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Spectral representation of the nonretarded dispersive force between a sphere and a substrate C. E. Román-Velázquez, Cecilia Noguez,* C. Villarreal, and R. Esquivel-Sirvent Instituto de Física, Universidad Nacional Autónoma de México, Apartado Postal 20-364, Distrito Federal 01000, Mexico (Received 14 October 2003; published 23 April 2004) We develop a spectral representation formalism to calculate the nonretarded Casimir force between a spherical particle and a substrate, both with arbitrary local dielectric properties. The spectral formalism allows us to study systematically such force as a function of its geometrical properties separately from its dielectric properties. The calculated force is attractive, and at a small separations it is orders of magnitude larger for nanometric-size spheres than for micrometer particles. We also found that the force depends more on the dielectric properties of the sphere than of the substrate. DOI: 10.1103/PhysRevA.69.042109



PACS number(s): 12.20.Ds, 03.70.⫹k



I. INTRODUCTION



Recent advances in microdevices and nanodevices have opened the possibility of studying quantum phenomena that occur at these length scales. Such is the case of the Casimir force [1] that is a macroscopic manifestation of the quantum vacuum fluctuations, as predicted by quantum electrodynamics. A particular case of the Casimir force is when retardation effects are negligible, and the force is often referred to as the van der Waals force [2]. The textbook example of the Casimir effect [2–4] consists of two parallel neutral conducting plates which attract each other. The first experimental measurements of the Casimir force were done in 1958 [5], however, these measurements had large errors, and until recently it was possible to perform measurements with about 15% of precision on truly parallel metal surfaces [6]. The difficulty of keeping the two plates parallel at a separation of few nanometers makes it easier to measure the Casimir force between a sphere and a plane [7–12]. In this case, the Casimir theory for parallel plates can be extended using the proximity theorem [7], however, this is supposed to be valid only when the minimum separation between the sphere and the plane is much smaller than the radius of the sphere. This theorem has been used to corroborate modern Casimir force measurements between a plane and a large sphere [10–12]. Nevertheless, it is well known that quantum effects could become more evident as the size of the system decreases. Thus, the question of how important is the Casimir effect on nanometric-size spheres is still an open question of fundamental importance. Besides the proximity theorem, some attempts have been made to study the Casimir effect in the sphere-plane configuration. In 1948, Casimir and Polder [13] calculated the force of a polarizable atom near a perfect conductor plane considering the influence of retardation and finding a correction to the van der Waals (vdW) force. In 1998, Ford [14] calculated the Fourier spectrum of the Casimir force between a perfectly conducting wall and a large sphere with a Drude dielectric function. In the nonretarded limit there have been also some attempts to study the Casimir force or van der
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Waals force [15]. Aside of the Casimir and Polder approach [13], a common ingredient of all these theories is the necessity to do difficult integrals and delicate cancellations of terms to calculate the Casimir force, such that a simple and systematic comparison with experiments cannot be done easily. In this work, we employ a theory based on the determination of the proper frequencies of the interacting surface modes of the system. This procedure has been employed in the literature extensively, and applied to study vdW and Casimir forces between planar surfaces by van Kampen [16] in the nonretarded case and by Gerlach [17] and Barash and Ginzburg [18] in the retarded case. In particular, Gerlach reinterpreted the dispersive forces in terms of the interacting surface plasmons of the planes. In a similar way, we consider the interaction of the vacuum-induced dipolar charge distribution on a sphere with its image charge induced on the substrate. We then develop a spectral representation formalism in which this interaction is expressed as an eigenvalue equation that yields the eigenfrequencies of the proper electromagnetic modes. The proper or normal modes depend on the distance z between the bodies, and are determined from the dispersion equation for the polarization of the sphere. The spectral representation has advantages over other formalisms [19], for example, it separates the contribution of the dielectric properties of the sphere from the contribution of its geometrical properties. The latter allows one to perform a systematic study of the Casimir force in the system: once a substrate is chosen, the eigenfrequencies of the substrate-sphere system of different size and dielectric properties can be easily calculated. Then, the interaction energy between the bodies is calculated as the difference of the zeropoint energy when the bodies are at a distance z, and when they are at infinite, as U共z兲 =



ប 2



兺s 关s共z兲 − ⬁s 兴,



共1兲



where s共z兲 and ⬁s are the normal frequencies of the surface electromagnetic modes at z and z → ⬁, respectively. Since results for large spheres 关7兴 and large distances 关13兴 are known, we restrict ourselves to the case of nanometric-size
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psph共兲 = ␣共兲关Evac共兲 + T · psub共兲兴,



共4兲



where T is the dipole-dipole interaction tensor 关21兴. By substituting Eq. 共3兲 in the last expression and doing some algebra, one obtains a secular equation for the polarization of the sphere given by



冋



册



1 I + T · f c共兲M psph共兲 = Evac共兲, ␣共兲



共5兲



with I the identity matrix. Up to here, the only approximation done is that the charge distribution can be represented by a dipole 共dipole approximation兲. However, Eqs. 共2兲–共5兲 can be extended to include all high-multipolar excitations such that a similar secular equation is found 关22兴:



兺



l⬘m⬘



FIG. 1. Schematic model of the sphere-plane system.



spheres and distances of few nanometers, therefore, we work in the quasistatic or nonretarded limit 关20兴. II. FORMALISM A. Basic equations of surface modes



We consider a homogeneous sphere of radius R, electrically neutral and with local dielectric function ⑀sph共兲. The sphere is suspended at a minimum distance z above a semiinfinite substrate which is also neutral and has a local dielectric function ⑀sub共兲 (see Fig. 1). The space between the sphere and the substrate is the vacuum. The quantum vacuum fluctuations induce a charge distribution on the sphere that can be described, in a first approximation, as dipole located at its center, given by 0 共兲 = ␣共兲Evac共兲, psph



共2兲



where ␣共兲 is the polarizability of the sphere and Evac共兲 is the electromagnetic field associated to the fluctuations. When the sphere is near the substrate, it induces a charge distribution on the substrate that also affects the dipole moment on the sphere. The charge distribution on the substrate can be seen as the image charge of the dipole moment of the sphere, such that psub共兲 = − f c共兲M · psph共兲,



共3兲



where the factor −f cM satisfies the boundary conditions of the electromagnetic field at the plane. Here, M is a diagonal matrix whose elements depend on the choice of the coordinate system and f c共兲 = 关1 − ⑀sub共兲兴 / 关1 + ⑀sub共兲兴 is a factor that depends only on the dielectric properties of the substrate. The contrast factor can take values between 0 and −1 only, corresponding to the limit cases when ⑀sub = 1 and ⬁, respectively. The total induced dipole moment on the sphere is given by the sum of the electromagnetic fields associated to the fluctuations plus the field coming from the substrate, such that



冋



4␦ll⬘␦mm⬘



共2l + 1兲␣l⬘m⬘



册



vac l⬘m⬘ + f cAlm Ql⬘m⬘ = Vlm ,



共6兲



where Ql⬘m⬘ is the l⬘m⬘th total multipolar moment of the l⬘m⬘ is the matrix that couples the interaction besphere, Alm tween the charge distribution on the sphere and substrate, vac ␣lm is the lmth polarizability of the sphere, and Vlm is the l⬘m⬘th multipolar component of the electromagnetic field associated to the quantum vacuum fluctuations at the zeropoint energy. It is well known that the proper electromagnetic modes of the system must be independent of the exciting field, in this case, the fluctuating field. Therefore, the normal modes of the system can be obtained when the determinant of the left-hand side of Eq. 共6兲 is equal to zero. We use instead a spectral representation formalism that we derive as follows. B. Spectral representation formalism



We use a spectral representation formalism to find the proper electromagnetic modes of the system. For the sake of simplicity, we derive this formalism for the simplest case: the dipolar approximation. The generalization of the formalism to higher-multipolar interactions can be found elsewhere [23]. In the dipolar approximation, the sphere is polarized uniformly, and its polarizability is [24] ␣共兲 = R3关⑀sph共兲 − 1兴 / 关⑀sph共兲 + 2兴. First, we rewrite this polarizability as



␣共兲 =



n0 R3 , n0 − u共兲



共7兲



where n0 = 1 / 3 is a constant determined only by the geometry of the particle and known as the depolarization factor, and u共兲 = 关1 − ⑀sph共兲兴−1 is a variable that depends only on the dielectric properties of the sphere, which is called the spectral variable 关19兴. In the above equation for the polarizability of the sphere, we have separated the geometrical contributions from the dielectric properties. As it follows from Eq. 共2兲, the poles of the polarizability in Eq. 共7兲 give the proper modes of the isolated sphere. In the dipolar approximation, we find three modes, one for each independent coordinate of the system which are degenerated. If high-multipolar moments up to the order of L are considered, we find 共2L + 1兲L modes, all of them degenerated.
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The exact solution of the isolated sphere is when L → ⬁, such that, we have an infinite number of degenerated modes. Now, substituting Eq. (7) in Eq. (5) this yields 关− u共兲I + H兴 · psph共兲 = Vvac ,



共8兲



with Vvac = n0R3Evac and H = n0关I + f cR3T · M兴. The latter is a dimensionless and symmetric matrix that depends only on the geometrical parameters, z , R, and n0, and on the dielectric properties of the substrate. Also in Eq. 共8兲, the geometrical properties of the sphere are separated from its dielectric properties. The latter property is very useful because one can perform a systematic study of the system by considering the geometry and the dielectric function of the sphere in a separated way. Now, let us consider the case when the contrast factor f c共兲 is real, then H is also real. In this case, we can always find a unitary transformation U such that U−1HU = ns, ns being the eigenvalues of H [25]. The proper modes of the system, which can be obtained from the determinant of Eq. (8) as det关−u共兲I + H兴 = 0, can be also found using the eigenvalues of H as [26]



兿s 关− u共兲 + ns兴 = 0.



共9兲



To find explicitly the proper frequencies of the system it is necessary to know the dielectric function of the sphere, such that each mode can be found through the relation u共兲 = ns. In the dipolar approximation, s takes three different values,where two of the proper modes are degenerated. In the general case, all multipolar interactions have to be taken into account, and the number of modes goes to infinite. Finally, the nonretarded Casimir interaction energy is calculated using Eq. 共1兲, and the force along the direction normal to the plane is given by F = −U共z兲 / z. In the spectral representation formalism, the dielectric properties of the sphere is in the spectral variable u, while the geometrical properties are in the matrix H. Furthermore, H is a dimensionless matrix that depends on the ratio z / R, and its eigenvalues are independent of the exciting field, in this case of Vvac. The dielectric properties of the substrate are in the factor f c that we assume real, which is true even for complex dielectric functions if we rotate the frequency to the imaginary axis [27]. Therefore, the spectral representation allows us to study separately the contribution of the dielectric properties of the sphere from the contribution of its geometrical properties. In summary, the spectral representation formalism can be applied in a very simple way. First, we have to choose a substrate to calculate f c and construct H for a given z / R. Then, we diagonalize H to find its eigenvalues ns. Until this point, an explicit expression of the dielectric function of the sphere has to be considered to calculate the proper electromagnetic modes through the relation u共s兲 = ns. Finally, we calculate the energy according to Eq. (1) for a given z / R.



III. RESULTS AND DISCUSSION



As a case study, we employ the Drude model, ⑀sph共兲 = 1 − 2p / 关共 + i / 兲兴, for the dielectric function of the sphere, therefore, the spectral variable is u共兲 = 共 + i / 兲 / 2p, where  p is the plasma frequency and  is the relaxation time. From Eq. (9), the frequency of the proper mode s is



s共z兲 = − i/2 + 冑共i/2兲2 + 2pns共z兲.



共10兲



We observe that the imaginary part of the frequency is independent of the separation z, therefore, this part does not contribute to the interaction energy given in Eq. 共1兲. Let us present results where only dipolar interactions are taken into account. In the dipolar approximation, there are three proper modes for each z / R, where two of them are degenerated. From Eq. (8), we found that the eigenvalues of H are given by



冉 冉



冊 冊



n1,2 =



1 R3 1 − fc , 3 关2共R + z兲兴3



n3 =



2R3 1 1 − fc . 3 关2共R + z兲兴3



共11兲



In the limit when R Ⰶ z Ⰶ c /  p, 共 p兲−1 Ⰶ 1, and for a perfect conductor, f c = −1, it is found that



1,2 =



3 =



冑 冉 冑 冉 p



3



p



3



冊 冊



1−



1 8共1 + z/R兲3



1−



1 4共1 + z/R兲3



1/2



,



1/2



,



共12兲



such that U共z兲 = −共ប p / 冑3兲共R3 / 8z3兲, and F = −共ប p / 冑3兲 ⫻共3R3 / 8z4兲, in agreement with Ref. [14]. We present results for potassium (K), gold (Au), silver (Ag), and aluminum (Al) spheres with ប p = 3.80, 8.55, 9.60, and 15.80 eV, and 共 p兲−1 = 0.105, 0.0126, 0.001 88, and 0.04, respectively. We have considered substrates whose dielectric function is real and constant in a wide range of the electromagnetic spectrum such as sapphire 共Al3O2兲 and titanium dioxide 共TiO2兲 with ⑀sub = 3.13, and 7.81, respectively. Then, the corresponding contrast factors are f c = −0.516 and −0.773. We have also considered the case of a perfect conductor substrate (denoted by Inf) with ⑀sub → ⬁ and f c = −1. In Fig. 2, we show the energy as a function of z / R. In general, we observe that the energy shows a power law of 共z / R兲−3. This behavior is independent of the material properties and is inherent to the image-dipole interaction model. This behavior is consistent with the result found by Casimir and Polder [13] for a polarizable atom. The value of the energy varies with the substrate, for example, at small distances it is about two times larger for a perfect conductor substrate than for 共Al3O2兲, while the 共TiO2兲 case is between them. This is easily explained if we look at the contrast factor values for each substrate, where one sees that as f c →
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FIG. 4. Casimir force as a function of z for spheres of K, Au, Ag, and Al with R = 50 nm over Al3O2, and TiO2.



FIG. 2. Energy as a function of z / R. Each panel shows the results for different substrates (perfect conductor, Al3O2, and TiO2).



−1, the energy is larger. For all the substrates, we found that U becomes larger as the plasma frequency of the metal also does. In conclusion, we found that U is large when f c → −1 and  p is large, recovering the limit for perfect conductors. Therefore, the energy is largest (smallest) for an Al (K) particle over a perfect conductor 共Al3O2兲 substrate. When the sphere is at a distance larger than 2R, the energy is very similar, independent of the dielectric properties of the sphere and substrate. Let us first analyze the force as a function of the geometrical properties, that is, as a function of R and z, as shown in Fig. 3. In all cases, we obtain an attractive force such that as R is smaller the force increases. When the sphere is almost touching the substrate 共z ⬃ 0 nm兲 the force is ten times larger for a sphere of R = 10 nm than the one of R = 100 nm, and increases fifty times for a sphere of R = 500 nm. As a function of z, the force for the sphere with R = 500 nm seems to be almost constant from 0 to 40 nm compared with the other curves. This is an artifact of the scale since all curves have a power law of z−4, and they are proportional to R3. This implies that for a distance z 艋 10 nm the force is larger for the smallest sphere; however, at a larger distance the force is larger for larger spheres, while for very large distances the



FIG. 3. Casimir force as a function of z. In the left (right) panel we show results for a K (Al) sphere over an Al3O2 (Inf) substrate. The different curves correspond to spheres of 10, 50, 100, and 500 nm of radius.



force is independent of R. Furthermore, the force for the sphere with R = 10 nm decreases about three orders of magnitude as the separation of the sphere goes from 0 to 40 nm, independent of the dielectric properties of the system. On the other hand, with the proper combination of dielectric functions of the sphere and substrate it is possible to modulate the magnitude of the Casimir force. Here, we show the force for an Al sphere over a perfect conductor which is one order of magnitude larger than the force between the K sphere over Al3O2, as it is expected. From Fig. 4 we analyze the force as a function of the dielectric properties of the particles and substrate. In all cases, we found the same dependence of the force as a function of z, independent of the dielectric functions of both sphere and substrate. Although the dielectric function of the substrate is important, the dependence on the dielectric function of the sphere is more critical in the magnitude of the Casimir force. Indeed, the force is larger for increasing values of  p. In particular, we found that the force for an Al sphere is almost ten times larger than for a K sphere. On the other hand, for a given sphere the Casimir force increases at most by a factor of 3, when the substrate is changed from Al3O2 to a perfect conductor. The uniform polarization assumption is valid only in the dipolar approximation used here [24]. If the sphere does not polarize uniformly, it is necessary to include highermultipolar interactions to calculate the energy. Here, we calculate the next correction to this assumption by incorporating up to quadrupolar electromagnetic excitations. We find the proper modes of Eq. (6), where l and l⬘ take the values 1 and 2, and m and m⬘ take values from −l or −l⬘ to l or l⬘. In Fig. 5, we show the energy for an Al over Al3O2 as a function of z / R, where dipolar (dotted line) and up to quadrupolar interactions are considered. In the inset, we plot the difference of the energy also as a function of z / R. The difference of the Casimir energy between the dipolar and quadrupolar approximations is less than 10% for z / R ⬎ 2, and it decreases as z / R increases, and at z / R = 4 the difference is less than 4%. However, the difference increases up to about 50% when z / R goes to 0. The spectral representation formalism allows us to calculate the force between a sphere and a substrate in a range of sizes and separations where the proximity theorem is not applicable. For example, for a Au sphere of radius 100 nm on top of perfect conducting plane, the proximity theorem yields a value of the force about three orders of magnitude
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not included. On the other hand, we cannot compare with available measurements, where the proximity theorem is used, such as the experiments by Mohideen and co-workers [11,12]. The reason is that the sphere is very large and retardation effects are present. IV. CONCLUSIONS



FIG. 5. Energy as a function of z / R for Al spheres over Al3O2; dipolar (dotted line) and up to quadrupolar (solid line) interactions are included. Inset shows the difference of the energy between the dipolar and quadrupolar approximation.



We have developed a spectral representation formalism within the van der Waals approximation or nonretarded limit to calculate the Casimir force between a sphere and a substrate. This spectral formalism separates the geometrical properties from the dielectric properties contributions on the Casimir effect in the nonretarded limit. We found that at small distances the force cannot be described within the dipolar approximation. We have also observed that with the correct choice of the dielectric properties of both sphere and substrate, one can modulate the force. ACKNOWLEDGMENTS



smaller than those obtained in this paper. This is due to the linear dependence of the proximity theorem on the radius of the sphere and that the geometrical effects of the sphere are
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