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Tutorial 3: compactness

Let K a non empty compact subset of Rn and f : K â†’ Rn a continuous mapping. ... In the following, dK denotes the function from Rn to R defined bu dK(x) = min{x ... 
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Tutorial 3: compactness. Exercise 1 The aim of this exercise is to prove that every continuous mapping from a compact subet of Rn in Rn may be extended to a continuous mapping from Rn to Rn . Let K a non empty compact subset of Rn and f : K → Rn a continuous mapping. 1 - Prove there exists a familly (ai )i∈I of elements in K, dense in K and such that I is a finite or countable subset of N . In the following, dK denotes the function from Rn to R defined bu dK (x) = min{kx − ak | a ∈ K}. For every i ∈ I, one defines the mapping ϕi from Rn \ K into R by : ( ) kx − ai k ϕi (x) = max 2 − ,0 dK (x) 2 - Prove that ϕi is continuous on Rn \ K and that for every x ∈ Rn \ K, ϕi (x) ∈ [0, 1]. Prove that for every x ∈ Rn \ K, there exists i ∈ I such that ϕi (x) 6= 0. 3 - One defines the mapping f˜ de Rn in Rn by: (



f˜(x) =



f (x) P



si x ∈ K ( i∈I 2 ϕi (x)f (ai )) sinon



−1 P



1 i∈I 2i ϕi (x)



−i



a - Prove that f˜ is continuous on the interior of K and on Rn \ K. b - Let x0 ∈ K \ intK and let ε > 0. Prove that there exists α > 0 such that : ∀x ∈ B(x0 , α) ∩ K, kf (x) − f (x0 )k ≤ ε. c - Prove that for every x ∈ B(x0 , α / K, then ϕi (x) = 0 if ai ∈ / B(x0 , α). 3 ), x ∈ α ˜ d - Deduce that for every x ∈ B(x0 , 3 ), kf (x) − f (x0 )k ≤ ε and conclude. Exercise 2 Let E a metric space and let F a compact metric space. Prove that a mpping f : E → F is continuous if and only if its graph G(f ) = {(x, f (x)), x ∈ E} is closed in E × F . Exercise 3 Find the compact subsets of R∗+ , endowed with the distance d(x, y) =



1 x







1 − . y



Exercise 4 Let E a compact metric space and let F a metric space. Let f be a bijective and continuous mapping from E to F . Prove that f is a homeomorphism. 1



Let E a compact metric space such that there exists a finite familly of continuous mappings from E to R, (fi )(i=1,...,n) , such that for every (x, y) ∈ E × E, x 6= y, there exists i ∈ {1, . . . , n} such that fi (x) 6= fi (y). Prove that E is homeomorphic to a compact subset of Rn . Exercise 5 Let E = Cb0 (R, R) the set of continuous mapping f from R to R such htat supx∈R | f (x) |≤ 1. Prove that if f and g are in E, d(f, g) = supx∈R | f (x) − g(x) | defines a distance on E. Is E, endowed with this metric, a compact set ? Is it bounded ? closed ?
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