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7 Steady-state field problems - heat conduction, electric and magnetic potential, fluid flow, etc. 7.1 Introduction While, in detail, most of the previous chapters dealt with problems of an elastic continuum the general procedures can be applied to a variety of physical problems. Indeed, some such possibilities have been indicated in Chapter 3 and here more detailed attention will be given to a particular but wide class of such situations. Primarily we shall deal with situations governed by the general ‘quasi-harmonic’ equation, the particular cases of which are the well-known Laplace and Poisson equations.lP6 The range of physical problems falling into this category is large. To list but a few frequently encountered in engineering practice we have: Heat conduction Seepage through porous media Irrotational flow of ideal fluids Distribution of electrical (or magnetic) potential Torsion of prismatic shafts Bending of prismatic beams, Lubrication of pad bearings, etc. The formulation developed in this chapter is equally applicable to all, and hence little reference will be made to the actual physical quantities. Isotropic or anisotropic regions can be treated with equal ease. Two-dimensional problems are discussed in the first part of the chapter. A generalization to three dimensions follows. It will be observed that the same, Co, ‘shape functions’ as those used previously in two- or three-dimensional formulations of elasticity problems will again be encountered. The main difference will be that now only one unknown scalar quantity (the unknown function) is associated with each point in space. Previously, several unknown quantities, represented by the displacement vector, were sought. In Chapter 3 we indicated both the ‘weak form’ and a variational principle applicable to the Poisson and Laplace equations (see Secs 3.2 and 3.8.1). In the following sections we shall apply these approaches to a general, quasi-harmonic equation and indicate the ranges of applicability of a single, unsed, approach by which one computer program can solve a large variety of physical problems.
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7.2 The general quasi-harmonic equation 7.2.1 The general statement In many physical situations we are concerned with the dzflusion or flow of some quantity such as heat, mass, or a chemical, etc. In such problems the rate of transfer per unit area, q, can be written in terms of its Cartesian components as



If the rate at which the relevant quantity is generated (or removed) per unit volume is Q, then for steady-state flow the balance or continuity requirement gives



89, 89, 84, -+-+-+Q=O ay dz dx Introducing the gradient operator



(7.3)



we can write the above as



VTq+Q=O



(7.4)



Generally the rates of flow will be related to gradients of some potential quantity 4. This may be temperature in the case of heat flow, etc. A very general linear relationship will be of the form



q={+
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