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INTRODUCTION TO THE WORKING GROUP “APPLICATIONS AND MODELLING” Gabriele Kaiser1, University of Hamburg, Germany The discussions of the working group at CERME 4 were strongly influenced by different approaches towards applications and modelling, presented by various speakers which created a basis for a constructively critical and argumentative discussion. These discussions demonstrated that there does not exist a homogeneous understanding of modelling and its epistemological backgrounds within the international discussion on applications and modelling. However, this is not a new situation at all. Nearly twenty years ago, KaiserMessmer (1986, pp. 83) showed in her analyses that within the applications and modelling discussion of that time various perspectives could be distinguished, internationally and nationally in Germany or German-speaking countries as well. These are the two main perspectives that emerged from the discussion that time: • A pragmatic perspective, focussing on utilitarian or pragmatic goals, the ability of learners to apply mathematics to solve practical problems. Henry Pollak (see for example 1969) can be regarded as a prototype of this perspective. • A scientific-humanistic perspective which is oriented more towards mathematics as a science and humanistic ideals of education with focus on the ability of learners to create relations between mathematics and reality. The ‘early’ Hans Freudenthal (see for example 1973) might be viewed as a prototype of this approach. Freudenthal changed his position at the end of his life, as he tended to take pragmatic aims more into consideration (see for example 1981). Although these were the main streams of the discussion on applications and modelling further differentiations become obvious, especially on a national level. For a better understanding of the current approaches, the distinctions made by the scientific-humanistic perspective are helpful. Hans-Georg Steiner (1968) put epistemological goals into the foreground and emphasised the development of mathematical theory as an integrated part of the processes of mathematising. However, early attempts such as that of the French-speaking André Revuz (1971) are also important. He starts out from the triple situation-model-theory which means that models are constructed by starting from a situation which then leads to the development of a mathematical theory.



1



The author wishes to express her thanks to Werner Blum for valuable contributions and discussions in the development of the new classification system.
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Furthermore, an emancipatory perspective in the discussion can be identified, which is developing into socio-cultural attempts of mathematics teaching (for current approaches see for example Gellert, Jablonka, Keitel 2001). A third stream, named integrative perspective, demands that applications and modelling should become subject to different levels of aims, that is to serve scientific, mathematical and pragmatic purposes but in a harmonious relation to each other. This perspective is not limited to specific aims and gets its strength from a wide range of aims and arguments (see for example Blum, Niss 1991). The various perspectives of the discussion as reconstructed by Kaiser-Messmer vary strongly due to their aims concerning application and modelling. The appropriate references suggest various dimensions of aims. Kaiser (1995, p. 69f) distinguishes the following goals: • Pedagogical goals: imparting abilities that enable students to understand central aspects of our world in a better way; • Psychological goals: fostering and enhancement of the motivation and attitude of learners towards mathematics and mathematics teaching; • Subject-related goals: structuring of learning processes, introduction of new mathematical concepts and methods including their illustration; • Science-related goals: imparting a realistic image of mathematics as science, giving insight into the overlapping of mathematical and extramathematical considerations of the historical development of mathematics. Comparable dimensions of aims are stated by Blum (1996, p. 21f) although he identified and described the nuances differently, and by Maaß (2004) as well. Meanwhile, the current discussion on applications and modelling has developed further and become more differentiated. New perspectives can be identified which, as it became obvious from detailed analyses, emerged from the above described traditions or partly can be regarded as their continuations. In the following, a classification system for present approaches of applications and modelling will be suggested by reverting to the previous differentiations summarized above but taking the current developments of the discussion on applications and modelling into consideration. This suggestion is based on recent analyses using literature mainly generated by ICMI and ICTMA activities and additional publications (see for example the reference list in the discussion document of the ICMI Study on Applications and modelling in mathematics education (Blum et al. 2002, p. 279f)). This classification distinguishes various perspectives within the discussion according to their central aims in connection with applications and modelling and describes in short words the backgrounds these perspectives are based on as well as their connection to the initial perspectives. This ensures both a continuity
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for the present discussion as well as accumulates current perspectives coherently into the existing literature
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Educational modelling; differentiated in a) didactical modelling and b) conceptual modelling Cognitive modelling



Contextual modelling



Name of the approach Realistic or applied modelling
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Psychological goals: a) analysis of cognitive processes taking place during modelling processes and understanding of these cognitive processes b) promotion of mathematical thinking processes by using models as mental images or even physical pictures or by



Pedagogical and subject-related goals: a) Structuring of learning processes and its promotion b) Concept introduction and development



Pragmatic-utilitarian goals, i.e.: solving real world problems, understanding of the real world, promotion of modelling competencies Subject-related and psychological goals, i.e. solving word problems



Central aims



Integrative approaches (Blum, Niss) and further developments of the scientifichumanistic approach



Cognitive psychology



American problem solving debate as well as everyday school practice and psychological lab experiments Didactical theories and learning theories



Relations to earlier Background approaches Pragmatic approach Anglo-Saxon of Pollak pragmatism and applied mathematics
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emphasising modelling as mental process such as abstraction or generalisation Epistemological Theory-oriented goals, i.e. promotion of theory development or theoretical modelling



Scientifichumanistic approach of “early” Freudenthal



Roman epistemology



Table 1: Classification of current perspectives on modelling
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When analysing the papers discussed during the sessions of the working group applications and modelling at CERME 4, one finds out that the apparent uniform terminology and its usage masks a great variety of approaches. It is remarkable that now, after a longer period of time, attempts from Roman language speaking countries were brought into the discussion on applications and modelling which start out from a more theory-related background. Partly they refer to the anthropological theory of didactics and to the approach of mathematical praxeologies of Chevallard emerging from anthropological theory, or they refer to approaches like that of Brousseau concerning ‚contract didactique’. In contrast to the approaches of realistic modelling, approaches such as those presented by Garcia Garcia & Ruiz Higueras at CERME 4, give less importance to the reality aspect in the examples they deal with. Both, extra-mathematical and mathematical topics may be dealt with, while the latter is then described as "intra-mathematical modelling". If the approach of praxeology becomes the main orientation, this leads to the fact that every mathematical activity is identified as modelling activity for which modelling is not limited to mathematising of non-mathematics issues. As a consequence these approaches show a strong connection to the science-oriented approaches of Steiner and Revuz for which mathematising and modelling is taken as part of theory development. However, these approaches are also rooted in the tradition of the scientific-humanistic perspective mainly shaped by the early Freudenthal. In his earlier work, Freudenthal (1973) understands mathematisation as local structuring of mathematical and non-mathematical fields by means of mathematical tools for which the direction from reality to mathematics is highly important. Freudenthal distinguishes local and global mathematisation, and for global mathematisation the process of mathematising is regarded as part of the development of mathematical theory. These approaches continue with a distinction developed by Treffers (1987): horizontal mathematising, meaning the way from reality to mathematics, and the vertical mathematising, meaning working inside mathematics. Freudenthal (like his successors) consistently uses the term mathematising. According to Freudenthal mathematical models are only found at the lowest level of mathematising when a mathematical model is constructed for an extra-mathematical situation. Likewise, analyses show that the approaches from the pragmatic perspective were sharpened further until they became the approach of realistic modelling. For these kinds of approaches, authentic examples from industry and science play an important role. Modelling processes are carried out as a whole and not as partial processes, like applied mathematicians would do in practice. In summary, it can be stated that a characteristic of approaches described by Haines & Crouch or Kaiser is one in which modelling is understood as activity to solve authentic problems and not the development of mathematical theory. The described empirical studies even point out that newly learned knowledge cannot be applied directly in modelling processes, only with some delay. This fact has already been pointed out in earlier reports based on anecdotal 1618
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knowledge (e.g. Burghes & Huntley 1982). In general, the presented empirical studies aimed at fostering modelling competencies demonstrate well underlying complexities which makes it difficult to achieve progress. Besides these quasi polarising approaches, the realistic modelling and the epistemological modelling, there exists a continuation of integrative approaches within the educational modelling which puts the structuring of learning processes and fostering the understanding of concepts into the centre. However, the approach of educational modelling may also be interpreted as continuation of the scientific-humanistic approaches in its version formulated by Freudenthal in his late years and the continuation done by Treffers (1987) or respectively by De Lange (1987) for whom real-world examples and their interrelations with mathematics become a central element for the structuring of teaching and learning mathematics. Within the discussion on applications and modelling, the approach of cognitive modelling, which exams modelling processes under a cognitive perspective, is new. Of course, the analysis of thinking processes by means of the approach of modelling is not new and is found in many theories of learning or cognitive psychology (see for example Skemp 1987). However, the analysis of modelling processes with a cognitive focus must be regarded as a new perspective as only recently a few studies were carried out, among others the study of Blum & Leiss which was presented at CERME 4. The approach of solving word problems named contextual modelling, has a long tradition, especially in the American realm, but with the model eliciting perspective introduced by Sriraman at CERME 4 and referring to studies of Lesh & Doerr (2003), an explicitly theory based perspective has been established which is clearly going far beyond problem solving at school. This perspective traces its lineage to the modern descendents of Piaget and Vygotsky, but also to American Pragmatists. The philosophy of this perspective (Lesh & Sriraman, 2005a, 2005b) is based on the premise that: • conceptual systems are human construct, and that they also are fundamentally social in nature (Dewey and Mead); • the meanings of these constructs tend to be distributed across a variety of representational media (ranging from spoken language, written language, to diagrams and graphs, to concrete models, to experience-based metaphors (Pierce); •



knowledge is organised around experience at least as much as around abstractions - and that the ways of thinking which are needed to make sense of realistically complex decision making situations nearly always must integrate ideas from more than a single discipline, or textbook topic area, or grand theory (Dewey);
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• the "worlds of experience" that humans need to understand and explain are not static. They are, in large part, products of human creativity. So, they are continually changing - and so are the knowledge needs of the humans who created them (James). In the contribution by Sriraman, an abstract task was used to decipher student understanding of modelling constructs developed within the models and modelling perspective. In particular the researcher was interested in knowing whether post graduate students could objectively apply the definition of a model eliciting activity to a problem that blatantly violated the design principles for model eliciting activities. Interestingly enough, Sriraman reports that the subjective experience of solving the problem caused considerable conflict for several students and prevented them from objectively applying the definition. The papers discussed in the working group which two of them are not contained in the proceedings and therefore put into brackets, are classified according to the perspectives described in table 1.



Approach



Realistic or applied modelling



Classification of the papers and – if mentioned – referred theoretical protagonist Haines/Crouch [Kaiser (Pollak)]



Contextual modelling



Sriraman (Lesh & Doerr)



Educational modelling; differentiated in a) didactical modelling and b) conceptual modelling



Vos (Freudenthal) Lingefjärd Henning/Keune (Niss) [Blomhoj (Niss)]



Cognitive modelling



Blum/Leiss



Epistemological theoretical modelling



or Garcia/Ruiz (Chevallard) Dorier (Brousseau)



Table 2: Classification of the papers presented at CERME 4 The classification of a paper to one category does not mean that the overall position of the researcher belongs to this category. It is possible and in a few cases even known that the overall approach of a person emphasises different aspects of modelling. Among others, Blum emphasises educational as well as cognitive modelling approaches in his recent publications. Furthermore it has to be pointed out that these classifications are not based on objectifiable and 1620
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operational criteria but on the analyses of texts by means of a more hermeneutic understanding of text. To summarise, these analyses demonstrate on the one hand that currently significant further developments are taking place within the discussion on applications and modelling, while on the other hand it became clear that these new approaches still go along with existing traditions and that they have developed further earlier approaches or fall back on them. However, the frequent usage of concepts from the modelling discussion should not be mistaken about the fact that the underlying assumptions and positions of the various modelling approaches differ widely. A precise clarification of concepts is necessary in order to sharpen the discussion and to contribute for a better mutual understanding. Thus, this suggestion for a description of the current discussion on applications and modelling is meant to be a first step into this direction. REFERENCES Blomhoj, M. (2004). Mathematical Modelling – A Theory for Practice. In B. Clarke et al. (Eds.), International Perspectives on Learning and Teaching Mathematics (pp. 145-159). Göteborg: National Center for Mathematics Education. Blum, W. (1996). Anwendungsbezüge im Mathematikunterricht – Trends und Perspektiven. In G. Kadunz, H. Kautschitsch, G. Ossimitz & E. Schneider (Ed.), Trends und Perspektiven (pp. 15-38). Wien: Hölder-Pichler-Tempsky. Blum, W. et al. (2002). ICMI Study 14: Applications and Modelling in Mathematics Education – Discussion Document. Journal für MathematikDidaktik, 23(3/4), 262-280. Blum, W. & Niss, M. (1991). Applied Mathematical Problem Solving, Modelling, Applications, and Links to Other Subjects. Educational Studies in Mathematics, 22, 37-68. Burghes, D.N. & Huntley, I. (1982). Teaching mathematical modelling – reflections and advice. International Journal of Mathematical Education in Science and Technology, 13, 6, 735-754. De Lange, J. (1987). Mathematics – insight and meaning. Utrecht: Rijksuniversiteit Utrecht. Freudenthal, H. (1973). Mathematics as an Educational Task. Dordrecht: Reidel. Freudenthal, H. (1981). Mathematik, die uns angeht. Mathematiklehrer, 2, 3-5. Gellert, U., Jablonka, E. & Keitel, C. (2001). Mathematical Literacy and Common Sense in Mathematics Education. In B. Atweh, H. Forgasz & B. Nebres (Eds.), Sociocultural Research on Mathematics Education (pp. 57-76). Mahwah: Lawrence Erlbaum Associates. Kaiser-Messmer, G. (1986). Anwendungen im Mathematikunterricht. Vol. 1 Theoretische Konzeptionen. Bad Salzdetfurth: Franzbecker. CERME 4 (2005)
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Kaiser, G. (1995). Realitätsbezüge im Mathematikunterricht – Ein Überblick über die aktuelle und historische Diskussion. In G. Graumann et al. (Eds.), Materialien für einen realitätsbezogenen Mathematikunterricht (pp. 66-84). Bad Salzdetfurth: Franzbecker. Kaiser, G. (2005). Mathematical modelling in school – examples and experiences. In H.-W. Henn & G. Kaiser (Eds), Mathematikunterricht im Spannungsfeld von Evolution und Evaluation (pp. 99-108). Hildesheim: Franzbecker. Lesh, R. & Doerr, H. (Eds.) (2003). Beyond Constructivism: A models and modeling perspective on mathematics problem solving, learning, and teaching. Mahwah: Lawrence Erlbaum Associates, Mahwah. Lesh, R. & Sriraman, B. (2005a). John Dewey Revisited - Pragmatism and the models-modeling perspective on mathematical learning. In A. Beckmann et al. (Eds.), Proceedings of the 1st International Symposium on Mathematics and its Connections to the Arts and Sciences (pp. 32-51). May 18-21, 2005, Pedagogical University of Schwaebisch Gmuend. Hildesheim: Franzbecker. Lesh, R. & Sriraman, B. (2005b). Mathematics education as a design science. Zentralblatt für Didaktik der Mathematik, 37(6), 490-505. Maass, K. (2004). Mathematisches Modellieren im Unterricht. Hildesheim: Franzbecker. Pollak, H. (1969). How can we teach applications of mathematics? Educational Studies in Mathematics, 2, 393-404. Revuz, A. (1971). The position of geometry in mathematical education. Educational Studies in Mathematics, 4, 48-52. Skemp, R. (1987). The psychology of learning mathematics. Hillsdale: Lawrence Erlbaum Associates. Steiner, H.-G. (1968). Examples of exercises in mathematization on the secondary school level. Educational Studies in Mathematics, 1, 181-201. Treffers, A. (1987). Three dimensions: a model of goal and theory descriptions in mathematics instruction – the Wiskobas Project. Dordrecht: Kluwer.
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“FILLING UP“ – THE PROBLEM OF INDEPENDENCEPRESERVING TEACHER INTERVENTIONS IN LESSONS WITH DEMANDING MODELLING TASKS Werner Blum University of Kasse, Germany Dominik Leiß, University of Kasse, German) Abstract: In section 1, we will describe the starting point and the context of our research, the projects SINUS and DISUM. In section 2, we will present and analyse a typical example of a demanding mathematical modelling task, and report on how this task was used in the DISUM project. In section 3, the core part of thispaper, we will concentrate on some selected aspects of how teachers have dealt with this modelling task. Finally, in section 4, we will reflect upon these lessons and draw some conclusions. Keywords: Modelling, teacher intervention, empirical research.  THE PROJECTS SINUS AND DISUM Soon after the release of the unsatisfactory TIMSS results in 1997, the German government established a reform project that aimed at improving the quality of mathematics (and science) teaching: “Steigerung der Effizienz des mathematisch-naturwissenschaftlichen Unterrichts” (“Increasing the efficiency of math and science teaching”, abbreviation: SINUS; see Prenzel/Baptist 2001). It ran from 1998 to 2003. The participants were schools, 180 altogether, organised into 30 so-called “model projects” with 6 schools each, distributed all over Germany. The grades involved were 510 (that is, 10-16-year-olds). One of these 30 “model projects” was directed by us (Blum et al. 2000). The SINUS programme was, globally speaking, successful and was therefore considerably extended. The goal is to involve 2000 schools by 2007. The central aim of SINUS was, and still is, to teach mathematics so as to fulfil certain criteria for “quality teaching”. These criteria – both theoretically well-founded and empirically well-supported – are in short (Blum 2001, Helmke 2003): I. Demanding orchestration of the teaching of mathematical subject matter 1 Aiming at competencies and providing manifold opportunities for learners to acquire competencies (opportunities for modelling, arguing, etc.; see Niss 2003). 2 Creating manifold connections, vertical ones (within mathematics) and horizontal ones (with the real world outside mathematics).
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II. Cognitive activation of learners 3 Stimulating permanently cognitive activities of students, including meta-cognitive activities (that is a conscious use of strategies and reflections upon one’s own activities; see, e. g., Schoenfeld 1992). 4 Fostering students’ self-regulation and independence as much as possible, and reacting to individual students adaptively, based on a firm diagnosis.



In addition to these more subject-related criteria, there are criteria concerning general “classroom management”: III. Effective and learner-oriented classroom management 5 Varying teaching methods flexibly, and fostering communication and cooperation among students. 6 Fostering a learner-friendly classroom environment where learning and assessing are recognisably separated and mistakes are seen as good learning opportunities. 7 Structuring lessons clearly and using time effectively, among other things by preventing disturbances. 8 Using media (such as calculators and computers) appropriately.



In all aspects, the teacher has a crucial role to play. We can speak, in the words of Weinert (1997), of “learner-centred and teacher-directed” teaching. In order to achieve this central aim of SINUS, two guiding principles were followed: The “new culture of tasks”: Changing mathematics teaching requires the selection of appropriate tasks and their implementation in the classroom according to the quality criteria. The “new culture of cooperation”: Changing mathematics teaching must be brought forward by the whole mathematics staff of a school, and more generally, all institutions (schools, universities) have to collaborate. SINUS was, and still is, an ambitious programme. Quality teaching is not easy to accomplish, and classroom observations showed numerous shortcomings. Some of these shortcomings are definitely not due to a lack of practical realisation of existing knowledge by the SINUS teachers, but rather to a lack of knowledge of the actual procedures and difficulties of students when solving cognitively demanding tasks both in individual work and in pair or group work, a lack of knowledge of possible and appropriate ways for teachers to act when diagnosing students’ solution processes and when intervening in case of students’ difficulties, or in other critical situations. “Appropriate” means “oriented towards the quality criteria”, for example finding a proper balance between maintaining students’ independence and self-regulation as much as possible and helping students to progress – an absolutely non-trivial problem for theory and practice!
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These research questions were the starting point for the DISUM project (in 2002), an interdisciplinary project between mathematics education and pedagogy at the University of Kassel. DISUM means “Didaktische Interventionsformen für einen selbständigkeitsorientierten aufgabengesteuerten Unterricht am Beispiel Mathematik“ („Didactical intervention modes for mathematics teaching oriented towards self-regulation and directed by tasks“; see Blum/Leiß 2003 and Leiß/Blum/Messner 2005). The subject of DISUM are modelling problems, mainly in grade 9. The project aims at dealing with these questions in a more systematic and carefully directed way than would have been possible in SINUS (that was established – and funded – as a practice-oriented classroom reform project). Accordingly, the components of DISUM are: 1. Detailed cognitive and subject matter analyses of modelling tasks (constructing the “task space” according to Newell/Simon 1972). 2. A detailed study and theory-guided description of actual problem solving processes of students in laboratory situations (pairs of students, sometimes with, sometimes without a teacher; method: videography and individual stimulated recall). 3. A detailed study and theory-guided description of actual diagnoses and interventions from teachers in these laboratory situations. 4. A detailed study of regular lessons with such modelling tasks, taught by experienced SINUS teachers, and a theory-guided description of these lessons, especially by means of our quality criteria. For a considerable number of modelling tasks, these investigations have already been carried out. What will be done during the next two years is, in addition: 5. The construction of manageable and promising tools for a) the training of students in strategies for solving modelling problems, b) the training of teachers in “well-aimed coaching” of modelling problems. 6. A detailed study into the influence of a) students’ use of strategies b) teachers’ well-aimed coaching on mathematical achievement, in particular on modelling competencies of learners. 7. The implementation of the results into teacher education.  THE “FILLING UP” TASK



One of the modelling tasks used in the DISUM project is the following: Filling up Mister Stone lives in Trier which is close to the border of Luxemburg. To fill up his VW Golf he drives to Luxemburg where immediately behind the border, 20 km away from Trier, there is a petrol station. There you have to pay 0.85 Euro for one litre of petrol whereas in Trier you have to pay 1.1 Euro. Is it worthwhile for Mister Stone to drive to Luxemburg?
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A global cognitive analysis yields the following ideal-typical solution, oriented to wards the well-known modelling cycle (fig.1):



3 mathematical model



real model



2 real situation



1



situation model



4



1 2 3 4 5 6



Understanding Simplifying/Structuring Mathematising Working mathematically Interpreting Validating



6 real results



rest of the world



mathematical results



5



mathematics



Fig. 1 First, the problem situation has to be understood by the problem solver, that is a situation model has to be constructed. Then the situation has to be simplified, structured and made more precise, leading to a real model of the situation. In particular, the problem solver has to define what “worthwhile” should mean. In the standard model, this means only “minimising the direct costs of filling up and driving”. Mathematisation transforms the real model into a mathematical model. Working mathematically (calculating, solving equations, etc.) yields mathematical results, which are interpreted in the real world as real results, ending in a recommendation for Mr. Stone what to do. A validation of these results may show that it is necessary to go round the loop a second time, for instance in order to take into account more factors such as time or pollution. Dependent on which factors have been taken, the recommendations for Mister Stone might be quite different. We have used the “Filling Up” task in lab sessions and in regular lessons as well as in various tests (in the SINUS project). Fig. 2 shows two typical solutions from students:
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Standard model: comparing (only) the costs of driving and filling up



Traditional “solution”: extract all numbers from the text and calculate these somehow, no matter what it may mean



Fig. 2 TEACHING “FILLING UP” Our investigations have yielded a lot of interesting insights into students’ problem solving processes and teachers’ actions. Among the results, especially on the teachers’ side, are the following: re-newed empirical evidence of the indispensableness of the well-known modelling cycle (see above), both as a metacognitive tool for students, and as an instrument for the teacher for diagnosis and well-aimed intervention a classification of various kinds of teacher interventions: related to content, to organisation and interaction, to motivation, and meta-level a distinction between working independently, with support from the teacher, on the one hand, and working totally on one’s own, on the other hand; lack of support very often causes motivational, social, or cognitive problems and leads to failure a further development of existing learning strategy models (see, e.g., Kramarsky/ Mevarech/Arami 2002); our model is comprised of five components: goals, volition, organisation, strategy, evaluation, and is actually doable by teachers insight into the importance of the teacher’s broad knowledge of the task space as a solid basis for diagnosis, including the prediction of cognitive barriers, and for intervention. To put it less positively: the big influence of the teacher’s idiosyncratic interpretation of the task space on his or her actions and, as a result, on the solution processes of the students. For the rest of section 3, we will concentrate on the last-mentioned problem, in order to make just one aspect in the complex field of learning and teaching with modelling tasks a bit more concrete. Several experienced SINUS teachers (in all kinds of schools and strands) have dealt with the “Filling up” task in their classrooms. In most classes, the lesson followed the same pattern: CERME 4 (2005)
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1. 2. 3. 4. 5.



Presentation and short discussion of the task Dealing with the task individually Solving the task in small groups Presentation of the students’ solutions Reflection on the solutions



This pattern is different from the usual lesson script in Germany. However, this is still only a description of the surface structure of these lessons. Now, we will look a bit deeper. All teachers had to solve the “Filling Up” task in advance by themselves. Let us take two teachers as an example. Teacher 1, Mrs. K., used the standard model which takes into account only the direct costs of filling up and driving. Teacher 2, Mr. R., considered more variables, such as time, and emphasised how important it is not to restrict oneself to the mere costs of filling up and driving. Let us look at two excerpts from a 9th grade lesson taught by Mrs. K. Excerpt 1: S1: T:



S1: T:



What does “worthwhile” mean? “Worthwile” means whether it financially makes sense for him to drive across the border to fill up. Yes? Is the question okay? Is it cheaper after all? Exactly. Whether it is profitable for him to drive cross the border or whether he should fill up in Trier instead. Exactly.



The student (a French exchange student) asks right in the beginning of the lesson what “being worthwhile” means. The teacher responds “whether it financially makes sense” and “whether it is cheaper”, thus leading the students to the standard model. Later on in that lesson: Excerpt 2: S2:



T:



You could also ask if maybe his workplace is past the gas station in Luxemburg because then he’d have to go that way, anyway. Yeah, okay, we still have to be realistic. If we take too many assumptions into account it’ll get too tricky.



The student’s question might easily lead to the consideration of time as an important factor. However, the teacher discourages the approach by speaking of “too many assumptions”. Let us now observe two excerpts from a 10th grade lesson taught by Mr. R.
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Excerpt 3: T: S1: S2: T:



S3: S1: T: S1: T:



So, what aspect have you incorporated into the 10 Euros? The same as up here except with … How much gas he gets. Just the fill up? Have you considered what driving costs apart from that? Or, yeah, he has to drive there and back. You have to estimate something. How are we supposed to calculate that? Yeah, mileage too and stuff. Yes, and time? Looses value after all, and stuff. Exactly.



The teacher, in many respects a “non-invasive” type (in the sense of Barth et al., 2001), forces the students, rather early in their solution process, to take into account time and loss of value of the car as well. Excerpt 4: T:



S1: T:



S2: S1:



S2:



S1:



T:



S1: T: S1: T: S1:



T:



Well, have you taken into account, if a car has 20000 km more on it it is worth less, after all, and … Yeah, cause I had that … For that, he has to buy more tires and more oil and more of all kinds of things. Did you include that, too? For how many kilometers do you necessarily need … No. Whether he drives around 40 km in the city the whole time or goes there to fill up and comes back. I even think it’s almost better if you don’t drive in the city but just drive straight through without stopping. Yeah, cause in the city there’s a lot of stop and go, there you have to, yeah, there it consumes more. It is certainly less than if he drives around in the city, but he doesn’t drive around just for fun! He drives, after all, only if he has to drive. He is certainly not a fun driver, and if he’s not driving around in the city he just drives to Luxemburg. So if he, for example … Well, otherwise he would not drive these 2000 km, or in 10 years 20000 km. Well, that balances out … Yeah, well, you have to … Even if he drives around in the city? He drives there, but then he drives less in the city, they balance each other out a little. You have to consider that as well. That’s what I’m aiming at, that you consider that as well.



The students argue that it might even be financially advantageous to drive out of town, but the teacher obviously cannot accept – probably caused by his ecological attitude – that Mister Stone is a fun driver, and emphasises that the loss of value caused by the additional mileage on the car is an important variable. CERME 4 (2005)
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These examples show how strongly the teacher’s own conceptualisation of the task – resulting, among other things, from the teacher’s preknowledge and beliefs – influences his or her type of intervention. All SINUS teachers are familiar with the criteria for quality teaching, and their everyday lessons stand out very positively from typical German lessons. The intention of all participating teachers was, according to criterion 4, to foster students’ self-regulation and independence as much as possible, in the sense of Montessori’s “Help me to do it by myself”, and to intervene in a minimal manner. In the end, however, it was even possible to assign students from various classes to their special class just by looking at the kind of solution they had accomplished. We close this discussion with another excerpt from Mr. R.’s lesson which, in our view, shows a balance between preserving students’ independence and supporting them actively. Excerpt 5: S1: L: S2: L: S2: S3: L: S3: L: S3: S4: L: S2: S4: L: S4: S3: L: S4:



We don’t know a lot of the data for the Golf, that’s why we can’t come up with an answer. What are you missing? What it consumes and stuff. Consumes – your parents have a car? Yeah. A Clio. What does it consume? Not much. What does “not much” mean? So and so many litres per 100 km, but I don’t know how many. I think around 8 or 10, or? Could that be, roughly? That very well might be, yes. And what do your parents have? Yeah, I have no idea how much. We have an Escort, it’s pretty much like a Golf, isn’t it? That’s definitely a good idea. So we’ll take the consumption of an Escort. Okay. Let’s estimate, I don’t know exactly, 9? 9. That’s sounds pretty good, yes. 9 litres, okay.



The problem is – unavoidable in the solution of « Filling up » - that the students have to make assumptions about the gas consumption of the car. With the question as to how much their parents’ car consumes, the teacher expresses two things: first, that the students are on the right track, and second, that the missing data have to be estimated, preferably by using everyday knowledge, not merely at random. At first glance, this intervention might appear rather common. However, it may be regarded as a minimal, independency-preserving intervention, as an effective compromise between saying nothing (leaving the students alone) and simply providing them with the missing data.
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Of course, it might be argued that this could have been done in less time, for instance by only asking about parents’ cars and not intervening any further. EVALUATION



In section 3, we concentrated on only one aspect. There are many other aspects to be observed in these lessons. Looking at these lessons with “quality glasses” reveals that in all cases – in contrast to the large majority of everyday lessons in our country –: the teaching was oriented towards competencies, and the students had opportunities to model, to argue, to communicate, mental activities were stimulated, for the most part, the students could work independently, the atmosphere was tolerant towards mistakes and free of assessment. However, some problems were also visible, in particular the difficulty of finding a proper balance between the students’ independence and the teachers’ intervention, influenced by his or her preknowledge and beliefs (as discussed in section 3), the lack of validation and of substantial reflection on the solution processes. There were indeed multiple solutions, and these were compared with each other (this alone shows that the observed lessons were far above average), but there were no discussion on the question of which initial data influenced the results, and in what way, and how accurate a result can actually be taking into account the rough assumptions made about tank volume and gas consumption of the car. Only such functional analyses would yield a real understanding and would contribute to – in the words of Reußer (1998) – “the extraction of relevant conceptual-schematic and processual-strategic characteristics of a problem solution in an abstracting way”. We refer to the discussion of that problem in Blum (2005). So, there is certainly a potential for improvement even in the lessons of these experienced “best-practice teachers”. More generally, the criteria for quality mathematics teaching have to be a central part of pre-service and in-service teacher education. The video documents produced in DISUM can certainly be used for the purpose of teacher education. This is already being done and will be done more extensively in the future (We refer again to Blum 2005 for a description of the teacher education programme COSINUS which, up to now, has already reached more than 70 % of all mathematics or science teachers in the state of Hessen, on a voluntary basis). We shall devote the final phase of DISUM, 2007 – 08, exclusively to an implementation of our materials and results into teacher education.
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AN INTRODUCTION TO MATHEMATICAL MODELLING AN EXPERIMENT WITH STUDENTS IN ECONOMICS Jean-Luc Dorier, IUFM de LYON & Equipe DDM-Grenoble, France Abstract: The research presented here took place in the first year of French university with students graduating in economics and management. Our investigations show that these students do not greatly dislike mathematics, even if they often admit that they have difficulties. Moreover, they generally do not have any opinion about the utility of mathematics for economics. We have experimented with a teaching device, designed to change students’ relation to mathematics and show them how to use mathematics in order to solve a problem in which mathematics does not appear at first. This situation is used as a paradigm for mathematical modelling. After a description of the context, we present this sequence with a brief analysis. Finally, we describe a didactical analysis using Brousseau’s schema (completed by Margolinas) of the vertical structure of the ‘milieu’. Key words: modelling, mathematics applied to economics, proportionality, algebra, milieu. INTRODUCTION As teachers in charge of the mathematical instruction for students majoring in economical science and management in their first year of French university, my colleague and I have been concerned with the application of mathematics and the use of mathematical modelling in these fields. Our teaching (Dorier and Duc-Jacquet 1996) includes several applications (mostly of calculus, series and linear algebra) to economics and management. In reference to the classification made by Blum and Niss (1991, 60-61), of the different approaches of teaching mathematics, including applications and modelling, our approach could be characterised as a ‘mixing approach’, in which “elements of applications and modelling are invoked to assist the introduction of mathematical concepts” (see Dorier to appear, for examples in English). Blum and Niss (ibid., 53-54) have listed some of the obstacles to the integration of applications and modelling in mathematical teaching. They divide these obstacles in three categories, depending whether they refer to instruction, the learner or the teacher. In our teaching, we had the liberty to restrict the amount of mathematical concepts to be taught over the year, in order to have sufficient time to work on applications and modelling; this is a way of overcoming the obstacle from the point of view of instruction. To overcome the obstacle from the teacher’s point of view, we worked with economists in order to investigate the economical contexts to which we could apply mathematics. The main obstacle came from the learner’s point of view. Indeed, according to Blum and Niss:
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Working Group 13 “Problem solving, modelling and applications to other disciplines make the mathematics lessons unquestionably more demanding and less predictable for learners than traditional mathematics lessons. Mathematical routine tasks such as calculations are more popular with many students because they are much easier to grasp and can often be solved merely by following certain recipes, which makes it easier for students to obtain good marks in tests and examinations.”(ibid; 54).



At first, we thought that our students had a negative opinion about mathematics (due to their experience at secondary school) and would be glad to approach mathematics through applications and modelling in reference to their main subject, i.e. economics. However, we distributed a questionnaire to first-year students, about their perception of mathematics. We collected the answers to this questionnaire over five years. The main results show that our students are not simply weak students who dislike abstract mathematics and who are starved of practical application. On the contrary, they may like mathematics, even if it is complicated and even if they are not very successful, and last but not least, they do not care much about applications. What they like about mathematics is a certain form of security. For the vast majority, doing mathematics means finding the right recipe to guess the answer. If they see themselves as weak in mathematics, they often complain that they cannot find the right key to a problem, that they are not gifted. In a way, mathematics does appear to be a mystical subject, reserved to a circle of gifted people, who can magically find the right way to the solution. Such representations are an obstacle to the use of applications and modelling in mathematics. Blum and Niss (1991) list five specific arguments for inclusion of applications and modelling in the instruction of mathematics. In relation to the state of our students’ perceptions, two of them seem essential for our project, namely the ‘picture of mathematics’ argument and the ‘critical competence’ argument. Indeed, the authors claimed that it is “an important task of mathematical education to establish with students a rich and comprehensive picture of mathematics in all its facets, as a science, as a field of activity in society and culture.” They are also in favour of developing a “critical competence [which] aim is to enable students to ‘see and judge’ independently, to recognize, understand, analyse and assess representative examples of actual uses of mathematics, including (suggested) solutions to socially significant problems” (ibid., 43). These two arguments seem essential for students who are in their last years of mathematical training and will have to use mathematics in an extra-mathematical professional context. We have tried to apply these goals to the whole of our teaching. However, considering the main characteristics of our students, it seemed essential to initiate right from the first lecture a radical change in their perceptions of mathematics. Indeed, entering university is an important change in a student’s life. Students expect some changes and it is an opportunity for the teacher to establish a new relationship with them. This is why we have decided to experiment with a teaching situation CERME 4 (2005)
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during the first one or two lecture of the year, in order to initiate a radical change in the students’ expectations of mathematics, proper to make the use of applications and modelling more efficient in the rest of the year. This project is an attempt to address issue 2 raised by Blum et al. (2001) in the discussion document of ICMI Study on applications and modelling in mathematical education: “What does research have to tell us about the significance of authenticity to students’ acquisition and development of modelling competences” (op. cit., 160). The aim of this paper is to present this situation and its experimentation with some theoretical elements for its analysis. PRESENTATION OF THE SITUATION This situation must have the following characteristics: - The mathematics at stake must be elementary - The initial problem must be easy to understand and posed in a totally extramathematical context. - The answer should not be guessed to easily and yet be reachable with elementary mathematical competence. - Different mathematical as well as not strictly mathematical models can be applied, giving partial or global, right or wrong answers. - The situation must raise some issues concerning hypotheses to be made in order to make a real model of the initial real problem situation (Blum and Niss 1991, 38) We chose the following problem, which is quite well known and has been experimented on in different situations: Wine and water problem: Two identical glasses are filled with the same quantity of wine and water respectively. With a spoon, one takes some wine from the first glass and pours it into the glass of water and mixes it with the spoon. Then, with the same spoon, one takes exactly the same quantity as before from the glass containing the mixture of wine and water and pours it into the glass of wine, then mixes it. Which has the most? The wine in the glass of water or the water in the glass of wine?



The situation was experimented on for five years by two different teachers, during the first lectures of the year with students entering university (between 3 and 4 hours, in two class slots). Four of these ten experiments have been tape-recorded. Apart from the teacher, one or two researchers were present and noted their observations1. The tapes have been transcribed and the students’ written answers have been collected. The mathematical lecture is given, in a lecture room with 150-250 students. In the experiment we used Legrand’s (1988 and 2001) theoretical framework of scientific debate in mathematics courses. The scenario follows the following general schema: 1



We would like to thank Annie Bessot for her participation in this research.
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The teacher gives the text of the problem to the students, without extra comments. First stage: give your opinion (10 min. of research) Students are asked to reflect on it individually or in small groups for about 10 minutes, to formulate a first opinion. The teacher is silent and does not circulate in the amphitheatre.



First vote: The teacher asks for a vote and writes the results on the blackboard according to four types of answer: “more wine” / “more water” / “other” / “?”.



The “other” and “?” answers are important, even if they may cover different types of arguments, they do not need to be discussed at this stage. Students are asked to note the result of the vote and their own answer. The different kinds of answers are not discussed yet. Second stage: convince the others (about 20-30 min. of research)



Now students are asked to write a letter to a friend far away in order to convince her/him of their opinion. The task is different, it is not only necessary to have an idea but they also have to find written arguments in order to convince someone else. During this phase of research, the teacher circulates among the students, but should not say much and lets the students work on their own. Second vote: Again students are asked to give their answer through a vote and the teacher marks the results on the blackboard.



The debate: This is the longest and most essential part of the situation. It may last over two hours. The task of the teacher is not easy, s/he distributes the round of speech. At several stages, s/he has to decide which type of answer s/he wants to put forward. For instance, right at the beginning of the debate, s/he will have to decide if s/he asks someone who thinks that there is ‘more wine’, or ‘more water’ or having vote for “?” or “other” to talk first. This will influence the rest of the debate. At first, for instance, it is better to ask someone who thinks that there is ‘more wine’ to talk first, in order to discuss the qualitative approach (see below). Throughout the debate, the teacher also has to make sure that everybody hears and follows, s/he writes the most important arguments on the blackboard using the exact terms of the students, summarises when necessary and institutionalises results when s/he judges that the discussion has come to a general agreement.



ISSUES ON MODELLING We will now present a brief analysis of the problem before we come in the next section to a deeper didactic analysis of the sequence, especially regarding the question of mathematical modelling. At first, one may not see the necessity of mathematics to solve the problem. Indeed, the problem does not raise any mathematical question. In this sense, the formulation used in the statement of the problem is (deliberately) deprived of any mathematical annotation (like, glass A and glass B, or such). Therefore, the problem can be approached on a purely qualitative basis. In this case, the most common first answer CERME 4 (2005)
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is something like: “There is more wine in the water than water in the wine, because the first spoon is full of wine, while the second spoon is not filled with pure water”. Of course, this argument can be rejected by the fact that some wine is brought back with the second spoon. In all the experiments, this type of argument appeared in the first stage of the debate (this is why it is essential that the teacher asks those who have voted for ‘more wine’ to talk first). Students may have some quite animated discussions, but they always realise that this type of argument come to a ‘dead end’ and that the qualitative treatment has to be overcome. In response to this impossibility to solve the question on a purely qualitative basis, students may propose different types of answers, which come from different models of the problem. We give a list here, which is quite exhaustive. All these may not have appeared in all the experiments during the debate and appeared in a different order/different orders, but most of them can be found in all experiments in the students’ papers. • Numerical models. These are specific cases in which the quantities of liquid in the glass and in the spoon are specified by numerical values. They lead to calculations, in which the main mathematical tool is the notion of proportion. Note that these models can be more or less general, for instance the quantity of liquid in the spoon can be expressed either numerically or as a proportion (or percentage) of the quantity of liquid in the glass. These examples, if correctly computed, lead to the correct answer, i.e. both quantities, of water in the wine and wine in the water, are equal. Nevertheless, the difficulties inherent to calculations in this context may lead to a wrong answer. In this sense, some choices of quantities can be more troublesome than others. For instance, the choice of 1000ml for the glass and 10ml for the spoon can easily lead to the idea that the second spoon contains 9ml of water and 1ml of wine (this is a typical mistake with proportion). Moreover, students convinced that there is more wine than water can unconsciously distort their calculations in order to prove what they are convinced of. • Extreme cases. One can imagine that the spoon is as big as the glass (i.e. the first spoon empties the glass of wine). It is then easy to see that, at the end, each glass contains half water and half wine. On the other hand, one can imagine that the spoon is empty, in which case, the contents of the glasses remain identical. These two extreme cases are unrealistic and lead to the right conclusion without much calculation. A student offering such an argument is very likely to have a good understanding of the power of modelling for the situation. • Graphical models. One can draw glasses and represent the liquids in it at the different stages, by cutting the content in the glass in different proportions. This leads to a more or less sophisticated graphical proof. A formal version of a graphical model appeared in several of our experimentations. The students had replaced the liquid by balls of two different colours in such a way, that calculations were easy to make.
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• Models using letters. These can be mixed with numerical models, or even graphical models. Using letters to designate objects is often seen as a mathematical ability. Here, the use of letters is efficient, if it is applied to the unknown initial quantities of liquid in the glasses and in the spoon (the parameters of the situation), the second can be expressed either independently or as a proportion of the first. Below, we give a succinct proof, using Q as the quantity of water and wine in the glasses at the beginning and q as the quantity of liquid transferred with the spoon. The following table shows the quantity of each liquid in each glass at the three stages of the situation: Stage 0



Water in glass A



Wine in glass A



Water in glass B



Wine in glass B



0



Q



Q



0



0 Q-q Q q 2 2 Qq/(Q+q) Q /(Q+q) Q /(Q+q) Qq/(Q+q) The most complicated calculations occur in the second stage, when one has to find the quantities of water and wine in the second spoon. It is an interesting use of algebra and proportion, but we will not focus on this, in this text. Stage 1



Stage 2



Besides answers of this type, with all the mistakes that can interfere, there are some possible models using letters, which are not pertinent. For instance, a student remaining in the qualitative approach can propose a solution, in which s/he decides to call x the wine and y the water, the rest of her/his argument being totally qualitative. There are also some mixed models in which the letters are used with both qualitative and quantitative value. Here is an example of what we have seen during one of our experiments, and is quite representative of a type of argument appearing in all experiments at some stage of the debate: “x is the water and y is the wine… so we have situation 1, where we have equal, … the



spoon, the level of the spoon, well a supplement. Then, we have a situation 1, where we pour the spoon of wine into the water. So it makes x plus y… Then we have a second situation, where we take a spoon of this mixture that we pour into the wine. It makes , open a bracket, x plus y,…, plus y. then we develop…what is inside the brackets, it makes x plus second y, … square y… plus y. Then we see that we have the same quantity … in the second situation, in the second glass, than the first situation, since there is y, a spoon of y, of wine, and x in the second situation, which is a spoon of… of water. Therefore, the supplement of wine in the water and the supplement of water in the wine, it is the same thing.”



These different models proposed by the students have to be discussed during the debate, regarding the accuracy, the validity of the mathematical treatment and their degree of generality. These are all essential questions regarding modelling. There is also another type of discussion, which usually only appears at a certain point in the discussion, at least after the purely qualitative approach has been rejected. This concerns questions regarding the hypotheses to be made about the real problem situation in order to make a real model, such as: “How can we be sure that there is exactly the same quantity of liquid in the two glasses?, “And in the two spoons?”,
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“Are wine and water totally mixable?”, “Since there is water in wine, how do we measure the quantity of water and wine in a mixture?”. We see that, besides the question of the use of algebra to solve the problem, we have there an enriching situation, proper to making important questions about mathematical modelling appear at an elementary level. In this sense, not only is this situation proper to initiate the change in students’ perceptions (what the students think of) of mathematics, but it can also be used during the year, as a reference for several questions about modelling. The framework of the scientific debate is proper to generate a sufficiently rich discussion in order to make most different types of models and questions appear in the discussion. The teacher leads the debate in the sense that s/he is responsible for the validation and institutionalisation of the main results appearing during the debate. Before we come to a more didactic analysis, we have to say that there is a very elegant and short solution of the ‘wine-water problem’ that does not necessitate calculation and use of proportion (as shown above). Moreover, this solution works even if there is not the same quantity of the two liquids at the beginning, and even if the two liquids are not, like wine and water, perfectly mixable. In other words, the same result holds if one starts with a glass containing any quantity of water and a glass containing any quantity of a liquid like oil for instance. Indeed, in the second spoon, both liquids can be present, so there is less water, but the small amount of water (let us call this quantity q’) is exactly the same quantity of wine (or oil) brought back into the glass of wine (or oil), which means that in the glass of wine (or oil) there is q-q’ of water and in the glass of water there is also q-q’ of wine (or oil)! This solution can arise among the students, but only at the end of the sequence. However, it can be explained to the students by the teacher (only at the end), if it has not arisen before. DIDACTIC ANALYSIS IN TERMS OF ‘MILIEU’ As we have seen, there is no mathematics visible in this situation at the beginning. However, students are in a mathematics lecture, therefore they know that they have to use mathematics to answer the question. The context of debate among students prevents any introduction of mathematics by the teacher. Thus students have the entire responsibility for building their mathematical strategy. In their individual research, they have to put forward their ideas regarding the situation and, during the debate, challenge their colleague’s arguments. This is typical of a situation in which the learner is confronted with an ‘antagonistic milieu’ with which he interacts and has to acknowledge feedback from it. This is the basis for a didactic situation, in the sense developed by Brousseau (1986, 1997). Brousseau (1990) proposes a theoretical framework in order to analyse the different roles of the learners and the teacher in relation to the different levels of knowledge involved in a situation. In his theory of ‘situations didactiques’, teaching situations are described and classified according to



1640



CERME 4 (2005)



Working Group 13



the exchanges between students, the teacher and the milieu2. In this model, a learner solving a problem holds various positions, so does the teacher. Each different position corresponds to a different situation, with a different milieu, different knowledge and different postures for the learner and eventually the teacher. For each position, the triplet learner-teacher-milieu constitutes a type of situation, which is a certain level of analysis of the teaching situation in question. These different levels are theoretical models of the interactions between the students, the teacher and the knowledge in a certain milieu. Moreover, in the model, the different levels of situation and milieu fit into each other, like Russian dolls. Indeed, the milieu of level n+1 is constituted by the situation of level n. This is called the vertical structure of the milieu. Originally Brousseau used this model in order to analyse the learner’s work and created only four levels now known as the sub-didactic levels. While she was interested in interpreting not only the work of the learner but also the role of the teacher, Margolinas (1995 and to appear) introduced four new levels known as the over-didactic levels, which offer a kind of symmetrical analysis for the teacher. In the lower three sub-didactic levels, the learner: discovers the problem, makes real or mental experiments, searches in her/his previous mathematical knowledge what can help her/him, interacts with her/his friends, etc. These types of actions are ‘below’ what the learner does intentionally, in order to respond to the didactic injunction given to her/him in the didactic situation. In the three upper over-didactic levels, the teacher: thinks about her/his teaching in a general approach, in accordance with official guidelines, but also her/his representation of teaching and learning, s/he designs her/his teaching project, etc., before s/he implements it into the class. The lower over –didactic level (obtained by a descending analysis) and the upper subdidactic level (obtained by an ascending analysis) define the didactic situation and must coincide for the situation to function correctly. Margolinas’ analyses have pointed out some interesting didactic phenomenon due to the non-coincidence of the two didactic situations. It is important to understand that, in this model, there is no notion of chronology. The student enters the situation by actions, but s/he may be in a position of acting on material while s/he tries already to answer the didactic injunction. All these levels are susceptible of interplays at any time during the teaching sequence. The model describes postures that overlap during that time, and are impossible to isolate in reality. It does not give account of chronological actions, since a student can be in two or more different postures at the same time and interact with different levels of the milieu, therefore being in different situations. We will now give a brief description only of the four sub-didactical levels regarding our wine-water problem. We will give for each level, a description of the milieu (M), 2



The term of milieu is generic in Brousseau’s theory, it not only refers to something materialistic, it can include elements of knowledge, but also other students. It is essential to understand that a milieu is a theoretical object built by the researcher in order to analyse teaching situations.
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the positions of the student and the teacher (St and T), the knowledge in question (K) and the situation (S). Note that in the sub-didactical levels, the teacher only appears in the two upper levels. Ascending description of the sub-didactic levels In bold characters are the names of the different elements in Brousseau’s model Level –3 (Objective situation) M-3 (material): glasses, spoon, quantities of liquids, mixtures, transfer of liquids. St-3 (objective): (imagines) actions of transferring parts of a liquid, pure or mixed. K-3: knowledge about mixtures of wine and water. Additivity of quantities on a qualitative basis (“if one adds, it raises”, “if one takes away, it diminishes”, “in a mixture, there is less of each liquid than the whole”, etc.) S-3: (imaginary) manipulations of liquids’ transfer. Level –2 (Situation of action) M-2 (objective)= S-3 St-2 (acting): quantifies and/or designs one or several models. K-2: identification of the parameters of the situation: initial quantities in each glass, volume of liquid transferred by the spoon. Exploration of a model and its (implicit or explicit) hypotheses: equality of the quantities transferred at each step, perfect miscibility of wine and water, equality of the proportions of each liquid in the glass and in the spoon, etc. Elaboration of arithmetical or algebraic relations, congruent to the operations of transfer: what do we need to determine at each step? S-2: designing of models (numerical, graphical, extreme cases, with letters, mixed). Level –1 (Learning situation) M-1 (action) = S-2 St-1 (learner): quantifies the decanting operations. T-1: (observer) Observes students’ capacity in using their mathematical knowledge in order to quantify (arithmetical and algebraic tools). K-1: calculations, arithmetical and algebraic rules, proportion, percentage, meaning of the hypotheses in the model, etc. S-1: solving the problem in the model(s). Level 0 (Didactic situation) M0 (learning) = S-1 St0 (student): writes her/his solution. T0 (teacher): gives the problem to the students. K0: use of models: results in a model give ideas on the initial question, pertinence of quantitative models. S0: debate on the results of the different models. Here we cannot develop in detail how to use this model to analyse the situation, but we will now give the most important results of this analysis. Note that this type of description is also important in order to help a teacher who would like to lead such a debate in her/his class.
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Passing from the objective situation to the situation of action (levels –3 and –2) is essential regarding modelling, since it necessitates the recognition of the ineffectiveness of the qualitative approach. In their individual research, some students may not be able to overcome this stage. Here, the debate is crucial in order to make all students go beyond this stage, with minimal didactic injunction. The diversity of opinions in the class and the discussion of arguments among pairs is an essential part of the debate. Level –1 presents some mathematical difficulties. Since this situation is not specifically designed in order to work on arithmetics or algebra, if the debate among students is not sufficient, the teacher may have to intervene in a more didactic way on this matter. The teacher wishes to institutionalise not only the results on the wine-water problem, but also a more general result that can be qualified as a meta-level) about the use of mathematics in such a problem. In the over didactical level 1 (the situation of project in Margolinas’ model) the teacher is in a posture (P1) of designer of a project (here introducing modelling) and the student (St1) is in a reflexive position about what he is learning. In other words, P1’s project is to make students access explicitly to the level of St1, which normally remains unconscious in a situation (it belongs to the over-didactic levels). This will necessitate a negotiation from the teacher in the last phase of the institutionalisation. This is also the key in order to use this situation as a paradigm for all modelling situations to be studied in the future by students in mathematics lectures. The facts that the mathematics at stake in this situation are quite elementary and that the problem is easy to solve, make this meta-level accessible. The teacher must give an explicit discourse at the end of the situation, but also needs to refer regularly to this situation during the year. In our experiments, students had very positive reactions to this situation. The discussions were enriching and consistent. Parts of the debates were regularly evoked during the year on different occasions involving modelling. Students showed a significant change in their perceptions of mathematics. BIBLIOGRAPHY Blum, W. and Niss, M.: 1991, Applied mathematical problem solving, modelling, applications, and links to other subjects – State, trends and issues in mathematical instruction, Educational Studies in Mathematics 22, 37-68. Blum, W. et al.: 2002, ICMI Study 14: Applications and modelling in mathematics education – Discussion document, Educational Studies in Mathematics 51, 149171. Brousseau, G.: 1986, ‘Fondements et méthodes de la didactique des mathématiques’, Recherches en Didactique des Mathématiques 7(2), 33–116. Brousseau, G.: 1990, ‘Le contrat didactique: le milieu’, Recherches en Didactique des Mathématiques 9(3), 309 – 336. Brousseau, G.: 1997, Theory of didactical situations in mathematics. Didactique des mathématiques 1970-1990, Dordrecht: Kluwer academic Publisher CERME 4 (2005)
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MATHEMATICAL PRAXEOLOGIES OF INCREASING COMPLEXITY: VARIATION SYSTEMS MODELLING IN SECONDARY EDUCATION Fco. Javier García García, University of Jaén, Spain Luisa Ruiz Higueras, University of Jaén, Spain Abstract: We present part of a research developed in the framework of Anthropological Theory of didactics (ATD) on the study of “proportional relationship” and “functional relationships” in Secondary education in Spain. Firstly, and after dealing with some researches about mathematical education on “modelling and applications”, we reformulate these problems on ATD. Secondly, and based on a curriculum and textbooks analysis, we describe the scope of “proportional relationship” and “functional relationships” in the Spanish Secondary education. Finally, and as a conclusion we suggest a possible educational process based on increasing complexity mathematical praxeologies, that, we think, will allow rebuilding “functional relationships” from their own raisons d’être: the study of variability. Keywords: Epistemological approach, modelling, praxeology, proportionality 1. INTRODUCING ANTHROPOLOGICAL THEORY OF DIDACTICS In the works of Chevallard (1999), Chevallard, Bosch and Gascón (1997), Gascón (1998), Espinoza (1998), Bosch and Gascón (2004), it is shown the way that researches in Didactics in Mathematics have evolved in recent years and how the Anthropological Theory of didactics (from now on, ATD) has emerged, considering the incapacity of other theories to explain some aspects of educational phenomena. This new modelling also allows the emergence of new educational problems, which could not be set out in other theoretical frameworks. 1.1. The mathematical activity: mathematical praxeologies One of the ATD basic axioms is that “toute activité humaine régulièrement accomplie peut être résume sous un modèle unique, qui résume ici le mot de praxéologie”. (Chevallard, 1999, 223). Two levels can be distinguished: − The level of praxis or “know how”, which includes some kind of problems which are studied as well as the required techniques to solve them. − The level of logos or “knowledge”, of the “discourses” that describe, explain and justify the used techniques. This is called technology and the formal argument, which justifies such technology, is theory. Mathematics, as a human activity, can be modelled in terms of praxeologies, called mathematical praxeologies or mathematical organizations (from now on, MO). In order to have the most precise tools to analyze the institutional didactical processes, CERME 4 (2005)
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Chevallard (1999, p. 226) classifies mathematical praxeologies as: punctual, local, regional and global. In a simplified way, we can say that what is learn and taught in a educational institution are mathematical praxeologies. 1.2. The process of study: didactic praxeologies Mathematical praxeologies do not emerge suddenly. They do not have a definite form. Otherwise, they are the result of a complex and ongoing activity, where there exist some invariable relationships in its operative dynamics, which can be modelled. There appear two aspects very close to the mathematical activity: − The process of mathematical construction; the process of study and, − The result of this construction; the mathematical praxeology. Chevallard (1999, p. 237) places this process of study in a determinate space characterised by six educational stages1: (1) first encounter, (2) exploration of the type of tasks, (3) construction of the technological-theoretical environment, (4) work on technique, (5) institutionalization and (6) evaluation. Once again, this process of study, as a human activity, can be modelled in terms of praxeologies, which are now called didactical praxeologies (Chevallard, 1999, p. 244). As every praxeology, didactical praxeologies include a set of problematic educational tasks, educational techniques (to tackle these tasks) and educational technologies and theories (to describe and explain these techniques). There appears a new conception of didactics of mathematics, where didactics identifies everything which can be related to study and aid to study: “Didactics of mathematics is the science of study and aid to study mathematics. Its aim is to describe and characterize the study processes (or didactic processes) in order to provide explanations and solid responses to the difficulties which people (students, teachers, parents, professionals, etc) studying or helping others to study mathematics face” (Chevallard, Bosch y Gascón, 1997, p. 60). 2. MODELLING AS A MATHEMATICAL ACTIVITY Researchers of didactics in mathematics have a growing interest since the middle eighties, on the role that modelling processes can play in teaching and learning mathematics in all levels of the educational system. When formulating educational problems, modelling related problems are often linked to mathematical application problems and solving application problems (both integrated in more general problems of Problem Solving). Two different research trends can be distinguished in this framework. Obviously there are relations between them. 1



The idea educational stage is defined not in a chronological or linear sense, but in the sense of dimension of the mathematical activity.
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One trend is centred in the research of the role that modelling and applications can play as a learning tool. For instance, survey works carried out in the frame of Realistic Mathematic Education (Gravemeijer, 1994; Gravemeijer and Doorman, 1999). The other trend is based on mathematical competencies and skills which all students should acquire (modelling and applications among them). Consequently, the underlying educational problems are focused on the study of the features of teaching and learning processes of modelling and applications, as well as on its way of integration in the curriculum of mathematics. (Blum, 1991; Niss y Jensen, 2002). The main feature of most researches is that the sense given to the ideas of modelling and modelling processes is very close to the sense assigned in the mathematical institution. So, modelling educational problems is often linked to the mathematical applications problems to reality, or to other subjects, in accordance with the mathematical interpretation of the term modelling. We want to remark the fact that, in the epistemological model of mathematics underlying in this research domain, the idea of modelling is not a problem, as it is not a problem, for instance, in the research of biology or economics. The built “patterns” of the modelling processes are very close to those suggested by mathematics itself. They are seldom modified or extended from the considered experimental facts. 3. THE MATHEMATICAL ACTIVITY AS A MODELLING ACTIVITY One of the main axioms of ATD is that “most of the mathematical activity can be identified (…) with a mathematical modelling activity” (Chevallard, Bosch and Gascón, 1997, p. 51). This does not mean that modelling is just one more aspect of mathematics, but mathematical activity is in itself a modelling activity. First, this statement is meaningful if the idea of modelling is not limited only to “mathematization” of non-mathematical issues. Second, this axiom will only be meaningful if a precise meaning is given to the modelling activity subject from the own ATD. ATD proposes that the mathematical activity can be identified as an integrated and articulated process of successive extensions of MOs, which makes up a modelling process. This new view acquires full sense when considering intra-mathematical modelling as an essential and inseparable aspect of mathematics. If so, the researcher’s interest is not focused in the relationship between mathematics and “real world”, or other subjects, nor in the way could students establish this relationship. The interest is focused in the analysis and description of conditions and restrictions which allow the development of study processes. These processes start from relevant problems of the raison d’être of the knowledge which are preferred to promote and can create a mathematical activity characterized by the construction MOs of increasing complexity in a learning environment.
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4. THE PROPORTIONALITY RELATIONSHIP IN SECONDARY EDUCATION In Spanish Secondary Education, the proportionality relationship between magnitudes is a paradigmatic case of ‘thematic confinement’ (Chevallard, 2001). The influence of upper levels of didactic codetermination on school mathematics causes its atomization and fragmentation in different areas and sectors. The “classical problems” of proportionality (direct and inverse) are integrated in the “Numbers and algebra” area and the “Magnitudes” sector. However, the study of proportional functional dependencies is considered to belong to the “Functions and graphs” area. From the analysis of the curriculum and different textbooks, we notice an inadequate articulation between both sectors, causing, among others, such educational phenomena as the isolation of the proportionality relationship in the possible relationships between magnitudes. Students rebuild, at least, two isolated MOs about proportionality: − The first, whose raison d’être is solving classical arithmetic problems on proportionality. − The second is a more general problem in functional relationships between magnitudes. In the first case, the proportionality relationship is essentially static: given three specific measurements (two of the same magnitude and the third one being different) the problem lies in calculating the missing measurement. In the second case, the proportionality relationship is essentially dynamic. School tasks focus on representing linear functions and studying their properties (intersections with coordinate axis, slope of a straight line). 5. MODELLING VARIATION SYSTEMS: A PROCESS OF REBUILDING MATHEMATICAL PRAXEOLOGIES OF INCREASING COMPLEXITY IN SECONDARY EDUCATION As a conclusion, we suggest a didactic praxeology which allows rebuilding relatively complete local MOs (Fonseca, 2004) on the study of situations where two magnitudes vary depending one on the other univocally (functional dependency) in the third and fourth year of secondary education (14-16). 5.1. MOs’ raisons d’être. General issues When the origin of any domain of mathematics is analyzed, one of the essential issues to consider is the raisons d’être which caused its creation and development and its presence in educational systems. The identification of these raisons d’être will allow the formulation of main issues to create a relatively complete didactic process. This could be described as a study process characterized by rebuilding a set of
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increasing complexity MOs and will involve the development and performance of a mathematical modelling activity. In relation with “functions”, where it is not possible to formulate a unique issue precisely, the origin of the possible formulation lies on the study of variations; in the study of situations where two or more magnitudes vary, depending ones on the others, and situations where relative questions arise such as the way of classifying that variation. In the Spanish Secondary Education, “functions” are created, first, as a means to represent and describe situations of variation, that pretend to have a “real” nature, whose existence and type of variation are given in advance. This way, the Spanish curriculum (Royal Decree 3473/2000) establishes, for the second academic year, the following criteria of evaluation: 12. Representing and interpreting Cartesian graphs and points of simple functional relationships, which are based on a direct proportionality and are given by value charts, and exchanging information between charts and graphs. 13. Obtaining practical information from simple graphs (continuous stroke) for the resolution of problems related to natural phenomena and everyday life.



Afterwards, these functions become independent of their role as models of specific situations (exogenous problems), and focus on the study of the characteristics of their graphical representation and their algebraic expression (endogenous problems). Also, the Spanish curriculum establishes the following evaluation criteria for the forth academic year: 9. Interpreting and representing in a graphical way all constant, linear, similar or quadratic functions from their characteristic elements (slope of the line, points of intersection with the axis, vertex and axis of symmetry of the parabola). As well as interpreting and representing the simple exponential functions and simple functions of inverse proportionality, using significant charts of values, where they can be also assisted by a scientific calculator.



When approaching the study of “functions” at schools, there is no focus on the specific type of variation. The type of variation that describes a function is studied in High Schools, when introducing the idea of derivative function and the idea of derivative of a function at a point. We propose to include the study of the nature of the variation that is described by each functional relationship. This way, we will be able to construct a local MO that is relatively complete for the Secondary Education, and that will allow us its amplification to a regional MO, based on the study of systems of variation amongst magnitudes. In general, these issues will be similar to the following one: Qvar: How can we describe the type of variation between two or more magnitudes?
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This issue is restricted to the case of functional dependencies, i.e. situations in which the quantities included in one or more magnitudes depend one-to-one on the quantities of another magnitude (independent variable). 5.2. An educational process: a “savings plan”



Let us consider, at least theoretically, a hypothetic situation in which we can distinguish between two or more magnitudes, among which a relationship is induced or justified by a technological component. This situation, which is very general, can be placed in an economic and commercial environment: the planning of a "savings plan". This will be carried out by using a technological “discourse” chosen for didactic purposes. This basis will determine a first construction of the system we want to model, which must be unknown to the student. The election of this basis will be the first variable specification and limitation, and will set the relationship between variables: The magnitudes included will be time (V1) and money (V2). The complete construction of the system will be done according to the following restrictions: V1 and V2 have a one-to-one relationship, and the set of quantities of V1 is a discrete one, with its elements evenly separated. The issue of the proposed environment may be generally formulated, in the following way: Q S : How can a specific "savings plan” be planned (SPli)?



This question is critical in several ways: − The fact that Q S is very general forces us to take new decisions about the possible type of variation between V1 and V2 (second stage of system construction). − It can lead to a mathematical activity using basic technical elements, like those of



arithmetic.



− The construction of different solutions, i.e. different savings plans (punctual praxeologies SPli). These will act as models of the original systems, and will be the source of new issues. The system will not be constructed, and it will be the student’s responsibility to create it. For this, he/she will have to: 1. Chose a first stage Ci, that will be provisional (situation parameter). 2. Decide how the following stages will be generated, i.e. the type of variation



defining the system. There is not a single way of undertaking this task, but decisions must be taken regarding the two system variables. We will focus on decisions about the type of variation, expressed as a recurrence of first order: if I deliver a Cn quantity in a “n” payment, in the "n+1” payment I will render a C n +1 quantity, that will be related to Cn in the same way as Cn was related to C n −1 .
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3. The student will also have to simulate the system, by means of constructing a set of stages that is comprehensive enough to study the evolution of the system. In this context, the Q S question will be specified in the following task: Π: We intend to plan a journey with enough time, as an end-of-year trip. For this, we must decide a savings plan that allows us to raise enough money. Though we do not know the specific amount of money needed, we can estimate it, as well as decide deadlines, amounts to pay, and so on. Obviously, the issue is not deciding now how much money must be rendered and how will it be done, but rather to start working on it, intending to foresee the end of the academic year and the needs by that time.



In general, the types of variation may be sorted out in three main categories: “equitable” (the same quantity is given in each payment), “cumulative with an increasing fee” (the fee is greater in each payment than in the previous one) and “cumulative with a decreasing fee” (the fee is smaller in each payment than in the previous one). The different types of variation will be specified in each category. The following could be an example of a “cumulative with an increasing fee” type of variation: In the first payment, a C amount is delivered and, in the following payments, the same amount given in the last payment plus the original C is supplied. This way, in payment 1 we would give C; in payment 2 we would give C + C and in payment 3 we would give 2C + C , and so on. This is an equitable condition of the “variation of the variation”. In these cases, the system simulation requires the selection of particular values for the original parameters (the first fee C0 and the C amount), as well as the generation of stages by means of basic arithmetic combinations. In the previous example:



τ C1



x (months)



0



1



2



3



4



5



y (euros)



C0



y1



y2



y3



y4



y5



+C



+ (C+C)



+ (2C+C)



............



A punctual MO is constructed for each type of variation, and the MO is defined by an arithmetic method that allows the generation of system stages, the resolution of comparisons between different “savings plan” and the advance of the total amount that will have been raised by an n payment. In order to progress in the study process, it is necessary to analyse the reach and legitimacy of these arithmetic methods. The student will need to develop new methods when facing a set of tasks for which the previous methods are inadequate, as they are too difficult or seem not to be applicable in this context. CERME 4 (2005)
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There are at least two types of task that cause this development: − Control and anticipation tasks: They will require the determination of the



parameters that define the system, in order to obtain the desired final savings.



− Comparison tasks: These are related to the previous ones, as it is necessary to



define certain original parameter values of two or more “savings plans”, in order to make one of them equal or exceed the other.



For instance, a “cumulative with an increasing fee” type of variation will require the following sort of control tasks: Tcontrol : Each group must create a savings plan of the “cumulative with an increasing fee” type that would generate each of the following final amounts ( C 1f , C 2f , C 3f , ). For this, C0, C and the number of fees must be previously selected in a proper way.



There are three parameters (C0, C and the number of fees). Every time two of them are assigned a value, the calculation of the third one is a problem task, called control task: I − Tcontrol : Once Cf, , C0 and C are fixed, how many payments would be necessary?



II − Tcontrol : Once Cf, , C0 and a nˆ number of payments have been fixed, what is the value of C?



III − Tcontrol : Once Cf, C and a nˆ number of payments have been fixed, what is the value of the original fee, , C0?



The limitations of the arithmetic methods of stage simulations are stated by the savings plans tasks of comparison and of control and anticipation. This is done by creating the need of calculating the fee delivered in each payment, whether they have the same type of variation or not. This way, a new problem arises: T : How can we obtain an algebraic expression that allows us to calculate at any moment the amount saved, according to the original parameters?



The resolution of this task can be very complicated. But in the restricted case of recursive “savings plans” that is being considered, the work developed on this recurrence leads to a general method: τ rec : Once different stages of a system are created, the method consists of developing a recursive process, in which each term is written in accordance with the previous one, until we return to the original parameters.



This is not a repetitive method, and depends on the type of variation under consideration. For the prior case of cumulative with an increasing fee plan:



τ rec :



y 0 = C 0 ; y1 = C 0 + C ; y 2 = y1 + 2C = C 0 + C + 2C ; … ; y n = y n −1 + nC = C 0 +
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Given the fact that



n



k=



k =1



n (n + 1) , we can assume that y n = C 0 + n(n + 1) C = C n 2 + C n + C 0 . 2 2 2 2



This algebraic expression supposes an extension of the arithmetic method of stage simulation τ C1 and will lead to the development of the preceding punctual praxeology. This development will be demonstrated when resolving the previous tasks, and will lead to new problems. II For example, now it is possible to create new methods to solve Tcontrol :



τ a lg :



Cf =



2(C f − Ci ) C 2 C → C = n + n + Ci  2 2 nˆ 2 + nˆ



Due to the obvious limitations of the space given, we have only been able to outline an educational process that will help to build “functional relationships” through a study process at the secondary schools. This way, students will be able to construct mathematical praxeologies of increasing complexity. This process has already been implemented with students of the 4º year of the Spanish compulsory secondary education (15-16 years) and is currently being experimented with students of the same level in High Schools (17 years) and of the first stage of tertiary education (teachers training). 6. BIBLIOGRAPHY Blum, W.: 2002, ICMI study 14: Applications and modelling in mathematics education – Discussion document, Educational Studies in Mathematics 51, 149–171. Blum, W. and NISS, M.: 1991, Applied mathematical problem solving, modelling, applications and links to other subjects – State, trends and issues in mathematics instruction, Educational Studies in Mathematics 22, 37-68. Bosch, M. and Gascón, J.: 2004, La praxeología local como unidad de análisis de los procesos didácticos, Actas de las XX Jornadas del SI-IDM, Madrid. Recuperable en http://www.ugr.es/~jgodino/siidm/welcome.htm Chevallard, I. : 1992, Concepts fondamentaux de la didactique : Perspectives apportées pour une approche anthropologique, Recherches en Didactique des Mathématiques, 12/1, 73-112. Chevallard, I. : 1999, L’analyse des pratiques enseignantes en théorie anthropologique du didactique, Recherches en Didactique des Mathématiques 19/2, 221-226. Chevallard, I.: 2001, Aspectos problemáticos de la formación docente, Actas de las XVI Jornadas del SI-IDM, Huesca. Recuperable en http://www.ugr.es/~jgodino/siidm/welcome.htm Chevallard, I., Bosch, M., Gascón, J.: 1997, Estudiar matemáticas. El eslabón perdido entre la enseñanza y el aprendizaje, ICE/Horsori, Barcelona.
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GETTING TO GRIPS WITH REAL WORLD CONTEXTS: DEVELOPING RESEARCH IN MATHEMATICAL MODELLING Christopher Haines, City University London, United Kingdom Rosalind Crouch, University of Hertfordshire, Hatfield, United Kingdom Abstract: We are concerned with applying mathematics in real situations and understanding real world- mathematical world transitions. We report on modelling and applications using exemplar models with conclusions on novice-expert behaviour. Key Words: Mathematical Modelling; novice-expert behaviours. 1.



RECOGNISING MODELLING SKILLS



Society’s view that mathematics is useful is reflected in the presence of applications and modelling in the mathematics curriculum in schools, colleges and universities. Our research has been concerned with how pupils’ and students’ achievement in applications and modelling can be recognised and understanding how students develop into good mathematical modellers. Mathematical modelling usually operates under teaching and learning paradigms that embrace either holistic or dissected approaches. Concentrating on the latter we developed multiple-choice questions (MCQs), providing readily understandable contexts for the student, that focus on stages within a modelling cycle (Haines & Crouch, 2001) with a view to charting students’ progress per se and to provide a snapshot of the development of their understanding of mathematical modelling processes. These early MCQs were constructed in six analogue pairs for use as research tools in pre-and post-test format as a measure of student achievement; they were later extended to provide indications of the success of the curriculum and its delivery (Izard et al., 2003). We also began work on developing a rating scale for mathematical modelling with wide applicability. Further insights into mathematical modelling behaviour were obtained by students answering various MCQs, and then completing a reflective questionnaire on how they arrived at their preferred answers, followed by an in-depth interview with a tutor. We were then able to classify processes involved in problem solving and to report on difficulties faced by students in moving freely between the real world and the mathematical world (Crouch & Haines, 2004). Our classification is broad but effective, the three categories being a: where the relationship between the mathematical world and the real world input to the model is taken into account; b: where there is limited evidence of this being so and c: where there is no evidence at all or where the problem has been simply looked at in real world terms taking no account of either the model or the mathematics. Our results, from differing perspectives, provide strong evidence that student learning in the transition from the real world to the mathematical model, is hampered by lack of knowledge and experience of abstraction. This behaviour is not so marked when moving from the mathematical model to the real world, indeed in this case the higher process level a is more likely to be used. CERME 4 (2005)
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2.



USING EXEMPLAR MODELS: A MODEL OF A KIDNEY MACHINE



Presenting exemplar models is a classical approach to teaching applications of mathematics within mathematics and in other disciplines. It is usually teacher led in contrast to the holistic and dissected approaches mentioned above. It often involves the presentation, discussion and analysis of several applications in particular fields addressing a basic applied mathematics problem, which is to model a physical system mathematically so that it sheds light on the mechanical working of the system in the real world. For example, recent modelling courses at City University have included models: kidney machine; aggregation of amoebae; road traffic flows; dimensional analysis of physical phenomena; n-stage rockets. In this approach students acquire a strong understanding of particular models and learn to compare and contrast developments in complex models. More than other approaches, this needs a strong focus on aspects of modelling from the teacher because modelling itself is not the driver, though there are firmer opportunities to link knowledge due to the prospect of strong engagement and motivation. To fix ideas and to provide context for this discussion we describe a simple model for kidney dialysis. Some health problems are readily understood by students, and kidney failure, leading to kidney transplants and kidney dialysis, is one example. If we concentrate on dialysis either as a long-term treatment or as an interim procedure prior to transplant, then the kidney machine is a fruitful bioengineering problem. It is well suited to a modelling curriculum where exemplar models are presented. The model outlined here, reported by Burley (1975), is used extensively with university students. Contextual information provided for students includes knowledge that the kidney is a body organ that filters out waste material such as urea, creatinine, excess salts etc. from the blood. Waste products in the blood pass through the porous walls to the insides of the active units in the kidney. If this process malfunctions, waste products build up in the blood to toxic levels resulting in kidney failure and, without intervention, death. Following kidney failure, waste products may be removed artificially through a dialyser or kidney machine. In the 50 years these machines have been in use, their design has improved efficiency and reduced costs. A two-compartment model (Fig.1) has blood from the body and the cleaning fluid, the dialysate, in adjacent compartments. They are separated by a thin membrane, which allows waste products in the blood to permeate through to the dialysate. The flow through the membrane is by diffusion from high concentrations of waste products (in the blood) to low concentrations, the diffusive effects are improved by making the blood and the dialysate flow in opposite directions on either side of the membrane. The dialysate is constructed to suit the needs of the patient. The rate of removal of waste products depends primarily on four parameters: the flow rate of the blood, the flow rate of the dialysate, the size of the dialyser and the permeability of the membrane. Amongst the assumptions are: that all properties depend only upon x, the distance along the dialyser; all properties are independent of 1656
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time, a quasi-static assumption and the amount of material passing through the membrane is proportional to the concentration difference, a quantitative assumption about the permeability of the membrane. blood



blood in 0



dialysate out



blood out waste products



x



membrane dialysate



dialysate in



Figure 1. Schematic representation of a kidney machine This leads to a model described by two coupled ordinary differential equations: du dv qB = k(v - u) and - q D = k(u - v) in which qB and qD are the flow dx dx rates of the blood and of the dialysate respectively, u(x) and v(x) are the concentrations of the waste products in the blood and the dialysate respectively and k is the permeability of the membrane. These equations may be solved by various methods and under different boundary conditions, simple ones being u(0)=u0 and v(L)=0 referring to a base level u0 for the concentration of waste products in the blood and clean dialysate. The clearance Cl of waste products is a measure of the efficiency of the machine, defined as a ratio of the difference in concentrations u on entry and exit to the machine to the concentration u on entry. The model of clearance, a function of key parameters, and its interpretation proves interesting. 3.



MULTIPLE CHOICE QUESTIONS: KIDNEY MACHINE MODEL



We have constructed MCQs, focusing on stages of modelling, for use where mathematics and applications is taught through exemplar models. We now give each of the five MCQs, we comment on its structure and its associated partial credit assessment for each distractor. The MCQs were given to 51 final year mathematics undergraduate students in 2004. They were told that in each case they should indicate their preferred answer of the given options A, B, C, D and E and that credit is attached to more than one of these. Student responses show that in most cases the preferred answer was in fact that which gained most credit; for the reader, credit is indicated beside each option. However, the students were also asked to write a brief statement justifying their preferred answer. This statement, attracting credit as part of the coursework, gives insights into modelling processes and understanding. Question 1 In a simple model of a kidney machine, the boundary conditions are u(0)=u0 and v(L)=½ u0 . Which of the following statements are true? A. The dialysate is clean on entry to the kidney machine [0] B. The waste products in the blood are at twice the level of those in the dialysate on entry to the kidney machine [2] C. The blood is clear of waste products [1] CERME 4 (2005)
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The waste products in the dialysate are at twice the level of those in the blood on entry to the kidney machine [0] E. The waste products in the blood remain at the level u0 [1] Commentary: In order to understand this question, the mathematical expressions u(0)=u0 and v(L)=½ u0 must be interpreted. In the modelling cycle, the activity falls within interpreting mathematics and concerns the transition from a model to a real world context. The distractors themselves are therefore phrased in real world terms. Option B, gives the correct mathematical interpretation of the boundary conditions and therefore attracts 2 marks. C could be true in the special case u0 =0 and for E this would be so if no waste products permeate through the membrane so in each case 1 mark might be awarded depending upon the justifying statement. Options A and D are untrue and attract zero credit. Some justifying student responses: Student M1: In his justifying his answer (A), M1 writes ‘All the waste products in the blood can diffuse through the membrane from the blood and pass on into the dialysate, the dialysate has to be clean on entry to the kidney machine’. M1 has not connected with the model and the given boundary conditions. He has answered the question from the real world context only, for it is clear to him that for any kidney machine to be efficient it must use clean dialysate, never mind the given model. Student M2: M2 relates ‘I think B is the answer because I think at the beginning, there is no waste products in the machine. After the procedure, only half of the waste product from the blood flow to the dialyst. In the normal situation it must be u0 =v(L)’. By choosing the correct answer B, M2 has interpreted the boundary conditions but in justifying his choice he focusses on the real world itself rather than the impact on the real world of the given boundary conditions. He has also not understood the steady state requirements of the model. He lacks understanding of the real world situation and how this is reflected in the given model. He suggests that the concentration of waste products in the dialysate is usually the same as that of the blood on entry to the machine. If this were so then the clearance would be zero. Student M3: This student chooses A justifying that choice by ‘The dialysate should be clean on entry to the kidney machine’. He makes no connection with the model. Question 2: In a simple model of a kidney machine which of the following pairs of parameters would usually be adjusted to increase its efficiency (clearance). A. The flow rate of the blood; the size of the dialyser [0] B. The permeability of the membrane; the flow rate of the blood [1] C. The flow rate of the dialysate; the flow rate of the blood [2] D. The permeability of the membrane; the size of the dialyser [0] E. The size of the dialyser; the flow rate of the dialysate [0] Commentary: This question requires a practical understanding of the basis on which the model is constructed and how the parameters may be changed in the real world. In modelling terms, this question is on the boundary between the real world and the mathematical model either at the beginning of the cycle or at the end. The distractors are all focussed on the practicalities of these connections. Once the kidney machine has been constructed (made), it is very difficult to change the size (length) of the 1658



CERME 4 (2005)



Working Group 13



dialyser therefore options A, D and E do not attract credit. Option C is the preferred answer attracting 2 marks, since the flow rates of the blood and of the dialysate are easy to adjust. The permeability of the membrane is also difficult to alter, but it could be done by changing the membrane itself, therefore option B attracts 1 mark. Some justifying student responses: Student M2: In choosing option B, M2 says ‘ The flow rate of the blood is quite important but the permeability is more important. It is because if there is good permeability, the waste product can diffuse to dialyst faster. With suitable speed of flowing and the good permeability, the efficiency will be the best’. This is a good answer, but in focussing on permeability he has not understood that the flow rates are much easier to adjust in practical terms. He does make strong links between the real world and the model. Student F1: She chooses the correct answer but supports it by quoting



‘We know that Cl = q B



1 − e −αL q 1 − B e −αL qD



where only qB and qD can be changed’. F1 does



not recognise that is a function of the permeability and of the flow rates of the blood and of the dialysate. She does not discuss the length L, she restricts her attention to the model and does not link with practical aspects to change parameters. Question 3: Suppose that the permeability of the membrane is given by k ( x) =



x L−x



1 L 2 Which of these statements best describe this situation? 1 L 
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