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Experiments ➢ Physics Experiments - The gold standard for establishing cause



and



effect relationships - Principles of randomization, choice of sample sizes, blocking, etc. highly developed ➢ Simulation Experiments •- Complex physical system without (full) analytical understanding: often biological systems ➢ Computer Experiments...
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Computer Experiments ➢ Experimentation using Computer Codes In some situations performing a physical experiment is not an option: ➢ Physical process is technically too difficult to study ➢ Number of variables is too large ➢ Too expensive/time consuming to study directly ➢ Ethical considerations



When physical experiments are not possible, a computer experiment may still be feasible, if the physical process relating the inputs x to the response(s): ➢ Can be described by a mathematical model relating the output y(x) to x ➢ Numerical methods exist for solving the mathematical model



•The numerical methods can be implemented with computer code in finite time i.e. computation of forward model ℒ [ x ] = y(x)
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Computer Experiments ➢ Experimentation using Computer Code



x



Code



y( x)



The computer code is a proxy for the physical process ➢ y(x) is deterministic (hopefully) ➢ y(x) may be biased (→ calibration of code) ➢ Traditional principles of experimental design are irrelevant (aleatoric uncertainty) ➢ Real data: Assumption of noisy realisation of true input-output relationship:



yp(x)=m(x)+ε(x) ε(x): measurement error



and



yc(x)=m(x)+δ(x) δ(x): model bias



Formalism for consistent treatment of uncertainties in complex models



needed:



Uncertainty Quantification
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Uncertainty Quantification ➢ Quantifying uncertainty in computer simulations ➢ Sensitivity Analysis (which parameters are most important?) ➢ Variability Analysis (intrinsic variation associated with physical system) ➢ Uncertainty Analysis (degree of confidence in data and models)



Uncertainty quantification in computer simulations is an active&recent research area ➢ Meteorology ➢ Geology ➢ Engineering (FEM-codes) ➢ Military Research (Accelerated Strategic Computing Initiative (ASCI (2000))
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Uncertainty Quantification
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Computer Experiments ➢ Taxonomy of tasks in UQ 1) Interpolation/Prediction 2) Experimental Design 3) Uncertainty/Output Analysis 4) Sensitivity Analysis 5) Calibration 6) Prediction 7) Robust inputs
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Computer Experiments ➢ Taxonomy of tasks in UQ 1) Interpolation/Prediction: Given computer code output at a set of training inputs, (x1t, y(x1t)),...,(xnt,y(xnt))



predict y(*) at a new



input x0 2) Experimental Design 3) Uncertainty/Output Analysis 4) Sensitivity Analysis 5) Calibration 6) Prediction 7) Robust inputs
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Computer Experiments ➢ Taxonomy of tasks in UQ 1) Interpolation/Prediction 2) Experimental Design – Determine a set of inputs at which to carry out the sequence of code runs (depends on the scientific objective)



-



Exploratory Designs (“Space-filling”)



-



Prediction-based Designs



-



Optimization-based Designs (e.g. find xcopt = argmax y(x)) 3) Uncertainty/Output Analysis 4) Sensitivity Analysis 5) Calibration 6) Prediction 7) Robust inputs
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Computer Experiments ➢ Taxonomy of tasks in UQ 1) Interpolation/Prediction 2) Experimental Design 3) Uncertainty/Output Analysis – Determine the distribution of the random variable y(xc,Xe): Variability in the performance meaure y(*) for design xc subject to the distribution of (uncertainty in) Xe. 4) Sensitivity Analysis 5) Calibration 6) Prediction 7) Robust inputs
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Computer Experiments ➢ Taxonomy of tasks in UQ 1) Interpolation/Prediction 2) Experimental Design 3) Uncertainty/Output Analysis 4) Sensitivity Analysis – Determine how much variation in y(x) can be apportioned to the different inputs of x (which input is y(x) not sensitive to? Or most?) 5) Calibration 6) Prediction 7) Robust inputs
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Computer Experiments ➢ Taxonomy of tasks in UQ 1) Interpolation/Prediction 2) Experimental Design 3) Uncertainty/Output Analysis 4) Sensitivity Analysis 5) Calibration – Use outputs from both a physical experiment and an associated computer code that represents the physical process to set the calibration variables xm to minimize the bias in the input-output relationship (discretization) 6) Prediction 7) Robust inputs
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Computer Experiments ➢ Taxonomy of tasks in UQ 1) Interpolation/Prediction 2) Experimental Design 3) Uncertainty/Output Analysis 4) Sensitivity Analysis 5) Calibration 6) Prediction Accuracy – Using data from both a physical experiment and a (calibrated) computer experiment, give predictions (including uncertainty bounds) for the associated physical system 7) Robust inputs
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Computer Experiments ➢ Taxonomy of tasks in UQ 1) Interpolation/Prediction 2) Experimental Design 3) Uncertainty/Output Analysis 4) Sensitivity Analysis 5) Calibration 6) Prediction 7) Robust inputs – Determine robust choices of xc which are minimally sensitive to the assumed distribution F(*) of Xe : μ( xc)=EF{y( xc, Xe)}
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Computer Experiments ➢ Taxonomy of tasks in UQ 1) Interpolation/Prediction 2) Experimental Design 3) Uncertainty/Output Analysis 4) Sensitivity Analysis 5) Calibration 6) Prediction 7) Robust inputs Most tasks have 'natural' solutions by approximating y(xc,xe) by a fast predictor (metamodel, simulator, emulator) → see later
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Computer Experiments: Inverse problems ➢ Easy



ℒ[u]=b ℒ and b are known, solve for u: inversion problem → u=ℒ -1 [b] Issues: well-posed? unique inverse? etc. However: only single u ➢ Medium



ℒ [ u ] = b + ε;



ε~p(ε): random variable(s)



ℒ ,b and p(ε) are known, solve for p(u): inference problem : u=ℒ -1 [b+ε] Ubiquitous in data analysis... ➢ Hard



(ℒ (η)) [ u ] = b + ε; Complex inference problem



ε~p(ε): random variable η~p(η): random variable 16



Example ➢ Easy



ℒ[u]=b ℒ and b are known, solve for u: inversion problem → u=ℒ -1 [b] Example: Tomography,



u1



u2



(u≥0)



u3



u4



b1=0.9 b2=0.4



( )



1 0 C= 1 0



1 0 0 1



0 1 1 0



0 1 0 1



Cu=b b3=1 b4=0.3 - Existence of C-1 ? → Pseudoinverse CP-1



u = C-1 b
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Example ➢ Medium



ℒ [ u ] = b+ε ;



ε~ exp(-|ε| );



ℒ ,b and p(ε) are known, solve for p(u): inference problem Example: Tomography, u1 (u≥0)



u2 u3



b1=0.9 u4



b2=-0.4



( )



1 0 C= 1 0



1 0 0 1



0 1 1 0



0 1 0 1



b3=1 b4=-0.3 • Least squares or maximum likelihood approaches (??) • → Bayesian Inference 18



Example ➢ Hard



(ℒ (η)) [ u ] = b + ε;



ε~ exp(-|ε| ); η~p(η)



ℒ ,b, p(ε) and p(η) are known, solve for p(u): inference problem Example: Tomography, u1 (u≥0)



u2 u3



u4



b1=0.9 b2=-0.4



b3=1 b4=-0.3



(



a e C= i m



b f j n



c g k o



)



d h l p



Random variables a...p: Linear case is treated i.e. in Th. Schwarz-Selinger et al., J. Mass Spect., 37:748-754, 2002 for mass spectroscopy application



• Continuum of possible equations: cf. stochastic PDEs 19



Outline ➢ Computational strategies for the medium case: - Bayesian inference - Case study ➢ Computational strategies for the hard case:



- I) Polynomial chaos expansion - Spectral Galerkin approach - Non-intrusive methods - II) Gaussian Process based Emulators - Covariance kernels - statistical modelling ➢ Conclusion
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Probabilistic (Bayesian) Recipe Computational strategy for the medium case: Express inference problem via Bayes theorem in terms of forward problem Reasoning about parameters θ: (uncertain) prior information + (uncertain) measured data + physical model + Bayes theorem p ∣d = Pro:



Con:



p  d = D D= f 



prior distribution



}



p d∣ likelihood distribution



pd∣× p  p d 



posterior distribution



- Unified framework (i.e. data fusion) - Prior knowledge (constraints) easy to account for - Numerics: 100 % trivial parallel (MC or MCMC) - Fast approximate solution: argmax p(θ|d) - Integration of parameter space (→ hard case) 21



Application: ASDEX Upgrade (1) profiles of density ne(ρ), and temperature Te(ρ): ➢ Lithium beam impact excitation spectroscopy (LIB) → ne(ρ) at plasma edge ➢ Interferometry measurements (DCN) → ne(ρ) line integrated ➢ Electron cyclotron emission (ECE)



→ Te(ρ) ➢ Thomson scattering (TS)



→ ne(ρ), Te(ρ) ➢ Reflectometry (REF)



→ ne(ρ) ➢ Equilibrium reconstructions for diagnostics mapping: (x,y) → ρ
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Conventional vs. Integrated Data Analysis conventional Thomson Scattering data



ECE



analysis



analysis



ne(ρ), Te(ρ),Γ(ρ)



...



mapping ρ(x) → ne(x), Te(x),Γ(x)



data



ne(x),Te(x)



mapping ρ(x)



IDA (Bayesian probability theory)



Te(x)



mapping ρ(x)



linked result



Parametric entanglements



DTS(ne(x)),Te(x)) DECE(ne(x)),Te(x)) Thomson Scattering data dTS



Dcode(ne(x)),Te(x), Γ(x))



ECE data dECE



result: p(ne(ρ),Te(ρ),Γ(ρ) | dTS,dECE,dCode)



estimates: ne(ρ) ± Δne(ρ), Te(ρ) ± ΔTe(ρ) Γ(ρ) ± ΔΓ(ρ) 23



Application: W7-AS Using synergism:



∫



Combination of results from a set of diagnostics



⊗



Thomson Scattering



dTe



=



Soft-X-ray



Electron density 30% reduced error



→ synergism by exploiting full probabilistic correlation structure
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IDA: LIB + DCN + Reflectometry IDA: LIB+DCN+REF



REF (Abel inv.)



• Joint consideration of different diagnostics: intrinsic use of synergism • Calibration, Verification additional benefit • Systematic deviances in residues: Mapping of coordinate systems (ρ->x,y?) Self-consistent solution including plasma equilibrium calculation...
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Grad-Shafranov solver Grad-Shafranov equation: Ideal magnetohydrodynamic equilibrium for poloidal flux function Ψ for axisymmetric geometry



(



R



)



∂ 1 ∂ ∂² + Ψ =−(2 π)² μ0 ( R 2 P ' + μ0 FF ' ) ∂ R R ∂ R ∂ z²



✔ New code developed capable to be EQH IDE



used in the IDA concept: ✔ Magnetic measurements ✔ Profiles from other diagnostics ✔ Real-time solver (~100 μs)



R. Preuss et al., IPP-Report R/47 (2012) M. Rampp et al., Fusion Science and Technol., accepted
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Comparison EQH/IDE: Temperature and density #25764, 2.0s



~5cm



IDA(EQH) IDA(IDE)



core



edge



~5mm
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Medium Case: Summary ➢ Medium case: - Practical and theoretical expertise available (eg. here) - Large tool set available - Integrated data analysis (data fusion) widely accepted - Focus has shifted towards numerics (ie. large, sparse systems...)
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Outline ➢ Computational strategies for the medium case: - Bayesian inference - Case study ➢ Computational strategies for the hard case:



- I) Polynomial chaos expansion - Spectral Galerkin approach - Non-intrusive methods - II) Gaussian Process based Emulators - Covariance kernels - statistical modelling
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Hard problems: Examples
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Hard Case: PC ➢ I) Polynomial chaos expansion
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Hard Case: PC ➢ I) Polynomial chaos expansion
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Hard Case: PC ➢ I) Polynomial chaos expansion
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Hard Case: PC I) Polynomial chaos expansion – Example: Y=M(X1,X2); Xi~N (μi,σi) ; Transformation to standard form:



Xi = μi+σiξi



➢ Expansion up to third order (N=3) in two variables (d=2):



Size of full basis: P+1=(N+d)!/N!d!
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Hard Case: PC ➢ I) Polynomial chaos expansion – Galerkin approach:
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Hard Case: PC ➢ I) Polynomial chaos expansion – Galerkin approach:
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Hard Case: PC ➢ I) Polynomial chaos expansion – Non-intrusive I
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Hard Case: PC ➢ I) Polynomial chaos expansion: non-intrusive II)
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Hard Case: PC ➢ I) Polynomial chaos expansion: non-intrusive
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Hard Case: PC ➢ I) Polynomial chaos expansion: Error estimation
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Hard Case: PC ➢ I) Polynomial chaos expansion – Relation to Bayes:
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Hard Case: PC ➢ I) Polynomial chaos expansion – Relation to Bayes:
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Hard Case: PC ➢ I) Polynomial chaos expansion – Galerkin approach:
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Hard Case: PC ➢ I) Polynomial chaos expansion – Galerkin approach:
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Hard Case: PC ➢ I) Polynomial chaos expansion – Galerkin approach:
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Hard Case: PC ➢ I) Polynomial chaos expansion – Galerkin approach:
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Hard Case: PC ➢ I) Polynomial chaos expansion – Galerkin approach:



47



Hard Case: PC ➢ I) Polynomial chaos expansion – Galerkin approach:
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Hard Case: PC ➢ I) Polynomial chaos expansion – Galerkin approach:
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Hard Case: PC ➢ I) Polynomial chaos expansion – Galerkin approach:
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Hard Case: PC ➢ I) Polynomial chaos expansion – Galerkin approach:
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Hard Case: PC ➢ I) Polynomial chaos expansion: Sensitivity to input variables
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Hard Case: PC ➢ I) Polynomial chaos expansion
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Hard Case: PC ➢ I) Polynomial chaos expansion: Sensitivity analysis
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Hard Case: PC ➢ I) Polynomial chaos expansion
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Hard Case: PC ➢ I) Polynomial chaos expansion
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Outline ➢ Computational strategies for the medium case: - Bayesian inference - Case study ➢ Computational strategies for the hard case:



- I) Polynomial chaos expansion - Spectral Galerkin approach - Non-intrusive methods - II) Gaussian Process based Emulators - Emulator model - statistical modelling
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Hard case: PC ➢ Gaussian process based emulators
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Hard case: PC ➢ Gaussian process based emulators
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Hard case: PC
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Hard case: PC ➢ Gaussian process based emulators
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Hard case: PC ➢ Gaussian process based emulators
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Hard case: PC ➢ Gaussian process based emulators
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Hard case: PC ➢ Gaussian process based emulators
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Hard case: PC ➢ Gaussian process based emulators 1. GP can be efficiently determined (e.g. simulation points³) and evaluated
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Conclusion ➢ Polynomial chaos expansion



- intrusive methods: suited for new codes with focus on effects of fluctuations - non-intrusive methods: general purpose - selection of collocation points ? - sparse methods for very large problems - relevance of input uncertainties as byproduct: Sobol,... ➢ Gaussian processes



- very general method - successfully applied for large scale codes - suited for experimental design applications
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The end
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