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Stochastic Calculus - Problem set 7 - Fall 2002 Exercise 1 The fact that

for this to be the general term of a convergent series, it is enough to choose n to be 2k. Then âˆ‘n E(B2 n) is convergent, and therefore âˆ‘n B2 n is finite almost ... 
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Stochastic Calculus - Problem set 7 - Fall 2002



Exercise 1 The fact that, using the notation of the exercise, we have 1 3 (X − Xk3 ) − Xk ∆Xk2 + ∆Xk3 3 k+1



Xk2 ∆Xk =



is just simple algebra. Therefore we end up with (n)



YT



=



1 3 1 X − An − Bn − Cn 3 T 3



where An =



n−1 X



Xk ∆t



k=0



Bn =



n−1 X



(∆Xk2 − ∆t)



k=0



Cn =



n−1 X



∆Xk3



k=0



Let’s look at each term separately. We can readily take the limit in The first term, An , to get Z T lim An = X(t)dt n→+∞



If we look at



0



E(Bn2 ),



we can gather the cross-terms together to get   n−1 X X E(Bn2 ) = E  Xk2 (∆Xk2 − ∆t)2 + Xk Xj (∆Xk2 − ∆t)(∆Xj2 − ∆t) k=0



i6=j



But if j < k, we can use the tower property to estimate      E Xk Xj (∆Xk2 − ∆t)(∆Xj2 − ∆t) = E E Xk Xj (∆Xk2 − ∆t)(∆Xj2 − ∆t)|Fj+1    = E Xj (∆Xj2 − ∆t)E Xk (∆Xk2 − ∆t)|Fj+1 and the inner expectation is zero by independence of the increments. Therefore the second sum in E(Bn2 ) is zero, and the first one is "n−1 # n−1 X X T4 2 2 2 E Xk (∆Xk − ∆t) = 2(∆t)4 k 2 = 2(∆t) 3 k=0



k=0



, for this to be the general term of a convergent series, it is enough Since ∆t is of the order of n1P P to choose n to be 2k . Then n E(Bn2 ) is convergent, and therefore n Bn2 is finite almost surely, and Bn goes to zero almost surely. We do the same for Cn , except now it is simpler   n−1 n−1 X X E(Cn2 ) = E  ∆Xk6 + ∆Xk3 ∆Xj3  k=0



k6=j



1



By independence of the increments, the second expectation is zero, and the sixth moment of a Gaussian is 15, therefore the first expectation is equal to E(Cn2 ) = 15(∆t)2 T general term of a convergent series. The same argument as above proves Cn converges to zero almost surely. Putting everything together, we obtain Z T Z T 1 Xt2 dXt = XT3 − Xt dt 3 0 0 One can check directly using the Ito integral that this is the correct answer. Exercise 2 If



T



Z



t



Z



(t − s)Xs dXs dXt



YT = 0



0



then we can use Ito’s isometry a first time to get Z



E(YT2 ) =



T



2



t



Z



(t − s)Xs dXs



E 0



and a second time in the inner integral Z TZ t Z  E(YT2 ) = (t − s)2 E Xs2 dsdt = 0



dt



0



0



0



T



Z



T



(t − s)2 sdsdt



0



which integrates to E(YT2 ) =



T5 60



Exercise 3 Here we want a simple approximation to the integral Z T YT = V (Xt )dXt 0



Using the noation of the exercise, we have 1 E(WT ) ≤ E(WT2 ) 2 therefore if WT2 = O(T 2p ) then WT = O(T p ). RT Now if Ft ∈ Ft , Ft2 = O(tp ) and WT = 0 Ft dXt , then Ito’s isometry says E(WT2 ) =



Z



T



E(Ft2 )dt ≤ C



0



T



Z



tp dt = O(T p+1 )



0



by applying the previous result, we get Wt = O(t



p+1 2



)



Now back to the original problem, we do a Taylor expansion of V (Xt ) around X0 Z YT =



T



  V (X0 ) + (Xt − X0 )V 0 (X0 ) + O((Xt − X0 )2 ) dXt



0



2



Then we write Ft = (Xt − X0 )2 , and apply our previous results, plus the fact 1 2 2 (∆XT − T ) to get the correct expansion.



RT 0



(Xt − X0 )dXt =



Exercise 4 The first part is a simple consequence of the tower property for conditional expectations ii h h R t+∆t RT V (Xs )dXs t+∆t V (Xs )dXs f (x, t) = Ex,t Ex+∆x,t+∆t e t e h R t+∆t i V (Xs )dXs = Ex,t e t f (x + ∆x, t + ∆t) Now we have to use Taylor series for each term. The term involving f is readily expanded as 1 f (x + ∆x, t + ∆t) = f (x, t) + ∆t∂t f (x, t) + ∆x∂x f (x, t) + (∆x)2 ∂xx f (x, t) + o(max (∆x)2 , ∆t) 2 The exponential around zero can be expanded as ex = 1 + x +



x2 + o(x2 ) 2



and we can use the previous exercise to expand the stochastic argument of the exponential Z t



t+∆t



3 1 2 V (Xs )dXs = V (Xt )∆X∆t + V 0 (Xt )(∆X∆t − ∆t) + O(∆t 2 ) 2



By putting everything together, and only keeping in the product of the Taylor expansions the terms that matter, we get the backward PDE 1 1 ∂t f (x, t) + V (x)∂x f (x, t) + ∂xx f (x, t) + V 0 (x)f (x, t) = 0 2 2



3
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