful to track an unfamiliar number like 7 rather than a familiar number like 2 or 3 which is more likely to crop up as part of the structure. A useful side-awareness is that not all occurrences of a number have the same status: in other words, the same number can have several roles in the same expression, a structural role as well as an incidental role. Stepping back and asking yourself what happens if someone else starts with a different number, most people can see what will be the same and what will be different about the calculations. Once fluency and facility is gained in ‘seeing’ the effect of tracking a particular number, it is a short step to denote the tracked number by some other symbol such as a little cloud (the number I am currently thinking of or starting with) or even a letter or acronym such as SN (starting number) or S (for Starting). Note that this tactic makes use of a pervasively fruitful pedagogic strategy of asking yourself (inviting students to ask themselves) what is the same and what is different about two or more objects. (Brown & Coles 2000) This itself makes use of learners’ powers and plunges to the heart of mathematical thinking, and particularly algebraic thinking when concerned with relationships between numbers. INFLUENTIAL RESEARCH Research which has influenced the development of our materials is invariably research which highlights or brings to our notice a useful distinction where previously there was little or no discernment of difference. In other words,
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distinctions which promote noticing and becoming aware of finer distinctions than had been made previously, or which highlights and sharpens a distinction which had been made but which had not yet been articulated. However, distinctions themselves are not enough. To be useful, a distinction has to help make sense of previous experience, and-or has to be associated with tactics or strategies which can be used in the future when the distinction comes to mind. The professional development issue is then how to arrange that distinctions come to mind when they could be useful. In order that they come to mind in the future, there must be a sense of possibility, of appropriateness or fit with current ways of working. The issue is thereby transformed into working on ways of presenting possibilities to teachers so that they can readily imagine themselves acting in some new way in their own situation, motivated to do so because they perceive more details, more relationships than previously, and because they feel that alternative actions on their part could improve the learning of their students. The various ways that were developed in our centre for helping people have something come to mind when they wanted it to has been elaborated as the Discipline of Noticing (Mason 2002). Research that did not have significant influence on our materials was empirical research which at best illustrated or exemplified a distinction in transcripts and other material put forward as data. Sometimes the illustrative feature could be used, but only where the distinction was considered informative and insight-generating. Empirical ‘findings’ on their own are not something that, in my experience, fully convince practicing teachers. The claim that some percentage of some particular subjects scored better on some test than did others is not sufficient evidence to change my teaching practices much less my way of perceiving and construing the world, unless of course the change is something I wanted to do anyway, or at least fits within my theoretical perspective (however implicit or explicit). Convincing evidence supports my intuition or challenges it in some acceptable manner. By contrast, trying to get people to act differently against their better judgement is extremely difficult, and fraught with danger because when a practice is carried through mechanically rather than generatively, it is very likely to fail. This is where education differs substantively from natural sciences: cause-and-effect does not apply to actions initiated by wilful agents such as human beings in the same way that cause-and-effect applies to mechanical actions like the tightening or loosening of a nut. REFERENCES Boole, M. (1909). Philosophy and Fun of Algebra. (London: Daniel). Brown, L. & Coles, A. (2000). Same/different: a ‘natural’ way of learning mathematics. In T. Nakahara and M. Koyama (Eds.) Proceedings of the 24th Conference of the International Group for the Psychology of Mathematics Education, p2-153-2-160. (Hiroshima, Japan).
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DISTINGUISHING APPROACHES TO SOLVING TRUE/FALSE NUMBER SENTENCES1 Marta Molinaa, Encarnación Castroa and John Masonb a



University of Granada, bThe Open University



This paper focuses on eight-year old students’ ways of approaching true/false number sentences. The data presented here belongs to a teaching experiment in which the use of relational thinking when solving number sentences was explicitly promoted. The study of the use of this type of thinking and of students’ structure of attention allow us to make distinctions between strategies which are more and less conceptual and to provide a description of the variety of approaches available. As a mathematic learner, when working with numeric or algebraic expressions, I have always enjoyed looking for ways to simplify the expressions before and during my manipulation of them. To me it is fun doing it and it also helps to save some work. From another point of view, as a mathematics teacher, it is quite frustrating when students embark on quite difficult computations before looking at the expressions they have to work on and getting a sense of their structure, so missing the opportunity to choose the best approach or to simplify the work to do before starting to operate. Other researchers have commented on the occurrence of this type of event at university level when working on other contexts such as integral calculus, by claiming that often students’ mathematical knowledge seems to be only mechanical (Hejny, Jirotkova, and Kratochvilova, 2006). TWO DIFFERENT APPROACHES When working on true/false number sentences such as 257  34 257  30  4 or 27  48  48 27 , whose design is based on some arithmetic properties, in general there are two different approaches to follow: doing the computations on both sides and comparing both results, or looking to the whole sentence, appreciating its structure and making use of relations between its elements as well as of knowledge of the structure of arithmetic to solve it (Carpenter, Franke, and Levi, 2003; Koehler, 2004; Molina and Ambrose, in press). Similarly when solving equations such as 1 x  x 4 x 1



1 x 5(  ) 4 x  1 , students may proceed by operating on the variables and



the numbers on each side as well as regrouping them, or they pay attention to its structure and appreciate that this equation is equivalent to  x 5 by noticing that 1 x  4 x  1 is repeated in both sides (Hoch and Dreyfus, 2004).



We identify the first approach as what Hejny et al (2006) call a “procedural metastrategy” and the second one as a “conceptual meta-strategy”. The main distinction between these two types of strategies is that the first one is based on the student activating some procedures in his/her mind after having identified the area to which
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the problem belongs, while, in the second one, the student creates a image of the problem in his/her mind as a whole, analyzes it to find its inner structure, and looks for some key elements or relations to construct a solving strategy. While the first process leads students to become more skillful in problems of the given type, the second one leads them towards a higher level of understanding of the situation in question (Hejny et al, 2006)2. NUMBER SENTENCES AND RELATIONAL THINKING Our interest is focused on the use of these two types of strategies when working on solving number sentences, especially sentences whose design is based on some arithmetic properties. We choose this context because of its potential for integrating the learning of arithmetic and the development of algebraic thinking. Number sentences are frequently used to introduce students to equations by drawing a figure or a line instead of a variable, as in _  4 5  7 (Radford, 2000). Discussions about these equations and the properties that they may illustrate can help students to learn arithmetic with understanding and to develop a solid base for the later formal study of algebra by helping them to become aware of the structure underneath arithmetic (Carpenter et al, 2003; Hewitt, 1998; Kieran, 1992; Resnick, 1992). Carpenter et al. (2003) illustrate the potential of number sentences to work on the development of generalizations of arithmetic relations and their symbolic representation. When students solve the sentences by using conceptual meta-strategies, we say that they are using relational thinking (a term introduced by Carpenter et al., 2003) or analyzing expressions (as expressed in Molina and Ambrose, in press), as their thinking makes use of relations between the elements in the sentence and relations which constitute the structure of arithmetic2. Students who solved number sentences by using relational thinking (RT) employ their number sense and what Slavit (1999) called “operation sense” to consider arithmetic expressions from a structural perspective rather than simply a procedural one. When using relational thinking, sentences are considered as wholes instead of as processes to carry out step by step. For example, when considering the number sentence 8  4 _  5 some students notice that both expressions include addition and that one of the addends on the left side, 4, is one less than the addend on the other side, 5. Noticing this relation and having an (implicit or explicit) understanding of addition properties enable students to solve this problem without having to perform the computations 8 plus 4 and 12 minus 5. Some previous studies have provided evidence that elementary students are capable of using relational thinking when solving number sentences, overcoming some issues such as the “lack of closure” as well as an operational understanding of the equal sign (Carpenter et al, 2003; Koehler, 2004; Molina and Ambrose, in press, Molina, Castro and Ambrose, 2006). In this paper we focus on analyzing the range of different ways in which this type of thinking was used by a group of eight-year old students when solving true/false
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number sentences. Relational thinking allows us making a finer distinction within the duality procedural-conceptual meta-strategies (Molina, 2007). METHODOLOGY We applied the “conjecture-driven research design”, which Confrey and Lachance (2000) propose for teaching experiments aiming to investigate new instructional strategies in classroom conditions and to analyze different approaches to the content and the pedagogy of a set of mathematical topics. Our research method shared the features of design experimentation identified by Cobb and his colleagues (Cobb, Confrey, diSessa, Lehrer, and Schauble, 2003). We worked with a group of 26 eight-year old Spanish students during six sessions over a period of one year. In this paper we will focus on the data gathered on the last four sessions as the first two were directed to exploring and extending students’ understanding of the equal sign. The general aim of this research work was to study students’ thinking involved in solving number sentences, in the context of whole class activities and discussion. We analyzed the strategies that students used to solve the sentences, focusing on detecting evidences of use of relational thinking. The tasks used were number sentences, mostly true/false number sentences3 (e.g., 72 56  14 , 7  7  9 14  9 , 10  4 4  10 ) which were proposed to the students in written activities, in whole-class discussions and in interviews. All the sentences used were based on some arithmetic property or principle (e.g., commutative property, inverse relation of addition and subtraction, compensation relation) and, therefore, could be solved by using relational thinking. We did not promote the learning of specific relational strategies but the development of a habit of looking for relations, trying to help students to make explicit and apply the knowledge of structural properties which they had from their previous experience with arithmetic. Students’ use of relational thinking was favoured by encouragement of looking for different ways of solving the same sentence and special appreciation of explanations based on relations. The data here presented provide evidence of diversity of approaches without paying attention to how frequently the students evidence each one4. The study of the use of this type of thinking and of students’ structure of attention allow us to make distinctions between strategies which are more and less conceptual and to provide a description of the variety of approaches available. STUDENTS’ BEHAVIOURS WHEN SOLVING T/F NUMBER SENTENCES We identified six different behaviours when attending at students’ ways of solving the considered true/false sentences5. In all of them, except for the first one, we identify some use of relational thinking.
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Non-RT Behaviour. Students who display this behaviour solve each sentence by obtaining the numeric values of each side and comparing them. They do not provide any evidence of having noticed any relation or characteristic in the sentence apart from the numbers in it, the operations which combines them and the presence of the equal sign. For example, Irene displays non-RT behaviour when solving the sentences gathered on Figure 1. She computed the numeric values of each side by using the standard algorithms for addition and subtraction6. 18 – 7 = 7 – 18



75 – 14 = 340



17 – 12 = 16 – 11



False because 18 – False because 75 False because 16 7 = 11 and 7 – 18 = – 14 = 61 and 14 – 12 = 05 19 – 75 = 49 not 340 (She computes 17 (She computes 7 – (She computes 75 – 12 = 05 by 18 = 19 and 18 – 7 – 14 = 61 and 14 using the standard = 11 by using the – 75 = 49 by algorithm) standard using the algorithm) standard algorithm)



6 + 4 + 18 = 10 + 18 True because 6 + 4 + 18 = 28 and 10 + 18 = 28. (She computes 6 + 4 + 18 = 28 and 10 + 18 = 28 by using the standard algorithm)



Figure 1: Irene’s answers to some true/false sentences. Italics are descriptions of her computations.



Simple-RT behaviour. Students displaying this behaviour solve some of the sentences by directly applying a known fact (an arithmetic law or principle) after having noticed a particular relation or characteristic in the sentence which led them to recall that fact. Students recognize in the sentence a particular case of a general fact that they know in an implicit or explicit way. Some students recall and use the properties of zero as identity element and the property “ a  a 0 ”. We see this strategy as a basic use of relational thinking. In other sentences they proceed as in behaviour non-RT. For example, Jose Luis seems to show this behaviour when solving the sentences 325  0 326 and 24  24 0 : “It is false [Why do you think is false?] Because three hundreds and twenty-five plus zero is three hundreds and twenty-five, and three hundreds and twenty-six… is nothing”; “It is true because…because twenty-four minus twenty four is zero”. We infer that he didn’t do any computation as the numbers involved in the sentences don’t allow easy mental computation and he provided his answers very quickly without having done any writing. In other sentences he computed the numeric values of each side and compared them. RT-Sameness behaviour. The students displaying this behaviour solve some sentences, without making any computations, by noticing some sameness between the numbers in the sentence. They apply the reflexive property of the equality relation, the commutative property of addition, an over-generalization of the commutative property to subtraction or an overgeneralization of the reflexive property (i.e.
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assuming that a sentence is true if and only if it contains repeated numbers, no matter their position). The relations that students appreciate are based on sameness or notsameness. In other cases they may proceed as in the non-RT or simple-RT behaviours. This behaviour shows a more elaborated use of relational thinking as it is not based on simply applying a known fact but on making flexible use of observed relations to get an answer. Miguel shows this behaviour when solving the sentences 18  7 7  18 and 75  23 23  75 , while solving other sentences by computing the numeric values of each side. 18 – 7 = 7 – 18



75 – 14 = 340



6 + 4 + 18 = 10 + 18



75 + 23 = 23 + 75



True because eighteen minus 7 and the other is the same, and if it is the same they are equal.



False because seventy-five minus 14 is not three hundreds and forty.



True because 6 plus four plus eighteen is 28 and 10 plus eighteen is 28



True because they are the same and then it is the same



(He computes 75 – 14 = 51 by using the subtraction standard algorithm)



(He computes 6 + 4 + 18 = 28 and 10 + 18 = 28 by using the standard algorithm)



Figure 2: Miguel’s answers to some true/false sentences. Italics are descriptions of his computations.



One-shot-RT, frequent-RT and all-RT behaviours. These three behaviours correspond to the cases when students solve some sentences by using relational thinking, making use of a pair of distinctions or relations such as sameness between the numbers in the sentence, difference of magnitude between those numbers, a number fact contained in the sentence or some numeric relations between the numbers. Sometimes they also apply some knowledge of the effect of operations on numbers. Table 1 shows some student’s explanations which evidence the use of relational thinking based on pairs of the mentioned elements. Elements at the base of Examples : Student’s explanations the RT used Sameness between numbers in the sentence and knowledge about the effect of operations



In 122 + 35 – 35 = 122: “True because if we add 122 to 35 and we take it away, it is as if we don’t add anything”



Number fact contained in the sentence and sameness



In 7 + 7 + 9 = 14 + 9: “True. I did it by adding seven and seven…. which is fourteen. The same than there
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between numbers



[right side]”. Nine, the same than there [right side] too.



Numeric relations between numbers in the sentence and sameness between numbers



In 13 + 11 = 12 + 12: “True because you subtract one to the twelve and you give it to the other twelve, and you get what it is there [left side]”



In 75 – 14 = 340: “False because 75 minus 14 is less, Differences of magnitude it can not be a bigger number” between numbers and knowledge about the effect of operations Numeric relations between numbers in the sentence and knowledge about the effect of operations



In 11 – 6 = 10 – 5: “True because if eleven is higher than ten and you subtract one more than five, you get the same”



Table 1: Examples of students’ explanations which provide evidence of use of relational thinking based on various observations and arithmetic knowledge



We distinguish between the behaviours “One-shot-RT”, “frequent-RT” and “all-RT”, depending on the variety of ways in which students use relational thinking, according to the elements at the base of their thinking from those indicated in Table 1. These behaviours do not differ in the way students proceed when solving the sentences but in the diversity of ways of using relational thinking. In behaviour “One-shot-RT”, students provide evidence of having use relational thinking based on just one of the above referred elements. “Frequent-RT” behaviour corresponds to those cases in which the students solve a variety of sentences by using relational thinking based on several but not all the elements in Table 1. The behaviour “all-RT” refers to the cases in which the child provide evidence of solving different sentences by using relational thinking based on all those elements. Therefore, each one of these six behaviours includes the previous ones as shown in Figure 3, but it is characterized by ways of solving number sentences not included in previous behaviours or by the variety of ways in which relational thinking is used. However, this doesn’t mean that, for example, all students displaying RT-sameness behaviour do also provide answers as those from non-RT or single-RT behaviour. The inclusion relation that we are highlighting expresses that it happens in some cases. In all except the “Non-RT behaviour”, we distinguish two different ways in which students invoke relational thinking. In some cases they start by looking at the sentence, making distinctions and noticing some relationship which they used to solve the sentence, following what Hejny et al. called a “conceptual meta-strategy”. In other cases they start by computing some of the operations involved in the
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sentences, and during the computation process, they notice a special characteristic of the sentence or a relation between its elements which leads them to change their approach and to solve the sentence without computing the numeric values of both sides. This change of approach can be recognize in the following student’s answer to the sentence 51 + 51 = 50 + 52: “True because as fifty-one plus fifty-one is one hundreds and two, but if you subtract [one] from fifty-one, fifty, you can add to fiftyone from the other, one more, and you get fifty-two…and you get fifty plus fifty-two”. In other cases we identify this change of approach by comparing the students´ notes with their explanation. One-shot-RT, frequent-RT and all-RT behaviours RT-sameness behaviour Single-RT behaviour Non-RT behaviour



Figure 3: Relationship between the identified students’ behaviors when true/false solving number sentences. DISCUSSION



The different behaviours suggest a variety of ways in which students approach solving true/false number sentences whose design is based on arithmetic properties and relations, as well as a variety of different students’ structures of attention when working with the sentences (Mason and Johnston-Wilder, 2004). The behaviours differ in the way students’ pay attention to the sentences (initially and during the solving process), the distinctions they make within them, the relations that they display evidence of noticing and the arithmetic knowledge that those distinctions and relations trigger in the students’ mind. Some students consider sentences and expressions with more than two terms in a global way (as a whole) and look across the equal sign as well as within each side to make distinctions and to establish relationships between elements. The way they use these relations is influenced by their awareness of the structure of the sentence (e.g., the equal sign differentiate two sides in the sentence) as well as their knowledge of arithmetic structure (e.g., inverse relation of addition and subtraction, commutative property of addition). Other students proceed to do the computations, apparently paying attention only to the numbers involved and the operations to perform on them, considering each side or even each operation separately. Other students’ attention, while initially being placed on doing the computations, fluctuates between numbers,
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partial results and elements of the sentence. This fluctuation cues to become aware of characteristics or relations within the sentence not previously noticed. Looking for evidence of the use of relational thinking in the students’ solving strategies promotes appreciation of a range of strategies between procedural and conceptual meta-strategies. Considering these distinctions, the appreciated differences between the structures of students’ attention provide a point of entrance to allow teachers to help students to develop more conceptual approaches. Some ways could be encouraging students to look at the sentence before computing and formulating questions which draw children’s attention to the sameness or differences of some elements in the sentence as well as to look for relations between the terms. Discussions of students’ various approaches in which the use of relational thinking is encouraged seem also to be effective. REFERENCES Carpenter, T. P., Franke, M. L. & Levi, L. (2003). Thinking mathematically: integrating arithmetic and algebra in elementary school. (Portsmouth: Heinemann) Cobb, P., Confrey, J., diSessa, A., Lehrer, R. & Schauble, L. (2003). Design Experiment in Educational Research. Educational Researcher, 32(1), 9-13. Confrey, J. & Lachance, A. (2000). Transformative teaching experiments through conjecture-driven research design. (In A. E. Kelly & R. A. Lesh (Eds.), Handbook of research design in mathematics and science education (pp. 231-265). Mahwah: Lawrence Erlbaum associates.) Hejny, M., Jirotkova, D. & Kratochvilova J. (2006). Early conceptual thinking. (In J. Novotná, H. Moraová, M. Krátká & N. Stehlíková (Eds.), Proceedings 30th Conference of the International Group for the Psychology of Mathematics Education (Vol. 3, pp. 289-296). Prague: Program Committee.) Hewitt, D. (1998). Approaching arithmetic algebraically. Mathematics Teaching, 163, 19-29. Hoch, M. & Dreyfus, T. (2004). Structure sense in high school algebra: the effect of brackets. (In M. Johnsen & A. Berit (Eds.), Proceedings of the 28th International Group for the Psychology of Mathematics Education (Vol. 3, pp. 49-56). Bergen: Program Committee.) Kieran, C. (1992). The learning and teaching of school algebra. (In A. Grouws (Ed.), Handbook of Research on Mathematics Teaching and Learning (A project of the NCTM) (pp. 390-419). New York: Macmillan.) Koehler, J. L. (2004). Learning to think relationally: thinking relationally to learn. Dissertation research proposal, University of Wisconsin-Madison
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Mason, J. (1985). Thinking mathematically. (Wokingham: Addison-Wesley Publishing Company) Mason, J. & Johnston-Wilder, S. (2004). Fundamental constructs in mathematics education. (London: RoutledgeFalmer and The Open University) Molina, M. (2007). Desarrollo de pensamiento relacional y comprensión del signo igual por alumnos de tercero de Primaria. Dissertation, Universidad de Granada. Available at http://cumbia.ath.cx:591/pna/Archivos/MolinaM07-2822.PDF Molina M. & Ambrose, R. (2006). What is that Equal Sign Doing in the Middle?: Fostering Relational Thinking While Negotiating the Meaning of the Equal Sign. Teaching Children Mathematics, 13(2), 111-117. Molina, M. & Ambrose, R. (in press). From an operational to a relational conception of the equal sign. Third graders’ developing algebraic thinking. Focus on Learning Problems in Mathematics. Molina, M., Castro E. & Ambrose, R. (2006). Trabajo con igualdades numéricas para promover pensamiento relacional. PNA, 1(1), 31-46. Puig, L. (1996). Elementos de resolución de problemas. (Granada: Comares). Radford, L. (2000). Signs and Meanings in students´ emergent algebraic thinking: a semiotic analysis. Educational Studies in Mathematics, 42, 237- 268. Resnick, L. B. (1992). From protoquantities to operators: Building mathematical competence on a foundation of everyday knowledge. (In G. Leinhardt, R. Putnam & R. A. Hattrup (Eds.), Analysis de arithmetic for mathematics teaching (pp. 373429). Hillsdale: Lawrence Erlbaum Associates) Slavit, D. (1999). The role of operation sense in transitions from arithmetic to algebraic thought. Educational Studies in Mathematics, 37(3), 251-274. NOTES 1 This study has been developed within a Spanish national project of Research, Development and Innovation, identified by the code SEJ2006-09056, financed by the Spanish Ministry of Sciences and Technology and FEDER funds. 2



Within the context of problem solving, the use of conceptual meta-strategies may be considered to be related to an



element of heuristic competence referred as “internal monitor” (Mason, 1985) or “instructed manager” (Puig, 1996). This element include various capacities such as examining possible ways of approaching a problem before addressing its resolution in order to make an informed choice of a solving strategy or keeping an eye on calculations to make sure that they remain relevant to the question. However, the distinction we want to make when distinguishing conceptual and procedural meta-strategies, it is not that the person does a informed choice of a strategy but that he/she uses mathematical relationships (or the mathematical structure of the situation) when constructing the strategy. 3



In a previous study (Molina and Ambrose, 2006) we appreciated that true/false number sentences, unlike open number



sentences, contribute to break the students´ computational mindset as the students don’t need to provide a numerical answer. Therefore, this type of sentences eases the consideration of number sentences as wholes and the use of relational thinking in its resolution.
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4



For further description and information about this teaching experiment see Molina (2007), available at



http://cumbia.ath.cx:591/pna/Archivos/MolinaM07-2822.PDF. 5



The examples provided have been translated from Spanish to English.



6



This student appreciates some structure in the sentence 18 – 7 = 7 – 18 which she applies when solving the sentence



75 – 14 = 340. However, she does not provide any evidence of having use relational thinking for solving any of the sentences in Figure 1.
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STUDENT DIFFICULTIES IN UNDERSTANDING THE DIFFERENCE BETWEEN ALGEBRAIC EXPRESSIONS AND THE CONCEPT OF LINEAR EQUATION Irini Papaieronymou Michigan State University, USA Algebraic expressions and equations have been an essential part of the history of mathematics and of the secondary school mathematics curriculum. In this study, four ninth grade students were interviewed in an attempt to examine students’ understanding of the difference between algebraic expressions and the concept of linear equation. Although these students were able to simplify algebraic expressions and solve linear equations with ease, the data show that they still had difficulties indicating a relation between algebraic expressions and linear equations. HISTORICAL AND CURRICULAR IMPORTANCE Expressions and equations have been a vital part of the history of mathematics. Starting with the ancient Egyptians and Babylonians about 3000 years ago, rhetorical algebra was used in the form of words to solve linear equations. In the 3rd century AD the Greek mathematician Diophantus was the first to use abbreviated words for algebraic expressions, giving rise to “syncopated algebra” (Sfard, 1995, p. 18). In 830AD, the Persian mathematician Al-Khwarizmi wrote al-Kitab al-mukhtasar fi hisab al-jabr wa'l-muqabala or The Compendious Book on Calculation by Completion and Balancing. In this book, the term al-muqabala, which translates to balancing, refers to the process of combining like terms when simplifying an equation. Centuries later, and specifically in 1591, Francois Viete wrote an algebra book which formally gave rise to symbolic algebra (Sfard, 1995). Following, in 1830, the British mathematician George Peacock proposed that in algebra letters replace numbers and that, in general, algebra was arithmetic using symbols (Sfard, 1995). Algebraic expressions and equations have also been a significant part of secondary school mathematics curricula. Particular to the United States mathematics school curriculum, the National Council of Teachers of Mathematics (NCTM) published the Principles and Standards for School Mathematics, in which it is recommended that a curriculum be “focused on important mathematics” (2000, p. 14). The Algebra Standard for grades 6-8 states that students “use symbolic algebra to represent situations and to solve problems … that involve linear relationships” and that they “recognize and generate equivalent forms for simple algebraic expressions and solve linear equations” (2000, p. 222). Moving on to high school, the Algebra Standard for grades 9-12 suggests that students “understand the meaning of equivalent forms of expressions, equations, …” and that they “write equivalent forms of equations” (2000, p. 296).
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LITERATURE REVIEW Student difficulties with algebraic expressions A substantial amount of research has been carried out indicating student difficulties with algebraic expressions. The research shows that students should gain experience with modelling situations using expressions and producing equivalent expressions before they are introduced to the concept of equation. Otherwise, they will view the equal sign as merely a signal to “do something” and not as a symbol of equivalence and balance (Kieran, 1990). The available literature also indicates students’ difficulties with recognizing and using the structure of algebraic expressions (Kieran, 1989a; 1990). According to Kieran (1989a), the surface structure of an algebraic expression refers to “the given form or arrangement of the terms and operations, subject … to the constraints of the order of operations” (p. 34). That is, the surface structure of the expression 6+2(x+5) consists of taking 6 and to that adding the multiplication of 2 by x+5. On the other hand, the systemic structure of an algebraic expression refers to the operational properties of commutativity, associativity, and distributivity which would permit one to express 6+2(x+5) as 2(x+5)+6. A study by Tall and Thomas (1991) identified four obstacles to making sense of algebraic expressions. First, many students tend to interpret expressions such as 3+4k as 7k. This, which the authors call the parsing obstacle, arises because of the way we read from left to right. From prior experiences with arithmetic students expect to perform some calculation when they encounter an operation sign such as +. So, when faced with algebraic expressions such as 3+4k they expect to produce an answer. This is what the authors call the expected answer obstacle. Related to this issue, is the lack of closure obstacle which refers to students’ view of 3+4k as an incomplete answer. Last, the authors identified the process-product obstacle which refers to the inability of students to view algebraic expressions as having a dual nature; that of a process and of a product. For example, an expression such as 3+4k indicates both the instructions to perform a calculation (process) and it is also the result of such a calculation when a value is not assigned to the variable (product). If an algebraic expression is only viewed as a process then “the powerful way in which it can be manipulated and linked to other expressions makes little sense and failure with algebra becomes inevitable” (French, 2002, p. 16). Student difficulties with linear equations Various studies have also been conducted that looked at student difficulties when dealing with the concept of equation. Equations are defined as open number sentences consisting of two expressions which are set equal to one another. This is what Kieran (1989a) calls the surface structure of an equation and it is an aspect that students find challenging to recognize. In addition, students have trouble recognizing the systemic structure of an equation which includes the equivalent forms of the two
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expressions given in the equation (p. 34). Kieran (1989a) claims that students who “view the right-hand side of an equation as the answer and who prefer to solve equations by transposing,” lack an understanding of the balance between the right and left hand sides of the equation (p. 52). Moreover, Kieran (1990) found that many algebra students “could not assign meaning to a in the expression a+3 because the expression lacked an equal sign and right-hand member” (p. 104). Relating to this, a 1984 study by Wagner, Rachlin, and Jensen found that students added “=0” to any expression they were asked to simplify (as cited in Kieran, 1990). Students also face difficulties when working with equivalent equations. In a study by Steinberg et al. (1991) participants were given pairs of equations and were asked to identify whether the equations in each pair were equivalent. The data showed that many students could not distinguish between expressions such as 3x and 3+x and some thought that subtracting a number from both sides of an equation would alter the answer because “-4 on each side is subtracting 4 twice” (1991, p. 117). Furthermore, a study by Hall (2002) examined the errors that secondary school students make when attempting to solve simple linear equations. The results showed that many students “find the process of collecting “like” terms so difficult that they cannot confidently simplify an expression such as 3x+2x” (p. 46). Moreover, Hall reports that some students have difficulties combining “like” terms in expressions such as “3x+2y+4x” which involve “unlike” terms within the expression (p. 46). PURPOSE OF THIS STUDY This study attempts to address students’ understanding of the differences between algebraic expressions and the concept of linear equation. The reason for carrying out this study arose after a close reading of the available literature relating to the two concepts. Since algebraic expressions and linear equations are essential in the mathematics curriculum and since the literature has shown that students have difficulties recognizing the structure of both of these concepts, as well as making sense of them and working with them, this led to question whether the problem lies in that students might not see a relation or any differences between the two concepts. Furthermore, since mathematics curricula use a specific vocabulary associated with each of these concepts, it seemed possible that this vocabulary might have an effect on students’ understanding of the difference between algebraic expressions and linear equations. Thus, the need arose to study the way that students make sense of this vocabulary. Since school algebra in the United States curriculum formally begins either in the eighth or ninth grade, ninth grade students were asked to participate in this study in the attempt to make sure that the participants had instruction in algebraic expressions and linear equations prior to this study.
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RESEARCH QUESTIONS Specifically, the following questions are addressed in this study: 1) What difficulties do 9th grade students have with identifying differences between algebraic expressions and linear equations even when they have the ability to simplify expressions and solve linear equations? 2) What sense do 9th grade students make of the various verbs (such as ‘simplify’ and ‘solve’) and nouns (such as ‘solution’, ‘value’, and ‘variable’) associated with algebraic expressions and linear equations? DATA SOURCES Participants Four fifteen-year old ninth grade students participated in the study. All students received classroom instruction on simplifying algebraic expressions and solving linear equations prior to the study. Two of them, Ellen and Tim, were enrolled in an algebra class during the time of the study whereas the other two, Kathy and Susan, took algebra in grade eight and were at the time enrolled in a geometry class. Ellen and Kathy attend the same high school in a middle-sized city in the state of Michigan, Tim attends a different high-school in that same city, and Susan attends high school in a metropolitan area in Michigan. These students were chosen because they represent a variety of high schools, had different teachers, used different curricula in their algebra classrooms, and they were all of high mathematical ability. Data Collection The students were observed as they worked with various mathematical tasks relating to algebraic expressions and linear equations. The interviews were audio taped and later transcribed. The students were asked to provide written responses to the items on the instrument. In addition, they were asked to talk about their thinking and the processes they used to respond to the items. In some cases, field notes were also taken. In particular, Activity 1 (Instrument section) required the students to sort cards on which either an expression or linear equation was written. Since this task did not involve providing a written solution, field notes helped in keeping record of the student actions while performing the task and the result of their actions. Instrument Overall, the students worked with five types of tasks, organized under four activities: Task 1) sorting cards on which an algebraic expression or linear equation was written (Activity 1); Task 2) observing common characteristics of and identifying differences between algebraic expressions and linear equations. (Activities 2 and 4); Task 3) combining like terms/simplifying expressions (Activity 3); Task 4) solving linear equations (Activity 3); Task 5) producing algebraic expressions and linear equations (Activity 3).
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Activity 1: Sorting cards Twelve index cards are provided. On each index card I have written something. I will place down the first two cards (cards 1 and 2). Sort the remaining ten cards according to what you see as common among them. If a phrase is written on a card, sort according to what the phrase would result in if written mathematically. 3x + 2



x + 10 = 5 1



z + 5 = 19



6+n



2



y is 10 more than x 5



1 1 x  y 2 4



add 3 to 5a 3



n+



=



25 +



6



26  22



1 1 1 p  q  r 2 2 8



9



10



4 = 142 +



+



7



4(6r – 3s) + 5r



8



x + y + z = x +p+z



11



12



Activity 2: Characteristics of algebraic expressions and equations Why did you sort the cards the way you did? What do you observe that the cards in each of the piles you sorted them into have in common? What do they have different? Activity 3: 1) Simplify 2x - 5 + 11x – 41 2) Solve 2x - 5 = 11x – 41 3) Simplify 2x - 5 + 9y + 11x + 41 + 6y 4) Solve 2x - 5 + 9y = 11x + 41 + 6y 5) Combine like terms: 14z + 134 + 3z + 3(12z + 22 + 9z) 6) Solve 14z + 134 = 3z + 3(12z + 22 + 9z) 7) Give an equation that has 2 as a solution 8) Give an expression such that when x is 3 the value of the expression is 0 9) Give an expression such that when x is 0 the value of the expression is 3 Activity 4: 1) What is/are the differences between expressions and equations? Mathematics curricula usually provide students with problems such as those found in Activity 3, asking students to either solve an equation or simplify an expression. Such problems are used in this study in order to identify whether the participants have the ability to simplify algebraic expressions and solve linear equations, thus accommodating for the condition set in the first research question. In addition, the tasks in Activity 3 will provide insight into what sense students make of words and
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phrases such as ‘solve’, ‘simplify’, ‘combine like terms’, ‘expression’, ‘equation’, ‘solution’, ‘value is’, and ‘x’ thus helping in gaining insight relating to the second research question. Activities 1, 2 and 4 are not commonly asked of students. These activities are used in the study in order to help address the first research question. In particular, Activity 1 is meant to indicate whether students can distinguish between expressions and equations. Activity 2 is used as a follow-up to Activity 1 in order to gain insight into whether students identify any differences or similarities between expressions and equations thus directly addressing the first research question. METHOD OF ANALYSIS In attempting to address the research questions, the focus was on how and to what extent the students used the terms expression and equation during the interview. Attention was also paid as to whether the students made a distinction between the two terms. In relation to the literature, attention was given as to whether the students recognized and used the surface structure and systemic structure of an expression and/or an equation as defined by Kieran while attempting to respond to the mathematics problems they were given. Moreover, the actions that the students took when encountering the terms expression and equation were observed. That is, did they immediately perform any particular procedure when they viewed an expression or an equation? Did the students associate the verb simplify with expressions? Does the word solution lead students to think that they must be asked to deal with an equation? Furthermore, attention was paid as to whether the students were able to correctly simplify algebraic expressions and solve linear equations given to them in symbolic form. FINDINGS AND DISCUSSION Overall, all four of the students simplified algebraic expressions and solved linear equations with one unknown given to them in symbolic form with ease, arriving at the correct result. When faced with the instruction simplify all students combined like terms. During the interview, all students mentioned that simplifying and combining like terms is one and the same thing. However, they all mentioned the term simplify in relation to algebraic expressions and none of them related the term to equations. When the students were faced with the instruction solve (Activity 3 tasks 2, 4, 6) three of them (Ellen, Kathy, and Tim) performed a do the same thing to both sides procedure indicating that they viewed the equal sign as a balance sign. Susan was the only student who followed the procedure move the unknowns on one side and the numbers on the other. The table on the next page shows the way that each student sorted the cards in Activity 1. The Intended Sorting column indicated in the table is the sorting of cards that, as judged by the author, would have indicated that students observe a difference between expressions and equations and that would, furthermore, specify that the students view the equal sign as part of the structure of equations.



CERME 5 (2007)



939



Working Group 6



Intended



Ellen



Tim



Kathy



Susan



Sorting 1



2



1



2



1



3



1



2



1



2



3



5



3



5



9



2



6



3



5



3



5



4



6



4



7



10



4



7



4



7



4



7



10



7



6



8



5



8



6



8



6



8



11



8



10



9



11 12



10



9



10



9



9



11



12



11



12



11



12



12 Table 1: Results of the task on sorting cards (Activity 1)



Notice that the sorting performed by Ellen, Kathy, and Susan is identical whereas Tim chose to sort the cards in a way that he thought was more appropriate. As Tim said, he placed cards 9 and 10 on the same pile by themselves because “they were the only ones that contained fractions”. He then placed cards 1, 2, 4, 5, and 11 on the same pile because “they contained either one or in the case of card 11, two variables. So, they had a small number of variables.” As he indicated, he chose to place cards 3, 6, 7, 8, and 12 together because they “have more words or shapes like circles or they have many variables”. It is interesting to note Tim’s conception of variable. He seems to associate variable with letter denoting an unknown whether that unknown is a constant (cards 2 and 5) or can vary in value (card 1). So, according to Tim, the number of letters in an expression or equation denotes the number of variables. However, Tim’s conception of variable falls short when considering cards 7 and 8. Tim seems not to view shapes (circles and squares) as place holders for an unknown. If he did, then he would likely have realised that a single letter could be used to denote the unknown on cards 7 and 8 and would have placed cards 7 and 8 in the same pile as cards 1, 2, 4, 5, and 11. When Ellen, Kathy, and Susan were asked about the differences in the two piles in which they sorted the cards (Activity 2), they all indicated that the cards on the right pile had an equal sign whereas those on the left did not. Also, these three students identified the cards on the right pile as “equations”. However, they could not remember the term “expressions” when asked what name they would give to the cards on the left pile. This however, does not indicate a lack of understanding from the part of the students of the differences between expressions and equations. None of the students though indicated that equations are a pair of expressions set equal to one another by the equal sign. Thus, none of the students identified the surface structure of an equation.



CERME 5 (2007)



940



Working Group 6



When students were asked to produce expressions and linear equations in Activity 2 tasks 7-9 their responses were as follows: Student



7)Give an equation that 8)Give an expression such 9)Give an has 2 as a solution that when x is 3 the value of expression such that the expression is 0 when x is 0 the value of the expression is 3



Ellen



1+x=2



0x=0



x+3=3



Tim



1+1=2



x = -3



x=3



Kathy



12 – x = 2



3–x=0



3x = 3



Susan



10 ÷ x = 2



x–3



x+3



Table 2: Results of Activity 2 Items 7-9



The only student who made a distinction between expressions and equations in the above set of tasks was Susan who provided correct algebraic expressions in tasks 8 and 9. During the interview Susan was asked about her choice of equation she gave as a response to task 7. At that time she corrected her response to task 7 to be 10÷x=5. Ellen on the other hand did not distinguish between the terms equation and expression in the above items and instead provided equations in all three cases. During the interview, Ellen specified that it was because of the words ‘value is’ that she associated the last two tasks with equations. When students were asked in Activity 4 to describe what, according to them, are the differences between expressions and equations they gave the following responses: Ellen:



Equations have an equal sign and variables. Something equals something else. Expressions don’t have an equal sign.



Tim:



Expression is like giving a certain number to a variable, I think. And then equation is a whole bunch of numbers added together kind of a thing.



Kathy:



I think equations don’t have variables and expressions do. When you have an expression and you simplify you don’t find the exact answer, but you just kind of add like terms together. But when you solve an equation you find the exact answer.



Susan:



Expressions don’t have the equal sign. They have a variable like x.



From the above comments, one is able to see that Ellen identifies the surface structure of equations (“something equals something else” and “equations have an equal sign”). However, Ellen’s response to activity 4 makes her responses to Activity 3 tasks 7-9 problematic. Ellen recognizes that expressions do not have an equal sign.
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Yet, when asked to provide expressions in tasks 8 and 9 she gives an algebraic sentence that indeed contains an equal sign. Susan also identifies that expressions as opposed to equations do not have an equal sign. However, Susan, Tim, and Kathy were unable to view equations as being made up of two expressions. Kathy’s comments are particularly interesting. She seems to be viewing variables as obstacles to arriving to the “exact answer” but does not seem to reject expressions as answers to problems. Kathy seems to be more of an ‘action person’ since she refers to the actions or procedures she would use when faced with expressions or equations. Kathy clearly identifies that the noun expression is related to the verb simplify and the noun equation is related to the verb solve. None of these students seemed to face any of the obstacles suggested by Tall and Thomas. They all accepted expressions as answers to problems and did not view algebraic expressions as incomplete answers. CONCLUSION Ellen’s association of “value is” with equations makes one realize that language plays a vital role in student performance and understanding. Student confusion may not arise because of student misconceptions or difficulties with using mathematical concepts but perhaps because of the language they face. Teachers should be extremely careful with interchangeably using mathematical terms in the classroom such as expression and equation. If they are not careful with language use then students might come to believe that the two concepts are actually the same and thus, not be able to distinguish between them. Also, the inability of the students to recall the term expression accompanied by their ability to spontaneously recall the term equation when asked to provide a general name for the piles in which they sorted their cards in Activity 1, seems to suggest that perhaps the term equation is more frequently used in the mathematics classroom. Teachers should use the term expression more frequently even after having finished instruction on expressions. Students should be reminded of the term expression while they receive classroom instruction on equations so that they acquire the correct mathematical vocabulary. In general, the data collected in this study has shown that students associate the term simplify with algebraic expressions and the term solve with equations. Although students may not have difficulties manipulating, and simplifying algebraic expressions and solving linear equations, they may still not be able to identify the difference between the two and may find it very challenging to generate expressions or equations. Thus, instruction on linear equations should include identifying the difference between algebraic expressions and linear equations so that students can make connections between concepts they learn in their mathematics classrooms. With consideration to the above, it is important to analyze the effects of teaching on the students’ ability to recognize the differences between algebraic expressions and equations. Due to time constraints, classroom observations were not carried out in this study. However, classroom observations of teachers teaching the units on algebraic expressions and linear equations along with interviews with their respective
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students as they respond to the instrument in this study would help clarify possible sources of students’ difficulties even further. ACKNOWLEDGMENTS The author would like to thank Nathalie Sinclair for her insightful comments on the first draft of this paper and Jon Star for his recommendations during the development of the instrument used in the study. The author would also like to express her appreciation to the CERME reviewers and Luis Puig for their feedback. REFERENCES French, D.: 2002, Teaching and Learning Algebra, Continuum Books, London. Hall, R. D. G.: 2002, ‘An Analysis of Errors Made in the Solution of Simple Linear Equations’. Philosophy of Mathematics Education Journal 15. Kieran, C.: 1989a, ‘The Early Learning of Algebra: A Structural Perspective’, in S. Wagner and C. Kieran (eds.), Research Agenda for Mathematics Education, Research Issues in the Learning and Teaching of Algebra, Vol. 4, NCTM, Reston, VA, pp. 33-53. Kieran, C.: 1990, ‘Cognitive Processes Involved in Learning School Algebra’, in P. Nesher and J. Kilpatrick (eds.), Mathematics and Cognition: A Research Synthesis by the International Group for the Psychology of Mathematics Education, Cambridge University Press, Cambridge, pp. 96 -112. National Council of Teachers of Mathematics: 2000, Principles and Standards for School Mathematics, NCTM Inc., Reston, VA. Sfard, A.: 1995, ‘The Development of Algebra: Confronting Historical and Psychological Perspectives’, Journal of Mathematical Behavior, 14, 15-39. Steinberg, R. M., Sleeman, D., and Ktorza, D.: 1990, ‘Algebra Students' Knowledge of Equivalent Equations’, Journal for Research in Mathematics Education 22(2), 112-121. Tall, D. and Thomas, M.: 1991, ‘Encouraging Versatile Thinking in Algebra Using the Computer’, Educational Studies in Mathematics 22(2), 125-147.
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TEACHERS’ PRACTICES WITH SPREADSHEETS AND THE DEVELOPMENT OF ALGEBRAIC ACTIVITY Kirsty Wilson1 and Janet Ainley2 1



School of Education, University of Birmingham 2



School of Education, University of Leicester



This paper reports on one aspect of a longitudinal study which seeks insight into the ways in which spreadsheet experience and teachers’ pedagogic strategies shape pupils’ construction of meaning for algebra. It offers a categorisation of what teachers actually do when using spreadsheets in their teaching, and discusses how these practices relate to pupils’ construction of meaning for algebra. Five practices are identified: demonstrating; developing socio-mathematical norms; reflecting on activity; focusing attention on meaning; and legitimising algebraic activity. These practices are illustrated with extracts from lessons. ALGEBRAIC THINKING/ACTIVITY AND SPREADSHEETS Research suggests that spreadsheets can support the learning and teaching of algebra. In a spreadsheet a cell reference refers to the particular number in a cell, and any number that may be entered into that cell, as well as describing its physical location. Spreadsheets also have the facility for filling down a formula through a range of cells; hence the column can also be seen as representing a variable. In a longitudinal study of two groups of 10-11 year old pupils working on traditional problems, Sutherland and Rojano (1993) conclude that ‘a spreadsheet helps pupils explore, express and formalise their informal ideas’ (p.380), moving from thinking with specific numbers to symbolising a general rule. The use of algebra-like notation and the activities of writing formulae and graphing are typically cited as offering access to the meaning of symbolic notation and to algebraic activity. Several researchers point to the important role of the teacher in guiding pupils’ construction of meaning when working with such technological tools (for example Dettori et al, 1995). The practice of what teachers actually do, however, has received relatively little attention in the literature. Monaghan (2004), for example, notes that ‘research focused on teachers’ practices in mathematics classes is a relatively recent phenomenon and what there is to date has largely focused on forms of knowledge and on beliefs, with little attention to the whole experience of using technology in the classroom’ (p.328).



Hennessy, Deaney and Ruthven (2005) draw on socio-cultural theories of mediation and guided participation to identify pedagogic strategies for mediating pupil interactions with technology in secondary schools. Although mathematics teaching was not a specific focus of the research, the typology of strategies points to the need to maintain focus on subject discourse and to the ‘underdeveloped’ role of whole
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class interactive teaching using technology. In terms of technology in mathematics education, teachers’ practices have been discussed in relation to the instrumental approach, considered further below. The instrumental approach (described in Trouche, 2004), is a theoretical framework that offers a way of describing how an artefact such as a spreadsheet becomes an instrument. Trouche describes an instrument, which includes a psychological component related to how an artefact is used, as: ‘the result of a construction by a subject, in a community of practice, on the basis of a given artefact, through a process, the instrumental genesis’ (p.289).



The process of instrumental genesis, in which an artefact is appropriated by a learner, consists of two combined processes: instrumentation and instrumentalisation. The former refers to the way in which an artefact such as a spreadsheet influences the learner, allowing them to engage in mathematical activity using the artefact. The latter is directed towards the artefact, and refers to transforming the artefact to become a mathematical tool. Trouche introduces the term ‘instrumental orchestration’ to describe the ‘external steering of students’ instrumental genesis’ (p.296). Exploratory research by Haspekian (2005) within this frame indicates the complexity of such processes (see also Artigue, 2002). The ways in which teachers orchestrate, or guide their pupils’ construction of meaning is the focus of this paper. DATA COLLECTION AND ANALYSIS This study builds upon the Purposeful Algebraic Activity project1 which aimed to explore the potential of spreadsheets as tools in the introduction to algebra and algebraic thinking. The project involved the design of purposeful spreadsheet-based tasks (see Ainley, Bills and Wilson, 2005a; Ainley, Bills and Wilson, 2005b) which formed the basis of a teaching programme for pupils in the first year of secondary school (aged 11-12). Five classes participated in the project, spending approximately twelve hours of spreadsheet-based activity within their mathematics curriculum over the course of the year. Four experienced teachers, who collaborated with the project team throughout, taught all of the lessons to their usual classes. In the schools involved, pupils were divided into four mathematics sets by attainment. In one school Graham taught set 1 and Judith taught two sets, set 3 and set 4. In another school Anne taught set 1 and Rachel taught set 4. This research seeks insight into the ways in which spreadsheet experience and teachers’ pedagogic strategies shape pupils’ construction of meanings for algebra. It draws upon data from the Purposeful Algebraic Activity project, but focuses more closely upon the role of the teacher in order to gain further insights into the social construction of meaning. This paper reports on one aspect of the longitudinal study; the practices of the teachers. It attempts to address the question ‘When working with spreadsheets, how (if at all) do teachers guide pupils’ construction of meaning for algebra?’ Although the tasks had been designed by the research team in collaboration
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with the participants, the four teachers had the freedom to use the materials as they wished. For example, the teachers made decisions about how to introduce tasks, when to intervene, how to respond to pupils seeking help and how (and whether) to orchestrate plenary discussions. A range of data was collected from each of the teaching programme lessons, including audio recordings from a radio microphone of teachers’ interactions with pupils. These interactions included work with the whole class, often incorporating the use of an interactive whiteboard, and discussions with individuals, pairs and small groups when circulating the room. Field notes were also made with a view to recording what happened; these included chronological jottings of non-verbal activity. In light of the broader aims of the study, other sources of data included video and screen recordings from a targeted pair of pupils, and semi-structured interviews with targeted pairs over a two to three year period. The audio data from the radio microphone was semi-transcribed, focusing on the development of mathematical meaning rather than general classroom management activities such as organising groupings and managing behaviour. Using a broadly grounded approach (Strauss and Corbin, 1998) NVivo software was used to develop and refine coding of the teacher transcripts. The analysis focused on how the teachers guided pupils’ construction of meaning for algebra; it was informed by the ideas of instrumental orchestration (Trouche, 2004) and the role of the teacher in semiotic mediation (Mariotti, 2002). The analysis involved identifying commonalities in the practices of the teachers specifically in relation to constructing meaning for algebra. Essentially, the analysis sought overarching themes beyond the specifics of the task at hand. In total, over five hundred and fifty passages were coded from the sixty-six lessons, and five themes, or practices, emerged. CHARACTERISING FIVE PRACTICES The categorisation offers a broad description of what teachers do which, to varying degrees and in different ways, guides pupils’ construction of meaning. The five practices offer a way of characterising the complexity of what teachers actually do when working with technology. Practice



Definition



Demonstrating



Demonstrating or supporting a local process, such as writing a spreadsheet formula or constructing a graph.



Developing sociomathematical norms



Establishing expectations or fostering emerging norms through verbal interactions and computer-based activity.



Reflecting on activity



Reflecting on a local process at a global level in terms of the value of the local process and/or the value of the local process in the context of the task at hand.



Focusing attention on



Focusing attention on the meaning of an idea or an image,
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meaning



such as the variable cell or the use of notation.



Legitimising algebraic activity



Legitimising or validating mathematical activity, such as using algebraic conventions. Making links to ‘algebra.’



Within a particular episode, such as a teacher-pupil interaction or teacher-class interaction, various passages were coded. Most passages fell clearly within one of the five practices; others overlapped two or more. Some episodes consisted of various passages which spanned a range of practices. For example, a teacher may demonstrate a local process, focus pupils’ attention on the notation used, reflect upon why the technique is useful in the context of solving the problem, and then develop the sociomathematical norm that she expects the class to use that process. It is acknowledged that the interaction between practices is very powerful, but for the sake of clarity, each of the five practices is outlined below and illustrated with extracts from the lessons. In considering each of the practices, commonalities and differences between the teachers are described. Demonstrating This practice involves demonstrating or supporting a local process, such as how to construct a spreadsheet formula, how to drag down a formula or how to construct a scatter graph. It is parallel to the strategy that Anghileri (2002) describes as ‘showing and telling.’ Teachers showed pupils processes, often using the interactive whiteboard or projected image to demonstrate a series of technical steps, which may involve strong mathematical content. In many cases the technical aspects were interwoven with commentary which aimed to draw pupils’ attention to particular aspects, such as the need to use certain notation. When classes were engaged in spreadsheet activity the teachers responded to pupilinitiated questions and made interventions. Teachers used such opportunities to reinforce processes that had been previously demonstrated and to teach new processes, as they interacted with individual pupils. With her lower attaining set in particular, Judith supported pupils in writing a formula by encouraging them to express a calculation for a particular number or explain in words and then ‘tell the computer.’ Ashley



I would add um fifteen twenties



Judith



Okay, fifteen twenties, so how do we tell the computer to do that? (task 4, Mobile Phones, lesson 1)



In plenaries and mini-plenaries during the lesson, demonstration was also used to consolidate and extend pupils’ understanding of how a spreadsheet can be used. Over two hundred passages were coded as instances of teachers demonstrating a process. Given the nature of the practice, it is unsurprising that more demonstration occurred in the earlier tasks. In terms of instrumental genesis, the practice of



CERME 5 (2007)



947



Working Group 6



demonstrating supports the development of instrumentation, whereby techniques are increasingly regarded as an appropriate response to a given task. Developing sociomathematical norms Developing sociomathematical norms, a practice described by Yackel and Cobb (1996) and Hershkowitz and Schwarz (1999) includes establishing expectations and fostering emerging norms. The kinds of norms developed included normative routines for using the spreadsheet related to the layout, the process of writing a formula, and the methods used to solve problems. In addition to the procedural aspects of activity, normative ways to engage with and think about notation were also developed during the teaching programme. Over one hundred and eighty passages were coded as developing sociomathematical norms, and across all of the classes this practice was most prominent in the first task. This practice declined (with one slight exception) over the course of the teaching programme. Whilst all of the teachers actively established norms for spreadsheet activity with their classes, these were reinforced more with the two lower attaining classes where the number of passages coded was approximately double that of each of the other classes. Two common norms were strongly established in relation to formalising rules and generating data: writing a formula and filling down a formula. Normative ways of entering a cell reference in a formula were established by three teachers. Both Judith and Graham encouraged pupils to click on the cell reference rather than type it, whereas Rachel emphasised strongly the idea of telling the computer where to find the number: ‘You’ve got to tell the computer “where to find the number to calculate with, and to do that, you give it its “cell reference with the letter first and then the number’ (Rachel, task 1, Multiplication Tables, lesson 1)



Thus, whilst there were commonalities in the practice of developing norms, the actual norms and emphasis varied to some degree. Reflecting on activity Reflecting on activity involves considering the value of a local process either at a global level or in relation to the context of the task. Whereas the practice of demonstrating introduces pupils to and supports them with carrying out processes, and developing sociomathematical norms encourages pupils to interact with the spreadsheet in certain ways, the practice of reflecting relates to the usefulness of such activity. It includes teachers meta-commenting about why particular processes are useful as well as inviting pupils to interpret data and graphs. All of the teachers engaged in the practice of reflecting, with over one hundred and eighty passages coded and a number of themes emerging in relation to usefulness. A theme that Judith and Rachel referred to frequently was the value of the spreadsheet in performing a calculation. A second theme relates to the efficiency of using spreadsheet formulae beyond that of performing a calculation. Within this theme are
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examples of teachers referring to changing the number in a cell and to filling down a formula: ‘It’ll be a lot quicker if you use the formulas … you’ve just gotta change these numbers and you can see immediately what the total is’ (Anne, task 6, Fairground Game, lesson 1) ‘you don’t have to keep typing that in, you can pull it down and it … saves you some time’ (Judith, task 3, Sheep Pen, lesson 1) ‘the computer can do this in the next few seconds. Before the end of the lesson the computer can have worked this out for us’ (Rachel, task 3, Sheep Pen, lesson 1)



Teachers tended to consider the efficiency of solution strategies in the tasks that lent themselves to a graphical approach. The interpretation of graphs involved consideration of the task at hand, and seemed to be useful in offering visual support for reflecting upon progress towards solving the problem at hand. Focusing attention on meaning The practice of focusing attention on meaning includes amplifying a particular aspect of activity, offering images or metaphors and negotiating meanings. The discussion of this practice is organised around two key themes: the variable cell; and the variable column. Focusing attention on the meaning of the variable cell was a practice used by all of the teachers. Anne was responsive to the difficulties of individuals in constructing meaning for notation, explaining that ‘it’ll change everything automatically.’ Rachel similarly explained that a calculation with numbers only works once whereas with formulae the numbers change, an idea that Graham also made reference to. Judith’s practice, however, involved frequently amplifying the idea of the variable cell. The extract below illustrates Judith’s language use in developing the idea of a variable: ‘I want “any number. I want to be able to change that number there. So I want whatever’s in that box. It doesn’t have to be forty-three, it’s whatever’s in that box. So how can I tell it “that box? (.) … Right so, click, to say I want that box there, just click on that box. Right, and it puts B14 look. B14 so that means whatever’s in that box’ (task 2, Hundred Square, lesson 1)



The phrase ‘whatever’s in the box’ interpreted out of context could refer to the number that happens to be in the cell or to whatever could be entered into the cell. In context, however, Judith’s intention is clear in referring to changing the number, which she also demonstrated in different tasks and reinforced by developing the norm of ‘doing a sum,’ that is writing a formula. Judith



Right once you’ve typed in the number five, once you’ve typed in the number five it stays a five, it won’t change, it’ll stay a five. How can we make that five “change, if we change the two above?



Pupil



Um by doing a sum
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Judith



By doing a sum, good, by doing a sum on the computer. (task 5, Bonus Points, lesson 1)



Judith’s emphasis on change was also seen in tasks where the pupils did not actually change the numbers in cells; instead they listed values in a column. ‘Now you notice he just said well whatever was in that box there, because I want to change that number to a different number, I want to change it to a three or a five or a ten or an eleven. I want to “change that number so it’s whatever’s in that box, whatever I choose to pick’ (Judith, task 3, Sheep Pen, lesson 2)



In this extract Judith was responding to a pupils’ use of the phrase ‘whatever was in that box there.’ Although she said ‘I want to change that number,’ she did not literally mean that she wanted to replace the number in the particular cell, but that the class would need to consider different widths of sheep pen and hence write a formula that could be filled down. Thus the idea of change referred to the variable, the width, which she also expressed as ‘whatever the width’ in the Sheep Pen task and ‘however many minutes’ in the Mobile Phones task. Focusing attention on the meaning of the variable column was used, but was less common as a practice. Teachers tended to focus pupils’ attention on the variable cell and develop the sociomathematical norm of dragging down a formula, but relatively little attention was given to the meaning of this process. Rachel focused attention on the idea of location, which is consistent with the norm that she developed for constructing a formula. ‘So, that formula tells the computer to find the number that is in cell B2, and add one to it … And then, as you drag that down, it tells it always, to add one to the cell before it … it’s telling it where it is and it’s telling it what to do with it’ (task 1, Multiplication Tables, lesson 2)



Anne similarly used the idea of location to help pupils understand filling down a formula, explaining to a pair of pupils that ‘it’s taking a cell above it and adding one’. Anne tended to focus attention on the meaning of the variable column more than the variable cell. Graham and Anne tended to refer to dragging down in the context of generating data to solve a problem, encouraging reflective activity, rather than focusing attention on meaning. Judith did on occasions invite pupils to attend to the notation used in a variable column, although little attention was given to the notation used in a variable column in comparison to Judith’s focus on the variable cell. ‘Let’s have a time to think. Have a look at it. This one says E2, E2 which is that one, plus one. This one says E4 plus one. This one says E6, which is that blue one, plus one. What have I actually told the computer to do this time? … Right so it’s three add one, “four add one, “five add one, “six add one’ (task 1, Multiplication Tables, lesson 2)
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Legitimising algebraic activity The practice of legitimising algebraic activity involves legitimising or validating spreadsheet and other activity and ideas as mathematical, and specifically algebraic. It includes the social appropriation and validation of culturally mediated practices and conventions. Examples of the kinds of passages coded are given below. ‘How on earth can I write in there, not just any particular number, but “any number? … x, that’s a great idea’ (Graham, task 2, Hundred Square, lesson 2) ‘I’ve got an a and a b and I’ve got a b there as well … a plus two lots of b. How do I write two lots of b in algebra? … a plus 2b’ (Graham, task 5, Bonus Points, lesson 2) ‘We’ve had one or two people succeed with the letters, see if you can explain, see if you can use that to explain’ (Anne, task 6, Fairground Game, lesson 2) ‘I’d like you to try and “prove to me that definitely putting one in the middle gets used more frequently than putting one at the end. See if you could actually do that in some way, maybe with symbols’ (Judith, task 6, Fairground Game, lesson 2) ‘Over the past few weeks you have had quite a bit of practice at doing algebra, using formulas etcetera’ (Rachel, task 6, Fairground Game, lesson 1) ‘We’re gonna do exactly the same but this time with some letters there so that first box is whatever the number in a is, plus the number in b’ (Judith, task 6, Fairground Game, lesson 2)



Three kinds of legitimising emerged from the analysis. The first two examples illustrate teachers legitimising mathematical conventions, in these cases the use of a literal symbol for a variable, and the convention for multiplication. The second two examples, Anne’s reference to explaining and Judith’s reference to proof are examples of legitimising the significance of practices. In the final two examples the teachers attempt to make links, one global and one local, between spreadsheet activity and algebraic activity, thus legitimising spreadsheet activity as algebraic. The first two kinds of practices were seen less in the lower attaining sets, often a reflection of less work with standard notation. DISCUSSION The categorisation of five practices offers a broad description of what teachers do which, to varying degrees and in different ways, guides pupils’ construction of meaning. Alongside the design of tasks (see, for example, Ainley, Bills and Wilson, 2005b), the practice of teachers is a key aspect of pedagogy. The five practices were identified in a specific context, with particular sets of pupils. Nonetheless, they offer a way of characterising the complexity of what teachers actually do when working with such technology. They form an interpretive framework, which is primarily grounded in data, but also links with key ideas in the theoretical frameworks outlined earlier in the paper; ‘instrumental orchestration’ (Trouche, 2004) and the role of the teacher in developing ‘instruments of semiotic mediation’ (Mariotti, 2002).
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In light of the broader aims of the study and the broader range of data collected, the categorisation was used in the analysis of pupils’ evolving meanings for algebra. More specifically, the relationships between teachers’ practices and pupils’ meanings were tentatively explored. It is likely that a number of interwoven factors contributed to the patterns observed at class level, not least of which was the attainment level of the set. A more fine grained level of analysis attempted to embrace this complexity by tracing pupils’ evolving meanings through chains of episodes (Cobb and Whitenack, 1996) and developing case studies of pairs of pupils. Within these, data relating to teachers’ practices was a particular focus of analysis. Each of the five practices was seen to steer and colour pupils’ meanings. Aspects of pupils’ activity, such as clicking on spreadsheet cells or making errors, were identified as triggers for mobilising particular meanings. The categorisation outlined in the paper is grounded in rich, longitudinal data. The five emerging themes offer a framework for characterising and comparing teachers’ practices. This offers some insight into how teachers guide the social construction of meanings in a spreadsheet context. In this study, the themes were used in the longitudinal analysis of pupils’ evolving meanings for algebra. Future reports on the evolution of meanings will draw upon the categorisation outlined here. NOTES 1. The Purposeful Algebraic Activity project and this study were both funded by the Economic and Social Research Council 2. The following conventions are used in the transcripts “ precedes emphatically-stressed syllable … indicates omission of part of transcript for presentation purposes (.) timed pause (number of dots corresponds approximately to number of seconds)
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