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(1750-1800) who used it in 1790 while Euler used the letter C. The constant Î³ is deeply related to the Gamma function Î“(x) thanks to the. Weierstrass formula. 1. 
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The Euler constant : γ Xavier Gourdon and Pascal Sebah April 14, 20041 γ = 0.57721566490153286060651209008240243104215933593992 . . .
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Introduction



Euler’s Constant was first introduced by Leonhard Euler (1707-1783) in 1734 as   1 1 1 γ = lim 1 + + + · · · + − log(n) . (1) n→∞ 2 3 n It is also known as the Euler-Mascheroni constant. According to Glaisher [4], the use of the symbol γ is probably due to the geometer Lorenzo Mascheroni (1750-1800) who used it in 1790 while Euler used the letter C. The constant γ is deeply related to the Gamma function Γ(x) thanks to the Weierstrass formula  x i Y h 1 x = x exp(γx) 1+ exp − . Γ(x) n n n>0 This identity entails the relation Γ0 (1) = −γ.



(2)



It is not known if γ is an irrational or a transcendental number. The question of its irrationality has challenged mathematicians since Euler and remains a famous unresolved problem. By computing a large number of digits of γ and using continued fraction expansion, it has been shown that if γ is a rational number p/q then the denominator q must have at least 242080 digits. Even if γ is less famous than the constants π and e, it deserves a great attention since it plays an important role in Analysis (Gamma function, Bessel functions, exponential-integral, ...) and occurs frequently in Number Theory (order of magnitude of arithmetical functions for instance [11]).
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Computation of the Euler constant



2.1



Basic considerations



Direct use of formula (1) to compute Euler constant is of poor interest since the convergence is very slow. In fact, using the harmonic number notation Hn = 1 + 1 This



1 1 1 + + ··· + , 2 3 n



pages are from //numbers.computation.free.fr/Constants/constants.html
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we have the estimation



1 . 2n This estimation is the first term of an asymptotic expansion which can be used to compute effectively γ, as shown in next section. Nevertheless, other formulae for γ (see next sections) provide a simpler and more efficient way to compute it at a large accuracy. Better estimations are : Hn − log(n) − γ ∼



1 2(n + 1)



0 < −1 48n3



Hn − log(n) − γ
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