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Spontaneous Chiral Symmetry Breaking of Hall Magnetohydrodynamic Turbulence Romain Meyrand and Se´bastien Galtier Universite´ Paris-Sud, Institut d’Astrophysique Spatiale, UMR 8617, Baˆtiment 121, F-91405 Orsay, France (Received 11 May 2012; published 7 November 2012) Hall magnetohydrodynamics (MHD) is investigated through three-dimensional direct numerical simulations. We show that the Hall effect induces a spontaneous chiral symmetry breaking of the turbulent dynamics. The normalized magnetic polarization is introduced to separate the right- (R) and lefthanded (L) fluctuations. A classical k7=3 spectrum is found at small scales for R magnetic fluctuations which corresponds to the electron MHD prediction. A spectrum compatible with k11=3 is obtained at large-scales for the L magnetic fluctuations; we call this regime the ion MHD. These results are explained heuristically by rewriting the Hall MHD equations in a succinct vortex dynamical form. Applications to solar wind turbulence are discussed. DOI: 10.1103/PhysRevLett.109.194501



PACS numbers: 47.27.ek, 47.27.Jv, 47.65.d, 52.30.Cv



Introduction.—The understanding of small-scale turbulence in collisionless plasmas is nowadays a central problem in space physics and laboratory plasmas. In the absence of collisional processes, how energy converted into heat still represents a puzzling question and a fascinating challenge. While plasma turbulence occurs in very different conditions its physical characterization is based on a number of universal features. Generally, fluid and kinetic regimes are treated separately due to the extreme difficulty in describing at the same time a vast range of length scales and frequencies. Since turbulence couples all scales together it is of crucial importance to face the crossscale problem. A first step towards creating a more appropriate theory capturing both the magnetohydrodynamics (MHD) behavior and some kinetic effects without bringing the full complexity of the Vlasov-Maxwell equations is to include the effect of the decoupling between the electron and ion flows. This can be done by keeping the Hall current term in Ohm’s law to obtain the generalized Ohm’s law (in SI unit), E þ u  b ¼ ðj  bÞ=ðneÞ, where E is the electric field, u the velocity, j the electric current, b the magnetic field, n the electron density, and e the magnitude of the electron charge. The Hall term becomes dominant at length scales smaller than the ion inertial length dI (dI  c=!pi with c the speed of light and !pi the ion plasma frequency) and time scales of the order, or shorter than, the ion cyclotron period !1 ci . It provides a useful model for understanding, e.g., impulsive magnetic reconnection or the magnetic field evolution in neutron star crusts [1–3]. In the turbulence regime, the role of the Hall term has been investigated first in the small-scale limit for which the system tends to the so-called electron MHD (EMHD) equation. Direct numerical simulations (DNS) clearly show that the magnetic spectrum follows a power law in k7=3 which may be explained by a heuristic model in the manner of Kolmogorov [4]. The full Hall MHD system is more difficult to handle both numerically and analytically. Nevertheless, it has been investigated in the incompressible 0031-9007=12=109(19)=194501(5)



limit through DNS [5] and rigorous analytical developments for both strong and weak turbulence [6,7]. Nowadays it is thought that Hall MHD [8–12] provides a relevant model for solar wind turbulence for which a change of power law is detected in the magnetic fluctuations spectrum at frequencies higher than a fraction of Hertz with power law indices steeper than 2 [13–16]. In this Letter, we investigate Hall MHD turbulence through 3D DNS. We show that the Hall effect induces a spontaneous symmetry breaking of the turbulent dynamics which may be studied by introducing the normalized magnetic polarization to separate the left- (L) and right-handed (R) fluctuations. Unlike MHD, L and R fluctuations are found to behave very differently at scales smaller than dI and the power spectrum predicted by EMHD is not the unique solution for the magnetic fluctuations. A new regime called ion MHD (IMHD) is found whose properties are qualitatively in agreement with in situ solar wind observations. Chirality is therefore a fundamental aspect of Hall MHD turbulence. Incompressible Hall magnetohydrodynamics.—Our numerical simulations are based on 3D incompressible Hall MHD: @t u þ u  ru ¼ rP þ b  rb; @t b þ u  rb ¼ b  ru  dI r  ½ðr  bÞ  b;



(1) (2)



where P is the total pressure and b is normalized to a pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ velocity (b ! 0 nmi b, with mi the ion mass; we also have r  u ¼ r  b ¼ 0). Equation (2) is nothing else than the Maxwell-Faraday’s equation in which the generalized Ohm’s law is introduced. An inertial range can be clearly defined only if the dissipative terms imply derivatives of higher degrees than those present in the nonlinear terms. From a numerical point of view it is also a condition to avoid the emergence of numerical instabilities. For that reason we have introduced hyperdissipative terms into Eqs. (1) and (2) (2 r4 u and 2 r4 b). The ion inertial
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length is fixed to dI ¼ 0:5 which is higher than most of the previous DNS (where dI  0:1). We run the TURBO code [17] in which we have implemented the Hall term. The simulations are made in a triple periodic cubic box with N ¼ 5123 collocation points. Note that 3D Hall MHD DNS require much more numerical resources than for pure MHD (where standard turbulence simulations reach spatial resolution up to 10243 ) because the Hall term involves a double nabla operator which leads to a severe decrease of the time step compared to MHD. We fix 2 ¼ 2 ¼ 1:5  106 . Initial conditions are such that the kinetic Ek and magnetic Em energies are equal to 1=2 and localized at the largest scales of the system (only wave numbers k 2 ½1; 5 are initially excited). External forces are included in Eqs. (1) and (2) such that we have a constant energy level; their effects are localized at scales k 2 ½1:5; 2:5. In addition to the (large-scale) kinetic (Re ¼ UL L3 =2 ) and magnetic (Rm ¼ BL L3 =2 ) Reynolds numbers, in Hall MHD we may define the Hall Reynolds 2 number (RH m ¼ dI BL L =2 ). For our simulations the Reynolds numbers are approximately the same ( 106 ). A local evaluation of these numbers (L ! ‘  1=k) leads to a slower decrease with the scale of RH m than for Re and Rm which means that the Hall term is the dominant nonlinear term at small-scales. The Kolmogorov scale kd in terms of the grid size x can be evaluated numerically: one finds approximately kd ¼ 5x. Chirality and polarization.—We define the normalized magnetic helicity and cross correlation as, respectively: m ¼



a^  b^  þ a^   b^ ; ^ ^ bj 2jajj



c ¼



u^  b^  þ u^   b^ ; ^ ^ bj 2jujj



(3)



where ^ means the Fourier transform,  the complex conjugate, and a the magnetic vector potential. From these quantities, we may define the magnetic polarization, Pm ¼ m c , which varies by definition between 1 and þ1. Hall MHD supports R and L circularly polarized waves for which we have respectively Pm ¼ 1 and þ1 [6]; the first case corresponds to incompressible whistler waves (also called kinetic Alfve´n waves [18]) and the second to ion-cyclotron waves. By extension, in our numerical study we define the R and L fluctuations for which we have, respectively, Pm < 0 and Pm > 0. Note that the forcing terms in Eqs. (1) and (2) are chosen such as injection rates of cross helicity and magnetic helicity are null. A plot of the magnetic energy as a function of Pm and k is shown in Fig. 1 for a statistically steady state. The sharp discontinuities in the distribution (mainly visible at low k) are the consequence of our algorithm to build a 1D spectrum from 3D data: the Fourier space is divided into spherical shells of constant thickness which means that the number of modes included in a shell increases with its radius. Then, small shells (at low k) contain only a few modes. Since in Fig. 1 the magnetic energy spectrum is
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FIG. 1 (color). Magnetic energy as a function of Pm and k (in logarithmic coordinate). Isocontours of energy (in logarithmic scale) are displayed in order to separate the regions of high energy (red) from those of low energy (blue).



shown as a function of the magnetic polarity, we may find at a given (low) k a non uniform repartition with sharp discontinuities. As expected the energy is mainly localized at large scales since a direct cascade happens. The plot reveals a first asymmetry in the distribution with an energy dominated by L fluctuations at moderate wave numbers and then by R fluctuations at high wave numbers. (Note that the same conclusion is reached for the kinetic energy.) For the largest k we see that the L fluctuations are damped before the R fluctuations. The origin of this second asymmetry is the difference between the magnetic and kinetic Reynolds numbers (although 2 ¼ 2 ): indeed, the degrees of nonlinearity in Eqs. (1) and (2) are not the same. As will be explained below, the dynamics for the L fluctuations is mainly driven by the velocity, whereas the magnetic field is passively advected. Therefore, it is expected for that polarization that the inertial ranges of the kinetic and magnetic energies end up at the same scale. It is what we find when we compare Fig. 1 with the kinetic energy spectrum (not shown). Finally, note the systematic presence of peaks around jPm j  0 in the isocontours of energy which means that at a given scale the energy is always dominated by fluctuations at weak (negative) polarization. This feature is interpreted as the residual imprint of the large-scale forcing where energy is injected mainly at weak polarization. In order to quantify more precisely the distribution through the scales of the different types of fluctuations we have computed the total energy (in Fourier space) for the R and L fluctuations, respectively:
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Energy ratios EL =ET (solid line) and ER =ET (dashed



1 ^ 2 iR;L : ^ 2 þ jbj ER;L ðkÞ ¼ hjuj 2



(4)



In our study, turbulence is mainly isotropic (there is no external magnetic field); therefore, we have performed an integration over spherical shells in order to get the 1D spectrum of these quantities. In Fig. 2, we show the ratio between the R (or L) energy over the total energy, i.e., ET ðkÞ ¼ ER ðkÞ þ EL ðkÞ. We clearly see that the L fluctuations are dominant at large scales whereas the R fluctuations becomes dominant only for k > 45. (Note that the plateaus at k > 130 are localized exclusively into the dissipative zones.) This behavior is very different from the pure MHD case (dI ¼ 0; not shown) for which two approximately flat curves with ER ðkÞ ¼ EL ðkÞ are found. Figure 3 displays the magnetic spectra for some R and L fluctuations in the sense that only fluctuations for which jPm j  0:3 have been taken into account. We exclude the fluctuations at weak polarization in particular to avoid a contamination of the large-scale forcing. Interestingly, we see that the R spectrum is in a good agreement with the well-known k7=3 scaling predicted for EMHD turbulence whereas the L spectrum exhibits a scaling compatible with a k11=3 . Note that the cutoff at large scales is due to the filtering (based on Pm ) process applied to the data (see also the comments on spherical shells made in the context of Fig. 1). Very often Hall MHD turbulence is analyzed in the EMHD limit in which only the dynamics of the magnetic field is described: due to their high inertia, ions are supposed to provide a static homogeneous background (u ! 0) on which fast electrons move. In this regime, only R fluctuations exist for which a 7=3 magnetic fluctuations spectrum is obtained both by phenomenology and DNS [4]. The full Hall MHD system is much richer since it describes the dynamics not only for the magnetic field but also for the velocity. In a previous study [10], it was possible to show numerically with a (simple) shell model that Hall MHD turbulence does not tend necessarily towards the EMHD prediction since a strong dependence in terms of the ratio between the kinetic and the magnetic energies was observed. The study presented here with DNS



FIG. 3. Magnetic spectra (in logarithmic coordinates) for fluctuations Pm  þ0:3 (solid line) and Pm 0:3 (dashed line). Inset: compensated spectra with power laws k7=3 and k11=3 .



enables us to go much deeper in the analysis by using the three dimensionality of the problem. We have seen that the polarization is a key ingredient for revealing subtle features of the turbulence regime. Theoretical interpretation.—A simple theoretical interpretation of our numerical simulations may be given by rewriting the Hall MHD equations as follows [19]: @t j ¼ r  ðuj  j Þ;



ðj ¼ R; LÞ;



(5)



with the pair of generalized vortices and velocities (R ¼ b, uR ¼ u  dI r  b) and (L ¼ b þ dI r  u, uL ¼ u). We first note that the generalized vorticities R;L are frozen in the flow uR;L . Let us imagine a turbulent flow in which just one type of generalized vortex evolves, say vortices R . In this particular regime uL must be equal to zero; then we recover the well known EMHD regime described above. Now let us imagine that only L vortices evolve: in this case, we must have uR ¼ 0 which implies the condition u ¼ dI r  b. Under these conditions, Eq. (5) becomes: @t ð1  d2I 4Þb ¼ dI r  ½ðr  bÞ  ð1  d2I 4Þb: (6) Linearising Eq. (6) about a static homogeneous magnetic ^ which field B0 gives !L ð1 þ d2I k2 Þb^ ¼ dI kk B0 ik  b, yields in the limit kdI 1 nothing else than the dispersion relation of the left-handed circularly polarized cyclotron waves, i.e., !L ¼ B0 kk =ðkdI Þ [20]. How can we interpret this result? The alignment condition, u ¼ dI r  b, implies that the electron velocity ve ¼ 0. In this regime, the apparent immobility of the electrons results, in fact, from a statistical effect: from the point of view of ions the electrons are so fast that they are seen on average (i.e., on their time scale) as a uniform neutralizing background. In this regime—that we call IMHD—the magnetic field is passively advected by the ion Kolmogorovian flow [@t ðr  uÞ ¼ r  ðu  ðr  uÞ]. Thanks to the alignment condition, we have u2 =k ¼ d2I k2 b2 =k  k5=3 which leads to the magnetic spectrum, b2 =k  k11=3 .
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FIG. 4 (color). Electric current field lines of a typical structure d of IMHD turbulence. Colors represent cos with   ðu;r  bÞ. Insert: histogram of cos for fluctuations with Pm 2 ½0:4; 1. (Same simulations as before at resolution N ¼ 2563 ).



In general, Hall MHD turbulence may be seen as complex spatial superposition of tangled generalized vortices R and L , stretched and twisted, respectively, by their own generalized velocities uR and uL in a chaotic manner. The question that naturally comes to mind is whether these two populations of vortices interact with each other. Since it is possible to explain the spectra obtained in our numerical simulations with the simple heuristic model presented above we have good reasons to believe that the coupling is weak. This can be understood by noting that the transfer times of Eq. (5) for j ¼ R and L are very different in the kdI 1 limit, namely 1=R  dI b=‘2 and 1=L  u=‘. Figure 4 displays a typical electric current vortex in IMHD turbulence. We see that u and r  b are remarkably well aligned in agreement with the heuristic model given above. The histogram of the cosine of the angle between u and r  b is also shown for a magnetic polarization Pm  0:4: it demonstrates that the alignment relation is statistically well satisfied. Discussion.—Solar wind observations clearly show that the magnetic fluctuations spectrum experiences a change of power law going from approximately f5=3 (f being the frequency) for f < 0:5 Hz, to f4 which has been interpreted as the signature of Landau damping of magnetic energy into ion heating [21]. Then, a spectrum around f2:8 is found. It is well known that the solar wind is collisionless and we may expect that kinetic effects play an important role at high frequency. Despite this limitation, it is believed that Hall MHD is a relevant theoretical model
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which captures some of the ‘‘kinetic’’ effects that become important at small scales. In that spirit, the present study reveals important information about the role of the magnetic polarization and provides a new interpretation of the data. By extrapolating our findings we might conclude that the total (L þ R) magnetic fluctuations spectrum should scale in k11=3 at large dispersive scales and in k7=3 at small dispersive scales. This scenario cannot be confirmed by our simulations because (i) when we do not apply a filter to separate the polarities, the difference between the L and R fluctuations is not pronounced enough, (ii) fluctuations at weak Pm are always present and blur this vision, and (iii) the inertial ranges are too narrow. We expect that the range of scales where a steep spectrum is found increases with the Reynolds numbers (and so with the space resolution) but this point remains to be checked numerically. Thus, the 4 power law exponent measured in the solar wind could be the result of nonlinear effects due to the decoupling between the electron and ion flows in which the L-handed magnetic fluctuations dominates (IMHD), whereas the 2:8 scaling may be interpreted as the signature of EMHD turbulence strongly dominated by R-handed fluctuations possibly in a strongly anisotropic regime since an agreement is found with the theory when the parallel cascade is weak [22]. Further analyses about for example the (cross) energy fluxes or in a more realistic situation with a nonzero crosscorrelation forcing (or also with 2 Þ 2 ) are currently under investigation and will be presented elsewhere. The authors acknowledge S. Banerjee, E´. Buchlin, W. Herreman, D. Laveder, and T. Passot for helpful discussions. This work was granted access to the HPC resources of [CCRT/CINES/IDRIS] under the allocation 2012 [x2012046736] made by GENCI. Computer time was also provided by the Mesocentre SIGAMM machine, hosted by the Observatoire de la Coˆte d’Azur.
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