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The geometrical structure of quantum theory as a natural generalization of information geometry Marcel Reginatto Physikalisch-Technische Bundesanstalt, Braunschweig, Germany Abstract. Quantum mechanics has a rich geometrical structure which allows for a geometrical formulation of the theory. This formalism was introduced by Kibble and later developed by a number of other authors. The usual approach has been to start from the standard description of quantum mechanics and identify the relevant geometrical features that can be used for the reformulation of the theory. Here this procedure is inverted: the geometrical structure of quantum theory is derived from information geometry, a geometrical structure that may be considered more fundamental, and the Hilbert space of the standard formulation of quantum mechanics is constructed using geometrical quantities. This suggests that quantum theory has its roots in information geometry. Keywords: quantum mechanics, information geometry, symplectic geometry, Kähler geometry PACS: 03.65.Ta, 02.40.Tt, 02.40.Yy



INTRODUCTION In the Schrödinger picture of non-relativistic quantum mechanics, the state of a particle is represented by a wave functions ψ (x,t), where x are the coordinates of the configurations space and t is the time. The probability of finding the particle at position x and time t is given by the probability density P = ψ ∗ ψ . The evolution of the wave function is determined by the Schrödinger equation, i¯hψ˙ = −(¯h2 /2m)∇2 ψ +V ψ , where m is the mass of the particle and V a potential term. In the Hilbert space formulation of the theory, physical observables are represented by linear operators acting on wave functions and the Schrödinger equation takes the form of an operator equation, i¯hψ˙ = Hˆ ψ , where Hˆ = −(¯h2 /2m)∇2 +V is the Hamiltonian operator. The Hilbert space formulation of quantum mechanics [1] is the standard one, but other alternative approaches are possible. The theory has a rich geometrical structure which allows for a geometrical formulation, introduced by Kibble [2] and later developed by a number of other authors. A review of the various geometrical formulations is beyond the scope of this paper. For a detailed but accessible description, see Ref. [3]. The usual approach has been to start from the standard description of quantum mechanics and identify the relevant geometrical features that can be used for the reformulation of the theory. Here this procedure is inverted: the geometrical structure of quantum theory is derived from information geometry, a geometrical structure that may be considered more fundamental, and the Hilbert space of the standard formulation of quantum mechanics is constructed using geometrical quantities. The starting point of the analysis is very basic: A space of probabilities and the information metric, which defines a geometry known as information geometry. The next step is to take dynamics into consideration, via an action principle. Once this



is done, new geometrical structures which go beyond information geometry appear in a natural way. The description of dynamics in terms of an action principle in the Hamiltonian formalism introduces a doubling of the dimensionality of the space and a symplectic structure, and requirements of consistency between metric and symplectic structures lead to a complex structure and to a Kähler geometry. In this way, all the geometrical structure that is needed for the geometrical formulation of quantum theory is derived from information geometry. The procedure, which can be carried out for both continuous [4] and discrete [5, 6] systems, has a number of remarkable features: the complex structure appears by requiring consistency between metric and symplectic structures, wave functions arise as the natural complex coordinates of the Kähler space, and time evolution is described by a one-parameter group of unitary transformations. This suggests that quantum theory has its roots in information geometry. The work presented here relies heavily on, and extends, work done in collaboration with M. J. W. Hall [4, 5].



INFORMATION GEOMETRY Consider an n-dimensional configuration space, withR coordinates x ≡ {x1 , . . . , xn }, and probability densities P(x) satisfying P(x) ≥ 0 and d n x P(x) = 1. Let the translation group T act on the probability densities, T : P(x) → P(x + θ ). There is a natural metric on the space of parameters, the Fisher-Rao metric [7], given in this case by



α γ jk = 2



Z



d nx



1 ∂ P(x + θ ) ∂ P(x + θ ) , P(x + θ ) ∂ θ j ∂θk



(1)



where α is a constant. The line element d σ 2 = γ jk ∆ j ∆k (where |∆k | 
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