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The Monty Hall Problem Afra Zomorodian January 20, 1998



Introduction This is a short report about the infamous “Monty Hall Problem.” The report contains two solutions to the problem: an analytic and a numerical one. The analytic solution will use probability theory and corresponds to a mathematician’s point of view in solving problems. The numerical solution simulates the problem on a large scale to arrive at the solution and therefore corresponds to a computer scientist’s point of view.



The Monty Hall Problem The Monty Hall Problem’s origin is from the TV show, “Let’s Make A Deal” hosted by Monty Hall. The statement of the problem is as follows [LR94]: “You are a contestant in a game show in which a prize is hidden behind one of three curtains. you will win the prize if you select the correct curtain. After you have picked one curtain but before the curtain is lifted, the emcee lifts one of the other curtains, revealing an empty stage, and asks if you would like to switch from your current selection to the remaining curtain. How will your chances change if you switch?” The question was originally proposed by a reader of “Ask Marilyn”, a column by Marilyn vos Savant in Parade Magazine in 1990 and her solution caused an uproar among Mathematicians, as the answer to the problem is unintuitive: while most people would respond that switching should not matter, the contestant’s chances for winning in fact double if she switches curtains. Part of the controversy, however, was caused by the lack of agreement on the statement of the problem itself. We will use the above version. For accounts of the controversy as well as solutions and interactive applets, see [Don98].



Proof by Probability Theory Without loss of generality, let us call the curtain picked by the contestant curtain a, the curtain opened by Monty Hall curtain b, and the third curtain c. We will define the following events: • A, B, and C are the events that the prize is behind curtains a, b, and c respectively. • O is the event that Monty Hall opens curtain b. The Monty Hall Problem can be restated as follows: Is P r{A | O} = P r{C | O}?
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By Bayes’s Theorem, we have: P r{A | O} = P r{C | O} =



P r{A}P r{O | A} P r{O} P r{C}P r{O | C} P r{O}



We assume that the prize is randomly placed behind the curtains: P r{A} = P r{B} = P r{C} = 1/3 We compute all of the conditional probabilities for event O, as we’ll need them to compute P r{O}: P r{O | A} = 1/2, if the prize is behind a, Monty Hall can open either b or c P r{O | B} = 0, if the prize is behind b, Monty Hall cannot open curtain b P r{O | C} = 1, if the prize is behind c, Monty Hall can only open curtain b To compute P r{O}, we note that O = (O ∩ A) ∪ (O ∩ B) ∪ (O ∩ C) and O ∩ A, O ∩ B, and O ∩ C are mutually exclusive events as the prize can be behind one curtain only. So, P r{O} = P r{O ∩ A} + P r{O ∩ B}P r{O ∩ C} = P r{A}P r{O | A} + P r{B}P r{O | B} + P r{C}P r{O | C} = (1/3) · (1/2) + (1/3) · 0 + (1/3) · 1 = 1/2. Therefore, we have: P r{A}P r{O | A} P r{O} (1/3) · (1/2) = 1/2 = 1/3.



P r{A | O} =



Furthermore, we have: P r{C}P r{O | C} P r{O} (1/3) · 1 = 1/2 = 2/3.



P r{C | O} =



In other words, if we switch we double our chances of winning. We could have also arrived at this answer by noting P r{B | O} = 0 and therefore P r{C | O} = 1 − P r{A | O} = 1 − 1/3 = 2/3.



Generalized Monty Hall Problem With the same analysis, we can show that if there are n curtains and the emcee opens n − 2 of them after the contestant’s initial choice, the contestant’s chances of winning will be 1/n if she decides to stay with the initial choice and (n − 1)/n if she switches. In other words, the contestant’s chance of winning goes up by a factor of n − 1 in case of switching. 2



Solution by Simulation The Monty Hall Problem 100 Staying Switching Theoretical for Staying 33 1/3% Theoretical for Switching 66.7 %
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A program monty.c for simulating the generalized Monty Hall Problem was implemented in ANSI-C and is included. Using the program, data was generated for the two following graphs. The graph above shows the convergence of the probabilities to the theoretical values for 3 curtains (each set of game was independently run.) The graph plots the percentage of winning if the contestant always chooses to stay with the original door versus if the contestant chooses to switch. The graph clearly reaffirms the theoretical result. The graph on the next page shows what happens when we increase the number of curtains from 3 to 100. For each value of curtains, 100,000 games were played. The graph also plots the theoretical values as above. The numerical and theoretical values match extremely well.



Conclusion In conclusion, I’d like to note that the Monty Hall Problem is unintuitive because it is hard to see when information is brought into the problem, i.e. Monty Hall’s opening of the curtain causes the conditional probabilities to change. A related problem, the Prisoner’s Problem, has the same structure but asks a different question and may be found in [LR94].
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Generalized Monty Hall Problem (100,000 Games) 100 Staying Switching Theoretical for Staying (1/n) Theoretical for Switching (n-1)/n
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