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Defaultable Game Options in a Hazard Process Model



Introduction



The goal of this work is to analyze valuation and hedging of defaultable contracts with game option features within a hazard process model of credit risk. Our motivation for considering American or game clauses together with defaultable features of an option is not that much a quest for generality, but rather the fact that the combination of early exercise features and defaultability is an intrinsic feature of some actively traded assets. It suffices to mention here the important class of convertible bonds, which were studied by, among others, Andersen and Buffum [2], Ayache et al. [3], Bielecki et al. [4], Davis and Lischka [14], Kallsen and K¨ uhn [31], or Kwok and Lau [35]. In Bielecki et al. [4], we formally defined a defaultable game option, that is, a financial contract that can be seen as an intermediate case between a general mathematical concept of a game option and much more specific convertible bond with credit risk. We concentrated there on developing a fairly general framework for valuing such contracts. In particular, building on results of Kifer [33] and Kallsen and K¨ uhn [31], we showed that the study of an arbitrage price of a defaultable game option can be reduced to the study of the value process of the related Dynkin game under some risk-neutral measure Q for the primary market model. In this stochastic game, the issuer of a game option plays the role of the minimizer and the holder of the maximizer. In [4], we dealt with a general market model, which was assumed to be arbitrage-free, but not necessarily complete, so that the uniqueness of a risk-neutral (or martingale) measure was not postulated. In addition, although the default time was introduced, it was left largely unspecified. An explicit specification of the default time will be an important component of the model considered in this work. As is well known, there are two main approaches to modeling of default risk: the structural approach and the reduced-form approach. In the latter approach, also known as the hazard process approach, the default time is modeled as an exogenous random variable with no reference to any particular economic background. One may object to reduced-form models for their lack of clear reference to economic fundamentals, such as the firm’s asset-to-debt ratio. However, the possibility of choosing various parameterizations for the coefficients and calibrating these parameters to any set of CDS spreads and/or implied volatilities makes them very versatile modeling tools, well-suited to price and hedge derivatives consistently with plain-vanilla instruments. It should be acknowledged that structural models, with their sound economic background, are better suited for inference of reliable debt information, such as: risk-neutral default probabilities or the present value of the firm’s debt, from the equities, which are the most liquid among all financial instruments. But the structure of these models, as rich as it may be (and which can include a list of factors such as stock, spreads, default status, credit events, etc.) is never rich enough to yield consistent prices for a full set of CDS spreads and/or implied volatilities of related options. As we ultimately aim to specify models for pricing and hedging contracts with optional features (in particular, convertible bonds), we favor the reduced-form approach in the sequel.



1.1



Outline of the Paper



From the mathematical perspective, the goal of the present paper is twofold. First, we wish to specialize our previous valuation results to the hazard process set-up, that is, to a version of the reduced-form approach, which is slightly more general than the intensity-based set-up. Hence we postulate that filtration G modeling the information flow for the primary market admits the representation G = H ∨ F, where the filtration H is generated by a default indicator process Ht = 1{τd ≤t} and F is some reference filtration. The main tool employed in this section is the effective reduction of the information flow from the full filtration G to the reference filtration F. The main results in this part are Theorems 3.3 and 3.4, which give convenient pricing formulas with respect to the reference filtration F. The second goal is to study the issue of hedging of a defaultable game option in the hazard process set-up. Some previous attempts to analyze hedging strategies for defaultable convertible bonds were done by Andersen and Buffum [2] and Ayache et al. [3], who worked directly with
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suitable variational inequalities within the Markovian intensity-based set-up. Preliminary results for hedging strategies in a hazard process set-up, Propositions 4.1 and 4.2, can be informally stated as follows: under the assumption that a related doubly reflected BSDE admits a solution (Θ, M, K) under some risk-neutral measure Q, for which various sets of sufficient conditions are given in the literature, the state-process Θ of the solution (multiplied by the default indicator process) is the minimal super-hedging price up to a (G, Q)-sigma (or local) martingale cost process, the latter being equal to 0 in the case of a complete market. This notion of a hedge with sigma (or local) martingale cost (or hedging error, see Corollary 4.4) thus establishes a connection between arbitrage prices and hedging in a general, incomplete market. More explicit hedging strategies are subsequently analyzed in Propositions 5.2, 5.3 and 5.4, in which we resort in the general set-up of this paper to suitable (Galtchouk-Kunita-Watanabe) decompositions of a solution to the related doubly reflected BSDE. It is noteworthy that these decompositions, though seemingly rather abstract in the context of a general model considered here, are by no means artificial. On the contrary, they arises naturally in the context of a Markovian set-up, which is studied in some detail in the follow-up paper by Bielecki et al. [5]. The interested reader is referred to [5] for more explicit results regarding hedging of defaultable game options. We conclude the paper by an analysis of alternative approaches to hedging and their relationships to the above-mentioned decompositions of a solution to the doubly reflected BSDE.



1.2



Conventions and Standing Notation



We use throughout this paper the more general notion of vector (as opposed to componentwise) stochastic integration, as developed in Cherny and Shiryaev [9] (see also Chatelain and Stricker [8] and Jacod [28]). Given a stochastic basis satisfying the usual conditions, an Rd -valued semi1⊗d martingale integrator X and R an R -valued (row vector) predictable integrand H, the notion of vector stochastic integral H dX allows one to take into account possible “interferences” of local martingale and finite variation components of a (scalar) integrator process, or of different components of a multidimensional integrator process. Well-defined vector stochastic integrals include, in particular, all integrals with a predictable and locally bounded integrand (e.g., any integrand of the form H = Y− where Y is an adapted c`adl`ag process, see [27, Theorem 7.7]). The usual properties of stochastic integral, such as: linearity, associativity, invariance with respect to equivalent changes of measures and with respect to inclusive changes of filtrations, are known to hold for the vector stochastic integral. Moreover, unlike other kinds of stochastic integrals, vector stochastic integrals form a closed space in a suitable topology. This feature makes them well adapted to many problems arising in the mathematical finance, such as Fundamental Theorems of Asset Pricing (see [9, 4] and Section 2). Rt By default, we denote by 0 Rthe integrals over (0, t]. Otherwise, we explicitly specify the domain of integration as a subscript of . Note also that, depending on the context, τ will stand either for a generic stopping time or it will be given as τ = τp ∧ τc for some specific stopping times τc and τp . Finally, we consider the right-continuous and completed versions of all filtrations, so that they satisfy the so-called ‘usual conditions.’
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Semimartingale Set-Up



After recalling some fundamental valuation results from Bielecki et al. [4], we will examine basic features of hedging strategies for defaultable game options that are valid in a general semimartingale set-up. The important special case of a hazard process framework is studied in the next section. We assume throughout that the evolution of the underlying primary market is modeled in terms of stochastic processes defined on a filtered probability space (Ω, G, P), where P denotes the statistical probability measure.
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Defaultable Game Options in a Hazard Process Model



Specifically, we consider a primary market composed of the savings account and of d risky assets, such that, given a finite horizon date T > 0: • the discount factor process β, that is, the inverse of the savings account, is a G-adapted, finite variation, continuous and positively bounded process, • the risky assets are G-semimartingales with c`adl`ag sample paths. The primary risky assets, with Rd -valued price process X, pay dividends, whose cumulative value process, denoted by D, is assumed to be a G-adapted, c`adl`ag and Rd -valued process of finite b of primary risky assets as variation. Given the price process X, we define the cumulative price X Z bt = Xt + βt−1 X βu dDu . (1) [0,t]



In the financial interpretation, the last term in (1) represents the current value at time t of all dividend payments from the assets over the period [0, t], under the assumption that we immediately reinvest all dividends in the savings account. We assume that the primary market model is free of arbitrage opportunities, though presumably incomplete. In view of the First Fundamental Theorem of Asset Pricing (see [15, 9]), and accounting in particular for the dividends on the primary market, this means that there exists a risk-neutral measure Q ∈ M, where M denotes the set of probability b is a sigma martingale with respect to G under Q. measures Q ∼ P for which β X Given a standard stochastic basis, an Rd -valued process Y is called a sigma martingale if there exists an Rd -valued local martingale M and an Rd -valued H such that H i is a (predictable R i process i i i i [9, section 3]) M -integrable process and Y = Y0 + H dM for i = 1, . . . , d (see Lemma 5.1(ii) in [9]). In this paper, we shall use the following well-known properties of sigma martingales. Proposition 2.1 ([9, 40, 29]) (i) The class of sigma martingales is a vector space containing all local martingales. It is stable with respect to stochastic integration, R that is, if Y is a sigma martingale and H is a (predictable) Y -integrable process then the integral H dY is a sigma martingale. (ii) Any bounded from below sigma martingale is a supermartingale and any locally bounded sigma martingale is a local martingale. Remark 2.1 In the same vein, we recall that stochastic integration of predictable locally bounded integrands preserves local martingales (see, e.g., [40]). We now introduce the concept of a dividend paying game option (see also Kifer [33]). In broad terms, a dividend paying game option initiated at time t = 0 and maturing at time T , is a contract with the following cash flows that are paid by the issuer of the contract and received by the holder of the contract: • a dividend stream with the cumulative dividend at time t denoted by Dt , • a put payment Lt made at time t = τp if τp ≤ τc and τp < T ; time τp is called the put time and is chosen by the holder, • a call payment Ut made at time t = τc provided that τc < τp ∧ T ; time τc , known as the call time, is chosen by the issuer and may be subject to the constraint that τc ≥ τ¯, where τ¯ is the lifting time of the call protection, • a payment at maturity ξ made at time T provided that T ≤ τp ∧ τc and subject to rules specified in the contract. Of course, there is also the initial cash flow, namely, the purchasing price of the contract, which is paid at the initiation time by the holder and received by the issuer. Let us now be given an [0, +∞]-valued G-stopping time τd representing the default time of a reference entity, with default indicator process Ht = 1{τd ≤t} . A defaultable dividend paying game option is a dividend paying game option such that the contract is terminated at τd , if it has not been put or called and has not matured before. In particular, there are no more cash flows related to this contract after the default time. In this setting, the dividend stream D additionally includes a possible recovery payment made at the default time.
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We are interested in studying the problem of the time evolution of an arbitrage price of the game option. Therefore, we formulate the problem in a dynamic way by pricing the game option at any time t ∈ [0, T ]. Let 0 (respectively T ) stand for the inception date (respectively the maturity date) of a game option. We write GTt to denote the set of all G-stopping times with values in [t, T ] and we let G¯Tt stand for {τ ∈ GTt ; τ ∧ τd ≥ τ¯ ∧ τd }, where the lifting time of a call protection τ¯ belongs to GT0 . The stopping time τ¯ ∈ GT0 is used to model the restriction that the issuer of a game option may be prevented from making a call on some random time interval [0, τ¯). We are now in the position to state the formal definition of a defaultable game option. Definition 2.2 A defaultable game option with lifting time of the call protection τ¯ ∈ GT0 is a game option with the ex-dividend cumulative discounted cash flows βt π(t; τp , τc ) given by the formula, for any t ∈ [0, T ] and (τp , τc ) ∈ GTt × G¯Tt , Z τ   βt π(t; τp , τc ) = βu dDu + 1{τ 
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