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Renormalization and Motivic Galois Theory Joint work with Matilde Marcolli



1. Riemann-Hilbert Correspondence 2. Equisingular flat connections 3. Cosmic Galois Group
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“La parent´ e de plus en plus manifeste entre le groupe de Grothendieck–Teichm¨ uller d’une part, et le groupe de renormalisation de la Th´ eorie Quantique des Champs n’est sans doute que la premi` ere manifestation d’un groupe de sym´ etrie des constantes fondamentales de la physique, une esp` ece de groupe de Galois cosmique !” Pierre Cartier
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(ac + mm) → Riemann-Hilbert correspondence associated to Birkhoff decomposition ? Starting point : Unit of mass µ



dD−z k 7→ µz dD−z k Grading by loop number γetµ(z) = θtz (γµ(z))



∀t ∈ R, z = D − d



The γµ− in the Birkhoff decomposition γµ (z) = γµ− (z)−1 γµ+ (z)



∂ γ (z) = 0 . is independent of µ, ∂µ µ−
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Let γµ (z) ∈ Difg(T ) be the loop Uµz (Γ) and γµ (z) = γµ− (z)−1γµ+ (z) its Birkhoff factorization ∂ γµ− (z) = 0 . ∂µ – The counterterms of T ′ are polynomials in massive parameters (µ excluded). – Only powers of log µ could appear. – Excluded by dimensional analysis. log(p2/µ2) and log(M 2/µ2)
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Renormalization Group (ac+ dk) Class L(G(C), µ) γetµ(z) = θtz (γµ (z)) ∂ γµ− (z) = 0 . ∂µ 1. The loop γ− (z) θtz (γ− (z)−1) is regular at z = 0. 2. The limit Ft = lim γ− (z) θtz (γ− (z)−1) z→0



is a one-parameter subgroup of G(C), and Ft(X) is polynomial in t, X ∈ H. 3. Generator of Ft is β := Y Res γ, 4. γµ+ (z) positive part of Birkhoff of γµ (z) γetµ+ (0) = Ft γµ+ (0) ,



∀t ∈ R. 5



Expansional – – – –



Rb



Dyson Te a α(t) dt Araki “expansional” Chen “iterated integrals” Parallel transport dh(u) = h(u) α(u)du H = ⊕n≥0Hn , G and α(t) ∈ Lie G(C)



Rb



Te 1+



∞ Z X 1



a



a≤s1≤···≤sn≤b



α(t) dt



:=



α(s1) · · · α(sn) ds1 · · · dsn
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Theorem (ac+mm) Let γµ(z) be a family of G-valued loops in L(G(C), µ). Then there exists a unique β ∈ Lie G and a loop γreg(z) regular at z = 0 such that R −z log µ − 1z ∞ θ−t(β) dt θz log µ (γreg(z)) . γµ(z) = Te



Conversely, for any β and regular loop γreg(z) this expression gives a solution. Birkhoff factorization γµ+ (z) = − 1z Te



R −z log µ 0



θ−t(β) dt



θz log µ(γreg(z)) ,



R∞ − 1z 0 θ−t(β) dt γ− (z) = Te 7



Principal bundle B σ:∆→B y 0



σ



σ *ω 1



σ



1



∆



0



2



σ *ω 2



Principal bundle B, with group Gm = C∗ π



Gm → B −→ ∆ V = π −1({0}) ⊂ B, B ∗ = B r V ⊂ B.
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P =B×G



u(b, g) = (u(b), uY (g)),



∀u ∈ Gm



γ(z, u) ∈ G(C) invariant iff γ(z, u) = uY γ(z, 1) Two derivatives of γ, −1 d



γ(z, u)



dz



γ(z, u) = uY (a(z)) ,



d −1 a(z) = γ(z, 1) γ(z, 1) dz



γ(z, u)−1 u



d γ(z, u) = uY (b(z)) , du



b(z) = γ(z, 1)−1 Y (γ(z, 1))
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Flat equisingular connection



̟ = A(z, v) dz + B(z, v)



dv , v



Invariance ̟(z, u v) = uY (̟(z, v)) du ̟(z, u) = u (a(z)) dz + u (b(z)) , u Y



Y



db − Y (a) + [a, b ] = 0. dz Lemma ̟ extends to ∆∗ × C restriction of ̟ ` a ∆∗ × {0} is zero
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Monodromies and base point



M{z0}×C∗ (̟) = 1 M∆∗ ×{u}(̟) = 1 Solution with base point ∆∗ × {0} Rv



γ(z, v) = Te



0



uY (b(z)) du u



Invariant (base point is invariant) γ(z) = γ(z, v)|v=1



γ(z)−1dγ(z) = a(z) dz



and γ(z)−1Y γ(z) = b(z)
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Flat equisingular connection New section σs (z) = (z, esz ) → γs(z) = θsz (γ(z)) equisingular ⇒ γs and γ have same γ− ⇓



γ(z) = vY



− 1z (Te



γ(z, v) =



− 1z Te



R0



∞







R0



∞



θ−t (β) dt



− 1z Te



Rv



θ−t(β) dt



)=



γreg(z),



− 1z Te



du Y 0 u (β) u







Rv 0



uY (β) du u



v Y (γreg(z))
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γ(z, v) =



− 1z Te



Rv 0



uY (β) du u



Dγ equisingular new section v(z)σ(z), v(0) = 1



R v(z) Y u (β) du − 1z 0 u γv (z) = Te



γv (z) =



− 1z Te







R1



du Y 0 u (β) u



 



− 1z Te



R v(z) 1



uY (β) du u



s → 1 + s(v(z) − 1) = u , (1 + s(v(z) − 1))n−1 βn



1 − v(z) ds z 13







Classification of equisingular flat connections Two connections ̟ and ̟ ′ on P ∗ are equivalent iff ̟ ′ = Dh + h−1̟h, with h a Gm-invariant map to G regular on B Thanks to base point ∆∗ × {0} one has γ ′(z, v) = γ(z, v) h(z, v) For any equisingular flat connection ̟ there exists a unique β ∈ Lie G(C) such that ̟ ∼ Dγ where γ(z, v) =



− 1z Te



Rv 0



uY (β) du u
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π



Gm → B −→ ∆ , Gm-bundle on ∆. 1) P˜ = B × G∗ is G∗-principal Gm-equivariant u (b, k) = (u b, u k) 2) ξ(b) = (b, 1), ∇ → ∇(ξ) is an isomorphism between Gm-invariant, Lie G-valued connections on P˜∗ and connections with values in Lie G on B ∗ such that ̟(z, u(v)) = uY (̟(z, v)),



∀u ∈ Gm



3) Let γ, B → G with γ(u b) = uY (γ(b)) ,



∀u ∈ Gm



Lγ (b, k) = (b, γ(b) k) is an automorphism of the Gm-equivariant G∗-principal bundle P˜. 4) Equivalence of connections by Lγ corresponds to ̟ ′ = Dγ + γ −1̟γ, 15



ǫ : G∗ = G ⋊ Gm → Gm Let ǫ(P˜) the Gm-principal Gm-equivariant bundle image of P˜ and ˜ ǫ : P˜ → ǫ(P˜), 1) A connection ∇ on P˜∗ is Lie G-valued iff ǫ(∇) = d. 2) An automorphism of the Gm-equivariant G∗principal bundle P˜ is given by a γ, B → G γ(u b) = u γ(b) u−1 ,



∀u ∈ Gm



iff it induces the identity on ǫ(P˜).
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Extension to B = B ×Gm Ga



B0 = B ×Gm {0} ⊂ B = B ×Gm Ga 1) The bundle P˜ canonically extends to a Gmequivariant G∗-principal bundle P˜ on B. 2) Any invariant connection ∇ on P˜∗ with ǫ(∇) = d canonically extends to an invariant connection ∇ on P˜∗. Its restriction to B0 is the trivial connection d. 3) Any automorphism of the Gm-equivariant G∗-principal bundle P˜ which induces the identity on ǫ(P˜) extends to P˜ and its restriction to B0 is the identity.
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Classification of equisingular flat connections (geometric) A flat connection ∇ on P˜∗ with ǫ(∇) = d is equisingular iff for any flat section ∇ η = 0 the unique isomorphism given by the trivialization η between the restrictions of P˜∗ to sections σ : ∆ → B with σ(0) = y0 is regular on ∆. Thm (ac+mm) Let ∇ be an equisingular flat connection with ǫ(∇) = d. There exists a unique β ∈ Lie G and an automorphism ρ of the Gm-equivariant G∗principal bundle P˜ which induces the identity on ǫ(P˜) such that ∇ρ(γ



−1



) = 0,



Rv − 1z 0 uY (β) du u γ(z, v) = Te 18



W -connections Let (E, W ) be a filtered vector bundle with base B W −n−1(E) ⊂ W −n(E) with a trivialization of associated graded W Grn (E) = W −n(E)/W −n−1(E).



A W -connection on E is a connection ∇ on E ∗ = E|B ∗ , such that 1. The connection ∇ is compatible with the filtration, i.e. preserves the W −n(E ∗). 2. The connection ∇ induces the trivial connection on GrW (E). Two W -connections ∇i on E ∗ are W -equivalent iff there exists an automorphism h of E, preserving the filtration, inducing the identity on GrW (E) such that h ◦ ∇1 = ∇2 ◦ h. 19



Equisingular W -connection V a Z-graded vector space V = ⊕n∈ZVn, trivial bundle E = B × V , Gm-equivariant (from grading) and filtered by W W −n(V ) = ⊕m≥nVm A W -connection ∇ on E is equisingular iff it is flat, Gm-invariant and for any fundamental system of solutions of ∇ξ = 0 the corresponding isomorphism of restrictions of E to sections σ : ∆ → B with σ(0) = y0 is regular.



20



The category E of flat equisingular vector bundles Objects : Obj(E) couples Θ = [V, ∇], with V a Z-graded vector space and ∇ an equisingular W -connection on E ∗ = B ∗ × V . [V, ∇] is its W -equivalence class. Morphisms : HomE (Θ, Θ′) linear map T : V → V ′ compatible with the grading



∇2 =



∇′



T ∇ − ∇′ T



0



∇



!



∼ ∇1 =



∇′ 0



!



0 ∇
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Tensor product (E, ∇) ⊗ (E ′, ∇′ ) = (E ⊗ E ′, ∇ ⊗ 1 + 1 ⊗ ∇′) Lie Algebra LU and group U∗ Let LU = F (1, 2, 3, · · · )• denote the free graded Lie algebra generated by elements e−n of degree n, for each n > 0. Consider the Hopf algebra HU := U (F (1, 2, 3, · · · )•)∨, which is the graded dual of the universal enveloping algebra of LU. We denote by U the affine group scheme associated to the commutative Hopf algebra HU , and by U∗ the semidirect product U∗ = U ⋊ Gm, with the action given by the grading.
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Thm Let E be the category of equisingular flat vector bundles. Let ω : E → VectC be the functor defined by ω(Θ) = V , for Θ = [V, ∇]. Then E is a neutral Tannakian category with fiber functor ω and is equivalent to the category of representations RepU∗ of the affine group scheme U∗.
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Universal singular frame



Rv − 1z 0 uY (e) du u ∈ U γU (z, v) = Te



γU (−z, v) =



X



X



n≥0 kj >0



P e(−k1)e(−k2) · · · e(−kn) v kj z −n k1 (k1 + k2) · · · (k1 + k2 + · · · + kn)



Same coefficients as in Local Index Formula in NCG (ac + hm)
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Let Θ = (V, ∇) an object of E. There exists a unique representation ρ = ρΘ of U ∗ in V , such that the restriction of ρ to Gm is the garding of V and Dρ(γU ) ≃ ∇, where γU is the universal singular frame. Let ρ be a representation of U ∗ in V , there exists a unique associated object of E.
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Morphisms Let(V, ∇) an object of E. 1. For all S ∈ Aut(V ) compatible with the grading, S ∇ S −1 is a flat equisingular connection. 2. ρ(E,S ∇ S −1) = S ρ(E,∇) S −1. 3. S ∇ S −1 ∼ ∇ ⇔ [ρ(E,∇), S] = 0. T ∈ Hom(Θ, Θ′) ⇔ T ρΘ = ρΘ′ T



S=



1 T 0 1



!
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Remark



1 O = Z[i][ ] 2



∗



U ∼ GMT (O) ,



Motivic Galois group (mixed Tate motives) of the scheme S4 of 4-cyclotomic integers



α(z)dz =



dz ea z−a a∈µN ∪{0} X



k −1



Coefficient of (−1)m eζ1 e01 in



k −1



eζ2 e02



. . . eζm ek0m −1



R1



γ = Te is



0 α(z) dz



Li k1,...,km (z1, z2, . . . , zm) = n



X



n



nm z1 1 z2 2 · · · zm



k1 k2 km 0 
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