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WORKING GROUP 6. ALGEBRAIC THINKING Jean-Philippe Drouhard, IUFM & IREM de Nice, France Mabel Panizza, Universidad de Buenos Aires, Argentina Luis Puig, Universitat de València, Spain Luis Radford, Université Laurentienne, Canada Keywords: algebraic thinking, history, epistemology, epistemography, semiotics, linguistics, language, symbols. INTRODUCTION How to write a pretty boring introduction to a chapter made with various authors' contributions? That is easy: by pasting summaries of one contribution after another, shortened to the point where they lose their meaning. Therefore we, the Algebraic Thinking Working Group leaders, decided to avoid this tedious and pointless rewriting exercise, and instead wanted to present here the main outcomes which had sprung up during the group discussions1. Our first question was: on what can we work in a Working Group? After having read the contribution proposals, our first idea was to split the whole "algebraic thinking" theme into various domains related to the students' levels: Linear Algebra, PreAlgebra, Elementary Algebra etc. However we felt that by doing it this way, we would miss the point: working together is not just about communicating (scientific) facts between sub-domain specialists, and much less about trying to convert others to one's own faith. Rather, it should be an exchange about the pros and the cons of the different frameworks used in order to interpret the problems participants face, and a way to promote in-depth scientific cooperation. Moreover, many problems of miscomprehension tend to arise when discussing from different frameworks: sometimes different words are used to describe the same phenomenons, sometimes (more frequently) the same word (like "language" or "obstacle") is used with quite different meanings (which is worse). Therefore we decided that the working group sessions would be devoted to uncovering the possible misunderstandings about the various words or concepts the presenters were using. We then decided to organise presentations according to the predominance of two perspectives: the historical perspective and the semiotic perspective. 1



Everyone in the group discussion could understand French, most spoke and understood better French than English, but some could not speak French. The situation was very similar for Spanish, except for one member who did not understand Spanish. Therefore, we unanimously decided that, given the circumstances, everybody would speak in the idiom, French or English, with which he or she felt most comfortable. This pragmatic decision improved the fluidity of the discussion dramatically as well as the possibility to discuss subtle and deep ideas.
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It had been clear from the beginning that our aim was not to study either the history or the semiotics of mathematics for themselves. Actually, no group member is a specialist in these research domains. Instead, we conceived of historic and epistemologic studies on the one hand and semiotic and linguistic studies on the other as tools for research in mathematics education. It is interesting to note that the use of the words “semiotics,” “linguistics,” “history” or “epistemology” already raised thorny definition problems. Regarding "semiotics" and "linguistics" and the world "language": there is an immense variety of ways to represent mathematical objects or facts, and these representation systems (including the way representations are interpreted and transmitted) are described by a science called “semiotics” (see Drouhard & Teppo, 2004). Charles S. Peirce can be considered the founder of semiotics, and Umberto Eco one of the prominent contemporary scientists in this field. Within this framework, the well-defined phrases “semiotic representations” and “semiotic representation systems” are used rather than the ambiguous ones “representations” and “ways to represent”. However, some particular semiotic representation systems show specific additional characteristics: this is the case for “natural languages” like English or Spanish ("the positive number which square is two" is written in the natural language English) and for “symbolic languages” (" 2 " is written in the symbolic language of algebra). These special semiotic representation systems are therefore described both by semiotics (being semiotic systems) and by linguistics (being languages) (Drouhard & Panizza, to appear a, b). Ferdinand de Saussure can be considered the founder of linguistics and Noam Chomsky one of the prominent scientists in this field. The problem with the word “language” is that its meaning differs very much according to the theoretical framework in question. Some linguists define a language as the set of sentences produced by a generative grammar2, (this is tipically the case with Chomsky and computer scientists). Other ("functionalist" linguists like Jakobson or semioticians like Eco) define language by its functions, in other words, by what it allows one to do (to transmit information or orders, to ask questions, to describe facts, to express ideas or feelings etc.). Thus, when speaking of "language" it is important never to forget to add "in the sense of” Chomsky or Eco, for instance. There is also a problem with the word "epistemology" which is used by scientists in different domains; firstly by those who study the philosophy of mathematics (for instance the nature of mathematical objects); but also, by some mathematics historians. Even Piagetian psychologists call their domain "genetic epistemology"! It is not a mere question of vocabulary, since there are passionate arguments surrounding the relationship between history and the philosophy of mathematics. All positions can be found in the scientific literature, including the extreme ones (i.e. that 2



A generative grammar is basically a set of rewrite rules
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philosophy is a branch of history, or the opposite). Mathematics education is not immune from the controversy (if, for instance, we consider the notion of "epistemological obstacle"), never really being sure whether it is history, philosophy, both or neither. The aim of our discussion group was not to take a position on this debate, but rather to shed light on the risk of misunderstanding and the necessity on being clear about what we are referring to when speaking of "epistemology." EPISTEMOLOGY AND HISTORY Often, the group discussions turned to epistemological considerations of algebra. Some members objected to the notion of the validity of the recapitulation principle (i.e. that ontogenesis recapitulates phylogenesis). Although the question had been discussed in the past (see e.g. Furinghetti and Radford, 2002; Radford, 1997) the members felt that it was important to deal with this question in order to better grasp the role of the history of algebra as a means to explain the difficulties that students encounter when they learn algebra. In this context, some members mentioned the idea of epistemological obstacles. By definition, epistemological obstacles (in the sense of Brousseau, 1983) are those which are intrinsic to knowledge (as opposed to ontogenetic, didactic and cultural obstacles). In the course of the discussion, doubts were raised concerning this concept of knowledge. The opposition between epistemological and cultural obstacles was related to the problematic idea that mathematical knowledge could have a kind of intrinsic kernel, independent of the cultural context from which such knowledge arises and evolves (Radford, ibid.). The discussion stressed the importance of being careful with the notion of epistemological obstacle and taking into account the cultural context in which a notion appears. For instance, it was argued, using Araya Chacón’s example of negative numbers, that, for ancient Chinese mathematicians, negative numbers were very ‘natural’ and that the question is rather to see the cultural conditions that made those numbers thinkable. The Chinese episteme rested on the cultural idea of opposites (yin-yang) while the Greek episteme was based on a non-symmetrical opposition between being and nonbeing. Moreover, when the cultural context changes, problems and difficulties change too: this is one of the reasons that led us to decide that the recapitulation principle had little relevance. The discussion then focused on the value of the history of mathematics for mathematics education. Some members argued that the fact that the recapitulation principle is not valid does not mean that the history of mathematics loses its relevance in the educational realm. The problem is to determine which kinds of historical studies are suitable for mathematics education. G.T. Bagni’s paper explicitly tackles this problem, stressing that different uses of history imply different epistemological assumptions, and arguing that a social and cultural account of the history of mathematics better fits the needs of research on the didactics of mathematics.
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The history of mathematics, it was contended, can shed some light on the conceptual development of mathematics, but in order to do so, it has to be conceived in nonessentialist ways (i.e. in ways that do not assume that mathematics evolve according to a supposedly internal teleology). History has to attend to the cultural settings in which mathematics evolve, and to see those settings not as mere picturesque and charming backgrounds but as integral parts of conceptual developments. This perspective is not without its own difficulties. For one thing, it requires us to revisit the ampler problem of knowledge formation and cognition. The historical-cultural theoretical framework presented by L. Radford was discussed in the group. This framework is an attempt to go beyond the classical way of conceiving the role of history and culture in mathematics education −a way that can be summarized as follows: (1) it sees history as a sequence of events disconnected from their cultural settings without paying attention to the cognitive-epistemic dimension (i.e. what makes mathematical ideas possible at certain periods) and (2) it sees culture as a descriptive background with no organic ties to the cognitive domain. Thus Radford’s position is to consider the cognitive dimension of historical developments and to consider simmetrically the cultural dimension of cognitive developments. This theoretical framework leads to a relationship between ontogenesis and phylogenesis different from the recapitulationist one. The depths of this problem were illustrated through the emergence of new nonrationalist epistemologies, such as cultural, feminist and post-modernist epistemologies, each one opening different routes through which to conceive knowledge and knowledge production. One concrete example was the following. In the research conducted by Radford and his students on algebraic generalizations (see the work presented by Radford, Bardini and Sabena at this Conference) or on equations (e.g. Radford, 2002), an important role is given not only to symbols, but also to social interaction, gestures, language and artifacts in the emergence of algebraic thinking. The role of gestures or the rhythm of actions, for instance, does not have a significant role to play in rationalist epistemologies (even in Piaget’s genetic epistemology where kinesthetic actions fade away as soon as the sensorimotor stage is supposedly completed). However, in a different epistemology −one that conceives cognition not only as involving the mental dimension of the mind but also as including gestures, rhythm, perception, etc.− new forms of knowledge production are considered and cognition is cast in different terms. The cultural-historical theoretical framework is based on the premise that each act of knowing is imbricated in the history of the object of knowledge and the cultural sense of knowing in which the act of knowing occurs. The theoretical framework acknoweldges the following fundamental limitation in the use of history for didactic purposes. In empirical studies, it is possible (even if not always easy) to have access to the complex learning processes of contemporary students (e.g. their culturally situated sources such as textbooks, classroom discourse, written material). In the
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study of past mathematicians’ discoveries, there is no other available source than written texts. HISTORICAL DATA This serious problem was analysed firstly from the point of view of the selection of historical data when dealing with a new account of the history of algebraic notation, as raised by Bagni. We considered the difficulties that we have to deal with in our research due to the fact that our main source of historical data is ancient mathematical texts. If we do not conceive the history of mathematics as the discovery of eternal mathematical objects and truths, and if we think that the system of signs used to write a mathematical text is not a means to expressing those eternal mathematical objects and truths—but rather an essential component of the construction of mathematical objects—we cannot rely on the translation of ancient mathematical texts to modern concepts and systems of signs. For instance, we cannot use Witmer’s translation of Viète to study the history of algebraic notation, because Witmer translates the relevant parts of Viète’s text into modern algebraic language. Dealing with the original texts is not an easy task for those of us who are researchers on the didactics of mathematics and not professional historians of mathematics, but we have to take care to at least be aware of the transformations made to the original texts in the editions we use. Next we had a second look at the use of written texts, taking into account the risk of anachronism. It is especially important to keep in mind that, when looking at ancient mathematical texts, we cannot project our modern concepts on them. Besides taking into account the cultural and social dimensions that differ through time and place, if we use Freudenthal’s historical phenomenology, we know that what is relevant to didactics is to analyse which phenomena where organised by concepts that we can see as historical precursors to modern concepts. In this sense, we considered that if we track the history of “integer numbers” back to ancient times, for instance back to Diophantos’ or al- Khwārizmī’s texts (See Puig, 2004), what we can find is algebraic expressions in which there are quantities that are being subtracted from other quantities. There are not positive and negative quantities, but quantities that are being added to others (additive quantities) and quantities that are being subtracted from others, and the latter cannot be conceived on their own but only as being subtracted from others. Thus, al-Khwārizmī may even go so far as to speak of “minus thing” when he is explaining the sign rules, but he is always referring to a situation in which that thing is being subtracted from something When you say ten minus thing by ten and thing, you say ten by ten, a hundred, and minus thing by ten, ten “subtractive” things, and thing by ten, ten “additive” things, and minus thing by thing, “subtractive” treasure; therefore, the product is a hundred dirhams minus one treasure. (Rosen, 1881, p. 17 of the text in Arabic)



However, as the subtractive quantities are conceived as something that has been subtracted from something, an expression in which there is a subtractive quantity CERME 4 (2005)
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represents a quantity with a defect, a quantity in which something is lacking. Diophantos’ sign system expresses this way of conceiving the subtractive in an especially explicit way, as in his sign system all the additive quantities are written together, juxtaposed in a sequence one after another, and all the subtractive quantities are written afterwards, also juxtaposed, preceded by the word leipsis (what is lacking). Thus, the algebraic expression x 3 − 3x 2 + 3x − 1



is written as o



Κ ϒ α ς γ Λ ∆ ϒ γ Μ α (Tannery, 1893, vol. I, p. 434, l. 10),



an abbreviation of “cubos 1 arithmos 3 what is lacking dynamis 3 monas (units) 1,” in which the expressions corresponding to x3 and 3x are juxtaposed on one side, and x2 and 1 on the other, separated by the abbreviation for “what is lacking” (Greek letters lambda and iota). Thus, the main phenomena that are organized in al- Khwārizmī and Diophantos are the phenomena of “the subtractive,” “what is subtracted (from a quantity)” or “what is lacking (to a quantity)”. Examples from Diophantos, al-Khwārizmī, Viète, Chuquet and Bombelli’s algebraic expressions give us the opportunity to further discuss Nesselman’s frequently quoted three stages in the evolution of algebraic language: rhetorical, syncopated, and symbolic (See Section 3 of Puig and Rojano, 2004). It was pointed out that in this case it is also worth looking at the literality of Nesselman’s text. Nesselman’s characterization of syncopated algebra stresses that syncopated algebra is algebra in which the exposition is also of a rhetorical nature “but for certain frequently recurring concepts and operations it uses consistent abbreviations instead of complete words” (Nesselmann, 1842, p. 302). What is really important from Nesselman’s point of view is the rhetorical nature of the exposition, and not the use of signs that are mere abbreviations of words. That is the reason why in this stage Nesselmann places not only Diophantos, but even Viète “although in his writings Viète had already shown the seed of modern algebra, which nevertheless only germinated some time after him” (Nesselmann, 1842, p. 302). For example, Viète writes “A quad – B in A 2, æquetur Z plano” for the equation that we write: x2 - 2bx = c, using abbreviations like “quad,” the abbreviation of “quadratum (square),” instead of using numbers (2, in this case). Viète is using letters to represent quantities, but this is not enough to characterize his sign system as symbolic from Nesselman’s point of view. For him, the fundamental feature of symbolic language is not the mere fact of the existence of letters to represent quantities or of signs foreign to ordinary language to represent operations but the fact that one can operate with this sign system without having to resort to translating it into ordinary language. In Nesselmann’s own words: “We can perform an algebraic calculation from start to finish in a wholly understandable way without using a single written word […] (Nesselmann, 1842, p. 302).
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“Symbolic,” in Nesselmann’s sense, means then the possibility of calculating on the level of the expressions without resorting to the level of content. We also discussed what “calculating on the level of the expressions” really means. It was pointed out that Chuquet’s and Bombelli’s idea of using numbers instead of abbreviations of words to stand for “thing” or “root,” “square” (or “census” in Latin Medieval texts, and “treasures” in Arab Medieval texts), “cube,” etc. was crucial because rules for transformations like “a thing by a square is a cube,” that are grounded on the level of content, could be replaced by arithmetical equalities like 1 + 2 = 3, that are meaningful even if we do not resort to the level of content (the relations among the type of quantities involved). In this sense, one has the possibility of calculating on the level of the expressions with the current symbolic language of algebra. SEMIOTIC AND LINGUISTIC ASPECTS During the conference, some contributors presented studies which could be clearly seen through semiotical lenses (see for instance Novotná & Sarrazy and the question of the spontaneous non-linguistic schemas done by the children) or through linguistical lenses (see for instance the tipically linguistical concept of "deictic" in Radford et al.). We found many different points of interest according to the linguistic/semiotics axis. On the one hand, the different works presented within this theoretical frame allowed us to approach it from different perspectives and with increasing levels of generality. On the other hand, this framework offered a complementary perspective for the analyses of other works presented within other theoretical frames. The discussions that sustained our analyses can be included in three main lines: 1. Algebraic thinking is not always associated with the use of the present algebraic symbolism. 2. Very different contexts may favour the development of algebraic symbolism. 3. It is important to make a clear distinction between one- and two-dimensional symbolic writings. 1) Algebraic thinking is not always associated with the use of modern algebraic symbolism.



This sentence was interpreted in two ways, in accordance with mathematical education literature: neither does the use of modern algebraic symbolism always involve algebraic thinking; nor does algebraic thinking always involve the use of the modern algebraic symbolism. Various contributions were discussed in the WG according to these interpretations of the use of modern algebraic symbolism. The difficulties in understanding the complex relationship between algebraic writings and algebraic thinking was also enlightened with the analysis offered by Puig from the historical perspective (see previously in this text the points concerning the negative quantities and the "minus sign" in algebraic expressions, and Nesselman’s
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own criteria for clasifying the evolution of algebraic language; see also Radford (1995)). 2) Very different contexts may support the development of algebraic symbolism



This dimension was especially centred on the analysis of different situations supporting the construction of algebraic symbolism. Lins and Kaput (2004) stressed an emphasis on what students can do as opposed to the perspectives centred on highlighting difficulties or characterising errors. Several contributions involving the first perspective were discussed. Various authors showed different contexts which could gradually lead the students towards algebraic symbolism. The paper of Radford and al. led us to a discussion of the role of students’ gestures and language: what they actually do, do not do, say or do not say as objects of analysis in their construction of algebraic representations. In this context, the use of “deictics” in relation to students’ interactions was especially taken into account. In particular, the role of perception in the use of deictics was suggested as an instrument for analyzing the “point of view” in the subject-object and student-students relationship. All this discussion led us to consider the enunciative theories as frames that can contribute to interpreting students’ mathematical speech. Different works by Radford can be mentioned in this direction. In Radford (2000, 2002) he demonstrates–through several analyses of the students’ language in class—several functions language plays in the construction of algebraic generality (for example the deictics function and the generative function). A theoretical line is offered by Duval, who established different components of the sense of a proposition, founded on the fact that a proposition is posed in an enunciation context (Duval, 1995). 3) Distinction between one- and two-dimensional symbolic writings



A word alphabetically written is read from left to right (or from right to left in Arabic or Hebraic writings); in any case, in just one direction (from beginning to end). On the contrary, algebraic writing is bi-dimensional: not just the succession of letters and symbols is relevant but their relative vertical placement too (Drouhard, 1992). (higher than the current line)



It is the case for fractions: (lower than the current line) but also for powers: (current position&size)(higher&smaller).b The vertical reading order may be top-down (as in fractions) or down-top, as in: ⌠ ⌡ f (x) dx . Moreover, Kirshner (1989) showed that a for algebraic writings, horizontal spacing is relevant too (although redundant), as in "2×4+3" (wider horizontal space around the "+" mark than around the "×" mark). During the session discussions, Puig noted that the origin of bi-dimensional writings (which already appear in Greek notation, see above) could be found in the use of schemes, tables and drawings (obviously bidimensional) from the earlier times of mathematics. Bidimensional writing, he added, is technically difficult when passing 638
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from paper-and-pencil to print characters or keyboards: this is the case for calculators or spreadsheets (one must type 2^3 to obtain 23). As time has gone on, there has been pressure to "linearise" writings, essentially for printing reasons. A lot of examples can be found in Cajori (1928, 1993). For instance the "vinculum" upper straight line was used to express the aggregation of terms, equivalent to our modern parentheses; nowadays this vinculum is used only with fractions and roots. However, with typewriters, even fractions and roots became difficult to write and there was a tendency to replace " ax+b " by "√(ax+b)". It is possible to think, Puig pointed out, that the failure of the Gottlob Frege's Begriffschrift (Ideography, 1879) may rely on the intensive use of two dimensions in the symbolism he proposed; actually only few of Frege's unidimensional notations remain, like "¬", "╞ "or "├". The situation reverted dramatically with word processors; and maybe we would use Begriffschrift notations on an everyday basis if Frege could have used LATEX to write his articles! During the session discussions, Drouhard stressed the analogy between mathematical writings and Chinese ideograms. Firstly, some ideograms use two dimensions, like mathematical writings. For instance: the ideogram for shuāng: which is "two birds in the right hand": "pair". Then again, ideograms just note "ideas" and not sounds; therefore they are pronounced totally differently according to the idiom. For instance: "Thus, although the number one is "yi" in Mandarin, "yat" in Cantonese and "tsit" in Hokkien, they derive from a common ancient Chinese word and still share an identical character ("_")"3



It is the same for mathematical writings: you will pronounce the same writing "2x+3": "dos equis más tres," "deux x plus trois" or "two x plus three" etc. according to your mother tongue. From this point of view, it is possible to consider that mathematical writing is, by far, the most widespread written language in the world. Mathematical writings, however, are not ideograms (even if they are close relatives); in particular they are characterized by a virtually infinite possiblity to combine, like: 1010…



10



1010



, which is not the case of ideograms.



CONCLUSION A last theoretical point was presented in order to sum up some fragmented remarks. It is a model of knowledge called "paradigmatic perspective," which was briefly presented at the previous CERME conference in Bellaria (Drouhard & Panizza, 2003b). This is not the place to describe it in detail (see Drouhard & Panizza, 2003a, 2005, Panizza & Drouhard, 2003, Sackur et al., 2005, Bagni, to appear). We will just 3



Source: http://www.answers.com/topic/chinese-language
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recall that the organisation of the knowledge to be taught, called "epistemographical model," consists in: Conceptual knowledge, Semiotic and Linguistic knowledge, Instrumental knowledge, knowledge of the rules of the mathematical game and knowledge that allows for identification of domains. This general framework allowed us: • To focus on the importance of semiotic analysis (Peirce) in some presentations (e.g. Novotná & Sarrazy) • To better analyse the knowledge involved in other presentations (e.g. about the pre-requisite knowledge needed at the beginning of university by De Vleeschouwer, or on difficulties with matrixes by Viola) • To avoid looking at history from just one aspect of knowledge: in this case there is a risk of remaining at an either superficial or biased level. On the contrary, it is really fascinating to observe and analyse how semiotic progress (like the invention of notations for variables or parameters) is related to instrumental progress (more convenient notations permit one to better solve more problems) and to conceptual progress (see also Duval, 1988). This last point provided yet another occasion to fruitfully intertweave discussions on history, as well as semiotic and epistemological issues. REFERENCES Bagni, G. T. (2006). Quali saperi sono acquisiti da chi fa matematica? Una conversazione con Jean-Philippe Drouhard. To appear in La matematica e la sua didattica. Brousseau, G. (1983). Les obstacles épistémologiques et les problèmes en mathématiques. Recherches en Didactique des Mathématiques, 4/2, pp. 165-198. Brousseau, G. (1997). Theory of Didactical Situations in Mathematics, Edited and translated by N. Balacheff, M. Cooper, R. Sutherland, V. Warfield. Dordrecht: Kluwer. Cajori, F. (1993). A History of Mathematical Notations. New York: Dover. First Edition: The Open Court Publishing, La Salle (Ill.), 1928. Drouhard, J-Ph. (1992). Les Écritures Symboliques de l’Algèbre élémentaire, Thèse de Doctorat, Université Paris 7. Drouhard, J-Ph., Panizza M.(To appear): "De Saussure ou Pierce? Chomsky ou Eco? Bosch, Chevallard ou Duval? Tous à la fois? Complémentarité et incompatibilités des différents paradigmes linguistiques et sémiotiques en didactique de l'algèbre". To appear in L. Bazzini (dir.) Proceedings of SFIDA 21-24. University of Turin. Drouhard, J-Ph., Panizza M. (To appear): “Pierce, Frege, Saussure: trois grands courants sémiolinguistiques pour la didactique (2ème partie)". To appear in L. Bazzini (dir.) Proceedings of SFIDA 21-24. University of Turin. Drouhard, J-Ph., Panizza, M. (2003a), Les trois ordres de connaissances: un essai de présentation synthétique. Bazzini, L. (Ed.), Atti del Seminario Franco Italiano di Didattica dell’Algebra, V, (SFIDA 17, 18, 19, 20), Dipartimento di Matematica, Università degli Studi, Torino. 640
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DIFFICULTIES FOUND BY THE STUDENTS DURING THE STUDY OF SUBSTRACTION OF INTEGER NUMBERS Andrea María Araya Chacón, Université Toulouse III- France & Costa Rica Abstract: The objective of the investigation presented is to determine the possible causes of the students’ difficulties during the study of subtraction of integers. Considering as principal reference certain elements of the Theory of the Didactic Transposition, the results are formulated in terms of the evolution of the “scholarly knowledge”(historical note) and its transformations to become a school content according to the programs of study and some textbooks of upper secondary school in France (knowledge to be taught). This previous work is useful to contextualize and finally analyze the knowledge taught in two classes of fifth grade, explaining the difficulties found by the students. Keywords: Algebraic thinking, students' difficulties, subtraction of integers. 1. INTRODUCTION The purpose of this document is to share the analysis made in order to determine the possible causes of the difficulties that the students have during the study of the subtraction of integer numbers. It begins with a brief description of some previous works that justify the elaboration in conjunction with the experience considered. Then the conceptual reference in which the analysis is placed will be exposed. After this, the methodology used is presented coherently with the transformations suffered by the “scholarly knowledge” to the “knowledge to be taught” and to the “taught knowledge”. Following this exposition, the results show some indicators that help identifying the categories of errors that the students may more commonly commit, besides the four difficulties and their possible causes. Finally, the conclusions and one annotation regarding the procedure used by certain university students that show another point of view are exposed. 2. PRELIMINARIES AND JUSTIFICATION The topic of the integer numbers has been of interest for the specialists in the area of Mathematics and Mathematics Education, due to its particular delay in being accepted as a mathematical object (about 1500 years) and for the difficulties of the professors for building situations of teaching, and of the students for being competent in them.
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G. Schubring (1986) has worked about the ruptures of the mathematical status of the negative numbers, doing an analysis of certain textbooks between 1750 and 1850 in three European countries: France, Germany and England. In the first one, the calculations of the negative quantities is adequate, even though, the negative numbers preserve an ambiguous status. George Glaeser (1981) proposes a study of the epistemology of the integer numbers. He details 10 obstacles to his mathematical acceptance, from the contributions of authors ranking from Diofanto to Hankel. In a more recent study in Spain, Bruno and Martiñón (1995-1996) discuss the dimensions in which the comprehension of the integer numbers can be established. Among the results, it is pointed out that a student can be able to solve correctly a problem applying the subtraction, without understanding why this mathematical operation might be used. This last result, the suggestion of Glaeser to study the actual consequences of the obstacles that he proposes, and the ambiguity of the treatment in textbooks reported by Schubring may justify performing the research, with the goal of defining a tentative inventory of the difficulties found by 49 students of fifth class, and their possible causes. 3. CONCEPTUAL REFERENCE 3.1 Didactic Transposition. Didactic Contract. Ostension Contract Chevallard (1991), has shown that the “knowledge to be taught” cannot be considered a reduction of a more complex knowledge, resulting from a “scholarly knowledge”. It is necessary that a learning content, after being designated as “knowledge to be taught”, suffers some adaptive transformations that should turn it apt as an objective of teaching; that is, it has to pass through a process of Didactic Transposition (Chevallard 1991). As part of the transposition process, the ancient/new dialectic adds two faces to the object. In one side, its character of novelty is necessary to satisfy and justify the rising of the new content in one situation. On the other side, its ancient character guarantees the recognition of certain elements previously learned by the students; that is, it authorizes an identification that restores it in the panorama of the ancient understandings. The process of didactic transposition also determines the paper of the teacher and the student. This distinction is recognized at least in two forms: first because the educator possesses “more knowledge” than students and secondly because he/she is able to anticipate what the students may know. Thus two registers of epistemological acts or two “ways of knowledge” are defined: one is what the educator may teach and the way of doing it, the other one is what students may know and how it may be learned. So, in this way, each character can be identified with a role to follow and establish a relationship (generally implicit) between what each one is responsible of doing in
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front of the other one. This relationship is called the didactic contract (Brousseau, 1986). Brousseau brings one definition of the contract of “ostention” as a part of the didactic contract. His definition affirms that the professor “shows” an object or a property and the student accepts seeing it as a representative of a class of objects. He thus might recognize the elements of this class of objects in other circumstances. This implies that the “ostention” of the solution of a particular problem is supposed to give the necessary tools for solving the exercises thatwill follow it, grading the level of application. 3.2 Mathematical Organizations. Didactic Organizations Chevallard (1999) places the mathematical activity and its study in the group of human activities and of social institutions, as a way to describe it with a unique model briefed under the name of praxeology. Among its fundamental elements, we find the idea of “type of tasks”, synonym of “action”, that supposes the definition of a precise object to which apply that action. The idea of “technique”, as the way of performing a task; the “technology”, referring principally to the rational justification that ensures the validity of the technique, and the notion of “theory” as the discourse that justifies and explains the technology. We call specific praxeology or specific mathematical organization the block formed by a type of tasks, the correspondent technique, the technology and the respective theory. The didactic organizations are understood as a group of types of tasks, techniques, technologies and theories, used for the concrete study in a specific institution. These organizations can be constructed by what Chevallard has called the moments of study or didactic moments and that can be considered as dimensions or situations that succeed regularly in a didactic process. The first moment is named the moment of the first encounter and corresponds to the first near drawing to the object of study. It is followed by the moment of exploration of the type of tasks and the elaboration of a technique. Then comes the constitution of the theoretical-technological environment, that supports the forth moment, the work of the technique, necessary to improve the dominion of it and explore its achievements. The institutionalization moment appears when it has to be cleared out what the students may know about the constructed mathematic organization. There is, finally, the moment of the evaluation. It is important to notate that the presence of these moments in a didactic process is not certain nor chronologic. In certain occasions, they are not present or they succeed in a simultaneous way. 4. METHODOLOGY In order to reach the general objective of determining the origin or the possible causes of the difficulties that the students have during the study of the subtraction of integer numbers, the research has been divided in three parts. In the first part, a CERME 4 (2005)
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bibliographical research has been done, where elements were selected in order to create a description of the evolution of the mathematical object, the subtraction of integers. Next, from the criteria extracted from the Theory of the Didactic Transposition, the notions of praxeologies, were analyzed the programs of instruction and the French textbooks, of the most significant improvements, of the years 1950, 60, 71, 78, 85 and the current. In the second part, two classes of fifth grade of one school in Toulouse were selected. The first one, G1, with 28 pupils, in charge of the teacher P1, with more than 35 years of teaching experience. The second one, G2, with 28 pupils also, guided by a teacher (P2) with about 15 years of experience. In each one of them four observations were audio-recorded and transcipted in their whole. Using the same criteria that in the previous stage, the interpreted data in the observations were described and analyzed, in this way analyzing, the current transposition. In the last part, work was done with four students from each class, a couple (womanman) with high academic performance and another one with medium-low academic performance, according to the criteria of the teachers. Starting from the revision of the notebooks, written evaluations and considering the applied didactic and mathematical organizations, a guide was elaborated with the semi-directed interviews to the couple of students. Each one was audio-recorded. From the interpretation of the collected data in these interviews, a list of the most common errors was created, forming categories with them with the respective indicator for their identification, living also, the possible causes. From these indicators a test was built and was applied in an anonym way to the students that attended both classes that day (49 in total). The Figure 1, summerized the methodolody used REFERENCE COTEXT FOR
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Study of the substraction of intergers in two fifth grade classes



- Tyes of errors - Indicators - Possible c auses
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Figure 1: Outline of methodology reference “Difficulty for the students”, was defined as a recurrent error, defining it thus: if it was detected in at least 25% of the students that answered the question of the first 646
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part and at least a 40% for the items of the second part. This is due to the open or closed character of the question. In this paper the results and conclusions corresponding to the third part are presented. 5. RESULTS The results corresponding to the third part of the investigation are the indicators built as analysis criteria of the test, the difficulties of the students related to the subtraction of integer numbers, and the possible causes that are read from the analysis. The indicators can be classified in two types: in a first kind the relative to the mathematical and didactic organizations where the students participate, and that we consider them as possible sources of errors; in a second kind the description of such errors. The rule of subtraction studied in both classes was: in order to subtract two integers numbers, the opposite of the second is added to the first one; that is, a – b = a + (–b). This involves during the beginning of the study, a stage of “re-write” of the expression (that allow us to appeal to a “known” equivalent expression) and another of “simplification”. For example, in the expression Stage of simplification



(+5) – (+8) = (+5) + (–8) = (–3) Stage of re-write



We will take this difference into account when we present the indicators of the second type. In square brackets is indicated the percentage of students in which their developments of the test, the described indicator is found. Indicators of the first kind 1. The equivalence c + b = a ↔ a – b = c is not immediate (evident) for the students [44] 2. Such the teachers as the students use the numeric straight line in order to “better explain” themselves 3. Given that the integer numbers are seen as natural numbers with a sign before them, the students have difficulty distinguishing between negative numbers and the ones that are subtracted [59] 4. In order to find the distance between two numbers a subtraction of the bigger one minus the smaller one (always positive) is done, but in order to find the difference between two numbers, the first given number is subtracted from the second one. [8] 5. The use of other writing of a number, without justification of its validity, can provoke errors during the calculation. [9] CERME 4 (2005)
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As mentioned during the previous results, P1 promotes the re-writing of the numbers in order to simplify the calculations. For example, the procedure of E11 as an answer to the question of the quiz:



But some students do not develop as well, methods of cross-check and as clause of the contract, seek to apply also, the re-writing of numbers to simplify expressions that involve the subtraction For example the development of E13 during an exercise for the interview. Indicators of the second kind Stage of re-writing A. The student do not applies correctly the properties of subtraction of integer numbers (not commutativity, not associativity) [43] For example, the answer given by E22 for the first exercise of calculation of the test: The subtraction is not commutative nor associative. E22 writes (+7)–((–20)+(–5)) = (+7)–(–25) = (+7) + (+25), disappearing the “–” before (+7).



B. Changing all the signs that indicate an operation, even if these indicate an addition [15] It is the case in which a subtraction is changed by an addition. For example the procedure proposed by a student of G1 during the quiz,
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C. When subtracting two negative numbers, find “two minus signs” following each other, so just one is left [15] We interpret this error as a result of the interviews to two students of G2. For example, for the first calculation a student writes: D. Add a negative number, equals to add the opposite [13] It is the case of the procedure of a student of G1,



Indicators of simplification E. In order to subtract two integers of different signs, subtract the absolute value of the bigger one, minus the absolute value of the smaller one and left the sign of the one farther from zero [28] For example, the student E12, in a quiz applied by P1, wrote : Subtract two integer numbers of different sign, subtract and leave the sign of the number farther from zero. F. In order to subtract two integers of equal sign, subtract the absolute value of the bigger one, minus the value of the smaller one and leave the common sign. [2] Though we also can consider that the sign of the number farther from zero is kept. For example, in the procedure of E14 that is presented. G. In order to subtract two integer numbers of the same sign , add the numbers[28] For example in the last two lines of the procedure of a student in a quiz applied by P1 The test applied to the two observed classes was analyzed according to these indicators. According to the operationalization of “difficulty”, we obtain that the errors of the kind A, E and G are difficulties for the students, because they are presented at least in a 25%. The possible cause of the difficulty A, relapse in that during the study of the mathematical organizations, there was not a work that took into account the CERME 4 (2005)
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properties of the addition of two integers and the reasons why those are not extensive to the subtraction. Falls in the students the responsibility of making the integration of the properties for each operation about the integers and apply them to simplify expressions. The difficulties E and G are product of an inadequate domain of the rules used to add integers. Moreover, these are destabilized by the rule of subtraction. From the results of the second part, we interpret as valid hypothesis number 1 and number 3, of the indicators of the first kind. When comparing the incorrect answers by class, we obtain a separation of 28% that we explain thus: the scarce errors in G1 are explained by the confusion when interpreting the minus sign of the subtraction as the minus sign of the negative number. While in G2, we can foresee that they increase and has more variety as a result of the equivalences (– +x = –x, – –x = +x, …; element not present in G1), because the students tend to answer, using the procedure of calculation. 6. CONCLUSIONS A more wide analysis realized in the investigation, indicates that certain difficulties found, do not depend upon the didactic choices of the teachers, they look like common to the students of both classes. The hypothesis 1 and 3 can be re-formulated in terms of what Brousseau calls obstacles of didactic origin, because only depend upon one selection of one project of the educational system, that consists in studying the addition before the subtraction. The errors that are present in a primordial manner in a class, can be consequence of the lack of a protagonist role of the students in the moment of exploration, development and work of the technique; because finally, are the teachers who enunciate the rule of calculation. In a theoretical way, and knowing that it does not exist a “correct way to teach”, since it is a complex process subject to the participants, we suggest a work that considers the treatment of the errors during the lessons. That is, not only correcting them in an oral or written way, o even worst, ignore them; but taking them into account when these rise and proposing exercises or questions that in an intentional way make them to appear. For example, propose to the students an incorrect procedure of an exercise and that they find the errors or explain the possible reasonings that take to it. When proposing to five university students the simplification of an algebraic addition, we note that, referred to what we know of the effects of the advance of the didactic time, the new knowledge generally replaces the old one. This is the case, when applying the law of signs in order to simplify the subtraction or addition of integer numbers. For example in the expression 4 – (–6), the reasoning “minus multiplied by minus is plus, then 4 + 6”, shows a mix of the notions relative to the addition, subtraction and multiplication, where the more general “absorbs” the more specific and weak ones, more if the original sense is altered and apparently not understood. 650
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The probability that such phenomenon of absorption of more particular knowledge in the future, appears to be high, so we consider necessary that the study of them (first meeting) has to be significant or at least enough so it will not loose the original sense in the future (or know which is the change). From such restlessness arise the questions: ¿what are some of the possible knowledge to teach that have the risk of being replaced for other more general knowledge?, ¿what will be situations that can be built to give sense and mathematical justifications to such knowledge? 7. BIBLIOGRAPHY Briand J. and Chevalier M.C.: 1995, Les enjeux didactiques dans l’enseignement des mathématiques, Hatier, Paris. Brousseau G.: 1998, Théorie des situations didactique, La pensée sauvage, Paris Bruno A.; Martiñón, A.: 1995-1996, ‘Les nombres négatifs dans l’abstrait, dans le contexte et sur la droite’, Petit X, 42, 59-78. Chevallard Y.: 1991, La transposition Didactique, 2nd ed., La pensée sauvage, Paris. Chevallard, Y.: 1999, ‘L’analyse des pratiques enseignantes en théorie anthropologique du didactique’, Recherches en didactique des mathématiques, 19 (2), 221-266. Glaeser, G.: 1981, ‘Epistémologie des nombres relatifs’, Recherches en didactique des mathématiques, 2 (3), 303-346. Schubring, G.: 1986, ‘Ruptures dans le statut mathématique des nombres négatifs’, Petit X, 12, 5-32.
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INEQUALITIES AND EQUATIONS: HISTORY AND DIDACTICS Giorgio T. Bagni, University of Udine, IItaly Abstract: The historical development of equations and inequalities is examined, in order to underline their very different roles in various socio-cultural contexts. From the educational point of view, historical differences must be adequately taken into account: as a matter of fact, a forced analogy between equations and inequalities, in procedural sense, would cause some dangerous phenomena. Keywords: Algebraic language, Equations, Historico-cultural epistemology, History of mathematics, Inequalities 1. INTRODUCTION: ALGEBRAIC EQUATIONS AND INEQUALITIES Frequently, from the educational point of view, algebraic inequalities are introduced to pupils after algebraic equations, and the solving techniques are strictly compared; nevertheless, in classroom practice, techniques for equation solving, when applied to inequalities, lead sometimes to wrong results: so didactic connections between equations and inequalities are not simple to be stated (a number of papers can be found; for instance: Linchevski & Sfard, 1991 and 1992; Fischbein & Barash, 1993; Tsamir, Tirosh & Almog, 1998). Some experimental studies by L. Bazzini and P. Tsamir (2002) clearly pointed out several meaningful situations. Let us note that the word equation, in English, denotes the mathematical statement of an equality. For instance, by writing “x+2 = 5” (equation) we state that the x+2 is equal to 5: and this is true if and only if x = 3 (solution of the considered equation). Of course we can consider an equality also without a proper equation, e.g. without an unknown: when we write, for instance, “2+7 = 9” we state that the sum of the numbers 2 and 7 is equal to 9 (frequently a statement of an equality that is true for all values of a variable, e.g. “2x+7x = 9x”, is indicated by the word identity) and this is true. From the logical point of view, “2+7 = 9” is a sentence that expresses a proposition with the truth value “true”; “x+2 = 5” is not a sentence: it does not express a proposition, but a condition regarding the values which may be assigned to the variable involved (Bell & Machover, 1977, p. 12) and it will assume a truth value, either “true” or “false”, depending on which number is assigned to x as a value. Let us now consider the inequality “x+2 < 5”: by that we state that x+2 is less than 5 and this is true if and only if x < 3. In several languages the word inequality can assume two different versions, so it is translated by two different words: for instance, in French, these words are inégalité (in Italian: disuguaglianza) and inéquation
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(disequazione).1 With reference to these words, the mentioned difference would be summarised as follows: an inéquation is the mathematical statement of an inégalité. Both from a logical point of view and from an educational point of view, there is a great difference between an inequality like “x+2 < 3” and an inequality like 1+2 < 5: their epistemological status is clearly different. We shall denote the first inequality by the term inéquation, the second by inégalité. 2. HISTORY AND DIDACTICS: DIFFERENT THEORETICAL PERSPECTIVES Our work will take into account some references from the history of Algebra. As several studies have pointed out, the historical approach can play a valuable role in mathematics teaching and learning and it is a major issue of the research in mathematics education, with reference to all school levels (Heiede, 1996). The use of the history into education links psychological learning processes with historical-epistemological issues (Radford, Boero & Vasco, 2000, p. 162) and this link is ensured by epistemology (Moreno & Waldegg, 1993). Concerning the features of interactions between history and educational practice, a wide range of views can be examined. Different levels can be considered with reference to teaching-learning processes: a first is related to anecdotes presentation (and it can be useful in order to strengthen pupils’ conviction: Radford, 1997); higher levels bring out metacognitive and multidisciplinary possibilities. Let us consider the following representation:



(where some well known terms by Y. Chevallard are employed). Of course this is just a schematic outline: for instance, the passage from the savoir savant to the savoir enseigné is not simple. However two sets of connections must be analysed: • connections (1) between mathematical contents and historical references; • connections (2) between mathematical contents linked to historical references and knowledge presented to pupils in classroom (after the transposition didactique). Different uses of the history into didactics do not reflect just practical educational issues: they imply different epistemological assumptions (Radford, 1997 and 2003). For instance, the selection of historical data to be presented in classroom practice is 1



Sometimes, in English, an inequation denotes a statement that two quantities or expressions are not the same, or do not represent the same value (written by a crossed-out equal sign: x ≠ y). CERME 4 (2005)
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epistemologically relevant: this selection reflects some epistemological choices by the teacher, too. Important problems are related to the interpretation of historical data: this is frequently based upon our cultural institutions and beliefs (Gadamer, 1975). Frequently the role of the history into didactics is considered from an introductory point of view2: sometimes a parallelism between the historical development and the cognitive growth is assumed (since E. Haeckel’s “law of recapitulation”, 1874; see: Piaget & Garcia, 1989). As a matter of fact, a new concept is often encountered by mathematicians in operative stages, for instance in problem solving activities, and it will be theoretically framed many years or several centuries later (Furinghetti & Radford, 2002); a parallel evolution can be pointed out in the educational field: often the first contact with a new notion takes place in operative stages (Sfard, 1991; see the discussion in: Radford, 1997): in fact, pupils’ reactions are sometimes rather similar to reactions noted in mathematicians in history (Tall & Vinner, 1981) and such correspondence would be an important tool for mathematics teachers. The mentioned parallelism would require a theoretical framework: as a matter of fact, it leads to epistemological issues. A major issue is related to the interpretation of history: for instance, is it correct to present the history as a path that, by unavoidable mistakes, obstacles overcoming and critical reprises, finally leads to our modern theories? What is the role played by social and cultural factors that influenced historical periods? Mathematical contents deal with non-mathematical context, too, and knowledge must be understood in terms of cultural institutions (Bagni, 2004). According to the “epistemological obstacles” perspective by G. Brousseau, one of the most important goals of historical studies is finding problems and systems of constraints (situations fondamentales) that must be analysed in order to understand existing knowledge, whose discovery is connected to the solution of such problems (Brousseau, 1983; Radford, Boero & Vasco 2000, p. 163). Obstacles are subdivided into epistemological, ontogenetic, didactic and cultural ones (Brousseau, 1989) and this subdivision points out that the sphere of the knowledge is considered isolate from other spheres. This perspective is characterised by other important assumptions (Radford, 1997): the reappearance in teaching-learning processes, nowadays, of the same obstacles encountered by mathematicians in the history; and the exclusive, isolated approach of the pupil to the knowledge, without taking into account social interactions with other pupils and teachers. With reference to the above-presented schematic picture, we can summarise epistemological assumptions as follows: (1) knowledge exists and represents the best solution of relevant problems; epistemological obstacles recur either in history or in educational practice; 2



Teachers can be induced to apply historical knowledge to classroom practice according to a naïve approach (as noted in Radford, 1997): for instance the educational introduction of a topic would take place just by the ordered presentation of all the historical references related with it. 654
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(2) the sphere of knowledge is separated from educational and cultural spheres; pupils approach knowledge individually. The crucial point is the following (Gadamer, 1975): is it possible, nowadays, to see historical events without the influence of our modern conceptions? As a matter of fact, we can explicitly accept the presence of our modern point of view: in other words, we can take into account that, when we look at the past, we connect two cultures that are “different [but] they are not incommensurable” (Radford, Boero & Vasco, 2000, p. 165). Concerning the nature of mathematics, “the historical approach encourages and enables us to regard mathematics not as a static product, with a priori existence, but as an intellectual process; not as a complete structure dissociated from the world, but as an on-going activity of individuals” (Grugnetti & Rogers, 2000, p. 45; see also the “voices and echoes” perspective: Boero & Al. 1997). According to the socio-cultural perspective by L. Radford, knowledge is linked to activities of individuals and, as we above noted, this is strictly related to cultural institutions; knowledge is not built individually, but into a wider social context (Radford, Boero & Vasco, 2000, p. 164). The role played by the history must be interpreted with reference to different socio-cultural situations (Radford, 2003) and it gives us the opportunity for a deep critical study of considered historical periods. With reference to the above-presented picture, we can summarize two different epistemological assumptions from the previous ones as follows: (1) knowledge is related to actions required in order to solve problems; problems are solved within the socio-cultural contexts of the considered periods; (2) knowledge is socially constructed; cultural institutions and beliefs of their own culture influence pupils. 3. THE SELECTION OF HISTORICAL DATA: THE HISTORY OF ALGEBRAIC NOTATION We previously stated that the selection of historical data is epistemologically relevant to the historical introduction of a concept. A classical example (Radford, 1996 and 1997) is relevant to our research. In 1842, G.H.F. Nesselmann characterised three main stages in the historical development of algebraic notation (see: Serfati, 1997): Rhetorical Algebra (Egyptians, Babylonians etc.) Syncopated Algebra (Pacioli, Cardan etc.) Symbolic Algebra (Descartes etc.)
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(concerning rhetorical algebra, original Nesselman’s approach would be referred to Arabs: the interpretation of Babylonian mathematical texts is not so ancient). This sequence can suggest a progressive elimination of non-mathematical verbal expressions: mathematical objects would be “purified by taking away all their insane physical substance” (Radford, 1997, p. 28); it suggests the existence of a definitive algebraic language, so that the historical development is the progressive approaching to our modern, pure expression. But this traditional summary can be considered as a full expression of the history of algebraic language? Important steps are still missing: for instance, we must remember the Greek “Geometric Algebra” (this denomination was given by H.G. Zeuthen, with reference to the 2nd Book of Eulclid’s Elements) and the symbolism introduced by Diophantus of Alexandria (3rd-4th centuries). Roots of the “Geometric Algebra” are related to Eudoxus of Cnidus (408-355 B.C.) who introduced the notion of a magnitude standing for entities such as line segments, areas, volumes (Kline, 1972, p. 48). No quantitative values were assigned to such magnitudes (so Eudoxian ideas avoid irrational numbers as numbers) and this allowed Greeks to give general results: the figure is referred to the 4th Proposition of the 2nd Books of Elements. Nowadays this proposition is expressed by: (a+b)2 = a2+b2+2ab, but in Elements only the picture gives the proof of this statement.



(Rondelli, G.: 1693, Euclidis Elementa, Longo, Bologna, p. 80)



Six centuries later, Diophantus of Alexandria introduced an algebraic symbolism, and this is “one of Diophantus’ major steps” (Kline, 1972, p. 139).3 This symbolism is complicated and it is not complete (the main difference between Diophantine symbolism and our modern algebraic notation is the lack of symbols for operations and relations: Boyer, 1985, p. 202); Diophantine Algebra has been called syncopated (see: Boyer, 1985, p. 201; Kline, 1972, p. 140), but if we compare Diophantus’ syncopation and, for instance, Cardan’s one we realise that they are very different: Diophantus obtained fundamental achievements (Greek Algebra “no longer was restricted to the first three powers or dimensions”: Boyer, 1985, p. 202), while European syncopated Algebra (15th-16th centuries) seems to be “a mere technical strategy that the limitations of writing and the lacks of printing in past times imposed on the diligent scribes that had to copy manuscripts by hand” (Radford, 1997, p. 29).



Some Diophantine symbols appear in a collection of problems probably antedating Diophantus’ Arithmetica (as noted in: Boyer, 1985, p. 204; Robbins, 1929). 3
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If we rewrite our summary taking into account those new elements, we have: Rhetorical Algebra (Egyptians, Babylonians etc.) Greek “Geometric Algebra” Diophantus of Alexandria Syncopated Algebra (Pacioli, Cardan etc.) Symbolic Algebra (Descartes etc.)



Words Pictures Incomplete symbolism (?) Abbreviated words (?) Symbols



So how can we describe the history of Algebra only in the sense of a progressive “purification”, if we consider Geometric Algebra and Diophantine symbols? 4. FROM HISTORY TO DIDACTICS: EQUATIONS AND INEQUALITIES Previous discussion underlines that algebraic processes have not been expressed by symbols for a long time, but the evolution of algebraic notation does not reflect just the progressive elimination of “insane physical substance” (Radford, 1997, p. 28). Several elements must be taken into account: for instance, it is important to point out that mathematical expression was initially oral. More generally, relevant nonmathematical elements must be considered: the development of western mathematical symbolism is to be framed into the correct cultural context, towards a systematization of human expression. Historical evolution is complex: for instance, G. Lakoff and R. Núñez note: “It may be hard to believe, but for two millennia, up to the 16th century, mathematicians got by without a symbol for equality” (Lakoff & Núñez, 2000, p. 376). Of course the role of “=” cannot be considered too simple: “Even an idea as apparently simple as equality involves considerable cognitive complexity. […] An understanding of what “=” means requires a cognitive analysis of the mathematical ideas involved” (Lakoff & Núñez, 2000, p. 377; Arzarello, 2000). In the first paragraph we noted several differences between equalities and equations, and other important differences can be mentioned (see: Lakoff & Núñez, 2000, p. 376). Let us now sketch some historical references regarding equation and inequalities. The history of equations is rich and different mathematical cultures in many part of the world dealt with processes that can be related to equations; in the Renaissance, the so-called Regola d’Algebra (algebraic rule) was the process for arithmetic problem solving based upon the resolution of an algebraic equation (Franci & Toti Rigatelli, 1979, p. 7).
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As we shall see, the history of inequalities is not so rich. Ancient inequalities, too, were expressed by verbal registers; it is important to underline that an inequality (see the picture, referred to a geometric inequality dealing with 21st Proposition of the 1st Book of Elements) is often only the expression of an inégalité. Some inequalities in the proper sense of inéquation can be related to the development of the Calculus, e.g. to majorizing/minorizing (see: Hairer & Wanner, 1996).4 Let us now consider some texts published in 19th century; two treatises by P. Ruffini (1765-1822) were included in the 3rd-5th parts of Corso di Matematiche (Modena, Italy, 1806 and 1808).



(Tartaglia, N., 1569: Euclide Megarense, Bariletto, Venezia, p. 27)



Let us propose some quotations: • in the 3rd vol. (Algebra), p. 24, a property of equivalence for equations is explicitly stated: “Given the equation A–B–C = –D+E, we can carry the terms from the first to the second member and from the second to the first member, and we shall have: D–E = –A+B+C” (the translation is ours); it is important to underline that in the considered treatise no similar properties are stated with reference to inequalities; • in the 3rd vol., p. 146, inequalities are proposed and solved in order to express some particular conditions for the solutions of some given equations. Frequently examples deal with similar conditions (in the 5th vol., Appendice all’Algebra, too): so inequalities are often combined to equations and to simultaneous equations in order to express some conditions.



4



We cannot forget the well known statement by J. Dieudonné in the Préface of his Calcul infinitesimal (Hermann, Paris 1980): “En d’autres termes, le Calcul infinitésimal, tel qu’il se présente dans ce livre est l’apprentissage de maniement des inégalités bien plus que des égalités, et on pourrait le résumer en trois mots: majorer, minorer, approcher”. 658
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Moreover, an interesting quotation can be considered with reference to the 20th century. P. Odifreddi writes: “A contribution by von Neumann was the solution, in 1937, of a problem posed by L. Walras in 1874. […] He noted that a model must be expressed by inequalities (as we usually do nowadays) and must not be expressed just by equations (as mathematicians were accustomed to do in that period), then he found a solution by Brouwer’s theorem”.5 So we can point out an interesting historical asymmetry: mathematicians usually expressed the problem to be solved by equations (Franci & Toti Rigatelli, 1979, p. 7); then, by inequalities (in the proper sense of inéquation), they expressed some conditions for the solutions of the considered equations. Moreover, in the history, the resolution of an inequality (inéquation) has been often obtained by solving an equation that practically replaced the assigned inequality. Social and cultural contexts must be taken into account: frequently the “practical solution” has been considered the main result to be obtained, much more important than the “field of possibilities”. So a meaningful social importance has been attributed to the process by which the solution can be obtained (see the use of practical methods in order to improve the precision of the solutions: Hairer & Wanner, 1996). 5. FINAL REFLECTIONS Although recently the autonomous role of inequalities (in the sense of inéquation, too) has been educationally recognised, in classroom practice there is still an operative dependence, a relevant “subordination”. For instance, an inequality characterises a subset of the set of real numbers, frequently an infinite subset, a segment or a half-line. Main features of these subset are sometimes their “boundary points” (for instance, the ends of the segment): and they can be obtained by solving the equation obtained by replacing “ 
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