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Chapter V Counting large maps Initially, in quantum gravity and string theory, the problem of counting maps, i.e. surfaces made of polygons, was introduced only as a discretized approximation for counting continuous surfaces. The physical motivation is the following: in string theory, particles are 1-dimensional loops called strings, and under time evolution their trajectories in space-time are surfaces. Quantum mechanics amounts to averaging over all possible trajectories between given initial and final states, i.e. all possible surfaces between given boundaries. However, trajectories should be counted only once modulo their symmetries, in particular conformal reparametrizations, in other words, trajectories are in fact Riemann surfaces (equivalence class of surfaces modulo conformal reparametrizations). The set of all Riemann surfaces with a given topology and given boundaries, is called the moduli space, and string theory amounts to ”counting” Riemann surfaces, i.e. measuring the ”volume” of the moduli space. Physicists made the guess that in some appropriate limit, the counting function of discrete surfaces (maps) should tend towards the counting function of Riemann surfaces. In some sense, surfaces made of a very large number of very small polygons should be a good approximation of Riemann surfaces in quantum gravity !



?



In this chapter, we are going to explain how to find the asymptotic generating functions of large maps, and then compare with Liouville conformal field theory of quantum gravity, and in the next chapter we are going to compare it to the enumeration of Riemann surfaces. 153



1



Introduction to large maps and Double scaling limit



The idea is to count maps made of a very large number of polygons, and send the size of polygons (the mesh) to zero so that the average area remains finite.



1.1



Large size asymptotics and singularities



Let us start with general considerations about large order behaviors. It is a standard knowledge that there is a relationship between the large order behavior of a sequence, and singularities of the corresponding generating series. Consider a sequence {Ak }k∈N , and the formal series: A(t) =



∞ !



Ak tk .



k=0



Imagine that A(t) is convergent in a disc |t| < |tc |, for instance assume that it is an algebraic function of t (which is indeed the case for generating functions for maps). The basic example is: A(t) = C (tc − t)−α = C t−α c



∞ ! Γ(k + α) k=0



k! Γ(α)



(t/tc )k



The large order behavior is obtained from Stirling’s asymptotic formula: Ak = C t−α−k c



Γ(k + α) t−α −k α−1 ∼ C c t k k! Γ(α) k→∞ Γ(α) c



(V-1-1)



More generally, if A(t) is an analytical function with several algebraic singularities tc1 , tc2 , tc3 , . . . with exponents α1 , α2 , α3 , . . ., the large order behavior of Ak is dominated by the singularity(ies) tci closest to the origin, those for which |tci | is minimal. Ak ∼



k→∞



!



Ci



|tci |=min{|tcj |}



i t−α ci t−k k αi −1 Γ(αi ) ci



Conversely, if a sequence Ak has a large order behavior of type eq.(V-1-1) with α rational, then its generating series A(t) has a singularity of algebraic type. There is also an intuitive approach to understand the link between singularities and large order behaviors. The expectation value of k is: " k t A% (t) k k Ak t = < k >= " k A(t) k Ak t



thus, if we want large values of k to dominate the expectation values, i.e. if we want < k > to become very large, we need to choose t such that tA% /A diverges, that is we need to choose t close to a point where ln A(t) is not analytical. 154



A weaker statement would be to require that some moment of k diverges, for instance: # $p 1 ! p 1 d p k < k >= k Ak t = t A(t) A(t) k A(t) dt In other words we want to choose t = tc such that some derivative of A(t) diverges. Let us now illustrate those general considerations on some examples.



1.2



Example: quadrangulations



The generating function of quadrangulations of genus g with n4 quadrangular unmarked faces, and thus v = n4 + 2 − 2g vertices is: Fg (t4 ) = t2−2g



!



!



(t t4 )n4



n4



(g)



1 . #Aut(Σ)



Σ∈M0 (n4 +2−2g)



The average number of faces is thus: < n4 >= t4



∂ ln Fg ∂ ln Fg =< v > +2g − 2 = t + 2g − 2 ∂t4 ∂t



where < v > is the average number of vertices. In order to have < n4 > or < v > very large, one must chose t in the vicinity of a singularity of Fg . We have seen√ in chapter III, that all the Fg ’s (except F0 and F1 ) 4 , and thus Fg is singular when γ 2 is singular, are rational fractions of γ 2 = 1− 1−12tt 6t4 √ that is at t = tc = 1/12 t4. For instance, with the notation r = 1 − 12tt4 , we have according to eq.(III-6-1), eq.(III-6-2) and eq.(III-6-3)): # $ t2 1 5 3 1+r F0 = − + − ln 2 # 3(1 + r)2 3(1 + r) $4 2 2 t 1 4 2 = ln 2 − − 4tt4 + 36t2 t24 − t (1 − t/tc )5/2 + O((1 − t/tc )3 ), 2 3 15 F1 =



1+r 1 ln 2 1 ln = − ln (1 − 12tt4 ) − + O((1 − t/tc )1/2 ), 12 2r 24 12 −2



F2 = t =



#



−89r 5 + 20r 4 + 130r 3 − 100r 2 − 65r + 56 B4 − 8 5 5∗9∗2 r 8



7 (1 − t/tc )−5/2 + O(1 − t/tc )−2 10 (12 tc )2



$



Below, we will prove in theorem 3.1 that in general, for quadrangulations, Fg is singular at t = tc = 1/12 t4, and behaves (for g ≥ 2) like: 5



Fg ∼ F˜g t2−2g (1 − t/tc ) 4 (2−2g) + . . . subleading c 155



the constant prefactor F˜g is called the ”double scaling limit” of Fg , and our main goal from now on, is to compute it, not only for quandrangulations, but for all sorts of maps. We address that problem below, and the answer is given in theorem 3.1. For F1 and F0 , to leading order at t → tc , only the derivatives diverge as a power law: ∂ 3 F0 1 = (1 − t/tc )−1/2 + o((1 − t/tc )−1/2 ) 3 ∂t 2 tc ∂F1 1 = (1 − t/tc )−1 + o((1 − t/tc )−1 ) ∂t 24 tc Let us compute 2 ug = singular part of ∂ 2 Fg /∂t2 , we have u0 = −



1 2



,



for g ≥ 2 ,



u1 =



1 48 t2c



ug =



,



u2 =



32



49 ∗ 28 t4c



,



...



5 F˜g 5 (2 − 2g) ( (2 − 2g) − 1), 2g 4 tc 4



and define the formal series ! 1 −2 49 1 (1−5g)/2 s + 2 8 s−9/2 + . . . u(s) = ug t2g = − s1/2 + c s 2 48 3 ∗2 g The values which we have found for u0 , u1 , u2 indicate that u(s) seems to satisfy the Painlev´e I equation to the first few orders 3u2 + u%% /2 =



3 s + O(s−13/2 ). 4



Our goal in this chapter, is to prove that indeed u(s) satisfies Painlev´e I equation to all orders: 3 3u2 + u%% /2 = s. 4 This Painlev´e equation determines all the coefficients ug , and thus F˜g , i.e. it gives the asymptotic numbers of large maps. The Liouville minimal model of conformal field theory coupled to quantum gravity, predicts that the generating function of ”number of surfaces”, should satisfy the Painlev´e I equation, so what we find is an agreement between the asymptotic number of large maps, and the Liouville conformal field theory of gravity. Mesh size ln Fg The average number of quadrangles is < n4 >= t4 ∂ ∂t , and thus, if we say that all 4 quadrangles have the same area $2 (we call mesh size the side of each quadrangle, that is $), the average area is:



5 < Area >= $2 < n4 >∼ (2 − 2g) 4 156



$2 t −1 tc



If we want to have a good continuous limit of random surfaces, we require the area to remain finite, and it means that we should choose: $2 ∼ tc − t Therefore, the distance to critical point tc − t can be interpreted as the mesh area, i.e. the area of elementary quadrangles.



1.3



About double scaling limits and Liouville quantum gravity



Origin of the name “double scaling limit” " Remember that we have defined ln Z = g N 2−2g Fg , where Z is the generating function of all maps of all genus not necessarily connected. Anticipating on theorem 3.1, we notice that Fg ∼ F˜g t2−2g (1 − t/tc )(2−2g)µ with the exponent of (1 − t/tc ) proportional c ˜ = N tc (1 − t/tc )µ , and to 2 − 2g. Thus, it is possible to define a rescaled parameter N a series: ∞ ! ˜ ˜ 2−2g F˜g ln Z = N g=0



such that Z˜ is the ”limit” of Z, in the ”double scaling limit” (double because we take a limit on both N and t): % t → tc ˜ = finite ˜ N tc (1 − t/tc )µ = N −→ Z ∼ Z. N →∞ This double scaling limit Z˜ is to be viewed as the generating series of the continuous limit of maps. From large maps to Liouville gravity F˜g is the generating function of asymptotic numbers of large maps of genus g, rescaled by a power of the mesh size. (g)



In a similar manner, one is also interested in the double scaling limits of Wn ’s counting asymptotic numbers of large maps of genus g with n asymptotically large marked faces. The guess made by physicists working in quantum gravity in the 80’s and 90’s, was ˜ n(g) , should coincide with that those double scaling limit generating functions F˜g and W correlation functions of Liouville conformal field theory coupled to gravity. This guess was supported by heuristic asymptotics of convergent matrix integrals, hoped to be valid for formal integrals. On the conformal field theory side, due to conformal invariance, the correlation functions of a conformal field theory, must have the symmetry of some representations of the conformal group, that is they are given in terms of representations of the Virasoro algebra. Finite representations of the conformal group were classified (in the famous Kacs table [27]) and are called minimal models, they are labeled by 2 integers (p, q). For 157



the minimal models, the partial differential equations imply that the partition function has to satisfy a non-linear ordinary differential equation. For example, the minimal model (3, 2) is called pure gravity, and its generating function satisfies the Painlev´e I equation. The minimal models are also related to finite reductions of the KP (KadamtsevPetiashvili) integrable hierarchy. If the asymptotics generating functions F˜g of large maps were related to Liouville gravity, that would mean that Z˜ would be a tau-function for the KP (KadamtsevPetviashvili) hierarchy of integrable equations, and in particular Z˜ should satisfy some non-linear differential equations with the Painlev´e property. We shall derive these differential equations below in section 4. Thus, in principle, if we want to compare large maps to Liouville quantum gravity, ˜ n(g) ’s, satisfy the differwe have to check that the generating function of the F˜g and W ential equations of some (p, q) minimal model. In particular, we have to check that Z˜ is indeed the tau-function of a minimal model reduction of the KP hierarchy ? Z˜ = Tau − function of (p, q) reduction of KP hierarchy.



We also have to check that the scaling exponents of large maps, are those computed by KPZ (Khniznik Polyakov Zamolodchikov) [56] KPZ exponent γ =



−2 , p+q−1



?



Fg ∼ F˜g (1 − t/tc )(2−2g)(1−γ/2) .



All this was done at a heuristic level by physicists in the 90’s. We provide a mathematical proof below in this chapter.



2



Critical spectral curve



Here we study what special happens at t = tc ? Why generating functions diverge ?



2.1



Spectral curves with cusps



In chapter III, we have seen that the Fg ’s for g ≥ 2 are rational fractions of α and γ 2 (F0 and F1 also contain logarithms of rational fractions of α and γ 2 ). α and γ themselves are obtained by solving an algebraic equation, and thus they may have singularities. One can compute (see theorem 4.5 section III.4.3): # $ 1 1 1 dγ = + dt 4 y % (1) y % (−1) and y %(1) and y %(−1) are themselves algebraic functions of t. Therefore we see that γ is singular whenever y % (1) = 0 or y %(−1) = 0. Without loss of generality, let us consider that y % (1) vanishes at t = tc . We are thus led to study the behavior of y(z) near z = 1. For any t, let us compute the Taylor expansion of x(z) and y(z) at z = 1. 158



Since x(z) = α + γ(z + 1/z) we always have x% (1) = 0, and to the order (z − 1)2 we have x(z) ∼ x(1) + γ(z − 1)2 + O((z − 1)3 ), and thus z−1 ∼



&



x−a . γ



And y(z) ∼ (z − 1)y %(1) + 12 (z − 1)2 y %%(1) + 16 (z − 1)3 y %%% (1) + . . .. Generically y behaves like a square root near its branchpoints: & 3 x−a % + O((x − a) 2 ) y ∼ y (1) γ At t = tc , however, since y % (1) vanishes, y no longer behaves as a square root, it has a cusp singularity of the form y ∼ (x − a)3/2 , and if more derivatives of y vanish, it has a cusp singularity of the form: y ∼ (x − a)p/q . Here, for maps, y is always the square root of some polynomial, so that p/q must be half–integer, i.e. q = 2 and p = 2m + 1 where m corresponds to the first non-vanishing derivative of y at z = 1, that is y(z) ∼ O((z − 1)2m+1 ). Remark 2.1 In more general maps, for instance colored maps carrying an Ising model (see chapter VIII), or a O(n) model, other exponents p/q are possible. The Ising model allows to reach any rational p/q singularity. The O(n) model allows to reach all p/q singularities (not necessarily rational) such that n = −2 cos ( pq π). The integers p and q are going to be related to the (p, q) minimal model. If t is close to tc , the curve y(x) is not singular, but it approaches a singularity. So, let us zoom into a small region near the branchpoint.



y



~ y



y



~ x



t=t c



x



x



t ~ tc



For example, consider that the branchpoint which becomes singular is the one at z = 1 (in case both branchpoints become singular there are extra factors of 2 in some formulae, this is the case for even maps). 159



Example: quadrangulations If one plots the spectral curve y versus x, one sees that at t (= tc , the curve (x, y) is regular, it behaves generically like a square root near its branch points x = ±2γ, it has everywhere a tangent (at the branchpoints the tangent is vertical). At t = tc = 12t1 4 : the curve (x, y) ceases to be regular, it has a cusp singularity, it has no tangent at z = 1. Indeed, we have (from eq.(III-1-15)): √ 2 ' t4 2 1 − 1 − 12tt4 2 2 γ − 2t 2 2 2 ) x − 4γ y = − (x − 4γ + 3γ 2 , γ = 2 γ −t 6t4 At t = tc = 1/12t4 we have γ 2 = 2t and thus: ⇒



t = tc



y=−



t4 2 (x − 8t)3/2 2



At t = tc , the square root singularity at x = 2γ is replaced by a power 3/2 singularity. y



y



y



x



x
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