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A “good” mathematical model for wave propagation



Must be hyperbolic In the dissipationless limit the model comes from Hamilton’s principle of stationary action Dissipative terms are in accordance with the second law of thermodynamics
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Hyperbolicity



Ut + A(U)Ux = f(U),



U ∈ R n.



(1)



The system (1) is hyperbolic if all eigenvalues ci of the matrix A are real and there exists n linearly independent eigenvectors of the matrix A.
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Wellposedness Hadamard’s example ut + vx = 0, vt − ux = 0, sin(nx) cos(nx) u(0, x) = , v (0, x) = . n2 n2 Solution



u(t, x) =



sin(nx) nt e , n2



v (t, x) =



cos(nx) nt e . n2



The Cauchy problem for hyperbolic equations is wellposed ! 4 / 44



Hamilton’s principle Definitions T – kinetic energy W – potential energy L = T − W – Lagrangian Z t1 Z a= LdDdt - Hamilton’s action t0



D(t)



Hamilton’s principle The governing equations are stationary ’points’ of Hamilton’s action (under certain constraints to be defined). 5 / 44



Constraints



They should be integrable in the reference configuration ! Conservation of the density Conservation of the entropy ...
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Advantages of Hamilton’s principle



Only one scalar function (Lagrangian) determines the governing equations Conservation laws and symmetry properties of the governing equations come from the symmetries of Hamilton’s action.
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Motion and virtual motion Dt



x x = (t, X ) D0



x



x =  (t, X , )



X
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Motion and virtual motion



x = ϕ(t, X), x = x 1 , x 2 , x 3



T



, X = X 1, X 2, X 3



T



,



x = Φ(t, X, λ), ∂ , ∂λ Φ(t, X, λ)|λ=0  −1 = ζ t, ϕ (t, x) .



ζ(t, X) = δx(t, x)
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Eulerian variations



Berdichevski, V. L. (2009), SG (2011) δρ = −div (ρδx),  ∂δx T ∂x



δη = −∇η.δx, δeβ = − δu =



Dδx Dt



−



eβ , eβ = ∇X β ,



∂u ∂x δx.



Z



t1



Z M · δxdD dt = 0



δa = t0



D(t)



It implies M = 0.
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Euler equations of compressible fluids Z T =



ρ ZDt



W =



kuk2 dD 2



ρε (ρ, η) dD. Dt



Constraints ρt + div (ρu) = 0,



(ρη)t + div (ρηu) = 0.



Equations (ρu)t + div (ρu ⊗ u + pI) = 0. The convexity of the specific energy ε(τ, η), τ = 1/ρ implies the hyperbolicity.
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Hyperelastic solids



Z T =



ρ ZDt



kuk2 dD 2



ρε (F, η) dD, F =



W = Dt



 ∂x , F−T = e1 , e2 , e3 , eβ = ∇x X β . ∂X



Hyperelastic isotropic solids −1    ε (F, η) = ε (J1 , J2 , J3 , η) , Jk = tr Gk , G = FFT , k = 1, 2, 3. (2) Stress tensor : ∂ε σ = −2ρ G. (3) ∂G
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Constraints



ρt + div (ρu) = 0, (ρη)t + div (ρηu) = 0,  β T T β eβt + ∂e u + ∂u e = 0, curleβ = 0, β = 1, 2, 3 ∂x ∂x Equation for eβ comes from ∂X β + u · ∇X β = 0. ∂t
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Isotropic elastic solids



∂ε G. ∂G Separable form that matches perfectly with both solids and fluids : (ρu)t + div (ρu ⊗ u − σ) = 0,



σ = −2ρ



ε = εh (ρ, η) + εe (g), 3 X G e e k ε (g) = ε (j1 , j2 ), jk = tr(g ), g = ,G= eβ ⊗ eβ , |G|1/3 β=1 σ = −pI + S, p = ρ2



∂εh ∂εe , S = −2ρ G. ∂ρ ∂G
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Criterion of hyperbolicity for a general stored specific energy



The specific energy is rank - one convex, i.e. the function ε˜(s) = ε(F + sn ⊗ m) is convex for any n and m (J. Ball, B. Dacorogna, ...). The equations are hyperbolic, if and only if the specific energy is rank one convex (cf. C. Dafermos). See Ndanou, Favrie and SG (2014) for a simpler criterion.
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Multiple solids and fluids



16 / 44



Physical classification of interfaces Diffuse interfaces Sharp interfaces



17 / 44



Shock-droplet interaction (G. Jourdan and L. Houas)
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Classical diffuse interfaces



kuk2 dD, 2



(4)



ρε(ρ, k∇ρk, η)dD.



(5)



Z T =



ρ D



Z W = D



Constraints : ρt + div(ρu) = 0,



ηt + u ∇η = 0.
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Weakness of the diffuse interface approach



How does the specific energy depend on the density gradient ?
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Level set approach



kuk2 dD, 2



(6)



ρε(ρ, c, k∇ck, η)dD.



(7)



Z T =



ρ D



Z W = D



Constraints : ρt + div(ρu) = 0, ct + u · ∇c = 0,



ηt + u ∇η = 0.
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Weakness of the level set approach



The meaning of the order parameter is not always clear. Volume fraction ? Mass fraction ? How does the specific energy depend on the order parameter ?
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Modelling of moving ‘sharp’ but a little bit ‘diffuse’ interfaces : multiphase approach Sharp interfaces as a heterogeneous mixture zone separating two pure fluids (Abgrall and Karni, Saurel and Abgrall). The corresponding interface is then considered as a ‘diffuse’ interface. Dynamic and kinematic conditions at the interface are satisfied. Generalization to fluid-solid and solid-solid interaction (SG, Favrie and Ndanou).



We solve only Cauchy problem ! 23 / 44



Multi-component flows



Classical variables : velocities, deformation measures, densities, entropies. Micro-structure variables : volume fractions, sizes of inclusions, ... Gradients and temporal derivatives of micro-structure variables : micromorphic approach
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Simplified Lagrangian



N



Z L=



ρ D



ρ=



N X



kuk2 X − Yk εk 2



! dD,



k=1



αk ρk , εk = εhk (ρk , ηk ) + εek (j1k , j2k ).



k=1



A new variation with respect to αi , i = 1, ..., N − 1 is needed ! ! !
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EL equations for the simplified Lagrangian  ∂ρ   ∂t + div (ρu) = 0,       T β Deβ  k  + ∂u ek = 0,  Dt ∂x      P    (ρu)t + div (ρu ⊗ u − σ) = 0, σ = N k=1 αk σ k ,                   



DYk Dt



= 0,



Dηk Dt



= 0,



D Dt



=



∂ ∂t



+ u · ∇,



p1 = ... = pN ,



The model is hyperbolic, if the energy of each phase is rank-one convex. 26 / 44



Fluid case : Kapila et al. model  ∂ρ   ∂t + div (ρu) = 0,      P   (ρu)t + div (ρu ⊗ u + pI) = 0, p = N  k=1 αk pk ,     DYk D ∂ Dt = 0, Dt = ∂t + u · ∇,       Dηk   Dt = 0,       p1 = ... = pN , Wood’s sound speed : N



X αk 1 = 2 ρcW ρk ck2



(8)



k=1



27 / 44



Relaxation equation for αk To avoid the resolution of algebraic equations, one uses ‘relaxation equations’ for αk : Dαk = µk (pk − pI ) , pI is an ‘interface0 pressure. Dt ‘Frozen’ sound speed : cf2



=



N X



Yk ck2 ,



k=1



Important inequality (Whitham’s sub-characteristic condition) : 2 cf2 > cW .
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N ≥ 2 interacting solids undergoing large deformations Ndanou, Favrie and SG, JCP, 2015



. Properties of the governing equations 1. Volume fractions of components are new microstructured variables (N > 2). 2. The system contains 12xN + 3 + 1 (or 12xN + 3N + 1 for different velocities) differential equations. 3. Looks as a Russian wood doll (’matreshka’) (easy to add or remove any number of solids, the equations are similar ). 3. Is hyperbolic if each solid possesses a ‘hyperbolic’ equation of state. 4. Satisfies the entropy inequality. 5. Satisfies Whitham’s sub-characteristic condition. 29 / 44



Two-fluid model



Extended Lagrangian for two-velocity model



2



Z L=



ρ D



Y1 ku1 k2 Y2 ku2 k2 X + − Yk εk 2 2



! dD,



k=1



ρ=



N X



αk ρk , εk = εk (ρk , ηk ).



k=1



Constraints : (αk ρk )t + div (αk ρk uk ) = 0,



Dk ηk = 0, Dt
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Two-fluid model



Extended Lagrangian for two-velocity model : equal pressures



(α1 ρ1 )t + div (α1 ρ1 u1 ) = 0, (α2 ρ2 )t + div (α2 ρ2 u2 ) = 0, (α1 ρ1 u1 )t + div (α1 ρ1 u1 ⊗ u1 + α1 p1 I) = p∇α1 , (α2 ρ2 u2 )t + div (α2 ρ2 u2 ⊗ u2 + α2 p2 I) = p∇α2 , Dk η k = 0, k = 1, 2, Dt p = α1 p1 + α2 p2 = p1 = p2 . The system has two complex eigenvalues for small relative velocity !
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Two-fluid model



Extended Lagrangian for two-velocity model : BN model



(α1 ρ1 )t + div (α1 ρ1 u1 ) = 0, (α2 ρ2 )t + div (α2 ρ2 u2 ) = 0, (α1 ρ1 u1 )t + div (α1 ρ1 u1 ⊗ u1 + α1 p1 I) = pI ∇α1 + λ (u2 − u1 ) , (α2 ρ2 u2 )t + div (α2 ρ2 u2 ⊗ u2 + α2 p2 I) = pI ∇α2 + λ (u1 − u2 ) , DI α1 = µ1 (p1 − pI ), Dt Dk ηk f1 f2 αk ρk θk = fk , k = 1, 2, + ≥ 0. Dt θ1 θ 2 BN choice : pI = p1 , uI = u2 . The system is almost hyperbolic : the eigenvalues are real and the eigenvectors form a basis excepting the ‘resonance’ surfaces ! 32 / 44



Impact of a jelly-like substance : 2 − 6 m/s



Impact of a jelly-like substance (carbopol), S. Hank, SG, N. Favrie, J. Massoni, 2017 • The maximal droplet spreading area as a function of the velocity impact ? • Influence of the parameter a on the spreading area ? Carbopol Cylinder



Air



Material Carbopol Air



γ 4.4 1.4



P∞ (Pa) 106 -



µ (Pa) 85 -



3



ρ0 (kg /m ) 1020 1.2



H



V



11111111111111111111111111111111111 00000000000000000000000000000000000 00000000000000000000000000000000000 11111111111111111111111111111111111 L0



H = 8mm, L0 = 12mm, V = −3m/s Case a = 0 e e (g) =



Case a = −1 µ 4ρ







j12 3



 −3



e e (g) =



 µ 2 j − j2 − 6 4ρ 1
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Impact of a jelly-like substance : 2 − 6 m/s



-Mesh size : 0.15 mm -Physical time : 16 ms -At the right : a=-1 -At the left : a=0



5 Experiments a=0 a=-1 4



Lm/L0



3



2



1



0 0



(L-H.Luu, Y.Forterre (2009))



1



2



3 Impact velocity (m/s)



4



5



6



The parameter a essentially modifies the spreading area ! 34 / 44



Taylor impact experiments : −197.5 m/s



Taylor impact experiments (copper rod-on-rod impact) (L.C.Forde et al. 2009)



Material parameters were calculated by using ‘Shock wave database’www.ficp.ac.ru/rusbank/ (A.V. Bushman, I.V. Lomonosov, K.V. Khishchenko) . Materials Copper Air



γ 4.54 1.4



P∞ (Pa) 29.9 109 -



µ (Pa) 48.5 109 -



ρ0 (kg /m3 ) 8924 1.2



σY (Mpa) 400 -



L=100 mm , D= 10 mm, V=(0, 0, −197.5)T m/s Final time : 368 µs 2D axisymmetric code, 725760 mesh cells, 4h on 48 processors.
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Taylor impact experiments : −197.5 m/s



Taylor impact experiments Time= 12 µs 7.5



Time= 20 µs 8.5



numerical results Experiments



numerical results Experiments



8



7



Radius (mm)



Radius (mm)



7.5 6.5 6 5.5



7 6.5 6 5.5



5 4.5 -20



5 -15



-10 -5 0 5 10 Distance from the impact (mm)



15



4.5 -20



20



-15



Time= 36 µs 9.5



15



20



9 8.5



8



Radius (mm)



Radius (mm)



20



numerical results Experiments



9.5



8.5



7.5 7 6.5



8 7.5 7 6.5



6



6



5.5



5.5



5 -20



15



Time= 52 µs 10



numerical results Experiments



9



-10 -5 0 5 10 Distance from the impact (mm)



-15



-10 -5 0 5 10 Distance from the impact (mm)



15



20



5 -20



-15



-10 -5 0 5 10 Distance from the impact (mm)
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Iron/Aluminium Impact



Impact Fer/Aluminium,



(S.Ndanou, N.Favrie and SG (2015))



An iron cylinder impacts an aluminium plate at 800 m/s. Fer



Air



R= 11111111 00000000 00000000 11111111 00000000 11111111 00000000 11111111 00000000 11111111 00000000 11111111 00000000 11111111 00000000 11111111 00000000 11111111 00000000 11111111 00000000 11111111 00000000 11111111 00000000 11111111



v



10 mm



Aluminium



20 mm



160 mm



Materials Aluminium Iron Air



γ 3.5 3.9 1.4



P∞ (Pa) 32 109 43.6 109 -



µ (Pa) 26 109 82 109 -



ρ0 (kg /m3 ) 2712 7860 1.2



σY (Mpa) 60 200 -
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Iron/Aluminium Impact



Iron/Aluminium Impact
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Steel/Titanium Impact



Steel/Titanium Impact 2 mm



• A perforation of a titanium plate by a cylindrical steel projectile at striking velocity 5000 m/s Materials Steel Titanium Air



µ (GPa) 81 44 -



ρ0 (kg /m3 ) 7850 4527 1.19



σY (Mpa) 700 1030 -



3D computation is performed on a Cartesian mesh with 106 cells, 96 processors, computation time 24h.



111 000 000 111 000 111 000 111 Projectile 111 000 000 Acier 111 000 111 000 111 000 111 000 111 000000 111111 000 111 000000 111111 000000 111111 000 111 000000 111111 V D= 7.7 mm 000000 111111 000 111 000000 111111 000000 111111 000 111 000000 111111 000000 111111 000 111 000 111 000 111 7.4 mm111 000 000 111 000 111 000 111 000 111 000 111 Plaque 000 111 000 111 Titane 000 111
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Steel/Titanium Impact



Physical time : 2.4µs
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Spalling



Spalling : aluminium plate-on-titanium plate impact at 700 m/s (S. Ndanou, N. Favrie and SG (2015))



Spalling of an iron plate (Ernstson et al.)



11111 00000 00000 11111 00000 11111 00000 11111 00000 11111 00000 11111 00000 11111 Aluminium 111 000 000 111 00000 11111 000 111 000 111 00000 11111 000 111 000 111 00000 11111 000 111 000 111 00000 11111 000 111 000 111 00000 11111 000 111 000 111 00000 11111 000 111 000 111 00000 11111 000 111 000 111 00000 11111 000 111 000 111 00000 11111 000 111 000 111 00000 11111 000 111 000 111 00000 11111 000 111 000 111 00000 11111 000 111 000 111 00000 11111 000 111 00000 11111 00000 11111 00000 11111 00000 11111 00000 11111 00000 11111 00000 11111



Titane



92 mm



192 mm



2 mm 9.8 mm
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Spalling



Spalling : aluminium plate-on-titanium plate impact at 700 m/s (S.Ndanou, N.Favrie and SG (2015))
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Spalling



Conclusion



Use always Hamilton’s principle of stationary action ! Do not forget about the hyperbolicity and the thermodynamics !
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Spalling
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