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Spectral and polarization characteristics of the nonspherically decaying radiation generated by polarization currents with superluminally rotating distribution patterns: comment J. H. Hannay H. H. Wills Physics Laboratory, University of Bristol, Bristol, BS8 1TL, UK Received June 29, 2005; accepted August 10, 2005; posted January 10, 2006 (Doc. ID 63044) I repeat my (very short and easy) disproof of the recurring main claim of Ardavan et al. [J. Opt. Soc. Am. A 21, 858 (2004)] that a smooth source of electromagnetic fields moving in a confined region can generate an intensity decaying more slowly than the inverse square of the distance away (“nonspherical” decay). The field is not isotropic, so energy conservation is not enough to dismiss the claim. Instead my disproof follows directly from Maxwell’s equations, supplying an upper bound with inverse square decay on the intensity. It therefore applies under all circumstances, quite irrespective of any fast or slow motion of the source. Despite the falsity of the main claim, the derivation of the uniform approximation to the Green function for superluminal circulation, which was needed for the claim and is based on the previous work of the first author, is valid. Its validity, importantly, extends significantly beyond the regime envisaged by the authors, and it stands as a basic result of superluminal circulation. © 2006 Optical Society of America OCIS codes: 230.6080, 030.1670, 040.3060, 250.5530, 260.2110.



1. DISPROOF 1



The main claim of a paper by Ardavan et al. is the same as that in earlier publications by the first author.2–5 It is that a smooth source of electromagnetic fields moving in a confined region can, in unusual circumstances, generate an intensity decaying more slowly than the inverse square of the distance away (“nonspherical” decay). The field is not isotropic, so energy conservation is not enough to dismiss the claim. I repeat now my disproof6–8 of this claim in its most concise form.8 It provides, directly from Maxwell’s equations, an upper bound on the intensity from such a source, irrespective of circumstances, which decays as the inverse square of the range. The three Maxwell equations involving the magnetic field B combine to yield the wave equation (e.g., Jackson,9 Eq. 6.50) ⵜ2B − c−2



 2B  t2



= − 0 ⵜ Ù j,



共1兲



with retarded solution at the origin [Ref. 9, Eq. (6.52)], B=



0 4



冕



关ⵜ Ù j兴 R



d3R,



共2兲



where the integral is over all space and the square brackets denote “retarded value of” as is common notation in electrodynamics. (Importantly, 关ⵜ Ù j兴 ⫽ ⵜ Ù 关j兴兲. If the source is smooth and bounded in magnitude as assumed in Refs. 1–5 and 10 then 兩ⵜ Ù j兩 has an upper bound. Also, if the source strength is always zero outside some ball (enclosing the orbit of a circulating source, for example), as is assumed in Refs. 1–5 and 10, then the integration can be restricted to that ball. Then, taking the field point (the origin) outside the ball (since one is interested in the 1084-7529/06/061530-5/$15.00



decay of the field away from the source region), there is a lower bound R0 on R in the integration, namely, the distance of the closest point of the ball from the origin. Thus 兩B兩 艋



const. R0



.



共3兲



Thus 兩B兩2 艋 const. / R02 as claimed. If the Poynting vector is preferred as a measure of intensity, then the same argument applies for the electric field (Ref. 9, Eq. 6.51), showing 兩E 兩 艋 const. / R0, the magnitude of the Poynting vector is less than const. / R02. The disproof is complete. My disproof argument (in its earliest form6) is found echoed in the work of the first author, H. Ardavan (Eq. (22) of Ref. 2), and he accepts (Ref. 10 of Ref. 2) the falsity of his similar earlier claim for sound waves.9 However, in the electromagnetic case, in which vector fields are involved and the Hadamard regularization technique is perceived by him as a necessary ingredient, the falsity of the claim has evidently not yet been accepted by the authors. The error in their calculation must lie in the application of this tricky technique (since the results are correct without it and incorrect with it), but their detailed argumentation is inscrutable. I notice that even in the illustrative mathematical example of the technique, [Eq. (7) of Ref. 1], the differentiation of the limit of a differentiated integral is inexplicably omitted (so that dI / da ⫽ J兲, the missing limit term supplying the canceling infinity.



2. ARDAVAN’S UNIFORM APPROXIMATION TO THE GREEN FUNCTION FOR SUPERLUMINAL CIRCULATION Despite the falsity of the main claim of the comment on paper,1 the lengthy calculation of the uniform approxima© 2006 Optical Society of America
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tion to the Green function based on an earlier paper of H. Ardavan2 is correct and almost complete and indeed has a significantly greater validity than is claimed for it. I shall now summarize the problem correctly analyzed in Ref. 1 (and Ref. 2 before it), omitting the erroneous and unnecessary last stage (Hadamard regularization) that spoils the results. A vector treatment allows faster progress in the beginning of this summary. The notation thereafter is that of Refs. 1 and 2, with suitable economy. A pattern of current density rotates rigidly in space at angular velocity . (To avoid inessential complications in this summary I shall suppress the other angular frequency and set ⍀ = 0 in Ref. 1 to correspond to pure rigid rotation of the source pattern). The pattern is large enough that the outer parts of it are circulating at a speed faster than light (which is consistent with relativity since it is only a pattern, not an object). My presentation will differ from that of Ref. 1 in that the source function will be J共x , t兲 = ⵜ Ù j instead of the current density source function j共x , t兲 in Ref. 1. The purpose of this modification is that it obtains the magnetic field B directly instead of the vector potential A, which requires final differentiation to obtain B共=ⵜ Ù A兲. The same Green function arises in the expression for B (with source ⵜ Ù j or for A (with source j). The error in Ref. 1 and the earlier electromagnetic papers2–5 arises entirely in the perception that regularization is necessary for the final differentiation and in its execution. I avoid this issue by obtaining B directly [though doing so actually constitutes a proof that simple differentiation suffices: Eq. (5) below for B derives directly from Eq. (1) (i.e., from Maxwell’s equations)] so it is indisputably true, but it is also generated taking the curl of the equivalent equation with A replacing B and j replacing J). My expressions for B are exact until the uniform approximation is introduced; there is no need for large-distance approximation [Eqs. (15) and (16) of Ref. 1], though the large-distance limit can be exhibited [see Eq. (8) below]. The rigid rotation at angular velocity  about the z axis means that J共x , t兲 = MJ共M−1x , 0兲, where M共t兲 is the rotation matrix



冤



cos t



M = sin t 0



− sin t cos t 0



0



冥



0 . 1



=



冕



d3xˆ



再



0 4



冕 冕 tP



dt



d 3x



冎



−⬁



1 兩x − xP兩
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␦共兩x − xP兩 − c共tP − t兲兲



⫻␦共x − Mxˆ兲 MJ共xˆ,0兲.



共7兲



As before, unlabeled integrals are over all space. The expression in braces is proportional to the (matrix-valued) Green function with three distinct nonzero elements corresponding to cos t, sin t, and 1 in the final matrix M inside the bracket. The unit element case is the easiest to describe in words, as follows. The Green function in that case is a positive function that can be infinite. Considered as a function of xP for fixed xˆ it is infinite on the “Schott caustic” surface (Fig. 1), which is a curved Mach conelike shape with tip at xˆ, which H. Ardavan describes and pictures in many of his papers. Or, considered as a function of xˆ for fixed xP, it is infinite on “the bifurcation surface” as he calls it, which is a reversed version of the same thing with tip at xP. A striking feature (of either one) is the ram’s-horn-like cusp line of the surface, which is not present in an ordinary Mach cone. (The claimed “nonspherical” slower-than-inverse-square decay, which I disproved above, is imagined to originate in this feature via the Hadamard technique). A formula that is not found in Ref. 1 (it is contrary to their claimed result) is the far-field limit of expression (6): B共xP,兩xP兩 + ⌬tP兲 ⬇



0 4兩xP兩



冕 冕 冉 tP



dt



−⬁



冊



d 3x ␦ −



x · xP 兩xP兩



− c共⌬tP − t兲 M J共M−1x,0兲.



共8兲



The integral here is independent of the magnitude 兩xP兩 of xP and is dependent only on its direction, so 兩B兩 decays as 1 / 兩xP兩 and 兩B兩2 decays as 1 / 兩xP兩2, not more slowly.



共4兲



The retarded solution of Eq. (1) at observation position xP at time tP, from which Eq. (2) derives, is B共xP,tP兲 =



=



0 4



0 4



冕 冕



d 3x



冕 冕



d 3x



tP



dt



−⬁



tP



dt



−⬁



⫻MJ共M−1x,0兲



J共x,t兲 兩x − xP兩



1 兩x − xP兩



␦共兩x − xP兩 − c共tP − t兲兲



共5兲



␦共兩x − xP兩 − c共tP − t兲兲 共6兲



Fig. 1. A hypothetical superluminal circulating point source leaves in its wake a bent Mach cone or “Schott caustic” surface shown here in the orbit plane cross section. The caustic surface is the envelope of the spheres of constant retardation and rotates rigidly with the source as it circulates. Unlike an ordinary Mach cone, the caustic also has a cusp: a point in the cross section shown, but a curved line in three dimensions. This cusp is the leading feature in many of the papers of H. Ardavan.
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Resuming the summary, then, cylindrical coordinates about the axis of rotation are introduced, with x denoted by 共r ,  , z兲 and xP by 共rP , P , zP兲. Then define R = 冑共z − zP兲2 + r2 + rP2 − 2rrP cos共P − 兲



共9兲



and perform the t integration in Eq. (7). By virtue of the second ␦-function the integral over r and over z locks their values to the r and z values of xˆ (which will still be called r and z to avoid a clash of notation with Refs. 1 and 2) and the identification t = −1 − −1ˆ is forced, where ˆ is the azimuth of xˆ [i.e., xˆ = 共r , ˆ , z兲兴. Also defining ˆP by tP = −1P − −1ˆ P, one has, with the t in M共t兲 explicit, B=



冕



d3xˆ



再



0 4c



冕



1 d ␦共c−1R − P + ˆ P +  − ˆ 兲 R



冎



⫻M共−1 − −1ˆ 兲 J共xˆ,0兲.



共10兲



The requirement that the argument of the ␦-function be zero determines ˆ , the contributing azimuth angle of the source, as a function of , its azimuth angle in space. The consequent value of ˆ is not restricted (to any range of 2), but the xˆ vector is the same for angles ˆ differing by any multiple of 2, of course. The Green function (matrix) is, as before, proportional to the expression in braces. Thus for the simplest case of the unit matrix element of M, one obtains the neat result (of H. Ardavan) that the Green function is proportional to the sum over retarded positions of 1 / R 兩 ˆ / 兩. The argument of the ␦-function has two or zero stationary points depending on whether or not the chosen circle (with fixed rand z) intersects the “bifurcation surface” (respectively, ⌬ ⬎ 0 and ⌬ ⬍ 0 with ⌬ defined below). The surface then is the locus, in ˆ , of zero derivative of the argument function with respect to , which means d共R / c兲 / d = −1. With R substituted from Eq. (9), this equation (squared) generates a quadratic equation in cos共 − P兲 with the solution cos共 − P兲 = 共c2 / 2rrP兲 ⫻共1 ± 冑⌬兲. Hence when both the argument of the ␦-function is zero and its derivative is zero, ˆ = ˆ P + ±, generating the two sheets of the bifurcation surface with ± defined below. The cusp line, where the sheets join, is the locus of joint zeros of first and second derivatives. Incorporating d共R / c兲d = 1, one finds, with the notation below,that d2共R / c兲 / d2 = ± 冑⌬c / R⫿, (one alternative for each stationary point). Thus ⌬ = 0 on the cusp line. The notation is ⌬ = 共r22c−2 − 1兲共rP2 2c−2 − 1兲 − 2c−2共z − zP兲2 ,



冑



R± = 共z − zP兲2 + r2 + rP2 − 2c2−2共1 ⫿ 冑⌬兲,



共11兲 共12兲



± = 2 − arccos关共1 ⫿ 冑⌬兲/共rrP2c−2兲兴 + c−1R± . 共13兲 As a function with two stationary points, one minimum and one maximum, the argument of the ␦-function in Eq. (10) resembles a cubic function of . Actually, the graph of the argument has periodicity (it lies on a torus with a 1, 1 winding) which a cubic does not. However, the leading high-field asymptotics of the Green function depends only



on the stationary points and is captured by a cubic function. The values of ˆ at the minimum and maximum, ˆ P + ±, may be many  apart [because although the arccos in Eq. (13) lies between zero and , the R± values can be far apart]. This does not invalidate the resemblance to a cubic function provided that the values of its minimum and maximum are likewise separated. This is the stage at which H. Ardavan (in Ref. 2 and with the other authors in Ref. 1) understates the validity of the construction he develops (which is based on Ref. 11, with subsequent justification via Ref. 12). For the appropriately chosen cubic (and he appropriately chooses it), the essence of a “uniform approximation” that it is valid not only near the cusp line but also anywhere near the bifurcation surface where the field is high. It is “uniformly” valid near and far from the cusp line. Specifically, in the notation introduced below, the uniform approximation is valid not only for c1 small as is claimed (the c1 small approximation should be called “transitional”13), but for large values as well. The uniform approximation by a cubic proceeds as follows. There exists a smooth change of variables 共兲 for which, exactly (not fully globally, but over some finite domain of  including the stationary points), 1



c−1R +  − P = 3 3 − c12 + c2 ,



共14兲



provided only that the values at the stationary points match: c1 = 共 4 兲



3 1/3



共+ − −兲1/3,



c2 = 共 2 兲共+ + −兲. 1



共15兲



To convert the integral over  into one over , one needs the Jacobian d / d. In the uniform approximation a certain approximate form (function of ) suffices in place of the Jacobian. The crucial feature is that the values of the approximation and of the Jacobian exactly match each other at both of the stationary points. So the true Jacobian could merely be replaced by a linear function a + b, but this would not allow evaluation of the integrals. Instead, the uniform approximation replaces the Jacobian with a function such that the entire prefactor, 共d / d兲 / R times the chosen element of M, is rendered a linear function p + q, and the integral can then be evaluated. The values of the constants p and q are determined so that the value of p + q at each stationary point equals the value of the entire prefactor there. The value of the Jacobian at a stationary point 共dˆ / d = 0兲 simply equals the square root of the ratio of second derivatives there, d / d = 关共d2ˆ / d2兲 / 共d2ˆ / d2兲兴1/2. Substituting the value d2ˆ / d2 = ± 冑⌬c / R⫿ obtained above, one has d / d = 共2c1R⫿ / c冑⌬兲1/2 at the two stationary points. I reemphasize the generality of all this; it applies for c1 large or small and at observation distances that need not be large. Converting Eq. (10) to an integral over , we have B⬇



冕



d3xˆ



再



0 4c



冕



d



d 1 d R



冎



␦共 3 3 − c12 + c2 + ˆ P − ˆ 兲 1



⫻M共−1共兲 − −1ˆ 兲 J共xˆ,0兲.



共16兲



This is “almost” exact; only the fact that the change of co-
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ordinates was not fully global makes it not exact. Next the function p + q is substituted for the prefactor in the integrand; since there are three nonzero elements of M, three different functions, p1 + q1, p2 + q2, p3 + q3, are required. So for the element 1 of M, p1 =



冉 冊 冉 冊



1 1 d 2 R d



at =c1



1 d



1 q1 =



+



2c1 R d



冉 冊 冉 冊



1 1 d 2 R d



1 d



1



− at =c1



at =−c1



2c1 R d



共17兲 at =−c1
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tube ⌬ ⬍ 0, where the cubic has no stationary points. For example, the cusp line lies on the hyperboloid ⌬ = 0, and directly outside the tip of the cusp ⌬ ⬍ 0, so there are no stationary points there (instead of two for ⌬ ⬎ 0). The field is high near the cusp, so such points need to be admitted but correspond, in H. Ardavan’s notation, to having a negative value of c12. For completeness, therefore, a third form needs to be admitted as well as the above two of H. Ardavan:



冕



d共p + q兲␦共 3 3 + c12 + c2 + ˆ P − ˆ 兲 1



= c1−2共2 + 1兲−1/2关p cosh共 3 arcsinh兩兩兲 1



and for p2 and q2 and p3 and q3 similarly with the sin共−1 − −1ˆ 兲 and cos共−1 − −1ˆ 兲 factors included with the R−1d / d. The required integral, 兰d共p + q兲␦, is found from the roots of the cubic (the argument of the ␦-function); the integral equals the sum over roots of 共p + q ⫻ root兲 / 兩d共cubic兲 / d兩at root. I shall omit the derivation that involves trigonometric identities and merely quote H. Ardavan’s result. It takes two different forms according to whether there are three roots or one, that is, whether − 32 c13 + 兩c2 + ˆ P − ˆ 兩 is negative or positive. In the former case ˆ lies “inside” and in the latter case “outside” the pocket bounded by the bifurcation surfaces with its cusped edge. [See below for a third form (21) also].



冕



d共p + q兲␦共 3 3 − c12 + c2 + ˆ P − ˆ 兲 1



= 2c1−2共1 − 2兲−1/2关p cos共 3 arcsin 兲 1



− c1q sin共 3 arcsin 兲兴 2



共18兲



inside 共兩 兩 ⬍ 1兲, or 1



+ c1q sgn共兲sinh共 arccosh兩兩兲兴



共19兲



outside 共兩 兩 ⬎ 1兲, where , which takes the values ±1 on the two sheets of the bifurcation surface, is defined by



=



1 ˆ − ˆ P − 2 共+ + −兲 1 共+ 2



−  −兲



=



3 ˆ − ˆ P − c2 2



c13



.



2



共21兲



where  = 3共ˆ − ˆ P − c2兲 / 2c13 as before. The definitions (15) of c1 and c2 apply merely with an extra factor i for c1 expected because the sign preceding c12 in Eq. (21) is reversed from Eq. (19). This perhaps needs explanation. There are no longer any stationary points to define ±. Since ⌬ ⬍ 0, its square root is imaginary so that from Eqs. (12) and (13), + and − are complex conjugates. Their sum is real, so the definition of c2 can be retained. Likewise 共+ − −兲1/3 is the cube root of an imaginary number so (taking the purely imaginary root) a multiplication by either ±i renders the new c12 real and positive. The sign should be chosen to make the new c1 positive. The new term [Eq. (21)] (which applies for ⌬ ⬍ 0), like the earlier outside term [Eq. (19)] which applied for ⌬ ⬎ 0), is incorrect where its field value is low far from the cusp, but, as before, that is no criticism of the uniform approximation.



3. CONCLUSION



=c1−2共2 − 1兲−1/2关p sinh共 3 arccosh兩兩兲 2 3



+ c1q sgn共兲sinh共 3 arcsinh兩兩兲兴 ,



共20兲



Some remarks need to be made here. The inside version is the one that diverges on the bifurcation surface, while the outside version diverges only on the cusp line (because on the surface arccosh兩 兩 is zero). The high-field asymptotics need both the inside part and the outside part (to get the near cusp field correct). A possible criticism here must be disposed of. The outside part, far away from the cusp, yields a finite but incorrect value for the field. This is no criticism, however, because, by design, the uniform approximation to the Green function obtains the correct high fields and does not seek to yield low fields correctly (see concluding remarks). So to include both inside and outside parts is completely consistent and correct within the uniform approximation. Another remark does require attention. The formulas are based on the cubic having two stationary points (with the outside part having one root and the inside three roots). But there is a substantial region, the hyperboloid



Aside from the disproof of the main claim of Ref. 1, the H. Ardavan uniform approximation to the Green function for superluminal circulation survives intact (with the Hadamard regularization removed). With a minor extension [described by Eq. (21)], it constitutes a complete specification of the uniform approximation of the superluminal circulation Green function. An important remark needs to be made. An asymptotic approximation, like a uniform one, has to be asymptotic in some small parameter. In normal circumstances it is a wavelength, but here there is no wavelength, or indeed any other parameter in the Green function itself. Instead, the small parameter that gives the uniform approximation meaning and validity comes with the application of the Green function—its integration over a source distribution [e.g., Eq. (16) above]. The small parameter is the size of the source (compared with the size of the orbit). The source has to be small. It is worthless to apply the uniform approximated Green function to an extended rotating source (for instance, a nonuniform disk or ball spinning about its axis) because the singularities in the Green function are integrable: they are not a dominant contribution to the field. This rules out the scenario envisaged by the paper commented on1 and the chain of papers before it, where the singularities (bifurcation surface and cusp line) are imagined to select out dominant contributions from an extended source by their mere existence. Instead,
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in order for the uniform approximation to be applicable, there must exist the high fields from a small source (then the peak field strengths are much larger than the average field strength at a fixed observation point). The high fields are well described by the uniform approximation. Another remark can be made about the use of the exact Green function [in Eq. (7) or Eq. (10)] in the extendedsource case, where the uniform approximation is not applicable. This Green function contains the wonderful singular structure expounded in H. Ardavan’s papers. Operationally though, it is something of a perverse construction, because one starts with a perfectly smooth nonsingular integral [expression (6)]. We are taught that to perform numerical integrations with singularities such as Eq. (7), one should transform them away. That transformation takes one exactly back to the original expression (6)! [There are no difficulties whatever with this, because the domain of integration starts as all space and remains as all space: imagined boundaries (Appendix B of Ref. 2) are nonexistent, as I have said before7]. For a simple mathematical example illustrating this remark, consider the middle integral here [which is constructed to be analogous to expression (6)]:



冕



⬁



−⬁



J共␤3兲d␤ =



冕



⬁



−⬁



J共␣兲␦共␣ − ␤3兲d␣d␤ =



冕



⬁



J共␣兲/3兩␣兩2/3d␣ .



the shape of the field lines can be analytically derived. There is no caustic involved subluminally, but its “imminence” shows up as a spiral line in the orbit plane (the involute of the orbit circle), near which the field is high and has a scaling, or universal similarity form. I have noticed since the publication of Ref. 14 that two of its main formulas, 4.16 and 4.17, appear in a recent book,15 having been derived by the book’s author some years earlier. The author’s e-mail address is J. H. Hannay @bristol.ac.uk.
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