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Theoretical and experimental investigation of statistics of spatial derivatives of Stokes parameters for polarization speckle Shun Zhang a, Paul Roulleau b, Akihiro Matsuda c, Mitsuo Takeda c,and Wei Wang ∗a a



Dept. of Mech. Engg., School of Engg. & Phys. Sci., Heriot-Watt University, Edinburgh, EH14 4AS, United Kingdom b Engineering School, The University of Poitiers, 86000 Poitiers, France c Dept. of Info. & Comm. Engg., The University of Electro-Communications, 1-5-1, Chofugaoka, Chofu, Tokyo, 182-8585, Japan ABSTRACT



The statistical properties of the spatial derivatives of the Stokes parameters for polarization speckle are investigated theoretically and experimentally. Based on the Gaussian assumption, the six-dimensional joint probability density function (p.d.f) for the derivatives of the Stokes parameters ( S1 , S 2 and S3 ) are all derived analytically for the first time. Subsequently, three two-dimensional p.d.f of derivatives for each Stokes parameters and the corresponding six marginal p.d.f are also given. Based on polar-interferometry, experiments have also been conducted to demonstrate the validity of the principle. Keywords: polarization speckle, random polarization states, derivatives of Stokes parameters



1. INTRODUCTION Laser speckle, a high-contrast, fine-scale granular pattern, has been known for a long time and its basic properties and extensive applications have been explored since the advent of CW laser.1-3 Laser speckle was generated when the linearly polarization laser beam was reflected and/or scattered from a rough surface. Although the corresponding changes of polarization states after the reflection or scattering have been studied well, the research on polarization effects in statistical optics have been, for the vast majority, restricted to partially polarized speckle stemming from the temporal coherent light source.4-7 Recently, we are interested in yet another type of speckle phenomena associated with random polarization. Instead of the well-known partially polarized speckle, we will introduce a new concept of what we call Polarization Speckle. Besides random phase and intensity fluctuations common to conventional laser speckle pattern, the proposed polarization speckle is a fully coherent, monochromatic, random vector field with its unique properties of spatially random polarization distribution. This type of speckle phenomena generated by a highly coherent light transmitted through a birefringent rough surface can be described by the various statistical properties of Stokes parameters. The statistical distribution of derivatives of Stokes parameters is of theoretical importance and practical interest in a number of problems. For example, in some problems where the properties of local maxima of Stokes parameters are of importance to determine particular polarization state, we need to explore the zeros of derivatives of Stokes parameter. In a liquid-crystal based spatial light modulator, knowledge of the spatial derivatives of Stokes parameters for the modulated beam permits specification for the spatial resolution achieved. In singular optics, the polarization singularities have attracted a lot of interest where the derivative of the Stokes parameter also plays an important role.8-14 Finally, when a hologram is formed by polar-inteferometer where two orthogonal plane reference beams are interfered with scatted wave generated by a diffused birefregent object, the statistical distribution of the spatial derivatives of the Stokes parameter provides a detailed description for the local orientation of the recorded fringe.8 In conventional laser speckle of random scalar field, some efforts have been devoted to study the statistical properties of derivative of wave fronts. The statistical properties of the spatial derivative of the amplitude and intensity has been investigated by Ebeling;18 the zero-crossing rate of the derivatives of the intensity was given by Ohtsubo;15-17 the ∗
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statistical properties of the wave fronts with Gaussian phase deformations are studied by Longuet-Higgins;20 the statistical properties of ray directions, i.e. partial derivatives of the phase are studied by Ochoa and Goodman.21 To our knowledge, the statistics of Stokes parameters in random vector field have not been discussed in the literature before. In this paper, we are interested in the joint and marginal p.d.f of the derivatives of the Stokes parameters in an isotropic random polarization field. Since the Stokes parameters are defined as some combination of the electric field components along xˆ and yˆ directions, we begin our theory with a general development of the statistical properties of the derivatives of the wave fronts. The joint and marginal p.d.f of the spatial derivatives of the Stokes parameters for the random polarization field are analytically derived. These results serve as a development of the conventional derivative statistics for scalar field, and will provide a solid theoretical foundation to study the information of the random vectorial field. Experiments have also been conducted to demonstrate the validity of the proposed theoretical analysis.



2. BACKGROUND r An isotropic polarization speckle is a monochromatic Gaussian random vector field E = ( E% x , E% y )T , whose components E% x and E% y are conventional circular Gaussian random function of the type well studied in laser speckle field.1-2



Therefore, the random polarization field can be described as a sum of contributions from N independently phases vector r radiators with each polarization components of E has the form 1 N (1) E%η = ∑ | aη k | exp(iφη k ), (η = x, y) N k =1 where aη k and φη k are the amplitude and phase of the k-th radiator with η polarization component. Since the sets of random phases {φ } and {φ } are independent, so E% and E% are completely statistical independent. For each xk



yk



x



y



realization of such random vector field, there is a well-defined polarization ellipse at each point in space with a welldefined intensity, eccentricity and orientation angle in polarization ellipse. Since the field described in Eq. (1) is statistically stationary and ergodic, all spatial average can be replaced by ensemble average. After separation each polarization components into their real and imaginary parts, we can rewrite the Stokes parameters from its definition:22 S0 = ( Exr )2 + ( Exi )2 + ( E yr )2 + ( E yi ) 2 = I x + I y , (2-1)



S1 = ( Exr )2 + ( Exi )2 − ( E yr )2 − ( E yi )2 = I x − I y ,



(2-2)



S 2 = 2( E E + E E ) = 2 I x I y cos(θ x − θ y ) ,



(2-3)



S3 = −2( E xr E yr − E xi E yi ) = 2 I x I y sin(θ x − θ y ) .



(2-4)



r x



r y



i x



i y



where E%η = Eηr + jEηi = Iη exp( jθη ), (η = x, y ) is the electric field component along the xˆ and yˆ direction; I x , I y , θ x , and θ y are statistically independent with θ x , and θ y uniformly distributed within [0, 2π ] .



3. STATISTICS OF SPATIAL DERIVATIVES OF STOKES PARAMETERS In order to find the statistical properties of the derivatives of Stokes parameters in an isotropic polarization speckle, we first must study the statistical properties of the derivatives of the real and imaginary parts for the two components of the electric fields. The real and imaginary parts of each electric field components Exr , Exi , E yr , E yi are Gaussian with zero means and equal variances σ 2 , derivatives of these real and imaginary parts are also Gaussian due to the fact that any linear transform of a Gaussian retains Gaussian statistics. As a consequence, the twelve random variables of interest obey a multidimensional Gaussian distribution,2,23 P ( Exr , Exi , E yr , E yi , ∂ x Exr , ∂ x Exi , ∂ y Exr , ∂ y Exi , ∂ x E yr , ∂ x E yi , ∂ y E yr , ∂ y E yi ) (3) −1 = ( 26 π 6σ 4 bx2 by2 ) exp ( − Ψ1 2 ) exp ( − Ψ 2 2 ) ,
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2 2 2 2 2 2 Where Ψ1 = σ −2 ⎡( Exr ) + ( Exi ) ⎤ + bx−2 ⎡( ∂ x Exr ) + ( ∂ x Exi ) ⎤ + bx−2 ⎡( ∂ y Exr ) + ( ∂ y Exi ) ⎤ ⎢⎣ ⎥⎦ ⎢⎣ ⎥⎦ ⎢⎣ ⎥⎦ 2 2 2 2 2 2 and Ψ 2 = σ −2 ⎡( E yr ) + ( E yi ) ⎤ + by−2 ⎡( ∂ x E yr ) + ( ∂ x E yi ) ⎤ + by−2 ⎡( ∂ y E yr ) + ( ∂ y E yi ) ⎤ . ⎢⎣ ⎦⎥ ⎣⎢ ⎦⎥ ⎣⎢ ⎦⎥



Here bx2 and by2 are elements in covariance matrix; i.e. ensemble averages ∂η Exr ∂η Exr = ∂η Exi ∂η Exi = bx2 and ∂η E yr ∂η E yr = ∂η E yi ∂η E yi = by2 , (η = x, y ) .



At this point we change the variables to find the density function for derivatives of intensity and phase P( I x , θ x , I y , θ y , ∂ x I x , ∂ xθ x , ∂ x I y , ∂ xθ y , ∂ y I x , ∂ yθ x , ∂ y I y , ∂ yθ y ) . As the previous work,21 the required transformation is: Exr = I x cos θ x ,



(4.1)



E = I x sin θ x ,



(4.2)



∂ x E = (2 I x ) ∂ x I x cos θ x − I x sin θ x ∂ xθ x ,



(4.3)



∂ x E = (2 I x ) ∂ x I x sin θ x + I x cos θ x ∂ xθ x ,



(4.4)



∂ y E = (2 I x ) ∂ y I x cos θ x − I x sin θ x ∂ yθ x ,



(4.5)



i x



r x i x



r x



−1



−1



−1



∂ y E = (2 I x ) ∂ y I x sin θ x + I x cos θ x ∂ yθ x , i x



−1



(4.6) −6



The transformation of y components is similar. The Jacobian for this transformation is 2 . With these results we have: P( I x , θ x , I y , θ y , ∂ x I x , ∂ xθ x , ∂ x I y , ∂ xθ y , ∂ y I x , ∂ yθ x , ∂ y I y , ∂ yθ y ) , (5) = (212 π 6σ 4 bx2 by2 ) −1 exp(−Τ) where Τ = I x [bx by + σ 2by (∂ xθ x )2 + σ 2bx (∂ yθ x )2 ] (2σ 2bx by ) + I y [bx by + σ 2by (∂ xθ y )2 + σ 2bx (∂ yθ y )2 ] (2σ 2bx by ) + [by (∂ x I x )2 + bx (∂ y I x )2 ] (8I x bx by ) + [by (∂ x I y )2 + bx (∂ y I y ) 2 ] (8I y bx by ) .



Our next transformation is:



ψ = θx + θ y ,



(6.1)



φ = θx −θ y ,



(6.2)



∂ xψ = ∂ xθ x + ∂ xθ y ,



(6.3)



∂ yψ = ∂ yθ x + ∂ yθ y ,



(6.4)



∂ xφ = ∂ xθ x − ∂ xθ y ,



(6.5)



∂ yφ = ∂ yθ x − ∂ yθ y ,



(6.6)



with the Jacobian being 1 8 . It follows that: P ( I x ,ψ , I y , φ , ∂ x I x , ∂ xψ , ∂ x I y , ∂ xφ , ∂ y I x , ∂ yψ , ∂ y I y , ∂ yφ ) = f (ψ , φ )(215 π 6σ 4 bx2 by2 ) −1 exp( −Κ ) ,



(7)



⎧1 ψ + φ < 2π , ψ − φ > −2π , φ > 0 ⎪ where f (ψ , φ ) = ⎨1 ψ − φ < 2π , ψ + φ > −2π , φ < 0 and ⎪0 Otherwise ⎩ 2 Κ = ( I x + I y )(∂ xψ ) (8bx ) + ( I x + I y )(∂ yψ ) 2 (8by ) + ( I x − I y )(bx−1∂ xψ ∂ xφ + by−1∂ yψ ∂ yφ ) 4



+ ( I x + I y ) (2σ 2 ) + ( I x + I y )(∂ xφ ) 2 (8by ) + ( I x + I y )(∂ yφ ) 2 8bx + [by (∂ x I x ) 2 + bx (∂ y I x ) 2 ] (8 I x bx by ) + [by (∂ x I y ) 2 + bx (∂ y I y ) 2 ] (8I y bx by ) .



Since the Stokes parameters are independent with ψ as shown in Eq. (2) and (6), we perform the following integrations:
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P ( I x , I y , φ , ∂ x I x , ∂ x I y , ∂ xφ , ∂ y I x , ∂ y I y , ∂ y φ ) = (215 π 6σ 4 bx2 by2 ) −1 ∫



2π



−2π



+∞



+∞



−∞



−∞



∫ ∫



exp(−Κ ) f (ψ , φ )dψ d (∂ xψ )d (∂ yψ )



= g (φ )[212 π 6σ 4 b3 ( I x + I y )]−1 exp{− I x I y [(∂ xφ ) 2 + (∂ yφ ) 2 ] [2b( I x + I y )]} ,



(8)



× exp[− ( I x + I y ) (2σ ) − (∂ x I x ) (8bI x ) − (∂ x I y ) (8bI y )] 2



2



2



× exp[− (∂ y I x ) 2 (8bI x ) − (∂ y I y ) 2 (8bI y )] ⎧ 4π − 2φ for − 2π < φ < 2π where g (φ ) = ⎨ . Here we have confined our discussion within a symmetric case by Otherwise ⎩ 0 assuming bx = by ≡ b , as the previous work.2



From Eq. (8), our next transform is to obtain the distribution of S1 , S2 , S3 , ∂ x S1 , ∂ x S 2 , ∂ x S3 , ∂ y S1 , ∂ y S2 , ∂ y S3 . The required transformation is: S1 = I x − I y ,



(9.1)



S 2 = 2 I x I y cos φ ,



(9.2)



S3 = 2 I x I y sin φ ,



(9.3)



∂ x S1 = ∂ x I x − ∂ x I y ,



(9.4)



∂ x S 2 = I y I x ∂ x I x cos φ + I x I y ∂ x I y cos φ − 2 I x I y ∂ xφ sin φ ,



(9.5)



∂ x S3 = I y I x ∂ x I x sin φ + I x I y ∂ x I y sin φ + 2 I x I y ∂ xφ cos φ ,



(9.6)



∂ y S1 = ∂ y I x − ∂ y I y ,



(9.7)



∂ y S 2 = I y I x ∂ y I x cos φ + I x I y ∂ y I y cos φ − 2 I x I y ∂ yφ sin φ ,



(9.8)



∂ y S3 = I y I x ∂ y I x sin φ + I x I y ∂ y I y sin φ + 2 I x I y ∂ yφ cos φ .



(9.9)



2 −3/ 2 3



The Jacobian for this transformation is ( S + S + S ) 8 , resulting in a probability density function: P ( S1 , S2 , S3 , ∂ x S1 , ∂ x S 2 , ∂ x S3 , ∂ y S1 , ∂ y S 2 , ∂ y S3 ) 2 1



2 2



= g (arctan S3 S 2 ) [215 π 6σ 4 b3 ( S12 + S 22 + S32 ) 2 ]



(10)



⎡ ⎤ × exp ⎢ − S12 + S 22 + S32 (2σ 2 ) − ∑ [(∂ x Si ) 2 + (∂ y Si ) 2 ] (8b S12 + S22 + S32 ) ⎥ . i =1 ⎣ ⎦ To find the density functions of the derivatives of Stokes parameters, we can represent the Stokes parameters on a 3



Poincaré sphere with its radius S0 = S12 + S22 + S32 After integration over the spherical angles, we have: . P ( S0 , ∂ x S1 , ∂ x S2 , ∂ x S3 , ∂ y S1 , ∂ y S 2 , ∂ y S3 ) =



⎧ S 1 1 exp ⎨− 0 2 − 2 8 bS 2 π σ b S0 2 σ 0 ⎩ 1



11



3



4 3



3



∑ [(∂ S ) i =1



x



i



2



⎫ + ( ∂ y S i ) 2 ]⎬ . ⎭



(11)



From Eq. (11), the joint probability density function we are seeking is P (∂ x S1 , ∂ x S 2 , ∂ x S3 , ∂ y S1 , ∂ y S 2 , ∂ y S3 ) ⎡ = (29 σ 5 b5 2π 3 ) −1 K1 ⎢ ⎢⎣



3



∑ [(∂ i =1



x



⎤⎡ 3 ⎤ Si ) 2 + (∂ y Si ) 2 ] 2 bσ ⎥ ⎢ ∑ [(∂ x Si ) 2 + (∂ y Si ) 2 ]⎥ ⎦ ⎥⎦ ⎣ i =1



When Eq. (12) is derived, we have made use of the formula:24-25



∫



+∞



0



t −α −1 exp[−t − x 2 (4t )]dt = Kα ( x)( x 2)−α .



−1 2



.



(12) (13)



with Kα ( x) being the modified Bessel function of the second kind. Then the joint probability density and the marginal density for each Stokes parameters could be found by integrating the joint density, respectively, with the result:
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P (∂ x Si , ∂ y Si ) =



1 32σ b π 3 32



P ( ∂ x Si ) = P ( ∂ y Si ) =



(∂ x Si ) 2 + (∂ y Si ) 2 K1 ⎡ (∂ x Si ) 2 + (∂ y Si ) 2 (2 bσ ) ⎤ . (i = 1, 2,3) ⎣ ⎦ 1 4σ 2bπ



(



(



K 3 2 ∂ x Si 2σ b



)( ∂ S



)(



x



i



2σ b



)



32



(14)



,



)



1 exp − ∂ x Si 2σ b ∂ x Si + 2σ b . (i = 1, 2, 3) (15) 16σ 2 b where we have used the formula π (2 x) K 3 2 ( x) = π e − x (1 + x −1 ) (2 x) .25 Here we present plots of normalized versions =



of the joint and marginal derivatives of Stokes parameters in Fig. 1. From Eq. (15), the p.d.fs of first spatial derivatives of all three Stokes parameters take the same form.



(a)



(b)



Fig. 1. Normalized probability density function of derivatives of Stokes parameters: (a) joint density function P(∂ x Si , ∂ y Si ) (i = 1,2,3) (b) marginal density P ( ∂ μ S i ) ( μ = x , y ; i = 1, 2, 3) .



4. EXPERIMENTS Experiments have been conducted to demonstrate the validity of the principle. The setup is shown in Fig. 2. A polarinterferometer has been constructed, which is based on a combination of a Michelson interferometer and a MachZehnder interferometer.15 Linearly polarized light from a He-Ne laser source was introduced into the Mach-Zehnder interferometer, and is subsequently divided into two components at a beam splitter. The linearly polarized beam reflected at this beam splitter was collimated a microscope objective and Lens to serve as a reference beam for interference. The collimated reference beam was split at a polarized beam splitter into two orthogonally and linearly polarized components. To balance the intensities of these two orthogonal components, a half wave plate was inserted before the polarized beam splitter to change the polarization plane of the incident beam. The reflected component passes through quarter-wave plate to a tilted mirror. When the beam is reflected, the tilt angle gives a spatial carrier frequency to the reflected beam. After passing through quarter-wave plate again, the linear polarization of the tilted beam was changed by π 2 without any reflection toward the He-Ne laser source when it was transmitted by the polarized beam splitter. Similarly, the other beam reflected at another mirror is totally reflected at the polarized beam splitter with the help of another quarter wave plate. It follows that the reference beam from the polarized beam splitter to beam splitter is composed of two orthogonal linearly polarized components with different spatial carrier frequencies. On the other hand, a depolarizer inserted in another arm of the interferometer depolarized the incident beam to function as a signal wave, and has been used to control the spatial degree of polarization dependent on its rotation. To adjust the size of polarization speckle, a 10 × microscope objective was slid back and forth to produce a proper illumination spot size on a ground glass plate. The generated polarization speckle collimated by a Lens was made to interfere with the reference beam having two orthogonal linearly polarized components with different spatial carrier frequencies. The CCD camera records the interferogram of the polarization speckle in the far field. By using the Fourier transform method, we have recovered the two orthogonal components of polarization speckle from the recorded interferogram.27 From the reconstructed E% x



Proc. of SPIE Vol. 7790 77900N-5 Downloaded from SPIE Digital Library on 03 Feb 2011 to 90.60.74.53. Terms of Use: http://spiedl.org/terms



and E% y , we obtained the distribution of the Stokes parameters for polarization speckle by using Eqs (2.1)-(2.4), and conducted a statistical analysis based on the reconstructed gradient field for the Stokes parameters maps.



Fig. 2. Experimental setup for generation and detection of polarization speckle.



Fig. 3. Examples of gradient arrow plot for the Stokes parameters in polarization speckle; (a) ∇S1 ; (b) ∇S 2 ; (c) ∇S3 .



Figure 3 shows the example of the gradient arrow plot for Stokes parameters in polarization speckle, where each arrow points in the direction of the greatest rate of increase with its length representing the local magnitude of gradient field for Stokes parameters. Just as the conventional laser speckle with random intensity distribution, the desired polarization speckle also has its unique property of random polarization states with granular structure for each of Stokes parameters. After calculating the spatial derivatives for each Stokes parameters, we obtained the corresponding statistics for polarization speckle. As shown in Fig. 4(a), the probability density function of ∂ x S1 has its maximum at zero value. With increase of magnitude for the spatial derivatives of S1 , its statistical distribution creases monotonically. From the gradient fields for S1 , we also obtained the two-dimensional histogram as shown in Fig. 4(b). Figure 4 provides a direct experimental verification of the spatial derivatives of the first Stokes parameter in random vector field, and it also supports the theoretical analysis gin in Section. 3.
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(a)



(b)



Fig. 4. The experimental verification for spatial derivatives of S1 in polarization speckle, (a) one-dimensional histogram, (b) two-dimensional histogram.



5. CONCLUSIONS From the Gaussian assumption of the random electric fields, the joint and marginal probability density functions of the spatial derivatives of Stokes parameters in an isotropic polarization speckle have been found. These results can be regarded as a development and extension of previous works focusing on the statistics of the derivatives of the intensity and phase in conventional laser speckle, which is a random scalar field, and will no doubt provide more concise description about the spatial change of random vector field. The results should prove useful in studies of the vectorial diffraction of diffused birefringent objects and may be of interest in optical information processing using liquid-crystal spatial light modulator. Experimental results have also been provided to support the proposed theoretical analysis.
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