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Abstract: The weather derivatives market is presently mainly focused on temperature. Since the creation of HDD indices on the CME, other financial market places have created their own indices, all based on temperature. Protection against temperature fluctuations tends to be designed for energy companies but may not hedge the weather risk of many other companies. As an obvious example, during 2000 many businesses witnessed a drop in their revenues due to extreme levels of rainfall. The aims of this article are to demonstrate the risk in using a proxy rainfall site and to present a stochastic process for the simulation of daily rainfall magnitude.
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Rain risk Despite the high exposure of business to rainfall risk, most weather derivatives that have been traded have been based on a temperature index. This has been mainly due to the demand for weather protection by Energy companies as the demand for power is heavily correlated to the temperature. Nevertheless many end users such as farmers or hydroelectric generators are very sensitive to rainfall magnitude and frequency. A significant number of businesses are also well aware of the sensitivity of their revenues to rainfall. As an extreme example, when it rains, road accidents are more frequent. According to Peugeot S.A., the French car manufacturer, road accident frequency is doubled when it rains and can be increased by up to 7 times depending on the nature of the rainfall. So, a very rainy year produces more accidents than normal, which could consequently affect insurance companies' results. A huge area of concern is water resource. Water storage is clearly extremely dependent on rainfall. Managing water resources is a long dated problem and water restrictions still occur as in 1976 and 1995 in the South East. The consequences of too much or not enough rain are spread widely and directly or indirectly we all suffer from abnormal rainfall magnitudes. A typical difficulty with risk analysis based on rainfall is that the magnitude and the frequency of rainfall strongly depend on the site where it is measured whereas the temperature is a more ambient measure. By way of example, if in Heathrow the temperature is 20 C then you can assume that the temperature in Central London is near 20 C (average differences taken off). However, even if it rains heavily in Heathrow you cannot assume that it will rain simultaneously in Central London. There is a high positive probably it does, but it is not worth 100%. In order to investigate rain risk, this study has two main goals. The first analysis compares rainfall at London Heathrow airport with rainfall in Central London (St James’ Park). This study might help risk managers to decide whether insurance against rainfall can be taken out using a proxy site as reference. The objective of the second analysis is to propose a model to simulate the daily-cumulated rainfall. Consequently more accurate rainfall distributions can be extracted and risk analysis is enhanced.



I. Rainfall comparison between Heathrow and Central London Heathrow airport is very near to Central London and more importantly it is situated on the same latitude (51 30 N - 0 10 W). The distance between St James’ Park and Heathrow airport is roughly 20 miles (32 kilometers). Our set of data starts in 1963 and finishes in mid 2000 for both locations. The UK Meteorological Office currently records the rainfall magnitude every 0.1-mm. So rain values are worth 0, 0.1, 0.2, etc. When the magnitude of rain is below 0.1mm, then the information is recorded as Tr (trace). This last type of input will be considered as "No Rain". In each location the policy of trace recording did not begin at the same time and because when it rains less than 0.1 mm in a complete day, the risk of rain may be very low but the risk of cloud cover can be high. Information for a few days was not available from St James’ Park 2



(59 days out of 38 years1). For the purpose of this exercise, Heathrow data have been inserted. Finally, when it snowed on any day in our time period, the meteorological office worked out the equivalent amount of rain.



A. Annual rainfall Water companies are expected and required to manage water resources so that there is a constant supply to consumers. However, in extreme cases, hosepipe bans are imposed and water has to be purchased from other water companies. In such situations, the water company is facing three problems. The first problem is the Regulator that may pursue the company for failure to comply with regulations, the second problem is the affect on revenues in metered areas and finally the damage that is done to the consumers’ perception of the company. To provide for all eventualities, a rainfall contract can be taken out to compensate having to purchase water from elsewhere and hence to cover itself from droughts. For water companies the annual amount of rainfall is an important measure. It is the period basis on which they usually plan the storage. The recuperation of water is not done in a specific location but rather depends on the rainfall magnitude in several sites. To hedge itself, the company needs to know whether a single reference site for the contract can be used. The figure below shows that as close to each other as Heathrow and Central London are yearly rainfall magnitude is not exactly the same:



Figure 1 According to the raw data, it rains on average nearly 16 mm a year more in St James' Park than at Heathrow. This could be due to either different equipment sensitivity or human error. The biggest relative difference is greater than 11% (1964), which can be interpreted as one month of rainfall difference. As a result the following correlation shown is strong but is not perfect:
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Meteorological office informed us that this lack of information was due to vandalism. Because Heathrow airport is much more secure, such problems do not occur. This type of protected site is more desirable for weather market, even if most end users will be in Central London located and not at Heathrow airport. This means that actors are likely to use a secured meteorology station that may not be the closest one.
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Figure 2 The correlation between the two sites is significant (≈97%). On a yearly basis there is no large risk to base a rainfall contract on data from Heathrow for a business located in Central London or vice versa.



B. Monthly rainfall I reality, companies may be sensitive only during a particular period of the year. As an example, corn farmers are not highly exposed to precipitation during November, but are during June and July. The problem is that if on a yearly basis a company might protect itself using a proxy site, on a monthly basis differences can be more marked. This can be true even if the monthly averages display no difference. Monthly rainfall averages in Heathrow and Central London are worked out in figure 3:



Figure 3 It is fair to assess that the averages are equal. However, the difference in risk between the rainfall of the two sites depends on the month as shown the correlation levels displayed in Figure 4:
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Figure 4 The correlation varies from month to month. This is due to the different kind of rainfall that we observe during a year. In wintertime rain is often long and weak whereas in summertime rain is often short and intense (summer thunderstorms). The next two figures show the clear difference in correlation between the two sites in January and in July:



Figure 5



Figure 6 As a result a company located in Central London might still use data from Heathrow to reinsure itself during the month of January, however, more caution should be used in July since the biggest measured relative difference is greater than 100%.
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C. Daily Rainfall 1. Average evolution Between Heathrow airport and St James' Park there are no natural features to affect cloud cover. Therefore daily average magnitudes of rainfall of these two relatively close locations ought to be very closely related. Figure 7 shows the worked out averages: Daily rainfall average 4 3.5 3 2.5 2 1.5 1 0.5 0 1
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Figure 7 The two sites nearly exhibit the same pattern. When trying to evaluate confidence intervals for the average rainfall, we obtain a straight line for the minimum and a curve for the maximum. This phenomenon reflects the higher probability of thunderstorms during the summer compared to winter. Over the year one observes different types of rainfall depending on the seasons. Therefore, not only do the average magnitudes of rainfall vary as show in Figure 1 but also the entire distribution of rainfall magnitude is subject to variations. Further statistical proof is given later.



2. Correlation The shorter the period for which the magnitude is measured the greater the difference between the rainfall magnitudes. The next figure shows the correlation of daily rainfall magnitude:
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Figure 8 Even if the correlation is statistically significant, it is notable to measure such differences between two sites located just 20 miles apart. To conclude this first analysis, it appears that for daily rainfall protection, the reference site upon which a contract is based should be extremely close to the location to be insured. For longer periods, proxy sites can be considered with caution. If the required protection on a site is daily, the use of only one proxy site may be insufficient to cover the risk. Instead several reference sites surrounding the location should be considered.



II. Daily rainfall process Until now, rainfall process studies have been limited to either cumulative rain over a given period (mainly monthly and yearly) or on the rainfall process over a very small time period (every 5 or 6 minutes). The first topic is quite limited and lacks interest for weather derivatives purposes. The second one is very detailed but irrelevant for market transaction. In truth daily rainfall magnitudes might be the smallest period that could be relevant for financial markets for the foreseeable future. Instead of statistically analysing the rain, it may be preferable to simulate it. The first part of this study has revealed important rainfall characteristics. Now, the study proceeds with refinements in order to define a stochastic daily rainfall process. Only Heathrow data are used from now on.



A. Frequency The first step in building a stochastic rainfall process is to understand with which probability rainfall occurs. Figure 9 presents the historical frequency of the event "it rains" in Heathrow.
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Figure 9 From this study, it appears that it rains more frequently in winter than in summer. The frequency curve is not symmetric and a sinusoidal function might be inadequate to fit it. A smoothing process can be used to correct erratic values (red curve). Subsequent results are strongly dependent on these probabilities; thus the extraction must be done cautiously.



B. The rainfall persistence The probability that it rains depends on the day of the year. But does it also depend on the past? The next step is to detect if there is any persistence of rainfall. The figure below represents the events that "it rains" and "it doesn't rain" on a daily basis during the year 1999: Rain frequency pattern year 1999
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Figure 10 Without doubt in the case of Heathrow, it appears that when the weather is dry, the following day is more likely to be dry than rainy, and vice versa. So the probability that it rains is conditional on the past. Therefore instead of simulating the event “it rains” for each day, one can presume it is more easy and efficient to directly model the length of the period of rainy or non-
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rainy days. Using the next historical distribution it could be straightforward to simulate the period of consecutive rainy or dry days:



Figure 11 Unfortunately as figure 9 shows, the probability that it rains on a given day is not constant. Therefore the distribution of the length of period of rainy days cannot be constant during a year. From historical raw data, it is quite difficult to extract for a given period its lifetime distribution. Therefore another approach must be used for conditional information. So, the next step of the study is to look at the frequency correlogram:



Figure 12 From figure 12, one cannot conclude that the probability that it rains at time ti depends on whether it rained in the recent past at time ti-1, ti-2, ti-3… But the probability that it rains depends on the time of year. As a consequence, it is more likely to rain two consecutively days during wintertime than in summertime and the reverse in summertime. Therefore a natural autocorrelation is created which interferes with a possible true autocorrelation. The model of the persistence of rain is set hereafter. We note Xt the event “it rains at day t”. Xt is Bernoulli distributed: 0 with prob1 − p t Xt =  1 with prob p t Where 1 is for the event “it rains”. We know the historical mean of Xt from our first studies. However, this is insufficient to model the time series Xt. As a matter of fact, assuming the independence of Xt we have E[Xt | Xt-1, Xt-2, Xt-3] = E[Xt] = pt which is different from EH[Xt] as figure 13 proves (the operator EH is for the historical mean). Therefore the probability pt has a time dependent expectation and is conditional to Xt-1, Xt-2, Xt-3,… 9



A recurrence is produced to estimate the order of this lag dependence. The method is explained hereafter: The probability pt is assumed to be given by: pt = Prob(Xt = 1 | Xt-1, Xt-2, Xt-3,…, Xt-k), with k ∈ IN*. The aim is to extract the minimum value of k that produces the best fit of the distribution of the length of period of rain. Considering a 365 day year, we assume that E[pt] = E[pt+365] which means that the climate does not vary over years2. We first estimate conditional probabilities with k=1, then simulate the process and compare the simulated distribution of the length of the period to the smoothed historical one. Then, the method is reproduced with higher value of k until no more information on the probability pt is added. The previous value of k generating the best fit is kept. Results are presented below. Assuming the independence between successive rainy days, we have simulated the rainfall below using the historical probability for 38 years (the same length of period from which figure 13 has been calculated). The simulated frequency correlogram obtained with k=0 is:



Figure 13 Supposing k=1 a much better fit is obtained:



Figure 14 Now, supposing k=2 a worse fit is obtained:



2



This condition is not restrictive in the sense that it assumes it will always rain statistically more frequently in winter than in summer and that the reverse should not happen. It also means there is no trend in the rainfall process.
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Figure 15 Theoretically, the fit should have been closer since we directly compare the smoothed historical values to the simulated ones. But the estimation of the conditional probability may create a bias that is less pronounced with k=1. As a conclusion, the frequency process is better with k = 1 to simulate the length period of rainfall with Heathrow data. The same result is obtained for non rainy days.



C. The magnitude process



Rainfall magnitude



Once the length of the rainy period is known, the intensity of the rainfall must be evaluated for each day. Figure 3 & 4 show that there is a daily dependency of the rainfall magnitude. The previous study didn't reveal a dependence on the length of the rainy period. But from figure 8 and 4 one can deduce there is a dependence on the length of the period. The next figure shows the difference between the average rainfall magnitude conditional to the previous day. Moving average (19 days) of rainfall magnitude at Heathrow
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Figure 16 The accuracy depends on the persistence of rain. Because it rains more frequently in wintertime than in summertime, confidence intervals are not constant through time. As an example on the 2nd of August, it rained only 7 times for the last 38 years and the 3rd of August it rained 12 times. So, during wintertime the difference is appreciable but only vague conclusions for summertime can be drawn. Since the average conditional to the previous day is different, the distribution is certainly different. Only four events can be enumerated for a rainy day t under the assumption k=1: Rt-1 / Rt / Rt+1 or NRt-1 / Rt / Rt+1 or Rt-1 / Rt / NRt+1 or NRt-1 / Rt / NRt+1 with Rt the event it rains at day t and NRt the event no rain at day t. Four distributions for each day of the year should be estimated. In order to reduce 11



estimation bias errors, a 30-day period, bracketing the day for which the distributions are worked out, is considered. The next figure shows the 4 distributions using BoxPlot (minimum, maximum, and 3 quartiles) for the 1st of January: Box-Plot 40
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Figure 17 The main characteristics are summarised in this table: Rt-1 / Rt / Rt+1 NRt-1 / Rt / Rt+1 Rt-1 / Rt / NRt+1 NRt-1 / Rt / NRt+1 Minimum 0.10 0.10 0.10 0.10 Maximum 35.60 27.80 24.50 9.90 Average 3.96 2.86 2.48 1.53 Stdev 4.27 4.05 4.07 2.34 The four distributions are very different from each other. The average (resp. maximum) between the event Rt-1 / Rt / Rt+1and NRt-1 / Rt / NRt+1 is approximately divided by 2.5 (resp. 3.5). One can conclude that the distribution of the magnitude of rainfalls depends on the immediate past and future. Hence one finds the reason why the proposed model separates rainfall magnitude and rainfall duration. Doing the same for each day of the year, all the required information to run the simulations properly is eventually obtained. First, all the rainy days are simulated and then the magnitude of rain is randomly generated using the correct distribution between the four possible ones for each day. Running the simulations and comparing the results to the smooth historical distributions shows that the process adequately fits the historical distribution:
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Figure 18 Thorough statistical tests have been done to prove the consistency of the method for monthly and yearly magnitude. The results obtained have shown that the integration of this last particularly wet year does not considerably modify the probabilities pt or the rainfall magnitude distributions.



Conclusion We have proved that rainfall magnitude is extremely dependent upon the location where it is measured. This risk can be as high as 100% in a single month. Because the probability that it rains is non-constant during a whole year, this phenomenon creates a natural autocorrelation in the process. This pitfall has to be avoided and the rainfall process can be decompounded into two steps. The first stage is the frequency process and the second stage is the magnitude given the frequency. In order to know the distribution of the rainfall magnitude, it is just as important to know if it rained the previous day than if it will rain the next day. Bibliography [1] B. Dischel, Is precipitation basis risk overstated?, Risk magazine February 2001, or http://www.risk.net/supplements/weather00/wthr00-rainfallp.htm [2] Eric Gaume, Application de l'algorithme METROPOLIS pour l'analyse de sensibilité d'un modèle stochastique de pluie, http://www.enpc.fr/cereve/HomePages/gaume/gentest/gentest.html [3] Thauvin V., Gaume E., Roux C. - A short time step point rainfall stochastic models Water Sciences and technology, vol. 37, n°11, pp. 34-45
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