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The Ultra-Weak Ash Conjecture is Equivalent to the Spectrum Conjecture, and Some Relative Results Annie Chateau and Malika More ´ – LLAIC, Clermont-Ferrand LACIM, Montreal CSL’05 Spectrum Problem Workshop – p.1/27



Summary 1. Ash’s conjecture 2. The Ultra-weak Ash conjecture 3. Restrictions 4. Ash’s counting functions for theories 5. Some particular cases 6. Conclusion and future work
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Ash’s conjecture: k-equivalence Notations σ finite relational signature k quantifier depth n size of finite σ-structures ´ k -equivalence: Fra¨ısse’s two σ-structures are k-equivalent if they satisfy exactly the same sentences of quantifier depth ≤ k
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Ash’s conjecture: Ash’s function Nσ,k (n) = number of non k-equivalent σ-structures of size n Nσ,k (n) ≤ total (finite) number of non k-equivalent finite σ-structures Mσ,k Number of non k-equivalent structures of size n
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Ash’s conjecture Conjecture 1 (Ash’s constant conjecture) For any finite relational signature σ and any positive integer k, the Ash function Nσ,k is eventually constant. Conjecture 2 (Ash’s periodic conjecture) For any finite relational signature σ and any positive integer k, the Ash function Nσ,k is eventually periodic.
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Ash’s conjecture



Theorem 1 (Ash 1994) Both conjectures imply the spectrum conjecture
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The Ultra-weak Ash conjecture Reverse images of the Ash counting function: −1 Nσ,k (i) = {n ∈ N+ /Nσ,k (n) = i}



They partition N+ : N+ =



[ ˙ Mσ,k i=1



−1 (i) Nσ,k
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The Ultra-weak Ash conjecture Ash’s constant conjecture: −1 “All non-empty sets Nσ,k (i) but one are finite.” Conjecture 3 (the ultra-weak Ash conjecture) For any finite relational signature σ, for any positive integer k and for all i ∈ N+ , the set −1 Nσ,k (i) is a spectrum.
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The Ultra-weak Ash conjecture Theorem 2 (Chateau-More 2003) Let σ be a finite relational signature, and let k be a positive integer. For all i ∈ N+ , −1 the set Nσ,k (i) is a spectrum



if and only if For every σ-sentence ϕ of quantifier depth ≤ k, the set N+ \ Sp(ϕ) is a spectrum. CSL’05 Spectrum Problem Workshop – p.9/27



The Ultra-weak Ash conjecture Scheme of the proof:



Ψ = {ψ characterizing the k-equivalence classes }



θjϕ =



_



^



ψ′



Θ⊆Ψ Ψ∈Θ |Θ|=j Θ|=f ¬ϕ



"There exist i models of ¬ϕ of size n"
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The Ultra-weak Ash conjecture [



Mσ,k +



N \Sp(ϕ) =



ϕ (Sp(θj )



−1 (j)) ∩ Nσ,k



j=1



Sp(θjϕ ) =



[



\



Sp(ψ ′ )



Θ⊆Ψ ψ∈Θ |Θ|=j Θ|=f ¬ϕ
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The Ultra-weak Ash conjecture Corollary 1 Let σ be a finite relational signature, and let k be a positive integer. If the Ash function Nσ,k is eventually constant, then for every σ-sentence ϕ of quantifier depth ≤ k, the set N+ \Sp(ϕ) is the spectrum of a sentence of the same quantifier depth as ϕ, over a signature with the same arities as σ.
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Restrictions to unary signatures Proposition 1 If σ1 is a unary signature, then for all k ≥ 1, Ash’s function Nσ1 ,k is eventually constant. But: only finite and cofinite spectra are definable.
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Restrictions to quantifier depth 2 Proposition 2 For all finite relational signature σ, Ash’s function Nσ,2 is eventually constant.
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Restrictions: padding Assume that there exist a set G of one-to-one functions g : N+ −→ N+ a set E ⊂ SP EC such that for all S ∈ SP EC, there exists g ∈ G such that g(S) = {g(n) / n ∈ S} ∈ E for all g ∈ G, for all S ∈ SP EC, the set g −1 (S) = {n / g(n) ∈ S} ∈ SP EC
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Restrictions: padding For all S ∈ E, the set N+ \ S ∈ SP EC if and only if the spectrum conjecture holds Usually, E is the set of all spectra defined by a σ-sentence of quantifier depth k, where (σ, k) ∈ Σ × K
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Restrictions: padding (signature) Theorem 3 (Fagin) For all first-order sentence ϕ, there exist an integer l ≥ 1 and a BIN -sentence ψ such that Sp(ψ) = {nl , n ∈ Sp(ϕ)}. Corollary 2 −1 If for all k ≥ 1 and for all i ∈ N+ , the set NBIN,k (i) is a spectrum, then the spectrum conjecture holds.
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Restrictions:padding (quantifier depth) Proposition 3 (Grandjean) For all first-order sentence ϕ, there exist an integer l ≥ 1 and a binary sentence ψ of quantifier depth 3 such that Sp(ψ) = {ml , m ∈ Sp(ϕ)}. Corollary 3 If for all binary signature σ2 and for all i ∈ N+ , the set Nσ−1 (i) is a spectrum, then the spectrum 2 ,3 conjecture holds. CSL’05 Spectrum Problem Workshop – p.18/27



Ash’s counting functions for theories Notation



T a consistent σ-theory Tk = {ϕ ∈ T / ϕ has quantifier depth ≤ k} NT ,k = number (≤ Mσ,k ) of non k-equivalent models of Tk of size n for all n ≥ 1. NT−1,k (i) = {n ∈ N+ /NT ,k (n) = i} +



N =



[ ˙ Mσ,k i=0



NT−1,k (i) CSL’05 Spectrum Problem Workshop – p.19/27



Ash’s counting functions for theories k = 2, σ = { 
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