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University of Helsinki, Finland, and Tallinn University, Estonia Co-ordinators: Peter Opt'Eynde, University of Leuven, Belgium Wolfgang Schlöglmann, University of Linz, Austria Tine Wedege, Malmö University, Sweden



INTRODUCTION Affect has been a topic of interest in mathematics education research for different reasons and from different perspectives. One branch of study has focused on the role of emotions in mathematical thinking generally, and in problem solving in particular. Another branch has focused on the role of affect in learning, and yet another on the role of affect in the social context of the classroom. Affective variables can be seen as indicative of learning outcomes or as predictive of future success. The different approaches that have been used in the study of affect include psychological, social, philosophical, and linguistic. Also the range of concepts used in this area is wide, most frequently used terms have been beliefs, attitudes and emotions. Less frequently used, but not necessarily less important terms in this field include anxiety, confidence, self-esteem, interest, values, motivation, needs, goals, and identity. In Working Group 2, "Affect and mathematical thinking", we welcomed all these and still other perspectives into a discussion that aimed towards a deeper understanding of the role of affect in mathematical thinking and learning. One of the goals of the working group was to enhance discussion in the CERME congress and research between the congresses. At CERME 5, Working Group 2 created an atmosphere of collaboration among its 25 participants. A call for paper took place and as a consequence of a reviewing process, 20 papers from 14 countries were accepted for presentation. The congress program scheduled seven sessions, each 105 minutes, for work in the group. The co-ordinators worked out a plan for these sessions where a presentation of the key ideas and results of the accepted papers should take place, followed by a general discussion of these key ideas. The eighth session on the last day of the congress was used for a summary of activities during the conference and highlighting important research questions for the following years.
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Papers discussing similar topics were grouped together in the seven sessions under the following headings: Meta-aspects of affect; Motivation and mathematics; Affect and self-regulation; Researching children's affect; Measuring students' beliefs and attitudes; Beliefs and attitudes in mathematics learning and teaching; Changing beliefs and attitudes. In the work presented and discussed, we located two main concerns for research and practice: 1. The structure of affective domain and its effect on mathematical activity in classroom 2. The development of affect and intentionally changing affect THE STRUCTURES OF THE AFFECTIVE DOMAIN AND ITS EFFECT ON MATHEMATICAL ACTIVITY IN CLASSROOM Within the domain of mathematics education, the work by McLeod (e.g. 1992) has been very influential to the conceptualisation of the affective domain. In his conceptualisation of affect beliefs, attitudes and emotions are located one dimension where one end refers to cognitive, stable and less intense affect (beliefs) while the other end refers to affective, less stable and intense affect (emotions). However, more recently several authors have argued for a need to move beyond this conceptualisation (see e.g. Hannula, 2006; Zan, Brown, Evans & Hannula, 2006). This was also the spirit of CERME 5 group on affect. We need to clarify the definitions of the concepts we use, we need to broaden the field by introducing new concepts, and we need to be more specific about how the different concepts are related. In the final session of our working group, Peter Op 't Eynde presented a figure which summarises the different concepts that were discussed during CERME 5 (Figure 1).
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Figure 1. Structure of the affective domain



Elaborating concepts and their relationships Several papers made significant elaboration on some of the concepts or their relationships. Most notably the concept of motivation was used in several papers. One of these was theoretical, discussing the relation between two different conceptualisations of motivation for learning mathematics: intrinsic - extrinsic distinction as defined in Self Determination Theory and Mellin-Olsen's concept of rationale for learning mathematics (Wæge). The other papers on motivation were empirical, focussing on students' motivation in mathematics (Athanasiou & Philippou; and Pantziara, Pitta-Pantazi & Philippou). Motivational beliefs and goal orientations were found to be important factors but it seems that some of the constructs depend on student age (Panziara et al.). Two papers focussed on identifying the structure of mathematical beliefs (Rösken, Hannula, Pehkonen, Kaasila & Laine; and Diego-Mantecón, Andrews & Op 't Eynde) By means of factor analysis they obtained different dimensions structuring mathematical beliefs. Both of these studies support some of the earlier factorizations of belief systems and they provide scales that have good reliability. Most notably they confirm the following aspects of mathematical beliefs:
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• Beliefs about mathematics (e.g. difficulty, enjoyment) • Beliefs about the self (e.g., goal orientations, relevance, self-efficacy) • Beliefs about the (classroom) context (e.g. teacher's role) The effects of affect Several of the studies were interested in the relationship between affect and achievement. Eleftherios and Theodosios had executed a quantitative study of Greek students' beliefs and attitudes concerning mathematics and their effect on mathematical achievement. Nicolaou and Philippou looked at the relationship between self-efficacy and performance within the context of problem posing. However, there are somewhat counterintuitive results regarding the lack of improvement in self-efficacy when performance was increasing (Marcou & Lerman). In the discussions it was hypothesized that this may be due to the fact that selfevaluations are made among peers. When the whole group is advancing - as was the case in their study - the pupils see no advancement among their reference group. Schlöglmann discussed the two types of errors in problem solving processes:" misconceptions and errors called "slips". To explain the emergence of the latter he used the concepts of working memory and workspace, and elaborated the usually unconscious impact of affet in attention. Contextualizing affect In addition to recording the beliefs and attitudes of the students, it is also important to look at how the more general social variables such as social status, type of school and gender are related to differences in students' affect and achievement (e.g. Andrews, Diego-Mantecón, Op 't Eynde & Sayers; Athanasiou & Philippou; Eleftherios & Theodosios; Panziara et al.). Another way to look at the effects of context is to study the affect of a specific group in a specific situation: • student beliefs in a self-regulated mathematical problem-solving environment (Marcou & Lerman); • beliefs and goals of teachers in a professional development project (Hannula, Lepik & Kaljas); • affect in mathematics teacher students’ written essays about their school time experiences in mathematics (Hoskonen). Lange discussed how the context should be taken into account when doing qualititive studies with children. He elaborated the notion of children's perspectives on mathematics starting from children as social actors with their own ways of constructing meaning and interpreting their world, and that meaning is what children ascribe to their actions in the field of school mathematics learning.
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Developing the tools to measure students' beliefs and attitudes Many of the papers had refined some of the methods to measure affect. Some were more explisite about the methodological implications than others. From the point of view of developing qualitative methods to research affect, the discussion by Lange was most important There were three presentations in the Working Group, where the focus was to develop or test a questionnaire to study students' beliefs. The development of such an instrument is intrinsically related to also defining the concepts and their relationships. Rösken et al. focussed on the systematic character of beliefs in a sample of Finnish upper secondary students. By means of exploratory factor analysis they obtained seven dimensions structuring this construct. Diego-Mantecón, Andrews, Op 't Eynde and Sayers presented two related papers. First, DiegoMantecón et al. described an adaptation of the mathematics-related beliefs questionnaire (MRBQ) developed at the University of Leuven in Belgium. They were able to increase the reliability of the scales and confirm its applicability to Spanish and English secondary students. In the second paper, Andrews et al. discussed the effectiveness of the revised instrument as a means of discriminating between the mathematics-related beliefs of students from schools in England and Spain, and examined its potential for distinguishing between gender and age. In the discussions we identified several challenges for the future. One almost classical problem is the difference between espoused and enacted beliefs. Tackling the differences between mathematics and school mathematics is another challence. There was even discussion on how to properly deal with contradictions that characterize belief systems. It was acknowledged that it is difficult to take into account the socio-historical background of the students. The development of a multimethod approach was seen as a fruitful way to meet these challenges. THE DEVELOPMENT OF AFFECT AND INTENTIONALLY CHANGING AFFECT The conceptual analysis of affective domain in relation to change has led to introducing new concepts, such as self-regulation and meta-affect that are able to tap the dynamic aspects of the belief systems. Meta-aspects of affect Meta-affect was first introduced in mathematicsl education by DeBellis and Goldin (1997). Meta-emotion/meta-affect includes an awareness of the emotion as well as of the action to control and regulate it. Moscucci discussed 'a meta-belief systems activity' on the basis of learning experimentation, where the importance of making learners aware of their belief systems regarding mathematics became apparent. Panaoura looked at the more cognitive aspect of meta-affect in her study of the impact of recent meta-cognitive
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experiences on pre-service teachers' of pre-primary education self-representation in mathematics and its teaching. The stability of the students' self-efficacy beliefs about learning and teaching of mathematics was also examined as an indication of selfimage. Affect and self-regulation Self-regulation strategies as the general term include cognitive, motivational, and emotional regulation. Some regulation is highly conscious while some of it remains inaccessible to consciousness. (For elaboration, see e.g. Hannula, 2006) Schlöglmann discussed how affect influences attention and how this automatic (and dysfunctional) self-regulation may lead to certain types of errors in mathematics. However, students self-reports indicate that they use emotional regulation strategies in relation to mathematics learning also consciously, although not very often (Op 't Eynde). Teaching self-regulation strategies seems to have an effect on performance but less on (self-efficacy) beliefs (Marcou & Lerman). Discussion and challenges In the discussions we identified several needs to deepen our knowledge on these topics. Important questions for future research are: • The relation between meta-emotion and metacognition • Self-regulation of emotions in learning contexts • The knowledge and skills necessary for efficient relf regulation • Analyzing teaching practices that stimulate the development of self-regulation • Conscious and subconscious regulation of affect and motivation Changing beliefs and attitudes Several studies were interested in the development of affect under specific influence, such as didactical games (Vankúš), a reform oriented mathematics competition (Wedege & Skott), a self-regulated mathematical problem-solving environment (Marcou & Lerman) and across the transition from primary to secondary school (Athanasiou & Philippou). Awareness and reflection were identified as powerful tools for change, but the emotional plane in many ways provides the necessary conditions (uneasiness, ahaexperience, feeling of joy/safety,...). The theory of conceptual change was suggested as a fruitful framework to study changing beliefs of pre-service elementary school teachers (Liljedahl Rolka & Rösken)
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Change of the affect was identified as one big question that interested all participants. Identifying more specifically what causes the changes is a tricky problem, as we cannot outrule the Hawthorne effect in any interventions. Moreover, we need to address the socio-historical background, for example, through using intense qualitative instruments (log books, story telling,...). We also need to study in more detail the processes of change - the interactions between (meta)cognitive and (meta)emotional processes. On the other hand, the stability of change is an important question that requires yet different approaches, such as longitudinal studies. SUMMARY In each CERME an effort is made to identify some emerging or important themes that might reflect the field in general, not only those studies presented in the conferece. The refinement of more specific constructs has continued, as well as the linking the cognitive and the affective/motivational. Self-regulation and sociohistorical perspective seem to be theoretical frameworks that are becoming increasingly important. The multi-method approach is becoming almost a norm in this area of research The work will go on and we will have another working group on affect at CERME 6. References DeBellis V. A. & Goldin, G. A. (1997). The Affective Domain in Mathematical Problem-Solving. In E. Pehkonen (Ed.). Proceedings of the 21st Conference of the International Group for the Psychology of Mathematics Education, Vol. 2, (pp. 209-216). Lahti, Finland. Hannula, M.S. 2006. Affect in mathematical thinking and learning: Towards integration of emotion, motivation, and cognition. In J. Maaß & W. Schlöglmann (Eds.) New mathematics education research and practice, 209-232. Rotterdam: Sense. McLeod, D.B. (1992). Research on affect in mathematics education: a reconceptualization. In D.A.Grouws (Ed.) Handbook of Research on Mathematics Learning and Teaching, pp. 575-596. New York: MacMillan. Zan, Brown, Evans, & Hannula, M. S. 2006. Affect in Mathematics Education: An Introduction. Educational Studies in Mathematics 63 (2), 113 - 121
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EVALUATING THE SENSITIVITY OF THE REFINED MATHEMATICS-RELATED BELIEFS QUESTIONNAIRE TO NATIONALITY, GENDER AND AGE Paul Andrews1, Jose Diego-Mantecón1, Peter Op ’t Eynde2 and Judy Sayers3 University of Cambridge, UK1, University of Leuven, Belgium2 University of Northampton, UK3 In a paper presented earlier at this conference we discussed our adaptation of the mathematics-related beliefs questionnaire (MRBQ) developed at the Catholic University of Leuven (Op ’t Eynde and De Corte, 2003). The revision, like the original, yielded four factors, and a number of sub-factors, which analyses showed to be reliable and confirmatory of the complexity of students’ mathematics-related beliefs. In this paper we discuss the effectiveness of the revised instrument as a means of discriminating between the mathematics-related beliefs of students from schools in England and Spain, and examine its potential for distinguishing between gender and age. The results suggest that the scale serves all the purposes well, highlighting a number of culturally-, age- and gender-related differences. INTRODUCTION There is a growing body of research showing the influence of students' beliefs on their mathematical learning. Such research has tended to focus on, inter alia, beliefs about the nature of mathematics, mathematical knowledge, mathematical motivation, and mathematics teaching, with each category being examined in isolation (Op 't Eynde et al, 2006). This lack of integration provoked colleagues at the University of Leuven into developing, from a warranted theoretical perspective, a comprehensive instrument for assessing students’ beliefs about mathematics and its teaching (Op ’t Eynde and De Corte, 2003). Called the mathematics-related beliefs questionnaire (MRBQ), the instrument was developed for use with 14 years old Flemish students and showed itself sensitive to differences in the beliefs of students in different types of school and their gender (Op ’t Eynde et al, 2006). However, its cross-cultural transferability has yet to be evaluated and two of the four scales yielded by the Flemish data were found to be less reliable than expected. Such issues underpinned our decision to attempt a refinement of the MRBQ in order to improve the reliability of the scales, evaluate its cross-cultural transferability while retaining its sensitivity to variables like gender. In a paper presented earlier at this conference (Diego-Mantecón et al, 2007) we discussed our refinement of the MRBQ, how it yielded four reliable scales, each with at least two reliable sub-scales, and exposed some of the structural relationships between different forms of mathematics-related beliefs. In this paper we report on the refined MRBQ's cross-cultural transferability through an analysis of data drawn from students in two culturally different European countries (England and Spain) at
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two ages (12 and 15) as well as examining its sensitivity to variables like age and gender. THEORETICAL FRAMEWORK We discussed the nature of beliefs and their significance in respect of mathematical learning in our earlier CERME-5 paper. Importantly, “we may not be the best people to clearly enunciate our beliefs” since they “may lurk beyond ready articulation” (Munby, 1982: 217). That is, beliefs are, essentially, accessible only by inference (Fenstermacher, 1978). Moreover, humans organise beliefs into systems within which are primary and derivative, and central and peripheral, beliefs. Thus, beliefs comprising a system are neither entirely independent nor equally susceptible to external influence (Green, 1971). Moreover, belief systems do not require social consensus or even internal consistency (Da Ponte, 1994), making it possible not only for a belief system to be held in isolation of others but also for individuals to hold apparently conflicting beliefs (Green, 1971). From a methodological perspective, if, as Green (1971) asserts, beliefs are manifested at the level of the system then research is better focused on the study of belief systems than on isolated beliefs (Op ’t Eynde and De Corte 2003: 3). Despite apparent clarity in respect of belief structures, there remains much ambiguity in respect of definition (Pajares, 1992, Op ’t Eynde et al, 2002). From the perspective of this paper, we take beliefs, in general, to be “subjective, experiencedbased, often implicit knowledge” (Pehkonen and Pietilä, 2003: 2). In particular, students’ mathematics-related belief systems draw on beliefs about mathematics education, beliefs about themselves as learners and beliefs about the classroom context (Op ’t Eynde and De Corte, 2003). Such a definition does not deny the role of knowledge in belief construction and, along with individual differences in respect of interpretation and prior experience, explains why people construct different beliefs from the same experience. Conventionally beliefs are examined by means of questionnaire surveys, the data from which are subjected to exploratory factor analyses which reduce large numbers of variables to sets of common factors, considerably fewer in number than the number of variables, representative of the underlying constructs (Cureton and D'Agostino, 1983, De Vellis, 1991). Importantly, in respect of validating our methods, Op ’t Eynde and De Corte (2003) argued for a principal components approach and, since our study is a development of their work incorporating a number of new or replacement items, we felt we should not deviate from this. In this paper we attend to student' mathematics-related beliefs in different cultural contexts. Most previous studies have been undertaken in single national contexts (Pintrich and De Groot, 1990) with few attempting explicit comparative evaluations. Indeed, “the international comparison of pupils’ mathematical beliefs still seems to be an almost unexamined field” (Pehkonen, 1995: 34). This lack of attention to the comparative dimension provokes a number of pertinent questions. For example,
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does it mean that researchers working in one context assume that beliefs are so uniquely located in the context in which they were formed that cross-cultural transferability is impossible? Does it mean that researchers assume that domainspecific beliefs are held by all, irrespective of culture or context? Does it mean that researchers have simply failed to consider the significance of national context? Where comparative studies have been undertaken - research in which Finnish students seem constantly implicated - the extent to which attempts have been made to uncover and explicate structural properties have been variable. For example, Pehkonen and Tompa (1994), in a comparison of Finnish and Hungarian students’ beliefs, used factor analyses to reduce large numbers of items to “compact” proportions but, essentially, ignored the structural implications and focused attention on a comparison of individual items scores. Pehkonen (1995) describing the results of a five way study involving students in Finland, Estonia, Hungary, Sweden and the United States, discussed student responses to individual items which were then grouped according to the researcher’s predispositions. Berry and Sahlberg (1996), in an examination of Finnish and English students’ beliefs about learning, and Graumann (2001), in a study of German and Finnish students’ mathematical views, also grouped item scores according to pre-determined categories, which they described as factors, rather than the outcomes of systematic analyses. Such studies are disappointing in their lack of attention to the structural aspects of beliefs and reliance on item comparisons. The above indicates that comparative analyses of belief systems are problematic enterprises. Osborn (2004) has argued that comparative researchers should attend, in particular, to issues of conceptual and linguistic equivalence to ensure instrument validity across cultures. Indeed, problems of conceptual and linguistic equivalence are frequently unacknowledged in comparative research with the consequence that instruments effective in one culture fail in another - a problem experienced by Mason (2003) in her Italian adaptation of the Kloosterman and Stage (1992) instrument. Such problems, frequently a consequence of one country’s researchers dominating a project’s instrument development, have compromised much comparative mathematics education research (Keitel and Kilpatrick, 1999, Wiliam, 1998). Overcoming such difficulties is time-consuming and expensive. Andrews (2007), for example, has described how researchers from five European countries spent a year observing lessons and discussing each others’ culturally-located beliefs about effective teaching before developing an agreed framework for describing mathematics classroom activity. However, if comparative research is to avoid many of the criticisms levelled at projects like TIMSS then such negotiation is essential. METHOD The original study set out to categorise “the structure of belief systems and on an identification of the relevant categories of beliefs and the way they relate to each other” (Op ’t Eynde and De Corte, 2003; 3). The analyses yielded four factors in line with the theoretical perspectives informed by their reading of the literature.
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Disappointingly, only two of these four scales achieved satisfactory levels of reliability and no attempt has yet been made to determine the extent to which the instrument transfers to cultures other than the Flemish in which it was developed. Our objectives were, through a refinement of the original questionnaire, to improve the reliability of the instrument and examine the extent to which it would transfer to different cultures and be sensitive to student age and gender. The MRBQ comprised 58 items which were reduced to 40 by the original analyses. These were augmented by a further 33 drawn from various sources which were thought to complement the theoretical model developed for the original study. These sources included, inter alia, scales developed by Kloosterman and Stage (1992) and Pintrich and De Groot (1990). All items were subjected to the scrutiny of colleagues in England and Spain to establish conceptual and linguistic equivalence (Osborn, 2004) and ensure that each was as concise as possible. Both versions, English and Spanish, were piloted on a small number of volunteer students. Finally, all items were placed alongside a six point Likert scale and strategically mixed. A six point scale was used in accordance with the approach of the Leuven team and because we believed that denying a neutral option would improve the quality of the data yielded. The revised questionnaire was administered in one school near Cambridge, England and three near Santander, Spain. All students in each of two cohorts (ages 12 and 15) were invited to complete a questionnaire during one of their mathematics lessons. The surveys, both of which were undertaken in the spring of 2006, yielded 405 Spanish and 220 English questionnaires. While it is clear that little generality at the level of nationality can be inferred from such small and localised samples, particularly in the light of the original instrument's sensitivity to school type within a single country, we believed that our objectives of instrument reliability, cultural transferability and sensitivity to gender and age – we were not trying to generalise but determine the sensitivity of the instrument to different populations - were largely independent of such issues. RESULTS In accordance with our stated intention of determining the extent to which the data reflected psychological constructs, analytical procedures commensurate with such a goal were undertaken. The outcomes of this are reported in our earlier paper and show a reliable scale with reliable subscales. However, by way of contextualising the results reported here, the reader is reminded that the analyses reported in that paper, based on an initial set of 73 items, yielded a reliable sixty-item, four-factor, scale as 13 items were rejected for the full analysis. The factors alluded to beliefs about the role of the teacher as an initiator of learning, beliefs about one’s personal competence with mathematics, beliefs about the relevance of mathematics to one’s life and beliefs about mathematics as a rote-learnt and difficult subject. We offer no further comment on the initial analysis as our intention here is to focus on the strength of the conceptual equivalence embedded in the questionnaire and the degree to which it is sensitive to variation in beliefs.
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To determine the effectiveness of the revised instrument in different contexts, separate factor analyses were undertaken on the data from each of the two countries. In both cases, four factor solutions were forced to facilitate comparison. In both cases, similar items were found to load on similar factors although, inevitably, there were some minor differences. For example, one of the factors yielded by the analysis of the Spanish data and one of the factors derived from the English data can be seen in table 1. It seems clear to us that the two factors show remarkable similarity, not only in the commonality of items but also the importance, as reflected in its loadings, of each item within the factors. Additionally, these items relate very closely to those of the first factor yielded by the analysis reported in our earlier paper and concerns beliefs about the role of the teacher as an initiator of learning. My teacher really wants us to enjoy learning new things. My teacher is friendly to us. My teacher understands our problems and difficulties with mathematics. My teacher tries to make the mathematics lessons interesting. My teacher listens carefully to what we say. My teacher always shows us, step by step, how to solve a mathematical problem, before giving us exercises. My teacher appreciates it when we try hard, even if our results are not so good. My teacher wants us to understand the content of our mathematics course. My teacher always gives us time to really explore new problems and try out different solution strategies. My teacher explains why mathematics is important. My teacher thinks mistakes are okay as long as we are learning from them. My teacher is too absorbed in the mathematics to notice us. My teacher does not really care how we feel in class. We do a lot of group work in this mathematics class.



S 0.825 0.802 0.797 0.785 0.755 0.752



E 0.808 0.775 0.776 0.766 0.817 0.686



0.739 0.780 0.726 0.579 0.663 0.659 0.644 0.494 0.516 0.473 0.464 0.668 0.425 0.642 0.508



Table 1: one of the Spanish and one of the English factors with the Spanish loadings in numerical order.



Similar accounts can be offered for the remaining factors. The items associated with each factor yielded by one country’s data always resonated closely with the items of one of the factors yielded by the other country's data. To assess the degree of resonance the following procedure was undertaken. A score for each factor was calculated for each student equal to the mean of that individual's scores on each of the factor's items. Correlations, the outcomes of which can be seen in Table 2, were then calculated, for the students in each country, between the country-specific factor scores and the factor scores yielded by our analysis of the international data reported in our earlier paper. These show that each of the four country factors correlates at a very high level with one of those from the original study. For example, the first
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factor of the original analysis, concerned with beliefs about the role of the teacher as an initiator of learning, found a perfect (rho=1.000) correlation with the first English factor and an almost perfect (rho=0.980) correlation with the first Spanish factor. So well aligned were the respective national factors with the international that the lowest correlation yielded by this analysis was the negative (rho=-0.922) between the international factor four, beliefs about mathematics as a difficult, inaccessible and elitist subject, and the fourth English factor. O1 O2 O3 O4



rho p rho p rho p rho p



E1 1.000 0.000 0.463 0.000 0.538 0.000 -0.263 0.000



E2 0.463 0.000 1.000 0.000 0.635 0.000 -0.105 0.034



E3 0.539 0.000 0.621 0.000 0.979 0.000 -0.347 0.000



E4 0.239 0.000 0.132 0.008 0.312 0.000 -0.922 0.000



S1 0.980 0.000 0.546 0.000 0.476 0.000 -0.238 0.000



S2 0.576 0.000 0.938 0.000 0.656 0.000 -0.377 0.000



S3 0.414 0.000 0.583 0.000 0.959 0.000 -0.143 0.004



S4 0.282 0.000 0.252 0.000 0.001 0.981 -0.961 0.000



Table 2: correlations (rho) and associated probabilities (p) between, on the left, English factor scores (Ei) and those of the original analysis (Oi) and, on the right, Spanish factor scores (Si) and those of the original analysis.



The figures show that the four factors yielded by our original analysis, reported in the paper presented earlier at this conference (Diego- Mantecón et al, 2007) correspond closely to those yielded by each country’s data. That is, having established that the Spanish version was as accurate as possible a translation of the English, the instrument has achieved, to a satisfactory level, the conceptual equivalence necessary for its successful use in the two countries – even the smallest correlation accounted for more than 85 per cent of the variance between the two factors concerned. Clearly, future work will necessitate evaluating the effectiveness of the scale in other countries and we are currently collecting data in Flanders and Ireland. Testing the factors In accordance with our objectives of determining the extent to which the revised questionnaire would be sensitive to differences in students’ age, gender and nationality, factor scores - means of all items loading on that factor - were calculated for each student. These were then subjected to a variety of comparative analyses. The use of a six point scale, with a score of 1 being positive and 6 being negative, means that a mean of 3.5 represents neutrality. The following draw on the data from all 625 students from the two countries. In respect of student age, the figures of table 3 show that across three of the four factors, students at age 12, irrespective of nationality and gender, were of the order of half a point more positive than at age 15 and that these differences were
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significant at the level of p0, if  > b, then +4>b+4 (1). So,



(a  4)a b4 a ! b  4(2) . Thus  (3). b a4 b



Explain why relations (1), (2) and (3) hold. (This task was for 10th grade students).



Q26. Let a, b , c be real numbers such that a  b d 5 and b  c d 5 . Then the following hold: b  5 d a d b  5 (1), b  5 d c d b  5 (2). So, we obtain 10 d a  c d 10 (3). Therefore, a  c d 10 (4). Explain why relations (1), (2), (3) and (4) hold. (This task was for 11th grade students). Q27. Let f be a real function, defined by f ( x) x3  1, x � R . We observe that f (1) 0. We suppose that there is p � R , with p z 1 , such that f ( p ) 0 .Then, if p  1 it holds that f ( p)  f (1) (1) and if p ! 1 , it holds that f ( p) ! f (1) (2). In any case there is a contradiction. Explain why the relations (1) and (2) hold and what the contradiction is. (This task was for 12th grade students).
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Data analysis Exploratory factor analysis which was applied led us to three factors F1, F2 and F3, which concern beliefs and to two factors F4, F5 which concern attitudes. These results (factors, the related items, means, standard deviations, factor loadings and Cronbachs’ alpha) are shown in table 1. The multivariate analysis of variance (manova) was applied in order to test if there are differences in factors F1, F2, F3, F4, F5, among students according to the variables: social-economic status(low, medium and high), kind of school ( public general, private general, technical) and gender. We calculated Pearson correlations for these factors and variables 24 and mathtest, in order to investigate which of them and how correlate. These results are shown in tables 2 and 3 respectively, below. RESULTS Table 1:The five factors.



Cronbach’s D



Factors F1 “Students’ mathematics”



about 0.743



difficulties



Mean



St.D. Loadings



4.275



1.73



Q9 “Doing exercises in mathematics causes difficulties to me”



0.767



Q7 “Calculations in mathematics cause difficulties to me”



0.688



Q10 “Solving mathematical problems causes difficulties to me”



0.653



Q8 “Memorizing mathematical formulas causes difficulties to me”



0.633



Q6 “Mathematical difficulties to me”



0.550



symbols



cause



F2 “Proofs’ and mathematics’ utility”



0.604



6.584



1.58



Q25 “You study the proof of a theorem, because you believe that understanding of proofs can give you ideas, which will help you in problem solving”



0.665



Q4 “Mathematics which I learn in school contributes to improving my thinking”



0.634



Q24 “You study the proof of a theorem, because you believe that understanding of the proof will help you to understand the



0.631
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respective theorem” Q5 “Mathematics which I learn in school is useful only for those who will study in the university mathematics or technological sciences” (reversed)



-0.573



F3 “Mathematical understanding through 0.601 procedures”



5.812



1.35



Q19 “If you are able to write down the proof of a theorem, then you believe that you have understood it”



0.751



Q20 “If you are able to express a definition, then you believe that you have understood it”



0.717



Q18 “ Studying mathematics means you learn to apply formulas and procedures”



0.575



Q21 “Anyone who wants to learn mathematics, has to memorize formulas and procedures”



0.450



0.735



F4 “Love for mathematics”



5.642



2.23



Q29 “You loved mathematics in junior high school”



0.869



Q28 “You loved elementary school”



in



0.812



Q30 “You loved mathematics in senior high school”



0.665



mathematics



F5 “External students’ studying mathematics”



motives



for 0.500



5.341



1.45



Q22 “You study the proof of a theorem, because your teacher will probably ask you, during the lesson”



0.727



Q23 “You study the proof of a theorem, because your teacher will probably ask this proof in the exams ”



0.656



Q26 “You don’t study the proof of a theorem, because your teacher will not ask



0.548
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you about it, during the lesson” Q27 “You don’t study the proof of a theorem, because you believe that it is not necessary to learn the proof of the theorem, in order to do exercises or to solve problems”



0.455



Q17 “ Whenever you don’t manage to do an exercise or to solve a problem you ask for help, because you mind for your teacher’s good opinion”



0.389



As it is shown from table 1, Cronbach’s alpha is sufficiently high for factors F1,F2, F3, F4,while it is poorer for factor F5 (0.5).This result might be attributed to the fact, that technical schools’ students realize theorem’s proofs utility in an essential different way than general schools’ students do, because of their different culture and goals. Table 2: Manova analysis with dependent variables the five factors F1 –F5 and independent variables “gender”, “kind of school”, “Social status” Factor s



F1 F2 F3 F4 F5



Gender F 4.61 2 .319



Social status



Kind of school



p .0 0 .5 7



Means girl boy 4.2 9



4.2 5



3.32 8



.0 7



6.6 8



6.4 8



8.70 7



.0 3



5.9 5



1.13 0



.2 8



3.47 5



.0 6



F 5.28 2 14.7



p .0 0 .0 0



Mean difference



p



(1)-(3)=-1.05**



.00



(2)-(3)=-.92**



.00



3.33 8



.0 3



(1)-(2)=-.46**



.01



(2)-(3)=-.59**



.05



5.6 7



5.41 1



.0 0



(1)-(3)= -.33**



.00



(2)-(3)=.49**



.00



5.5 1



5.7 6



5.68 9



.0 0



(1)-(3)= .93 **



.00



(2)-(3)=1.13**



.00



5.4 4



5.2 4



2.56 4



.0 7



F 1.433



p .08



(1): general public school, (2): general private school (3): technical school



According to our data there are no significant statistical differences in students’ beliefs and attitudes concerning social-economic status (F=1.433, p=0.08>0.05). On the contrary, there are differences for factors F1, F2, F3 and F4, among the students,
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according to the kind of their school. Especially, there are differences between the students of public general schools and those of technical ones, as well as between the students of private general schools and those of technical ones, concerning factors F1, F3 and F4. Especially, it emerges that the difficulties of the students of general schools are less than those of students of technical ones, as well as that the students of general schools love mathematics more than those of technical ones. It also emerges that technical school students believe that mathematical understanding is achieved mainly through procedures more strongly than those of general ones. Concerning factor F2, it emerges that there is significant statistical difference between the students of public and private schools, as well as between those of private schools and technical ones. It is estimated that private school students’ beliefs concerning the utility of proofs and mathematics in general, are stronger than those of public and technical school ones. It also emerges that there is significant statistical difference between boys and girls, concerning factor F3. It is estimated that girls have a stronger belief than boys do, that mathematical understanding is achieved mainly through procedures. We also traced correlations among the factors and variables Q24, mathtest (See table 3). Table 3: Correlations between the factors and variables Q24, mathtest



F1



F2



F3



F4



F5



Q24



F1



1



F2



-.223*



1



F3



.046



.155*



1



F4



-.434*



.343*



.039



1



F5



.235*



-.181*



.264*



-.164*



1



Q24



-.277*



.155*



-.080*



.343*



-.106*



1



Mathtest



-.389*



.203*



-.080*



.370*



-.189*



.395*



Mathtest



1



As it is shown from table 3 factor F1 correlates negatively with factors F2, F4 and variables Q24, mathtest and positively with factor F5.Especially, it seems that students with great difficulties in mathematics do not believe in proofs’ and mathematics’ utility in general, don’t love mathematics, have low performance at school, low ability to understand proofs and study a proof mainly because they will be asked by the teacher. Factor F2 correlates negatively with factor F5 and positively with factors F3, F4 and the variables Q24, mathtest. That is, students who believe in the utility of proofs and mathematics don’t need external motives for studying mathematics, love mathematics as well as they have high performance and ability to understand proofs. Factor F3
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correlates negatively with Q24, mathtest and positively with factor F5 .This means that students who believe that mathematical understanding is achieved through procedures, don’t have high performance at school and have difficulties to understand mathematical proofs. These students study proofs because they will be examined on these. Factor F4 correlates negatively with factor F5 and positively with variables Q24, mathtest. That is, students who love mathematics, study proofs not only because they will be examined, have high performance at school and ability to understand proofs. Factor F5 correlates negatively with variables Q24, mathtest. That is, students who mainly study proofs because they will be examined on these, don’t have high performance in mathematics and have difficulties to understand proofs. Variables Q24 and mathtest correlate positively; hence students who have high performance have also strong ability to understand mathematical proofs. CONCLUSIONS The results of this study clarify the structure of upper high school students’ beliefs and attitudes concerning mathematics and the way in which mathematical performance and ability to understand proofs are influenced by them. It has been made clear, that students’ beliefs and attitudes are independent from the socialeconomic status. This finding would probably be different if we compared students from agricultural districts of Greece with students from Athens. Philippou & Christou (2000) claim that, students’ and teachers’ beliefs concerning mathematics change from country to country. It seems that essentially different social surroundings, affect students’ beliefs and attitudes in a different way. Three different factors for beliefs and two different factors for attitudes were traced. Our study made clear that the variable “kind of the school” (public general, private general and public technical) influences students’ beliefs and attitudes for all factors. Students of public and private general schools have less difficulty in mathematics than those of technical ones. This result is an expected consequence of the fact that technical school students’ cognitive level is lower than the general school students’ one. Private general school students believe more strongly in the utility of proofs and mathematics in general, than those of public general and technical ones. Technical school students believe more strongly that mathematical understanding is achieved through procedures than those of general ones, as they use only algorithms and computations to solve practical problems. Girls of all kinds of schools believe more in mathematical understanding through procedures, than boys do. Difficulty in mathematics correlates with weak belief in the utility of proofs and mathematics, with dislike of mathematics and low mathematical performance and ability. Love for mathematics correlates positively with high performance and mathematical ability. The procedural view of studying mathematics is connected with low performance and ability in mathematics. Students with this view study proofs because they will be examined in them. Students who study proofs motivated by external reasons have low performance and ability in mathematics. These findings
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agree with analogous conclusions of other researchers. Scoenfield (1985) notices that “the students’ overall academic performance, their expected mathematical performance and their sense of their mathematical ability all correlate strongly with each other” and “the better the student is, the less likely he or she is to believe that mathematics is mostly memorizing”. Kloosterman (2002) mentions that “beliefs are an important influence of motivation and motivating students is a major goal of instruction”. The results of this research agree with the idea that beliefs are “a hidden variable in mathematics education” as well as that beliefs and attitudes influence performance and mathematical ability. Hannula (2002) found that attitudes can be changed. Therefore, one of the purposes of instruction must be the appropriate change in students’ beliefs and attitudes in order to improve students’ mathematical ability. REFERENCES Brown, C. A., Carpenter, T. P., Kouba, V. L., Lindqist, M. M., Silver, E. A. and Swafford, J. O.: 1988, Secondary school results of the fourth NAEP mathematics assessment: algebra, geometry, mathematical methods and attitudes. Mathematics Teacher, 81, pp. 337-347 Cobb, P.: 1986, Contexts, Goals, Beliefs and Learning Mathematics, Journal For the Learning of Mathematics 6,2 Cooney, T. J.: 1999, ‘Examining what we believe about beliefs’, in E. Pehkonen &G. Torner(Eds), Mathematical beliefs and their impact on teaching and learning of mathematics, Proceedings of the Workshop in Oberwolfach, pp. 18-23 Christou, C. and Philippou, G.: 1999, ‘Students’ mathematical beliefs of four countries in comparison’, in G. Philippou (Ed), Current state of research on mathematical beliefs, Proceedings MAVI-8 Workshop, Cyprus, pp. 28-37 Dematte, A. and Eccher Dall’Eco, S. M., Furinghetti, F.: 1999, ‘An exploratory study on students’ beliefs about mathematics as a social-cultural process’, in G. Philippou (Ed), Current state of research on mathematical beliefs, Proceedings of the MAVI-8 Workshop, Cyprus, pp. 38-47 Dossey,J., Mullis, I.V.S. and Jones, C. O. (1993). Can students do mathematical problem solving? Results from constructed-response questions in NAEP’s 1992 mathematics assessment, Washington,D.C.: National Center for Educational Statistics Goldin, G.A.: 1999, ‘Affect, meta affect and mathematical belief structures’, in E. Pehkonen and G. Torner (Eds), Mathematical beliefs and their impact on teaching and learning of mathematics, Proceedings of the workshop in Oberwolfach, pp. 3742
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Hanulla, S. M.: 2002, Attitude towards Mathematics: Emotions, Expectations and Values, Educational Studies in Mathematics, 49, pp. 25-46 Kifer, E. and Robitaile, D. F.: 1989, ‘Attitudes, preferences and opinions’, in D.F. Robitaille and R.A.Garden (Eds.), The IEA study of mathematics II: Contexts and outcomes of school mathematics. International studies in educational achievement, Oxford: Pergamon Press, pp.178-208 Kloosterman, P.: 2002, Beliefs about mathematics and mathematics learning in the secondary school: Measurement and implications for motivation, Mathematics Education Library. Beliefs: A Hidden Variable in Mathematics Education, pp. 247-269 McLeod, D. B.: 1992, ‘Research on affect in mathematics education: A reconceptualization’, in D.A.Grouws (Ed.), Handbook of Research on mathematics teaching and learning, New York Macmillan, pp. 575-596 Philippou, G.N. and Christou, C. : 2000, Teachers’ conceptions of Mathematics and Students’ Achievement: A cross-cultural study based on results from the TIMSS. Studies in Educational Evaluation, 25, 4, pp. 379-398 Pehkonen, E.: 1995, Pupils’ view of mathematics: Initial report for an international comparison project, University of Helsinski, Department of Teacher Education, Research Report 152 Presmeg, N. C.: 1988, School Mathematics in culture-conflict situations, Educational Studies in Mathematics, 19, 2, pp. 163-167 Regna, S. and Dalla, L.: 1993, ‘Affect: A critical component of mathematical learning in early childhood’, in R.J. Jensen (Ed.), Research ideas for the classroom: Early childhood, New York: Mac Millan/NCTM, pp. 22-42 Schoenfeld, A. H.: 1989, Explorations of students’ mathematical beliefs and behavior, Journal for research in mathematics Education 1989, Vol.20, No.4, pp. 338-335
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THE NOTION OF CHILDREN'S PERSPECTIVES Troels Lange Aalborg University, Denmark In this paper, I discuss methodological concerns relating to the notion of children’s perspectives. My starting points are that children are social actors with their own ways of constructing meaning and interpreting their world, and second, that meaning is what children ascribe to their actions in the field of school mathematics learning. Meaning in this sense of the word is taken as a key notion in constituting and exploring children's perspectives. Insights into this meaning can be gained from adopting a life story approach to research that invites children to tell from their perspective. The paper ends with a methodological self reflection. INTRODUCTION The inclusion agenda officially manifested in the Salamanca Statement (UNESCO, 1994) invites schools - and mathematics education - to move the focus from the shortcomings of individual students to the structures, attitudes, social and pedagogical practices that hinder students’ participation in the school and learning community (Booth, Ainscow, Baltzer, & Tetler, 2004). This agenda calls for a systemic reconceptualisation of low achievement in mathematics (and other school subjects) and of defective learning as a manifestation of imbalances in the system (see Lange, forthcoming). According to Magne (2001), most research in special needs education in mathematics, however, assumes either a content deviation model or a behaviour deviation model. In either case, the low achieving student is seen as deviating from a norm, that of the standard curriculum. Only a few studies deal with the complexity of the problem by considering the multiple factors involved in the creation of learning difficulties. Furthermore, children’s subjectivity and experience of being in trouble with mathematics is seldom taken as a key source of insight. Recent sociological and anthropological research in childhood generally recognizes children as actors in their own lives and not just objects of socialization (James, Jenks, & Prout, 1997; Kampmann, 2000). In their capacity as social actors, children have meaningful and interesting knowledge and experience. Their experiences and stories are as significant and valuable as those of adults are. Children’s or students’ perspectives and other linguistic variations have become common terms in recent mathematics education research literature (e.g. YoungLoveridge, Sharma, Taylor, & Hawera Ngarewa, 2005). However, the notion is mostly used in an everyday sense and generally not treated as a theoretical construct. This is surprising given that ethnographic research has a long tradition for studying what the world is like for people who are different from the researcher. Discussions of methodological issues and pitfalls in this enterprise are an integral part of the tradition (Reed-Danahay, 2005), but that does not seem to be the case in mathematics
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education research. Almost twenty years ago, Eisenhart (1988) pointed to the ethnographic research tradition as a valuable source of inspiration for mathematics education research because it requires researchers to scrutinise their own views and assumptions and investigate instead of taking for granted the intersubjective meanings that might constitute schools, classrooms, teaching practices, the arrangements in time and space etc. An ethnographic, whole life approach, capable of capturing the complexity of affective issues in mathematics education, is also what McLeod (1994) called for in a review on research on affect: They [Ivey, 1994; Ivey & Williams, 1994; Walen, 1994; Villiams & Baxter, 1993] suggest a new approach to affective issues – one that emphasizes the student as an individual with a comprehensive belief system, or world view. … They suggest that students’ affective reactions to mathematics occur within a larger framework of how students make sense of their world in general. … Thus the students’ views of mathematics can’t be considered in isolation but must be analyzed in the context of an integrated approach that considers all the beliefs and motivating forces that influence the student. (McLeod, 1994, p. 644)



These approaches to methodology resonate with my current research work. In my ongoing PhD project, I focus on children’s perspectives on learning difficulties in mathematics and explore how mathematics and learning it is positioned in children's life and world view; in McLeod’s words, ‘within the larger framework of how students make sense of their world in general’. My notion of children’s perspectives so far (see Lange, forthcoming), comprises children’s voices, experiences and meaning ascriptions as constituents, and an aspiration of contextualizing and theorizing these. In this paper, I want to explore the notion further and consider how this affects methodology in regard to my PhD research. My argument shall be that the core of children's perspectives is the meaning they ascribe to the actions that they undertake when learning (or not learning) school mathematics. The argument rest on a paradigmatic choice that claims that meaning of tasks takes priority over the meaning of concepts (see Skovsmose, 2005b). Further, children's perspective being an analytical construct raises the question of the perspective in which I, the researcher, look at children's perspectives; I discuss this briefly in the end of the paper. CHILDREN’S PERSPECTIVES The etymological root of perspective, spicere from Latin, means to look. Central to the different meanings of perspective is the arrangement of objects (physical or mental) to represent their relative interrelations when ‘seen’ from a certain point of view. Perspective presupposes and indirectly acknowledges that there are different ways of looking at the same phenomena. Each of the different actors at school, teachers, students, parents, school leaders and authorities have their perspective on
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school matters and develops knowledge from their different perspectives. This may be illustrated with an example of teachers’ perspective. Højlund (2002, p. 155ff) found that in her interviews teachers stereotype children as asocial and egoistic, and generally characterise them by insufficiencies: they lack respect, manners, social sense and discipline. This picture of children is obviously neither complete nor neutral, but is derived from teachers’ perspective. The function of teachers is to teach, and this determines their professional relations to children whom they see as students and as part of a class. Their definition is functional and relational and as such contains its own logic and rationality. Compared to the teacher, a child ‘looks’ at school matters from a different point of view, that is in a different perspective that may contain phenomena invisible in a teacher’s perspective or differently interrelated. A child’s perspective is how the child ‘looks’ at ‘the world’. As seeing is not a oneto-one imprint of ‘the world’ on the retina, but an active interpretation of the sensory impulses on part of the brain, a child’s perspective is an active making sense of and ascribing meaning to – in this case – mathematics learning. That is, not only the cognitive or conceptual meaning the child ascribes to mathematical concepts but more important the meaning of teaching and learning of school mathematics in the child’s life and worldview, and the meaning the child ascribes to actual and potential learning acts or other acts in the school mathematics field. Schools are socio-political settings. Hence, in order to grasp children’s meaning ascriptions I need a theoretical framework that links them to the socio-political context of mathematics learning. Such a framework is the object of the next section. Foreground and background Ole Skovsmose connects meaning, (mathematics) learning and action by a cluster of interrelated notions: foreground, background, dispositions, intentions, meaning, action and reflection (Skovsmose, 1994; 2005a; 2005b). The main features in the network of notions are described briefly in the next few paragraphs. The notion of foreground refers to a person’s interpretation of his or her learning possibilities and ‘life’ opportunities, in relation to what the socio-political context seems to make acceptable for and available to the person. Thus the foreground is not any simple factual given to the person; rather, it is a personally interpreted experience of future possibilities within the social and political frame within which the person acts. (Alrø, Skovsmose, & Valero, in press)



Similarly, the background of a person is the person’s previous experiences given his or her involvement with the cultural and socio-political context. … [W]e consider background to be a dynamic construction in which the person is constantly giving meaning to previous experiences, some of which may have a structural character given by the person’s positioning in social structures. (Alrø et al., in press)
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Taken together foreground and background make up the person’s dispositions, which “embody propensities that become manifest in actions, choices, priorities, perspectives, and practices” (Skovsmose, 2005a, p. 7). A person’s dispositions are not always homogeneous and in fact can be contradictory as the person may conceptualise different foregrounds and backgrounds at different times and situations. In order to understand a person’s actions we need to consider his or her intentions. Hence, intentionality is a taken to be a defining element of action, thereby separating action from mere activity. Intentions emerge from a person’s dispositions, that is his or her background and foreground. Some forms of learning are seen as action, and so we can speak of intentional learning acts. Students can be invited into situations where they can be involved in processes of learning as action, but it cannot be forced upon them. In school, not all forms of learning are intentional learning acts; learning also results from forced activity, and unconscious learning is occurring. (Skovsmose, 2005a) Meaning is an integrated aspect of acting, and something that is produced and constructed. Disposition, foreground and background, are resources for the production of meaning. All sorts of intentions emerge in children’s actions in school mathematics teaching and learning situations and a variety of meanings are constructed. A child might want to please the teacher, sit next to the right person, finish tasks in time, avoid homework, be happy to solve the task, and want to play football. If children are not invited to engage in meaningful learning acts the field is not void of intentions and meanings, but left open to all sorts of other meaning productions, for instance ‘underground intentions’ (Alrø & Skovsmose, 2004). Thus, a child’s interpretation of his or her previous experiences, of learning possibilities and ‘life’ opportunities, their availability and acceptability in the given socio-political context, are key resources of meaning production and hence key aspects of the child’s perspective. Looking with children One may look at or look with children, or at least try to put oneself in their place, try to see with their eyes. Understanding children's perspectives, the logic of their meaning constructions, means looking into their foregrounds and backgrounds as major sources of information. Talking with children in interviews aimed at exploring how they make sense of and ascribe meaning to mathematics and mathematics education seems to be a way of looking with them. In this, I have two main sources of inspiration. First, life history research (Goodson & Sikes, 2001; Goodson, 2005) in which the (adult) informant ideally only is given the prompt: “Tell me about your life”. The interviewer interrupts as little as possible and only with clarifying questions, maintaining a curious, open minded, and non-interpreting state of mind, thus letting the informant’s story unfold as ‘uncontaminated’ as possible by the interviewer’s perspective. My informants are 10 to 12 years old; hence, the second source of inspiration is researchers with experience in conducting interviews with
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children. Doverborg and Pramling Samuelsson (2000) have interviewed children from the age of three about their thoughts. Andenæs (1991) has conducted “way-oflife-interviews” with 4-5 year old children by interviewing them on locations relevant to the themes of the interview, for example their home. Researchers have found it fruitful to support the interviewing of young children with drawings, pictures, film, or stories (Kampmann, 2000). This research suggests that it is quite possible to interview children about their thoughts and meaning making and have them tell their stories. According to Andenæs there is no principal difference in doing qualitative interviews with children and adults; the challenges are the same although more acute with children: “When interviewing children, you have to put even more effort and care in the contract, in establishing a common focus of the conversation, and in motivating and create optimal conditions for the interviewee.” (Andenæs, 1991, p. 290; my translation) It follows that the interviews should have an open, loosely structured character and take place in an atmosphere of genuine interest in order to support and stimulate children in unfolding their stories. The interview prompts and questions should be initiating, circular, supporting, and clarifying, and explore the children’s ‘world view’, learning trajectories, and connections, patterns and meaning making related to school, teaching, learning, mathematics, leisure, friends, mates, interests, etc. An Example Children have insights and points of view, which the other actors of the school system do not have. Quite often, their perspective is significantly different from that of adult professionals. It may for example contain a logic that differs from a rational, didactical perspective. The following extracts from an interview with two boys provide an example. David and Dennis are 10 and 11 years old, friends and in fourth grade. At the time of the interview, the children in this grade were grouped in their mathematics classes according to level of achievement as perceived by the teachers. David is not quite aware of this criterion, but Dennis is. The extract begins with their reflections on this and continues with the story of why they are in the same group and how they managed to obtain that. [1] 1



David



2 3 4 (…) 5 6 7 8



Dennis David Dennis



actually, I think that the groups are given out [i.e. formed] from those who are best, I don’t know … they are I think it is Ann [teacher], she takes the best, I think … that is why I have gone up; started to be in the other [group]



Dennis David Dennis David



we used to have been together always yeah and then I was going to go down (?)
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9



Dennis



10 11 12 13 14



Int Dennis Int David Dennis



15 16 17



Int David Dennis



and then I made me good again because we were just chatting occasionally … and then you made – do you say that you made yourself good again? yes, then I did my … how did you do it? then he did his best not to go down then I did it again - not to go - stay there in that group, and then I went up in his [group] again well, okay, how, what did you do to go to that group again? tried to do himself better (?) mathematics and everything



In my interpretation, Dennis displays a strong disposition for autonomy or being in control. For instance, he explains earlier in the interview that it was his choice to repeat a class: “Once, I was fighting a lot in school, but that was because they tease me every day and therefore I did not bother to go in that class and then I repeated a class and came into his [David’s] class” In the extract, he is completely aware of the ground rules of the game, that is the criterion for forming the groups (2). He is the one who decides in which group he will be. Originally he was placed in the low set (4, 7) but then he made himself better (9, 14, 17). David supports and supplements his story (13, 16). The reason they give is friendship: they have always been together (5, 6) and want to be so; their friendship is expressed in David’s confirmation, support and taking over (6, 13, 16). It is background and foreground because it was a valuable previous experience that they want to continue into the future. They also tell a story of identity, which reflects their interpretation or perception of the socio-political context, their background: they belong to the best group (1-3) which consist of the good and better (9, 16). These categories are explicitly embedded in a hierarchical order expressed as up and down (4, 7, 13, 14); you are up if you are best. Alternatively, the grouping might have been conceived as a means to facilitate learning of mathematics, and thus reflecting intentions of learning mathematics on part of the children, but that possibility seems absent from their considerations. A little later in the interview, I tried to investigate their relation to this hierarchy: 18



Int



is it cool to be in the best group, or



19



David



Yes, it …



20



Dennis



I don’t think so!



21



David



I think it is cool because I know …



22



Dennis



I don’t think so!



23



David



that I am one of the best



24



Int



mm



25



Dennis



I don’t think it is cool, rather cool



26



Int



why don’t you think so?



CERME 5 (2007)



273



Working Group 2



27



Dennis



because then you get more homework than they [the other group] do



Being good at mathematics has a high social valuation, and this is reflected in the children’s background in two different ways. David appreciates the social status of being in the best group (19, 20) and thinks that he rightly deserves it (23). Dennis on the other hand, strongly denies that it is cool to be with the best (20, 22, 25) because he dislikes the consequence of more homework (27). This may be seen as another example of his strong valuation of autonomy in that homework may interfere with or even infringe on the social life in his free time. This interpretation is supported in a later part of the interview, where Dennis explains why practicing the multiplication tables is (the only?) good mathematics homework: you can do the tables in your head while you ride your bike from your home to your friend’s home. However, the social status of belonging to the top end of the hierarchy that he expressed earlier (4, 7, 14) is a mixed blessing to him. In the conflict between social status and autonomy, Dennis seems to make a conscious compromise: he works hard enough to maintain the status mathematics provide (and stay with David as well) but no more. The social valuation of mathematics is subjectively interpreted as background and foreground, and come into play in the different dispositions of David and Dennis to engage in learning mathematics. Whereas David’s need for recognition goes hand in hand with the social valuation of mathematics and adds positively to his disposition for learning mathematics, Dennis’ disposition shows a conflict between status and autonomy which impacts on his engagement with learning mathematics. The example suggests that these two children interweave the meaning of mathematics education into a fabric of friendship, belonging, expression and construction of identity, and the social practice of everyday life. In the extracts as well as in the rest of the interview, learning intentions and meaning constructions have their basis in their lives as children, their background and foreground, and are seemingly not related to mathematics as such. Their perspectives are very different from that of the curriculum. However, it would be possible for the teacher to use this information when trying to engage students in meaningful mathematics education. SEEING PERSPECTIVES FROM PERSPECTIVES Children are not a homogeneous group, children’s foregrounds and backgrounds are different, their interpretations of the socio-political context are fluctuating, discontinuous and contradictory, their intentions and meaning constructions likewise. Hence, there is not one child perspective; the child perspective does not exist. As well, a child’s perspective is not a ‘thing’, an empirical entity that one may for example take a picture of; it is an analytical construction of the researcher. Informants do not have privileged access to the truth about their own world. The researcher’s analytical account is of another order than that of the children’s experiential knowledge.



CERME 5 (2007)



274



Working Group 2



However, children's perspectives as objects of the researcher’s gaze, are seen from what perspective? I cannot reflect on my perspective without stepping out of it and look at it from a different point of view. The question then becomes more introspective as I consider the perspective from which I look at the perspective from which I look at children's perspectives. (This chain of perspectives on perspectives continues – we have a principally infinite regress.) Giving voice or silencing My PhD project may be seen as an attempt to “give voice” to an exposed group, children in difficulties with learning mathematics. However, in an endeavour of this type, one may silence in effect the voices if they are not linked to a theoretical understanding of their social and cultural context. Goodson writes: A particular problem … is posed by those genres which … have sought to sponsor new voices – the world of ‘stories’, ‘narratives’ and ‘lives’. … [A]s currently constructed these genres tend to lead us away from context and theorizing, away from the conceptualization of power. … In the dialectical development of theories of contextualities, the possibility exists to link our ‘stories’, ‘narratives’ and ‘lives’ to wider patterns of structuration and social organization. So the focus on theories of context is, in fact, an attempt to answer the critique that listening to lives and narrating them valorizes the subjectivity of the powerless individual. In the act of ostensible ‘giving voice’, we may be ‘silencing’ in another way, silencing because, in fact, we teachers and researchers have given up the concern to ‘theorize’ context. (Goodson, 2003, p. 5)



The background-foreground ‘model’ incorporates a research interest, that of emphasizing the socio-political nature of mathematics education and learning. Hence, this choice of perspective on children's perspectives serves my attempt to avoid silencing the voices of children, because it allows theorising children's meaning constructions and agency, their perspectives, in a wider socio-political context. That is my – present – perspective on children’s perspectives.
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NOTES 1 In Denmark, children are not streamed in primary and lower secondary school. Recent legislation has allowed the formation of groups across classes and year groups for limited periods of time. The interview was conducted in an early phase of the project when I was trying out interviewing children, and not intended to become part of my empirical material. Hence, the informants do not belong to my primary target group, children being in difficulties with mathematics. I have translated the extracts and normalized the language a little though still trying to maintain the characteristics of children’s language. In the transcript “…” marks interruption, “(…)” omission, and “(?)”short unintelligible passages.
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The theory of conceptual change starts with an assumptions that in some cases students form misconceptions about phenomena based on lived experience, that these misconceptions stand in stark contrast to the accepted scientific theories that explain these phenomena, and that these misconceptions are robust. In this paper we examine the idea of changing beliefs in preservice elementary school teachers' vis-à-vis a theory of conceptual change. This is our first attempt at using such a framework, and as such, our work in this area is tentative. Our specific focus in this paper is to rationalize why this is a fruitful theoretical framework to use, and through the brief presentation of data, verify this fruitfulness. In so doing, we open up the possibility of more closely examining the mechanisms associated with such changes of beliefs. INTRODUCTION "It has become an accepted view that it is the [mathematics] teacher's subjective school related knowledge that determines for the most part what happens in the classroom" (Chapman, 2002, p. 177). One central aspect of subjective knowledge is beliefs (Op't Eynde, De Corte, & Verschaffel, 2002). In fact, Ernest (1989) suggests that beliefs are the primary regulators for mathematics teachers' professional behaviour in the classrooms. "Beliefs form the bedrock of teachers' intentions, perceptions, and interpretations of a given classroom situation and the range of actions the teacher considers in responding to it" (Chapman, 2002, p. 180). What are the implications of this for teacher education? "Prospective elementary teachers do not come to teacher education feeling unprepared for teaching" (Feiman-Nemser et al., 1987). "Long before they enrol in their first education course or math methods course, they have developed a web of interconnected ideas about mathematics, about teaching and learning mathematics, and about schools" (Ball, 1988). These ideas are more than just feelings or fleeting notions about mathematics and mathematics teaching. During their time as students of mathematics they first formulated, and then concretized, deep seated beliefs about mathematics and what it means to learn and teach mathematics. It is these beliefs that often form the foundation on which they will eventually build their own practice as teachers of mathematics (cf. Skott, 2001). Unfortunately, these deep seated beliefs often run counter to contemporary research on what constitutes good practice. As such, it is one of the roles of the teacher education programs to reshape these beliefs and correct misconceptions that could impede effective teaching in mathematics (Green, 1971).
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In this paper we examine the idea of changing beliefs in preservice elementary school teachers' vis-à-vis a theory of conceptual change. This is our first attempt at using such a framework, and as such our work in this area is tentative. Our specific focus in this paper is to rationalize why this is a fruitful theoretical framework to use, and through the brief presentation of data, verify this fruitfulness. TEACHERS' BELIEFS Researchers have recently turned their attention to beliefs as a way of explaining the discordance between teachers' knowledge of mathematics and teaching capacity and their demonstrated abilities in these domains. This research has revealed that beliefs about teaching mathematics arises from teachers' experiences as learners of mathematics (c.f. Chapman, 2002; Feinman-Nemser et al., 1987; Lorti, 1975; Skott, 2001). So, a belief that teaching mathematics is 'all about telling how to do it' may come from a belief that learning mathematics is 'all about being told how to do it', which in turn may have come from personal experiences as a learner of mathematics. Beliefs are complex constructs, and belief structures are even more so. This complexity is represented in Green's (1971) organization of beliefs "along a centralperipheral dimension that reflects psychological strength or degree of nearness to self" (Chapman, 2002, p. 179). Green (1971) distinguishes between beliefs that are primary and derived. "Primary beliefs are so basic to a person's way of operating that she cannot give a reason for holding those beliefs: they are essentially self-evident to that person" (Mewborn, 2000). Derived beliefs, on the other hand, are identifiably related to other beliefs. Green (1971) also partitions beliefs according to the psychological conviction with which an individual adheres to them. Core beliefs are strongly held and are central to a person's personality, while less strongly held beliefs are referred to as peripheral. Finally, Green distinguishes between evidential and nonevidential beliefs. Evidential beliefs are formed, and held, either on the basis of evidence or logic. Non-evidential beliefs are grounded neither in evidence nor logic but reside at a deeper, tacit level. In general, beliefs can be referred to as “messy constructs” (Furinghetti & Pehkonen, 2002; Pajares, 1992). Some of this 'messiness' can be reduced, however, if we focus on the composition of these beliefs. Törner and Grigutsch (1994) suggest that beliefs are composed of three basic components called the toolbox aspect, system aspect and process aspect. In the "toolbox aspect", mathematics is seen as a set of rules, formulae, skills and procedures, while mathematical activity means calculating as well as using rules, procedures and formulae. In the "system aspect", mathematics is characterized by logic, rigorous proofs, exact definitions and a precise mathematical language, and doing mathematics consists of accurate proofs as well as of the use of a precise and rigorous language. In the "process aspect", mathematics is considered as a constructive process where relations between different notions and sentences play an important role. Here the mathematical activity involves creative steps, such as generating rules and formulae, thereby inventing or re-inventing the mathematics.
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Besides these standard perspectives on mathematical beliefs, a further important component is the usefulness, or utility, of mathematics (Grigutsch, Raatz & Törner, 1997). CHANGING BELIEFS Beliefs and belief structures are complex constructs. Educational research into the professional growth of teachers in general (c.f. Zeichner, 1999), and of mathematics teachers in particular (c.f. Franke et al., 2001) tends to ignore this complexity; both in methodology and in analysis (for exception see Gates, 2006; Leatham, 2006). In particular, such research uses an objective stance to probe the belief structures of a large number of teachers, and hence, is only capable of producing generalization about changes to teachers' beliefs. Conclusions such as 'beliefs are difficult to change' and 'any changes are tenuous and fragile' (Kagan, 1992) do not say much about the nature of beliefs and why changes to them are robust or fragile. Closer observation and deeper analysis of beliefs in the context of mathematics teachers' professional growth is needed to penetrate the surface stories of the data and reveal the nuanced and situated belief structures that are often hidden, even from the possessor. Our own research in this area does not escape this criticism. Through our work we have shown that a method that combines all three of the aforementioned interventions is very effective in producing changes to preservice teachers' beliefs about mathematics as well as the teaching and learning of mathematics (Liljedahl, P., Rolka, K., Rösken, B., in press). What this research has failed to show, however, is how and why these changes are occurring. That is, our research, like much of the aforementioned research in this area, shows that changes to beliefs have occurred, but does not show the mechanisms behind this change. THE THEORY OF CONCEPTUAL CHANGE The theory of conceptual change emerges out of Kuhn's (1970) interpretation of changes in scientific understanding through history. Kuhn proposes that progress in scientific understanding is not evolutionary, but rather a "series of peaceful interludes punctuated by intellectually violent revolutions", and in those revolutions "one conceptual world view is replaced by another" (p. 10). That is, progress in scientific understanding is marked more by theory replacement than theory evolution. Kuhn's ideas form the basis of the theory of conceptual change (Posner, Strike, Hewson, & Gertzog, 1982) which has been used to hypothesize about the teaching and learning of science. The theory of conceptual change starts with an assumptions that in some cases students form misconceptions about phenomena based on lived experience, that these misconceptions stand in stark contrast to the accepted scientific theories that explain these phenomena, and that these misconceptions are robust. For example, many children believe that heavier objects fall faster. This is clearly not true. A rational
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explanation as to why this belief is erroneous is unlikely to correct a child's misconceptions, however. On the one hand, it would require far too much specialized knowledge to access any of the explanations that could be given. On the other hand, it is attempting to replace understanding developed through lived experiences with an understanding developed in rational thought. In the theory of conceptual change, however, there is a mechanism by which such theory replacement can be achieved – the mechanism of 'cognitive conflict'. Cognitive conflict works on the principle that before a new theory can be adopted the current theory needs to be rejected. Cognitive conflict is meant to create the impetus to reject the current theory. So, in the aforementioned example a simple experiment to show that objects of different mass actually fall at the same speed will likely be enough to prompt a child to reject their current understanding. This experiment will not be enough, however, for them to then adopt an understanding of the nuances of physics and logic required to arrive at a correct understanding. What is more likely to happen is that the child would develop a 'synthetic model' (Vosniadou, 2006) which can be viewed as an intermediary between their initial misconception and the scientifically correct theory. In the best case, this synthetic model can be seen as incomplete understandings rather than incorrect understandings. The mitigation of these synthetic models is achieved through further instructional methodologies derived from constructivist theories of learning. The theory of conceptual change is not a theory that applies to learning in general. It is highly situated, applicable only in those instances where misconceptions are formed through lived experiences and in the absence of formal instruction. In such instances, the theory of conceptual change explains the phenomenon of theory rejection followed by theory replacement. The theory of conceptual change, although focusing primarily on cognitive aspects of conceptual change, is equally applicable to metaconceptual, motivational, affective, and socio-cultural factors as well (Vosniadou, 2006). CHANGES IN BELIEFS AS CONCEPTUAL CHANGE In this section we argue that the theory of conceptual change, as presented in the context of science education, is equally applicable to some instances of change in preservice teachers' beliefs about mathematics and the teaching and learning of mathematics. In particular, the theory of conceptual change can be used to more closely examine instances of belief replacement. In so doing, we open up the possibility of more closely examining the mechanisms associated with such changes of beliefs. The theory of conceptual change, as the explanatory framework described above, has four primary criteria for relevance – (1) it is applicable only in those instances where misconceptions are formed through lived experiences and in the absence of formal instruction, (2) there is phenomena of theory rejection, (2) there is a phenomena of
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theory replacement, and (4) there is the possibility of the formation of synthetic models. We propose that each of these criteria is equally relevant to instances of replacement of preservice teachers' beliefs about mathematics, as well as beliefs about the teaching and learning of mathematics. In the next section we demonstrate this with the brief presentation of research results. First, however, more discussion of teachers lived experiences as well as synthetic models is needed. In the context of preservice teachers, the relevant lived experience occurs in their time as students. As learners of mathematics they have both experienced the learning of mathematics and the teaching of mathematics, and these experiences have impacted on their beliefs about the teaching and learning of mathematics (c.f. Chapman, 2002; Feinman-Nemser et al., 1987; Lorti, 1975; Skott, 2001). The question is – can these experiences be viewed as having happened outside of a context of formal instruction? Although their experiences as learners of mathematics are situated within the formal instructional setting of a classroom, the object of focus of that instruction is on mathematics content. That is, while content is explicitly dealt with within such a setting theories of learning, methodologies of teaching, and philosophical ideas about the nature of mathematics are not. The term 'synthetic model' is a specific term reserved for the description of incomplete or incorrect scientific model. This is not an appropriate term for the context of beliefs – instead we use the term 'synthetic beliefs'. The ideas of 'incomplete' and 'incorrect' beliefs are equally inappropriate. Beliefs, unlike scientific theory, can be accumulated into belief clusters. Hence, a 'complete' belief cluster could easily be understood to be a cluster that incorporates all relevant beliefs for a given context. Such an understanding of 'complete' is incommensurate with the theory of conceptual change which is built on a principle of, in this case, belief rejection. As such, we are modifying the theory of conceptual change in general and of synthetic beliefs in particular. Instead of using demarcating characteristics such as 'complete' or 'correct' we adopt instead the use of 'inconsistent'. This choice is informed, in part, by the data that we will present. Mostly, however, this choice is made because we hypothesize that the characteristic of 'consistency' is a strong indicator of the robustness of a set of beliefs. Incomplete synthetic beliefs, although not comprehensive, are likely sustainable. We see this in the mathematical practices of 'traditional' teachers who possess beliefs that are mostly aligned with the toolbox and/or utility aspects of mathematics and teaching and learning of mathematics. We know that such traditional teachers can consistently maintain their practice for many years – even entire careers. We hypothesize, however, that such consistency is not sustainable if there exists discordance between a teacher's belief about mathematics and their beliefs about the teaching and learning of mathematics. More research is needed in this area to confirm or refute this hypothesis.
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RESEARCH INTO BELIEF CHANGES The data for this paper comes from a research study that looked more broadly at documenting changes in preservice teachers' beliefs about mathematics and the teaching and learning of mathematics (c.f. Liljedahl, P., Rolka, K., Rösken, B., in press). In working with the data for this study we encountered instances of change that could not be explained by an evolutionary model. It was these instances that formed the impetus to produce this paper. METHODOLOGY Participants in this study are 39 preservice elementary school teachers enrolled in a Designs for Learning Elementary Mathematics course for which the first author was the instructor. During the course the participants were immersed into a problem solving environment. That is, problems were used as a way to introduce concepts in mathematics, mathematics teaching, and mathematics learning. This design for the course emerged out of the literature on producing changes in preservice teachers’ mathematical beliefs. This included, for example challenging their beliefs (FeimanNemser et al., 1987), involving them as learners of mathematics (Ball 1988), or occasioning experiences with mathematical discovery (Liljedahl, 2005; Smith, Williams, & Smith, 2005). All of these methods of intervention, as well as their combination, can be viewed as attempting to incite cognitive conflict. Throughout the course the participants kept a reflective journal in which they responded to assigned prompts. These prompts varied from invitations to think about assessment to instructions to comment on curriculum. One set of prompts, in particular, were used to assess each participant's beliefs about mathematics, and the teaching and learning of mathematics (What is mathematics? What does it mean to learn mathematics? What does it mean to teach mathematics?). These prompts were assigned in the first and final week of the course. The data for this proposal comes from the journal entries responding to these prompts. The three authors independently coded the data according to each of the four aforementioned components of mathematical beliefs: toolbox, utility, system, and process. Discrepancies in coding were resolved as part of a recursive process of discussion-coding-discussion that the three authors engaged in. This recursive process not only led to a more stringent treatment of the data, but also led to a greater and shared understanding of the interpretive framework at hand. For the purposes of this paper, we further examined these data for instances of change that reflect the criteria of conceptual change. RESULTS AND DISCUSSIONS For the sake of brevity, and because our primary objective is to exemplify the viability of the theory of conceptual change for the analysis of belief replacement, we have chosen to present the results of the analysis of one participant – David – whose
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journal is most representative of belief replacement. These results are organized according to the four aforementioned criteria of lived experience, belief rejection, belief replacement, and synthetic beliefs. Lived Experience David nicely articulates where his understanding of mathematics comes from. When first pondering the question, "What is mathematics?" I initially thought that mathematics is about numbers and rules. It is something that you just do and will do well as long as you follow the rules or principles that were created by some magical man thousands of years ago. That is a struggling student's point of view. To be honest, I don't like math. [..] I found it so boring and so robotic. Lessons were even set up in a robotic way. The teachers would show us the principles and then we would do the exercises.



His lived experience as a student of mathematics is now informing his 'teacherly' understanding of what mathematics is. It is also informing his understanding of what it means to teach mathematics – robotic. Belief Rejection David finishes of his aforementioned statement with the following sentence: I wish my initial definition could be different but this is the kind of math that I was exposed to.



David has come into the course already rejecting his beliefs about mathematics and the teaching of mathematics. From further analysis of his journal it becomes apparent that he has not yet fully let go this belief, however, because there exists no alternative for him to synthesise with. It could be said that, although not initiated through a teaching intervention, David has already experienced cognitive conflict with respect to these beliefs. Belief Replacement David, himself, makes the coding of some of the data easy. He self-identifies that he finds his initial belief to be inadequate. He further self-identifies that his beliefs about mathematics have changed. However, after experiencing a couple of challenging problems and exciting classes, I have to say that my definition [of mathematics] can be summed up very simply. To me, mathematics is not about answers, it's about process. Mathematics is about exploring, investigating, representing, and explaining problems and solutions.



David also self-identifies the changes he has made in his beliefs about the learning and teaching of mathematics. His new belief is much more representative of the 'process' aspect of teaching and learning. Learning math is about inquiry and the development of strategies. It is about using your intuition, experimenting with strategies and discussing the outcome. It is about risk taking and experimenting. To teach mathematics is to welcome all ideas that are generated and
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facilitate discussion. It is about letting the students make sense of the math in their own way, not 'my way'. The teacher's role is about guiding the process, but handing the problem over to the students.



Synthetic Models As mentioned above, if we consider David's new beliefs to be inconsistent with one another then we judge them to be synthetic beliefs. In the case of David, we coded his new beliefs about mathematics solely as representative of a process way of thinking about mathematics. At the same time, we coded his new beliefs about the teaching and learning of mathematics to be representative of both a process and a toolbox aspects of mathematics. We see these as being inconsistent, and thus we see his new beliefs as synthetic beliefs. Treating the data more broadly reveals 25 instances of belief replacement and 5 instances of belief evolution. Of those who demonstrated belief replacement there are only two participants that are explicit about their rejection of their initial beliefs (David and Hannah). The rest are implicit in their rejection of earlier beliefs through their omissions. That is, beliefs that were coded for in the entries at the beginning of the course are absent in at the end of the course. Of the 25 students who demonstrated belief replacement (explicatively or implicitly), 16 demonstrated an inconsistency between their beliefs about mathematics and their beliefs about the teaching and learning of mathematics, and hence were coded as having developed synthetic beliefs. The other 9 participants developed internally consistent beliefs for themselves. CONCLUSIONS The theory of conceptual change is a powerful theory for explaining the phenomena of theory replacement when the rejected theory has been tacitly constructed through lived experiences in the absence of formal instruction. Such organically constructed theories are not too dissimilar from the beliefs which may also be tacitly constructed through lived experiences. When such beliefs are later subjected to scrutiny they too may be rejected. As such, the theory of conceptual change is an ideal framework for more closely examining and explaining the phenomenon of belief rejection. In this paper we have attempted to construct the link between the theory of conceptual change and specific instances of change in preservice elementary school teachers' beliefs about mathematics and/or the teaching and learning of mathematics. We have done so, through an alignment of literature on the theory of conceptual change with theories of beliefs. Having established this link we then modified the theory of conceptual change slightly to more precisely fit the context of belief replacement. In doing so we extend the scope of the theory of conceptual change. One of the measures of a framework is how effectively it can 'fit' the data. In this paper we have demonstrated that this modified framework fits the data from, at least, one participant – we have, in essence, constructed a sort of educational existence proof. Another measure of a framework is how well it can inform us of something in



CERME 5 (2007)



285



Working Group 2



the data that we could not previously see. Although this was not the focus of this paper, we did see some of this effectiveness in the means by which the framework was able to discern the difference between instances of belief evolution and belief replacement. We hope to use this framework more precisely in the future, and further hope that in doing so we will gain further insights into the context of belief change. REFERENCES Ball, D.: 1988, 'Unlearning to teach mathematics', For the Learning of Mathematics 8(1), 40-48. Chapman, O.: 2002, 'Belief structures and inservice high school mathematics teacher growth', in G. Leder, E. Pehkonen, & G. Törner (eds.), Beliefs: A Hidden Variable in Mathematics Education, Kluwer Academic Publishing, Boston, MA, 177-194. Ernest, P.: 1989, 'The knowledge, beliefs, and attitudes of the mathematics teacher: A model', Journal of Education for Teaching 15, 13-33. Feiman-Nemser, S., McDiarmid, G., Melnick, S., & Parker, M.: 1987, 'Changing beginning teachers' conceptions: A description of an introductory teacher education course', Paper presented at American Educational Research Association, Washington, DC. Furinghetti, F., & Pehkonen, E.: 2002, 'Rethinking characterizations of beliefs', in G. Leder, E. Pehkonen, & G. Törner (eds.), Beliefs: A Hidden Variable in Mathematics Education, Kluwer Academic Publishing, Boston, MA, 33-57. Gates, P.: 2006, 'Going beyond belief systems: Exploring a model for the social influence on mathematics teacher beliefs', Educational Studies in Mathematics, 2006. Green, T.: 1971, 'The activities of teaching', McGraw-Hill, New York, NY. Grigutsch, S., Raatz, U., & Törner, G.: 1997, 'Einstellungen gegenüber Mathematik bei Mathematiklehrern', Journal für Mathematikdidaktik 19(1), 3-45. Kuhn, T.: 1970, The Structure of Scientific Revolutions (second edition, enlarged), The University of Chicago Press, Chicago, IL. Leatham, K.: 2006, 'Viewing mathematics teachers’ beliefs as sensible systems', Journal of Mathematics Teacher Education 9(2), 91-102. Liljedahl, P.: 2005, 'AHA!: The effect and affect of mathematical discovery on undergraduate mathematics students', International Journal of Mathematical Education in Science and Technology 36(2/3), 219-236. Liljedahl, P., Rolka, K., Rösken, B.: in press, 'Affecting affect: The re-education of preservice teachers' beliefs about mathematics and mathematics learning and teaching', in M. Strutchens & W. Martin (eds.), 69th NCTM Yearbook.
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CHANGES IN STUDENTS’ MOTIVATIONAL BELIEFS AND PERFORMANCE IN A SELF-REGULATED MATHEMATICAL PROBLEM-SOLVING ENVIRONMENT Andri Marcou Stephen Lerman London South Bank University This study focuses on the theory of self-regulated learning (SRL) and examines the changes on primary students’ motivational beliefs and performance in mathematical problem solving (MPS). Students coming from 15 different classes received a sevenmonth teaching intervention in MPS according to the principles of the SRL theory whereas control group students from 13 other classes received the usual method of teaching. Paired samples t-test and repeated measures ANOVA and ANCOVA applied on the data collected from tests and questionnaires indicated statistically significant differences between and within groups in task-value, goal orientation beliefs and performance in MPS. The results draw attention to teaching practices for independent, intrinsically oriented and more efficacious students in MPS. INTRODUCTION During the last 30 years there has been abundant evidence stressing the importance of multiple affective variables in educational settings and particularly in the context of students’ learning, such as motivational beliefs or self-beliefs about the reasons that encourage a student to work on a task. Motivational beliefs are frequently found in the literature to be associated with the theory of self-regulated learning (SRL) (e.g. Pintrich, 1999; McWhaw & Abrami, 2001), one of the flourishing areas of research, since it redistributes and transmits the responsibility and control from the teacher to the students and provides tools for lifelong learning (Boekaerts, 1997). Mathematical problem solving (MPS), as an important aspect of mathematics education that demands the application of multiple skills (De Corte, Verschaffel, & Op’ t Eynde, 2000), seems to be a potentially rich domain to study SRL and motivational beliefs since it requires the application of cognitive and metacognitive skills (Panaoura & Philippou, 2003). There have been many studies in the area of MPS (e.g. Schoenfeld, 1985; Verschaffel, De Corte, Lasure, Vaerenbergh, Bogaerts, & Ratinckx, 1999) as well as general studies in the area of SRL and motivational beliefs; nevertheless most of the studies approached SRL as a general aptitude of human behaviour that in a way can be associated to MPS performance and motivational beliefs (e.g. Marcou & Philippou, 2005). There is a paucity of research that theoretically incorporates in depth the fields of MPS and of SRL and motivational beliefs. A recent study of Marcou and Lerman (2006) revealed that the various aspects of different models of MPS and SRL can be combined to contribute to the emergence of a self-regulated mathematical problem solving model that can be used as a tool in primary school teaching situations. Following up that study, the aim of this study is to examine the impact of a seven month teaching intervention, which
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incorporates the aforementioned model as the basic tool of teaching as well as basic principles of the theory of SRL, on primary students’ motivational beliefs and performance, all related to MPS. THEORETICAL BACKGROUND Motivational beliefs and self-regulated learning Although there are various approaches and models connected to the theories of motivational beliefs and SRL (Marcou & Philippou, 2005), we predicate our study on the models of Pintrich (1999) and Zimmerman (2004) since these incorporate both “skill” or cognitive and “will” or affective components of learning (McWhaw & Abrami, 2001). The “skill” component refers to the use of different SRL strategies which are assumed to have an impact on students’ performance (McWhaw & Abrami, 2001). According to Pintrich (1999), such strategies are general cognitive (rehearsing, elaborating, organising), metacognitive (planning, monitoring, regulating) and resource management strategies (e.g. help-seeking). Zimmerman (2004) depicted graphically the theory of SRL as a cyclical procedure that incorporates the SRL strategies, task strategies and motivational beliefs. The “will” component refers to the notion of motivational beliefs such as self-efficacy, task value and goal orientation beliefs (Pintrich, 1999). Self-efficacy pertains to judgements of one’s ability to execute certain actions; task value refers to one’s beliefs about how important, interesting and useful a task is; whereas goal orientation involves students’ perceptions of the reasons for engaging in a learning task (Pintrich, 1999). Such reasons can be intrinsic such as challenge, curiosity and self-improvement or can be extrinsic such as rewards, evaluation by others and competition (Pintrich, 1999). The motivational beliefs have been assumed to support and be supported by the use of the SRL strategies (McWhaw & Abrami, 2001). Mathematical Problem Solving Mathematical problem solving is considered one of the most difficult tasks primary students have to deal with (Verschaffel et al., 1999) since it requires the application of multiple skills (De Corte et al., 2000). Similarly to the theory of SRL, there are various approaches and theories of how to attack a problem most of which focused on dividing the procedure of MPS in separate, hierarchical steps. Some examples are the well-known four-step model of Polya (1957) and the three-stage problem solving strategy suggested by Schoenfeld (1985). Research studies in MPS tend to apply the various models in real mathematics classrooms in order to investigate students’ performance, having the belief that such models will enhance the students’ ability (e.g. Verschaffel et al., 1999). For example, Schoenfeld (1985) showed that teaching the strategies of his model to college students resulted in higher performance in mathematical word problems. However, a closer look at various relevant research results may call into question the assumption that teaching MPS according to such models can lead to higher performance in MPS
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as concerns primary school students. For example, the research of Verschaffel et al. (1999) showed that after teaching 5th graders how to use the strategies of their fivestep model in realistic and challenging word problems the overall performance was not as high as expected. Given that those models include aspects of SRL, although not closely related to the theory itself, there may be circumstances in which the use of strategies may interfere with performance, especially when students are in primary school. McKeachie (2000; cited in Boekaerts, Pintrich and Zeidner, 2000) expresses the worry that being self-regulated can take capacity needed for basic information processing and thus lead to low performance. It seems plausible that his concerns could stand for primary school students while trying to solve the difficult for them mathematical word problems (De Corte et al., 2000). Given that very little is known about young children’s SRL (Winne & Perry, 2000), primary students may possibly have difficulties in handling both MPS and SRL strategies at the same time. THE PRESENT STUDY The principles of the theory of SRL adjusted to MPS The aim of this quest is to check the impact of a teaching intervention designed according to the principles of the theory of SRL on students’ motivational beliefs and performance. To do that we first conducted a theoretical investigation to gather the principles of the theory of SRL that can be adjusted to a learning environment in MPS. The main principle was that students should be taught how to use certain cognitive, metacognitive and resource management strategies (Pintrich, 1999) while working on MPS. For this purpose we used the self-regulated mathematical problem solving model suggested by Marcou and Lerman (2006). This new-born model was especially developed for primary students as a tool to attack routine and process mathematical problems in a self-regulated way. It includes three stages of problem solving, similar to Polya’s (1957) stages; ‘reading and analysing the text’, ‘carrying out the plans’ and ‘looking back’. Each stage combines features of both SRL and MPS models since it includes all the cognitive, metacognitive, resource management (SRL aspect) and mathematics strategies (MPS aspect) that can be potentially used. For example, the cognitive-elaboration strategy, “I distinguish relevant from irrelevant data” can be used in the ‘reading and analysing the text’ stage, the mathematics strategy “I use the guess and check method” is located in the ‘carrying out the plans stage’, and the metacognitive-regulation strategy “I review my notes and the answer I found” is in the ‘looking back’ stage. There are strategies like the metacognitive-monitoring strategy “I try to think aloud” and the resourcemanagement strategy “I ask for help” that are placed in all three stages. The model is represented graphically in a two-dimensional way by three rectangles which are connected with two way arrows indicating that students can oscillate between stages in order to regulate their behaviour. The model can not further be elaborated here due to space limitations.
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A second principle, also adopted by Verschaffel et al. (1999), was that this external teacher regulation should be gradually phased out as students take over more and more agency of their solving process, in their process to become more self-regulated problem solvers. This could be achieved if gradually moving from the teacher regulation phase, in which the strategies of the model were taught through certain activities by whole class-discussions for which guidance was offered, to a phase in which the students start systematically using the strategies and finally to a third phase in which students are expected to use the strategies automatically and the model in a spontaneous way. Finally, a third principle was that motivational beliefs like self efficacy, task value and goal orientation should be enhanced and sustained parallel to the teaching of the SRL strategies. Teachers should provide positive feedback to their students whenever possible, like “you are very good at MPS”, or “solving problems is important because…” Methodology 640 year 4, 5 and 6 students (ages 9 to 11) participated in the study which was carried out in Cyprus. 325 of them from 15 different classes were assigned to an experimental group whereas the rest 315 students coming from 13 other classes were set in a control group. A letter was sent to all schools in Cyprus asking for volunteer teachers. The classes of which their teachers had expressed interest in participating were included in the experimental group whereas the control group classes were selected by requesting other teachers to participate. We are aware that this difference in selection may have some limitations concerning the findings of the study. The volunteer teachers attended a two-hour training session, during which they were introduced to the theory of SRL and the model of Marcou and Lerman (2006) and were asked to implement a series of 30 forty-minute lessons within seven months designed according to the aforementioned principles. The first 15 lessons were to be taught within three months during which the teacher had to regulate the learning process and all the strategies of the model had to be taught according to selfdeveloped activities. For example, to teach the metacognitive-monitoring strategy “I check if the outcome I found is reasonable” the teacher could give a variety of possible answers to a problem and the students could justify whether and why these answers seem reasonable. The next ten lessons were to be implemented within two months and involved sharing the regulation of learning between the teacher and the students by a combination of both frontal teaching and group work. Finally, during the last five lessons within a month, through not frontal teaching but through group and individual work, students were expected to develop self-regulated mathematical problem solving behaviour. The volunteer teachers were also informed about the theory of motivational beliefs, its strong relation to the use of the SRL strategies and the different statements and ways they could use to enhance their students’ motivational beliefs. A 30 paged booklet was provided to each teacher which included all the details and guidelines concerning the intervention. Several visits to
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the schools were carried out during the year to observe and video-tape lessons and discuss these with the teachers. It should also be noted that many of the teachers were constantly kept in contact via email with the researcher either asking for advice on how to proceed or to discuss the outcomes of an already implemented lesson. It can be said, by some initial analysis of the video and the visits to the schools, that almost all the teachers were successful in implementing the teaching the way it was requested. The teachers of the control group were not informed at all about the theory of the study and continued teaching according to the guidelines given by the national curriculum that basically focus on teaching mainly the mathematics strategies preferably through group work and investigation. We followed a quasi-experimental design of research, a procedure that can be summarized in four steps (Robson, 2002); (1) select an experimental and a control group by means other than randomization, (2) give pre-tests to both groups, (3) the experimental group receives the teaching intervention or “treatment” whereas the control group gets no special ‘treatment, and (4) both groups are given post-tests. Therefore, to achieve the aim of the study, four research questions were formulated: (1) Is there a significant difference within each of the experimental and control groups throughout the year in their motivational beliefs (self-efficacy, task value, intrinsic and extrinsic goal orientations)? (2) Is there a significant difference within each of the experimental and control groups in their performance scores in MPS before and after the teaching intervention? (3) Is there a significant difference between experimental and control groups in their motivational beliefs? (4) Is there a significant difference between experimental and control groups in their performance in MPS? Two isomorphic pre and post performance tests were devised with the purpose to measure students’ achievement in school word mathematical problem solving. There was an effort to apply balance of coverage of the test items by including four types of routine and process problems; one-step routine problems (e.g. ‘Nikos loves collecting stamps. This year, he added in his collection 29 new stamps. How many stamps had he had last year, if his collection includes now 87 stamps?’), two-step routine problems (e.g. ‘Mr Vasilis’ salary is £1230 per month. His wife’s salary is the half of his salary. How much money does his wife take each year?’), process problems, (e.g. ‘Demetra likes having golden fish. This morning, she found that 16 of her fish had died. From the ones left she gave half to her sister. From the rest she gave half to her friend for her birthday. Her cat ate the half of the rest fish. At the end of the day, 8 fish were left. How many fish had she had yesterday?’), and process problems with more than one answer (e.g. ‘Anthonis bought some sweets and paid £1.55 by giving coins of 5p, 10p and 20p. How many coins of each type did he give?’). Students were given 3 points in the case which they could apply both the right mathematical strategy and reach the correct answer, 2 points if they could identify and apply the mathematical strategy but could not reach a correct answer mainly due to
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computational mistakes and no points if they could neither use a strategy nor reach an answer. The Motivated Strategies for Learning Questionnaire (MSLQ), a self-report instrument designed by Pintrich, Smith, Garcia and McKeachie (1991), was modified for primary students to measure their motivational beliefs before and after the intervention at experimental and control conditions. The Likert type questionnaire (from 1 = “I disagree a lot” to 4 = “I agree a lot”) consists of 20 items divided in four sub-scales. Five of these items assess students’ self-efficacy (a=0.53) in problem solving, in terms of ability and confidence skills (e.g. “I believe that I am good in mathematical problem solving”). The other five items measure the task-value beliefs of MPS (a=0.55) in terms of importance, interest, and utility value (e.g. “I think solving mathematical problems is useful for me”). Intrinsic goal orientation (a=0.46) is measured in terms of challenge, mastery, and curiosity (e.g. “I prefer working on mathematical problems that arouse my interest and curiosity, even if they are difficult to be solved”), and extrinsic goal orientation (a=0.15) is assessed in terms of grades, evaluation by others, and competition (e.g. “ try to solve mathematical problems to show my peers that I am better than them”). We recognize that the alphas are rather low; however we accept these since we are not seeking for an accurate score in motivational beliefs but we are concentrating on possible differences in scores at different times of assigning the same questionnaire. Further information, which we will not discuss here, was collected about students’ general ability in Greek and mathematics, family background, such as educational and socio-economical status as well as parents’ country of origin. We ran paired-samples t-test to explore any statistical differences within each of the two groups on levels of motivational beliefs and performance. For differences in motivational beliefs between the two groups a 2 (condition: experimental, control) x 2 (time: pre-test, post-test) ANOVA, with repeated measures on the second factor was conducted. To explore differences in performance scores and taking into consideration that the two groups differed in initial performance measurements, we analysed dependent measures via condition x time analysis of covariance (ANCOVA), with repeated measures on the second factor and task-value, intrinsic and extrinsic goal orientation as covariates. The three covariates were chosen since, as indicated in the following tables, were the only variables that appeared to have significant differences at the post-tests either between or within the two groups. Sizes of effect and power, as suggested by Kinnear and Gray (2004), are also reported to get a better idea of the statistical power of the obtained effects. Findings Table 1 indicates that the experimental group appeared to have significantly different goal orientation beliefs after the intervention. The score means and [standard deviations] for the intrinsic and extrinsic goal orientation beliefs altered from 3.21 [0.55] and 2.57 [0.50] respectively to 3.33 [0.50] for the intrinsic and 2.33 [0.56] for
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the extrinsic goal orientation. These means differed significantly, t (1, 256) = -3.29, p < 0.01, n2 = .04, power = 0.91 for intrinsic and t(1, 258) = 6.46, p < 0.01, n2 = 0.14, power = 1.00 for extrinsic goal orientation. In other words, after the intervention students appeared more intrinsically and less extrinsically oriented. Furthermore, a significant change with a large effect size emerged for performance in MPS, t(1, 291) =-15.8, p < 0.01, n2 = 0.46, power = 1.00. Means are shown in Table 1, where it appears that performance improved at the post-test from 1.55 [0.85] to 2.15 [0.90]. pre-test M
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