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Abstract The restrictive assumptions imposed by the traditional methods of aggregation prevented so far a sound analysis of complex system of feedback between microeconomic variables and macroeconomic outcomes. This issue seems to be crucial in macroeconomic modelling, in particular for the analysis of ﬁnancial fragility, as conceived in the Keynesian and New Keynesian literature. In the present paper a statistical mechanics aggregation method is applied to a ﬁnancial fragility model. The result is a consistent representation of the economic system that considers the heterogeneity of ﬁrms, their interactive behaviour and the feedback eﬀects between micro, meso and macro level. In this ∗
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approach, the impact of micro ﬁnancial variables can be analytically assessed. The whole dynamics is described by a system of dynamic equations that well mimics the evolution of a numerically solved agent based model with the same features.
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Introduction



The Representative Agent (RA) assumption is a methodological shortcut to bypass the problem of dimensionality which arises in heterogeneous agents model. The reasons for dissatisfaction with the RA assumption are well known and have been forcefully discussed in Kirman (1992) and Keen (2011). The eﬀorts to overcome the limits of the exact aggregation (Gorman, 1953) led to methods, such as Lewbel (1992), that are still too restrictive in their basic assumptions to realistically depict an economic system1 . As a consequence of the dissatisfaction with the RA approach, a few analytical frameworks have been developed to cope with the dimensionality problem mentioned above. One of the most promising methods has been introduced by Duncan Foley and Masanao Aoki who borrowed from statistical mechanics the concept of mean-ﬁeld interaction and imported it into economics2 . In the mean-ﬁeld interaction approach. Agents are classiﬁed into clusters or sub-systems according to their state with respect to one particular feature (the so-called micro-state, e.g. the level of production for a ﬁrm on a scale of production levels). This clustering determines the characteristics and the evolution of the aggregate (the macro-state, e.g. the total level of output)3 . The focus is not on the single agent, but on the number or fraction of agents occupying a certain state of a state-space at a certain time. These numbers or fractions are governed by a stochastic law, that also deﬁnes the functional of the probability distributions of aggregate variables and, if they exist, their equilibrium distributions. The stochastic aggregation is then implemented through master equation techniques, that allow for a description of the dynamics of probability ﬂows among states on a space. These probability ﬂows 1



For a review on aggregation methods see Gallegati et al. (2006) and Di Guilmi (2008). See Foley (1994); Aoki (1996, 2002); Aoki and Yoshikawa (2006). Further developments of these contributions are: Landini and Uberti (2008), Di Guilmi (2008) and Di Guilmi et al. (2011). 3 An early economic application of mean-ﬁeld theory is Brock and Durlauf (2001). 2
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are originated by the changes in the conditions of agents and determine the aggregate outcomes4 . This paper presents an application of mean-ﬁeld interaction and master equation on a model in which ﬁrms are heterogeneous in terms of ﬁnancial fragility, along the lines of Di Guilmi et al. (2010). The degree of ﬁnancial fragility, modelled `a la Greenwald and Stiglitz (1993) (GS henceforth), is the clustering device to classify ﬁrms and to develop the analytical solution of the model. The analytical approximation mimics well the dynamics of a system with a higher order of heterogeneity and provides insights on the interactions among the micro-units in the system. The analytical solution to agent based models is the result of a functional-inferential method which identiﬁes the most probable path of the system dynamics. The method considers the heterogeneity, representing a large number of agents, and the interaction among them, which originates ﬂuctuations of the macroeconomic variables about a deterministic trend. Individual direct interaction is replaced by indirect mean-ﬁeld interaction between sub-systems, expressed in terms of the transition rates of the master equations. In particular, according to the local approximation method detailed below, an explicit solution for the master equation is obtained. It yields the analytical identiﬁcation of an ordinary diﬀerential equation, which describes the dynamics of the system trend, and a stochastic diﬀerential equation, which quantiﬁes the dynamics of the probability distribution of ﬂuctuations. The successful application of the aggregation method can be a contribution toward the adoption of a realistic new economic paradigm in the direction suggested by Aoki. As shown in the last section, in fact, the numerical simulation of a similar agent based structure is well reproduced by the stochastic dynamics generated by the master equation5 . The structure of the paper is the following: ﬁrst, we specify the hypotheses for the stochastic structure of the system (section 2) and for the ﬁrms that compose it (section 3). In section 4, we develop the framework, setting the dynamical instruments needed for aggregation, and solve the model, determining the two equations that drive production trend and business ﬂuctuations. Section 5 presents a further result coming from the solution of the 4



Other applications of master equation in economics, besides the works cited above, can be found in Weidlich and Braun (1992) and Garibaldi and Scalas (2010) among others. Alfarano et al. (2008) and Alfarano and Milakovic (2009) oﬀers a further contribution, in particular with reference to agent based pricing models. 5 On this point see also Chiarella and Di Guilmi (2011).
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master equation, stressing the relevance of indirect interaction among agents in shaping macroeconomic outcomes. In section 6, some results of computer simulations are presented. Section 7 concludes.
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Stochastic structure



The economy is populated by a ﬁxed number N of ﬁrms, each indexed by the subscript i. Agents clusters into micro-states according to a quantiﬁable individual variable. Two micro-states are deﬁned. State 0 denotes agents characterised by a level of a chosen feature above (or equal to) a certain threshold and 1 labels the state of the rest of the population. In each cluster, therefore, there will be a certain number (the so-called occupation number) of agents. The occupation number of cluster j is N j , j = 0, 1. The occupation numbers (N 0 (t), N 1 (t)) deﬁne the macro-state of the system. The fraction j of ﬁrms in micro-state j is nj = NN where N = N 0 (t) + N 1 (t). For the sake of tractability, within each cluster individual levels of a certain variable are approximated by their mean-ﬁeld values, i.e. a speciﬁc statistic of the distribution of the variable itself.6 Therefore, within each cluster heterogeneous agents (characterised by diﬀerent individual levels) are replaced with an homogeneous agent characterised by this statistic (mean ﬁeld approximation). The notation adopted uses a continuous time reference because it is more appropriate for complex systems settings, as remarked among others by Hinich et al. (2006). Continuous time functionals are appropriate at system level if we assume that the density of discrete points is large enough within a suﬃciently small reference interval of time. This is due to the so-called principle of limiting density of discrete points, introduced by Jaynes (1957) to match Shannon’s entropy with continuous distributions in information and probability theory7 . For computational necessity, the numerical simulations must refer to discrete time and, accordingly, occupation numbers, as any 6



For example, in our simulations, we adopt the median within each group, as speciﬁed in section 6. 7 On this topic other interesting references are Smith (1993) and Milakovic (2001). Besides the principle of limiting density of discrete points, modelling discrete time observables with continuous time tools is acceptable when the simulation time, say T , is long enough such that the calendar can be partitioned with suﬃciently dense adjacent reference intervals of time of order o(T ) w.r.t. the calendar. This conjecture is considered as appropriate due to consistency of analytical trajectories from master equations to experimental simulations.
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other observable, become a discrete time stochastic process. The probability for a ﬁrm of being in micro-state 1 is η: p(1) = η, hence p(0) = 1 − η. In order to model the probabilistic ﬂow of ﬁrms from one microstate to another, transition probabilities and the transition rates must be deﬁned. The functional speciﬁcation of transition rates, i.e. transition probabilities per vanishing reference unit of time, allows the occupation numbers to be modeled with jump Markov processes. The transition probability is the probability for a ﬁrm to switch from one microstate to the other in a given instant. The transition probability of moving from 0 to 1 is ζ while ι indicates the probability of the opposite transition. The transition rates quantify the probability of observing a jump of one agent from one microstate to another, conditional upon the initial microstate through time. A transition rate is then given by the probability of a ﬁrm changing state weighted by the probability of being in one particular starting state. With reference to state 1, the transition rate for entry (from state 0 into state 1) is indicated with λ while the one for exit (from state 1 to state 0) is γ, deﬁned as follows: λ = ζ(1 − η) γ = ιη



(1)



This representation is phenomenological. Indeed, it allows either for λ, γ and η to be constants or functionals of some state variable8 . In case of only two micro-states, N being constant through time, the attention is focused on only one occupation number (for instance N 1 ) to characterise the macro state of the entire economy in a given instant, 1 ≤ Nk ≤ N : a realisation of the stochastic process N 1 (t) on its support is denoted with N 1 (t) = Nk . The transition rates determine the probability of observing a certain occupation number at the aggregate level, i.e. a certain macrostate of the system. Being N 1 (t) = Nk , within the length of a vanishing reference unit of time ∆ → 0+ , the expected number of transitions into the macrostate N 1 is λ(N − Nk ) while the expected number of transitions from macrostate N 1 is γNk ; therefore, the transition rates can be written as follows b(Nk ) = P (N 1 (t + ∆) = Nk+1 (t′ )|N 1 (t) = Nk (t)) = λ(N − Nk ) d(Nk ) = P (N 1 (t + ∆) = Nk−1 (t′ )|N 1 (t) = Nk (t)) = γNk



(2)



where b and d indicate, respectively, “births” (Nk → Nk+1 ) and “deaths” (Nk−1 ← Nk ) rate functions of the stochastic process and t′ − t = ∆. 8



In Appendix A the stochastic model results are discussed for both cases.
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Firms



This section presents the assumptions for the microeconomic units of the system. The approach is the one pioneered by GS, and implemented in a heterogeneous agents framework by Delli Gatti et al. (2005). If not otherwise speciﬁed, variables indicated by small letters refer to single ﬁrms while symbols in capital letters stand for aggregate quantities, within the state if followed by the superscripts 0 or 1 and economywide otherwise.



3.1



Financial fragility as a clustering device



We assume that ﬁnancially constrained ﬁrms are subject to iid shocks to revenue and, therefore, they run the risk of bankruptcy if revenue fall short of pre-incurred costs. In this setting the optimal scale of activity for the ﬁrm is constrained by its net worth due to bankruptcy risk. The ﬁrm’s probability of bankruptcy depends upon its equity ratio, i.e. the ratio of net worth to assets. In the present paper this approach has been followed in a somewhat stylised way. The economy is populated by a ﬁxed number N of ﬁrms which agglomerate into clusters depending on the level of individual equity ratio αi = ai /ki , i = 1, 2, ..., N, where ai is net worth9 and ki total assets (physical capital). The threshold α ¯ divides the populations of ﬁrms in two clusters: ﬁrms in state 0 (whose occupation number is N 0 ), characterised by αi ≥ α ¯, are ﬁnancially robust while ﬁrms in state 1 (whose occupation number is N 1 ). characterised by αi < α ¯ , are ﬁnancially fragile and exposed to the risk of bankruptcy. Within each cluster, individual levels of the equity ratio are approximated by their mean-ﬁeld values α0 and α1 respectively. In order to keep the number of ﬁrms N constant, each bankrupted ﬁrm is replaced by a new one which, by assumption, enters the system in state 1. The probability of being fragile is η while µ denotes the probability of bankruptcy – i.e. of exiting from the economy. Hence the rate of exit from the system is µη. Of course, due to the one-to-one replacement assumption, µη represents also the rate of entry into the system. 9



Equity or own capital are assumed synonyms of net worth.
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3.2



Technology, costs and prices



Each ﬁrm employs physical capital as the only input in production. Therefore, the production function of the i-th ﬁrm is: qi (t) = (2ki (t))1/2



(3)



and the capital requirement function is: 1 ki (t) = (qi (t))2 2



(4)



Firms can ﬁnance capital with previously retained proﬁts (net worth). When internal funds are not suﬃcient, ﬁrms resort to loans: bi (t) = ki (t) − ai (t). Debt commitments in real terms are rbi (t), where r is the real interest rate10 . For the sake of simplicity the interest rate is constant and uniform across ﬁrms. The ﬁrm has no market power (it is a price taker) but is operating in an uncertain environment. The price Pi (t′ ) of the i-th ﬁrm at time t′ – i.e. when the output is actually sold – is equal to the average or market price P (t) at time t – i.e. when the output is produced and ready for sale – subject to an idiosyncratic multiplicative shock u˜i (t′ ): Pi (t′ ) = u˜i (t′ )P (t)



(6)



The random variable u˜i (t′ ) → U (u0 , u1 ) s.t. u1 > u0 > 0 and E(˜ ui ) = 1. Its support can be any positive neighbourhood of 1: in this paper it has been chosen to set u˜i (t) within [u0 = 0.75; u1 = 1.25]11 .



3.3



Profit, net worth and bankruptcy



The law of motion of net worth (in real terms) is: ai (t′ ) = ai (t) + πi (t′ )



(7)
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By hypothesis, the return on own capital is equal to the interest rate r, so that the ﬁrm’s ﬁnancing costs are: r(bi (t) + ai (t)) = rki (t) (5) 11



Due to the normalisation procedure detailed below, the choice of the support for u ˜i does not aﬀect probabilities.



7



where πi (t′ ) is proﬁt (in real terms): πi (t′ ) = u˜i (t′ )qi (t) − rki (t)



(8)



A ﬁrm goes bankrupt when ai (t′ ) reaches the zero threshold, i.e. when πi (t′ ) = −ai (t)



(9)



Substituting (8) into (9), and solving for u˜i (t′ ), the bankruptcy threshold level of the shock is rki (t) − ai (t) u¯i (t′ ) ≡ (10) qi (t) Notice that, by construction, the threshold level of the shock occurring at t is a function of variables deﬁned at time t. If the shock u˜i (t′ ) ≤ u¯i (t′ ),then equity becomes negative (or zero) and the ﬁrm goes bankrupt. (t) (t) = αi (t) kqii(t) , and recalling (4), equation (10) reads as: Since aqii(t) ′



u¯i (t′ ) =



qi (t) [r − αi (t)] 2



(11)



The random variable u˜i has support [0.75; 1.25], therefore, denoting with F the cdf of u˜i (t′ ), the probability of bankruptcy µi for ﬁrm i is µi (t) = F (¯ ui (t)) =



u¯i (t) − 0.75 = 2¯ ui − 1.5 0.5



(12)



Every ﬁrm which goes bankrupt has to bear bankruptcy costs Ci (t), nonlinearly increasing with ﬁrm size, Ci (t) = c(qi (t))2



0 
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