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Introduction



A Q-curve is an elliptic curve defined over Q that is isogenous to all its Galois conjugates. The term Q-curve was first used by Gross to denote a special class of elliptic curves with complex multiplication having that property, and later generalized by Ribet to denote any elliptic curve isogenous to its conjugates. In this paper we deal only with Q-curves with no complex multiplication, the complex multiplication case requiring different techniques. An abelian variety of GL2 -type is an abelian variety A defined over Q such that the Q-algebra of Q-endomorphisms E = Q ⊗ EndQ (A) is a number field of degree equal to the dimension of the variety; the reason for the name is that the Galois action on the `-adic Tate module of the variety gives rise to a representation of GQ with values in GL2 (E ⊗ Q` ). The main source of abelian varieties of GL2 -type is a construction by Shimura (see [13, Theorem 7.14]) of abelian varieties Af attached to newforms f for the congruence subgroups Γ1 (N ). Recent interest in Q-curves with no complex multiplication has been motivated by the works of Elkies [1] and Ribet [10] on the subject. In [1], Elkies shows that every isogeny class of Q-curves with no complex multiplication contains a curve whose j-invariant corresponds to a rational noncusp non-CM point of the modular curve X ∗ (N ) quotient of the curve X0 (N ) by all the Atkin-Lehner involutions, for some squarefree integer N . In [10], Ribet characterizes Q-curves as the elliptic curves defined over Q that are quotients of some abelian variety of GL2 type. In the same paper, he gives evidence for the conjecture that the varieties Af constructed by Shimura exhaust (up to isogeny) all the abelian varieties of GL2 -type; in particular, and as a consequence, one has the conjectural characterization of Q-curves as those elliptic curves over Q that are quotients of some J1 (N ). The condition of being a Q-curve is invariant by isogeny. It is then natural to investigate some of their arithmetic properties up to isogeny; in particular their fields of definition. In [11] Ribet attaches to a Q-curve C a two-cocycle class ξ(C) ∈ H 2 (GQ , Q∗ ), which is in fact an invariant of the isogeny class of C, and characterizes the fields of definition for the curve up to isogeny in terms of ξ(C). Then he uses that characterization to show that there is always a smallest such field, which is a field of type (2, . . . , 2). Many aspects of the arithmetic of a Q-curve appear when we place in a field over which not only the curve is defined but also all its Galois conjugates and the isogenies between them are defined; in that case we say that the curve is completely defined over the field. In Section 2 we investigate the fields over which a Q-curve can be completely defined up to isogeny. We obtain a criterion characterizing those fields in terms of the cohomology class ξ(C) and, as a ∗
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consequence, we show that every Q-curve is isogenous to one completely defined over a field of type (2, . . . , 2) strictly containing in general the smallest field of definition up to isogeny. In Section 3 we study the two-cocycle class ξ(C) and compute an element ξ(C)± ∈ Br2 (Q) related to it. Then, we rewrite the criterion of the previous section in terms of ξ(C)± obtaining a version which is easier to apply in practice; in particular, we find a criterion for a Q-curve C to have an isogenous curve completely defined over the smallest field of definition up to isogeny in terms of identities between products of quaternion algebras in Br2 (Q). We will use the term abelian varieties attached to a Q-curve to refer to the abelian varieties of GL2 -type having the curve as a quotient. In [10, 7] the Q-endomorphism algebras of the abelian varieties attached to a Q-curve are shown to be the fields E = Q({β(σ)}) obtained adjoining to Q ∗ the values of certain splitting maps β : GQ → Q . In Section 4 we show that the fields E depend ∗ only on certain Galois characters ε : GQ → Q attached to ξ(C), the splitting characters, and we characterize these characters in terms of the element ξ(C)± ∈ Br2 (Q) previously computed. Using this result one may easily obtain information about the abelian varieties attached to a Q-curve; in particular, to compute their dimensions. The abelian varieties attached to C are constructed by Ribet in [10] as factors of abelian varieties B = ResK/Q (C/K) obtained by restriction of scalars from certain models C/K that are completely defined over appropriate fields K. In the general case of this construction it is difficult to control all the factors in the decomposition of B as a product of Q-simple varieties up to isogeny and to relate the arithmetic of the curve C over K to that of the Q-factors of B over Q. In Section 5 we describe a situation where the relation can be made quite precise, corresponding to the case where B factors up to isogeny as a product of non Q-isogenous abelian varieties of GL2 -type and, in particular, the simplest case where the variety B itself is of GL2 -type. The last section, Section 6, contains examples. We parametrize the Q-curves coming from rational points of curves X ∗ (N ) of genus zero using the ideas of [4]. The tables in the Appendix contain data about these curves that is enough for applying the results of this paper to them. We give Weierstrass equations for the Q-curves parametrized by X ∗ (3) and by X ∗ (6) defined over quadratic and biquadratic fields, respectively, and we illustrate many of the results of Sections 2-5 with curves belonging to these two families. Finally we consider quadratic Q-curves: those for which the smallest field of definition up to isogeny is a quadratic field. All the quadratic Q-curves with no complex multiplication, up to isogeny, come from rational points of the modular curves XN quotient of X0 (N ) by the involution WN , for squarefree integers N . After a discussion of the consequences of the parametrizations of the XN of genus zero on the existence of quadratic Q-curves we give a result, suggested by J. Gonz´alez, giving general obstructions to the existence of quadratic Q-curves coming from functions in Q(X0 (N )) whose norm in Q(WN ) is a rational number. These obstructions take the form of elements of Br2 (Q) and, in association with the results of the previous sections, have interesting consequences both for the fields over which the quadratic Q-curves can be completely defined up to isogeny and for the abelian varieties attached to them. Conventions and notation. Throughout the paper all elliptic curves will be implicitly assumed to have no complex multiplication. The Galois action will be denoted exponentially on the left (σ, a) 7→ σ a. All the cohomology groups appearing are Galois cohomology groups, and H i (L/K, M ) will be used as usual as a short form of H i (Gal(L/K), M ). The notation [c] will denote the cohomology class of a cocycle. ∗ ∗ One should be careful since the same abelian groups Q and Q /Q∗ will appear in different places as GQ -modules with two different actions of the Galois group: the natural Galois action
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and the trivial action. We work in the so-called category of abelian varieties up to isogeny, whose morphisms are elements of Q ⊗ Hom(A, B), with Hom(A, B) being the usual algebraic morphisms between abelian varieties, and sometimes we will supress the tensor by Q in the notation. As usual HomK and EndK denote the morphisms defined over K. By a field of type (2, . . . , 2) we mean an abelian extension of Q with Galois group an elementary abelian 2-group; i.e., a compositum of quadratic fields.
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Fields of definition of isogenies between



Q-curves. Q-curve C: H 2 (K/Q, Q∗ )



In this section we introduce several Galois-cohomological objects attached to a – a two-cocycle class ξ(C) ∈ H 2 (GQ , Q∗ ), inflation of a class ξK (C) ∈ every Galois extension K/Q over which the curve is completely defined,



for



– a one-cocycle class [λ(C)] ∈ H 1 (GQ , Q /Q∗ ), and ∗



– a homomorphism d ∈ Hom(GQ , Q∗ /Q∗2 ). The properties of these objects are summarized in Proposition 2.1, and in the rest of the section they are used for studying the fields over which the curve can be completely defined up to isogeny. We will use the term isogeny for maps between elliptic curves C 0 → C that are isomorphisms in the category of abelian varieties up to isogeny; i.e., for invertible elements of Q ⊗ Hom(C 0 , C), and reserve the word isomorphism for the usual isomorphisms between elliptic curves. The degree of isogenies extends in a natural way to elements of Q ⊗ Hom(C 0 , C). Since we deal only with curves with no complex multiplication, we may identify Q ⊗ End(C) with Q. Two-cocycles attached to Q-curves. Let C/Q be a Q-curve. For every σ ∈ GQ we can choose an isogeny φσ : σ C → C in such a way that the set {φσ } is locally constant; i.e., there is a finite extension k/Q such that φσ = φτ whenever σ and τ restrict to the same embedding of k into Q. For example, if the number field k is a field of definition for the curve C, we may choose an isogeny φs : s C → C for every embedding s : k → Q, and then define φσ = φs if σ|k = s. For every pair σ, τ ∈ GQ , the map φσ σ φτ φ−1 στ is an isogeny C → C that, following our convention, we identify with a nonzero rational number ∗ c(σ, τ ) = φσ σ φτ φ−1 στ ∈ Q ,



σ, τ ∈ GQ .



(1)



A short computation shows that the map c : GQ × GQ → Q∗ is a 2-cocycle for the trivial action of GQ on Q∗ . A change in the choice of the isogenies φσ modifies the cocycle c by a coboundary. Hence, the cohomology class [c] ∈ H 2 (GQ , Q∗ ) depends only on the curve C, and not on the isogenies φσ chosen. We will denote by ξ(C) this cohomology class. Every two-cocycle representing the class ξ(C) can be realized as in (1) by an appropriate choice of the φσ . Assume that the curve C is completely defined over a Galois number field K. Taking an isogeny φs for every s ∈ Gal(K/Q) we get a two-cocycle cK (s, t) = φs s φt φ−1 st . We denote by 2 ∗ ξK (C) ∈ H (K/Q, Q ) its cohomology class. As before, ξK (C) depends only on the curve C and not on the φs used to define it. The class ξ(C) is the inflation of ξK (C) under the map Inf : H 2 (K/Q, Q∗ ) → H 2 (GQ , Q∗ ).
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Q given by a Weierstrass equation C : Y 2 = X 3 + AX + B, A, B ∈ Q,



Isogenies. We consider elliptic curves over



(2)



and we denote as usual by wC = dX/2Y the invariant differential attached to this equation. Every isogeny φ : C 0 → C can be given with respect to fixed Weierstrass equations by an expression 1 φ(X, Y ) = (F (X), Y F 0 (X)) λ for some rational function F (X) ∈ the identity



Q(X) and a constant λ ∈ Q∗



which is also determined by



φ∗ (wC ) = λ · wC 0 . Let k be a common field of definition for C and C 0 . Then for every σ ∈ Gk the isogeny σ φ : C 0 → C has the same degree as φ and, since we assume no complex multiplication, we must have σ φ = ±φ. Then, σ



1 1 φ(X, Y ) = (σ F (X), σ Y σ F 0 (X)) = (F (X), ± Y F 0 (X)) = ±φ(X, Y ). λ λ



Hence F is defined over k, the isogeny φ is defined over the field k(λ), and λ2 ∈ k ∗ . One-cocycles attached to Q-curves. Let C be a Q-curve and let {φσ } be a locally constant ∗ set of isogenies for it. For every σ ∈ GQ , let λσ ∈ Q be the constant corresponding to the isogeny φσ as in the previous paragraph (with respect to a fixed Weierstrass equation for C and the equations for the conjugate curves σ C obtained by conjugating the coefficients of that equation). From the relation (1) we obtain the identity λσ σ λτ λ−1 στ = c(σ, τ ),



σ, τ ∈ GQ .



(3)



This identity shows that the image of the two-cocycle class ξ(C) = [c] by the map H 2 (GQ , Q∗ ) → H 2 (GQ , Q ) ' Br(Q) ∗



induced by the inclusion Q∗ → Q is trivial. Since the isogenies φσ are determined by the curve C only up to multiplication by rational ∗ numbers, we can view the λσ as elements of Q /Q∗ . Then, the identity (3) shows that the map ∗



GQ → Q /Q∗ , ∗



σ 7→ λσ



Q∗ ) Q∗ /Q∗ . We



(mod



is a one-cocycle of GQ with values in the GQ -module will denote by λ(C) ∈ ∗ Z 1 (GQ , Q /Q∗ ) this one-cocycle. The cocycle λ(C) depends on a Weierstrass model for the ∗ curve, but its cohomology class in H 1 (GQ , Q /Q∗ ) depends only on the curve C and, in fact, on the isogeny class of C, as is shown by the identity (6). From the exact sequence of GQ -modules (with the natural Galois action)



Q∗



/



Q∗



/ H 1 (G , Q∗ /Q∗ ) Q



δ



1



/



ι



/



Q∗ /Q∗



/1,



we obtain the cohomology exact sequence 1



/ H 2 (GQ , Q∗ )



ι∗



/ Br(Q).



(4)



where the one in the first position is due to Hilbert’s Theorem 90. The cohomology class of the one-cocycle λ(C) is mapped by the coboundary map δ to the class ξ(C). 4



The effect of isogenies. Let C be a Q-curve and let φ : C 0 → C be an isogeny from another elliptic curve. Let {φσ } be a locally constant set of isogenies for the curve C; then, for every σ ∈ GQ the map ψσ = φ−1 φσ σ φ is an isogeny σ C 0 → C 0 and {φσ } ↔ {ψσ = φ−1 φσ σ φ}



(5)



induces a bijection between the locally constant sets of isogenies for C and for C 0 . Since −1 ψσ σ ψτ ψστ = φσ σ φτ φ−1 στ ,



the two-cocycles that we obtain from locally constant sets of isogenies for the curve C are the same as those that can be obtained for the curve C 0 . Hence the cohomology class ξ(C) ∈ H 2 (GQ , Q∗ ) is not only an invariant of the curve C, but also an invariant of the isogeny class. In an analogous way we see that if the curve is completely defined over a Galois number field K the cohomology class ξK (C) is an invariant of its K-isogeny class. In general there can be different curves C 0 , C in the same Q-isogeny class, both completely defined over the same Galois number field K, but having different ξK (C 0 ) 6= ξK (C). ∗ If λ ∈ Q is the constant attached to the isogeny φ we obtain the identity λ(C 0 )σ = λ(C)σ σ λ λ−1 ,



σ ∈ GQ



(6)



relating the one-cocycles attached to the two isogenous curves. The degree map. For every σ ∈ GQ , let d(σ) = deg(φσ ) ∈ Q∗ . Taking degrees in (1) we obtain d(σ)d(τ )d(στ )−1 = c(σ, τ )2 , σ, τ ∈ GQ . This identity implies that the map c2 is a coboundary, and hence that ξ(C) belongs to the 2-torsion of the group H 2 (GQ , Q∗ ). Moreover, from this identity we see that the map GQ → Q∗ /Q∗2 ,



σ 7→ d(σ) (mod



Q∗2 )



is a group homomorphism. We will call it the degree map corresponding to the curve C and use the same letter d to denote it. The degree map depends only on the isogeny class of the curve C. We will denote by Kd the fixed field of ker d; which is a Galois extension of Q of type (2, . . . , 2). Let c be the two-cocycle attached to the curve from some locally constant set of isogenies {φσ }. Let λσ be the constants corresponding to the φσ and let d(σ) = deg(φσ ). Since d(σ)d(τ )d(στ )−1 = c(σ, τ )2 = λ2σ σ λ2τ λ−2 στ and the d(σ) are rational numbers, a short computation shows that the map GQ 7→ Q , ∗



σ 7→



λ2σ d(σ)



is a one-cocycle of GQ with values in Q . By Hilbert’s Theorem 90 H 1 (GQ , Q ) is trivial, hence ∗ there exists an element γ ∈ Q such that ∗



∗



λ2σ = d(σ) σ γ γ −1 . Then, taking a fixed square root



√ γ of γ we obtain p √ √ λσ = ± d(σ) σ γ γ −1 . 5



p √ ∗ ∗ defined by σ 7→ Let d be the one-cocycle of GQ with values in Q / Q d(σ). The previous √ ∗ identity means that the one-cocycles d and λ(C) of Z 1 (GQ , Q /Q∗ ) are cohomologous. Hence √ δ([ d]) = δ([λ(C)]) = ξ(C), where δ is the coboundary map in (4). In particular, this identity shows that the cohomology class ξ(C) is completely determined by the degree map d. The properties of the Galois cohomology elements we attached to a Q-curve and the relations between them are summarized in the following Proposition 2.1 Let C be a



Q-curve.



Let δ be the coboundary in the exact sequence (4). Then,



(a) The cohomology class ξ(C) ∈ H 2 (GQ , Q∗ ) is an invariant of the isogeny class of the curve; ∗ it belongs to the 2-torsion subgroup and has trivial image in H 2 (GQ , Q ) ' Br(Q).



If C is completely defined over a Galois number field K, then ξK (C) ∈ H 2 (K/Q, Q∗ ) is an invariant of the K-isogeny class of C whose inflation to GQ is ξ(C).



(b) The one-cocycle class [λ(C)] ∈ H 1 (GQ , Q /Q∗ ) is an invariant of the isogeny class of the curve C, and δ([λ(C)]) = ξ(C). ∗



∗ ∗2 (c) The √ degree map d ∈ Hom(GQ , Q /Q ) is an invariant of the isogeny class of C, and δ([ d]) = ξ(C).



Ribet gives in [11] the following characterization of the fields of definition of isogeny:



Q-curves up to



Theorem 2.2 (Ribet) A Q-curve C is isogenous to some Q-curve defined over a given number field k if, and only if, ξ(C) belongs to the kernel of the restriction map Res : H 2 (GQ , Q∗ ) → H 2 (Gk , Q∗ ). We recall that by a Q-curve C being completely defined over a number field K we mean that all the Galois conjugates σ C of the curve and the isogenies between them are defined over K. If k is the smallest field of definition of the curve and λ(C) is the one-cocycle attached to a model of it, then the smallest field over which C can be completely defined is the field K = k cl ({λ(C)σ }) obtained adjoining to the Galois closure of the field k the values taken by the one-cocycle λ(C); from the formula (3) it is clear that K is a Galois extension of Q, and the identity (6) shows that K does not depend on the model chosen, since to a change of model corresponds an element λ ∈ k. Now we want to investigate the fields over which a Q-curve can be completely defined up to isogeny. An important role will be played by the curves not only isogenous but even isomorphic (over Q) to a given Q-curve. Isomorphic curves. If C is an elliptic curve given by a Weierstrass equation (2) and γ ∈ Q , we denote by Cγ the curve Cγ : Y 2 = X 3 + γ 2 AX + γ 3 B, ∗



which is isomorphic to C over



Q∗ with isomorphism



φγ : Cγ → C,



(X, Y ) 7→ (γ −1 X, γ −3/2 Y ).



Using this isomorphism and (5) we see that if C is a Q-curve the one-cocycles attached to the curves C and Cγ are related by the formula √ √ λ(Cγ )σ = λ(C)σ σ γ γ −1 . (7) 6



Proposition 2.3 Let C be a Q-curve defined over a Galois number field K. Assume that there exists an element ξK ∈ H 2 (K/Q, Q∗ ) whose inflation to GQ is ξ(C). Then there exists a curve Cγ isomorphic to C that is completely defined over K and with ξK (Cγ ) = ξK . Proof: Consider the commutative diagram 1



1



/ H 1 (K/Q, K ∗ /Q∗ ) Inf 0







1



/ H 2 (K/Q, Q∗ )



δ



/ H 1 (G , Q /Q∗ ) Q ∗







 / Br(K/Q)



Inf



/ H 2 (GQ , Q∗ )



δ



ι∗



ι∗







Inf



/ Br(Q)



where the last row is (4), the first row is the cohomology exact sequence corresponding to the sequence of Gal(K/Q)-modules 1



/



Q∗



ι



/ K ∗ /Q∗



/ K∗



/ 1,



and the exactness of the last column is a well known fact on Brauer groups. We remark that the map labelled Inf 0 is not the usual inflation map H 1 (G/H, M H ) → H 1 (G, M ) of group ∗ cohomology (which would be injective) since K ∗ /Q∗ is not the full sub-GQ -module of Q /Q∗ 0 fixed by GK but a submodule of it. The map Inf means here the usual inflation map followed ∗ by the map induced by the embedding K ∗ /Q∗ ⊂ (Q /Q∗ )GK . Then, Inf ι∗ ξK = ι∗ Inf ξK = ι∗ ξ(C) = 1. By the exactness of the last column we obtain that ι∗ ξK = 1 and hence there exists a one-cocycle µK ∈ Z 1 (K/Q, K ∗ /Q∗ ) such that δ([µK ]) = ξK . ∗ Let µ be the one-cocycle of Z 1 (GQ , Q /Q∗ ) obtained from µK by inflation. In particular, µσ ∈ Q∗ for every σ ∈ GK and µσ ∈ K ∗ for every σ ∈ GQ . Moreover, we have that δ([µ]) = ξ(C). Let λ = λ(C) be the one-cocycle attached to a model of C. Then, since δ([µ]) = ξ(C) = δ([λ]) ∗ we obtain (as a consquence of Hilbert’s Theorem 90) that [µ] = [λ] in H 1 (GQ , Q /Q∗ ) and there √ ∗ ∗ must exist an element of Q , which we may write as γ for some γ ∈ Q , such that √ √ µσ = λσ σ γ γ −1 for every σ ∈ GQ . We want to show that γ ∈ K ∗ . For every σ ∈ GK we have that µ2σ = λ2σ σ γ γ −1 and, since the µσ and the λσ are both rational numbers, the quotient σ γ/γ is a positive rational number which must be 1 (taking the norm from an extension containing σ γ and γ we see that this positive rational number is a root of unity). Hence σ γ = γ for every σ ∈ GK , and γ ∈ K ∗ . Now, let Cγ be the curve isomorphic to C corresponding to this γ. Since C is defined over K and γ ∈ K ∗ , the curve Cγ is also defined over K. From (7), for every σ ∈ GQ , √ √ λ(Cγ )σ = λ(C)σ σ γ γ −1 = µσ ∈ K ∗ and the isogeny between σ Cγ and Cγ is defined over K(µσ ) = K. By the way we defined µ inflating it from µK it is clear that the cohomolgy class ξK (Cγ ) is the class of δ([µK ]), which is ξK .  Theorem 2.4 A Q-curve C is isogenous to some Q-curve completely defined over a given Galois number field K if, and only if, ξ(C) belongs to the image of the inflation map Inf : H 2 (K/Q, Q∗ ) → H 2 (GQ , Q∗ ). Moreover, if ξ(C) = Inf ξK for some ξK ∈ H 2 (K/Q, Q∗ ), such an isogenous curve Cγ0 exists with ξK (Cγ0 ) = ξK . 7



Proof: Let C 0 be a curve isogenous to C and completely defined over K. Then, ξ(C) = ξ(C 0 ) = Inf ξK (C 0 ). Conversely, assume that ξ(C) belongs to the image of the inflation map and let ξ(C) = Inf ξK for some ξK ∈ H 2 (K/Q, Q∗ ). Then, since Res ◦ Inf is trivial, it also belongs to the kernel of the restriction map Res : H 2 (GQ , Q∗ ) → H 2 (GK , Q∗ ). Applying Ribet’s result, we obtain a curve C 0 isogenous to C and defined over the field K. Then, from the previous proposition we obtain a curve Cγ0 isomorphic to C 0 which is completely defined over K and, moreover, has attached class ξK (Cγ0 ) = ξK .  Corollary 2.5 Let C be a d. Then,



Q-curve, and let Kd be the fixed field of the kernel of its degree map



(a) C is isogenous to a curve defined over Kd , and p (b) C is isogenous to a curve completely defined over Kd ({ d(σ)}). Proof: We know (see Proposition 2.1-(c)) that the cohomology class ξ(C) can be represented by the two-cocycle p p p −1 (σ, τ ) 7→ d(σ) σ d(τ ) d(στ ) , σ, τ ∈ GQ . Since d(σ) ∈ Q∗2 for every σ ∈ GKd the restriction of this two-cocycle to elements of GKd is a coboundary, and this shows that the restriction of ξ(C) to GKd is trivial. Applying Ribet’s Theorem one obtains (a). Since the values d(σ) up to squares of rational numbers depend ponly on the restriction of σ to the field Kd and the action of a Galois automorphism σ on a d(τ ) depends only on the p p p p −1 restriction of σ to the field Q( d(τ )), the two-cocycle (σ, τp ) 7→ d(σ) σ d(τ p ) d(στ ) can be inflated from one already defined over the field Kd · Q({ d(σ)}) = Kd ({ d(σ)}). Now (b) is a consequence of the previous theorem.  Part (a) of this corollary is also proved in [11] in a similar way; we included the proof here since our argument is the same as the one we use for proving (b). Moreover, a proof of part (a) can also be deduced from the results of [1]. p Remarks 2.6 (a) The field Kd ({ d(σ)}) is an extension of Q of type (2, . . . , 2) whose degree divides the square of the degree of the field Kd . The same arguments we employed to prove (b) can be used to show that every Q-curve has an isogenous curve completely defined over the field p p Kd ( ±d1 , . . . , ±dm ) for every choice of the ± signs, where the d1 , . . . , dm are a basis of the subgroup d(GQ ) ⊂ Q∗ /Q∗2 . Moreover, such a curve exists that is in fact defined over the field Kd (but with the isogenies between its Galois conjugates defined in general over the bigger field). (b) For every Q-curve C the field Kd is the smallest field of definition of the curve up to isogeny. On the contrary, there is in general no smallest field where the curve can be completely defined up to isogeny, but only fields that are minimal in the set of fields having that property. Using the p techniques of the next section it is not difficult to decide over which subfields of the field Kd ({ d(σ)}) the curve C can be completely defined up to isogeny; in particular whether this is possible or not for the field Kd itself. In Section 5 there will appear another family of fields, the splitting fields, obtained by composing Kd with certain cyclic extensions of Q, over which the curve C can also be completely defined up to isogeny; in fact, these fields are the natural places to work if one wants to relate the arithmetic of the curve C over K with that of the abelian varieties attached to it over Q. 8



(c) From Corollary 2.5-(a) and Proposition 2.3 one deduces that a Q-curve completely defined over a field K and satisfying the condition of Theorem 2.4 can always be constructed starting from a curve C defined over the field Kd and then finding an appropriate element γ ∈ K ∗ such that the curve Cγ has the required property. In the end of Section 3 we will interpret this element γ as a certain solution of an embedding problem in Galois theory, so that known techniques for solving these problems can be applied to the explicit construction of our curves.
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Some computations in Br2 (Q).



Let P ⊂ Q∗ denote the subgroup of positive rational numbers. Corresponding to the decomposition Q∗ = {±1} × P there is a decomposition of the cohomology group H 2 (GQ , Q∗ ) = H 2 (GQ , {±1}) × H 2 (GQ , P ).



(8)



Under this decomposition, to the class [c] ∈ H 2 (GQ , Q∗ ) of a 2-cocycle c correspond the classes [c± ] ∈ H 2 (GQ , {±1}) and [c] ∈ H 2 (GQ , P ) of the two 2-cocycles c± and c giving respectively the sign and the absolute value of c. Given an element ξ ∈ H 2 (GQ , Q∗ ), its first component in (8) will be called the sign component of ξ and denoted by ξ± . From the cohomology sequence corresponding to the sequence 1



2 / P x7→x / P



/ P/P 2



/1



one easily deduces an isomorphism between the 2-torsion subgroup H 2 (GQ , P )[2] and the group Hom(GQ , P/P 2 ). This isomorphism sends the class of a two-cocycle c to the homomorphism d determined by the expression of c2 as a coboundary c(σ, τ )2 = d(σ)d(τ )d(στ )−1 . We have then a decomposition of the 2-torsion part H 2 (GQ , Q∗ )[2] ' H 2 (GQ , {±1}) × Hom(GQ , P/P 2 ). Of course, if ξ(C) ∈ H 2 (GQ , Q∗ )[2] is the cohomology class attached to a Q-curve, the second component corresponding to it in this decomposition is just the degree map. Now, we want to identify the sign component. The group H 2 (GQ , {±1}) can be identified with Br2 (Q), the 2-torsion of the Brauer group of the rationals. For a pair of nonzero rational numbers a, d ∈ Q∗ the symbol (a, d) will denote the element of those groups corresponding to the quaternion algebra with basis {1, i, j, k} and product determined by i2 = a, j 2 = d, ij = −ji = k. We will express the sign component of ξ(C) as a product of quaternion algebras. Let C be a Q-curve and d the corresponding degree map. We say that two sets {a1 , . . . , am } and {d1 , . . . , dm } of elements of Q∗ /Q∗2 are dual with respect to d if there exist elements σi ∈ GQ such that √ σi √ aj = δij aj , and di = d(σi ). (9) The two sets are called dual bases if moreover the di are a basis of the group d(GQ ) ⊂ Q∗ /Q∗2 or, equivalently, the ai are a basis of the subgroup of Q∗ /Q∗2 corresponding to the field Kd by √ √ Kummer theory. In that case, Kd = Q( a1 , . . . , am ) and the restrictions of the σi to Kd are a basis for Gal(Kd /Q). Theorem 3.1 Let C be a Q-curve. Let {ai } and {di } be dual bases with respect to the corresponding degree map. Then, the sign component of the cohomology class ξ(C) is given by the following product of quaternion algebras Y ξ(C)± = (ai , di ). 9



Proof: We know (see Proposition 2.1-(c)) that the cohomology class ξ(C) can be represented p p p −1 by the two-cocycle (σ, τ ) 7→ d(σ) σ d(τ ) d(στ ) . We may write this cocycle as p σ d(τ ) p p p −1 (σ, τ ) 7→ p d(σ) d(τ ) d(στ ) d(τ ) and decompose it as the product of two 2-cocycles p σ d(τ ) p p p −1 , (σ, τ ) 7→ d(σ) d(τ ) d(στ ) (σ, τ ) 7→ p d(τ ) p where in the first the sign of d(τ ) does not matter but in the second the square roots are assumed to be positive. These cocycles are the sign component and the absolute value component p p p −1 of the cocycle (σ, τ ) 7→ d(σ) σ d(τ ) d(στ ) . Hence, the sign component of ξ(C) is the cohomology class of the cocycle p σ d(τ ) θd (σ, τ ) = p . d(τ ) For i = 1, . . . , m let xi and yi be the homomorphisms GQ → Z/2Z determined by p p √ σ σ√ ai = (−1)xi (σ) ai , di = (−1)yi (σ) di . Let σi ∈ GQ be elements as in (9). Every τ ∈ GQ can be written as τ≡



m Y



x (τ )



σi i



(mod GKd )



i=1



and hence d(τ ) ≡



m Y



x (τ )



di i



(mod



Q∗2 )



i=1



and



m p Y p xi (τ ) d(τ ) ≡ di



(mod



Q∗ ).



i=1



For every σ ∈ Gk , σ



p



d(τ ) = z



m p Y σ



i=1



di



xi (τ )



=z



m m Y p xi (τ ) Y p (−1)xi (τ )yi (σ) di = (−1)xi (τ )yi (σ) d(τ ) i=1



i=1



where z is some nonzero rational number, and we obtain the following expression for θd : θd (σ, τ ) =



m Y (−1)xi (τ )yi (σ) . i=1



From this identity we see that the two-cocycle θd is the product of the m two-cocycles defined by θi (σ, τ ) = (−1)yi (σ)xi (τ ) . Each θi is just the multiplicative version of the two-cocycle with values in Z/2Z defined by (σ, τ ) 7→ yi (σ)xi (τ ) whose class in H 2 (GQ , Z/2Z) is the cup-product of the elements xi and yi of H 1 (GQ , Z/2Z). This cup-product is well known to be given by the quaternion algebra (ai , di ).  Let K/Q be a Galois extension. Then, we have a decomposition analogous to (8) H 2 (K/Q, Q∗ ) = H 2 (K/Q, {±1}) × H 2 (K/Q, P ) 10



and the inflation map Inf : H 2 (K/Q, Q∗ ) → H 2 (GQ , Q∗ ) decomposes as the product of the two inflation maps Inf : H 2 (K/Q, {±1}) → H 2 (GQ , {±1}),



Inf : H 2 (K/Q, P ) → H 2 (GQ , P ).



Then, we may split the condition of Theorem 2.4 into two conditions, each corresponding to one of the groups {±1} and P . Since P is torsionfree, the inflation map Inf : H 2 (K/Q, P ) → H 2 (GQ , P ) is injective; and it is clear that the element ξ(C) belongs to the image of that map if, and only if, the field K contains Kd . We may then rewrite Theorem 2.4 in the following way Theorem 3.2 Let C be a Q-curve. Let {ai } and {di } be dual bases with respect to the corresponding degree map. Then, the curve C is isogenous to a curve completely defined over a given Galois number field K if, and only if, (a) K contains the field Kd , and Q (b) The element (ai , di ) ∈ H 2 (GQ , {±1}) belongs to the image of the inflation map Inf : H 2 (K/Q, {±1}) → H 2 (GQ , {±1}). Using this version of Theorem 2.4, to decide whether a Q-curve can be completely defined up to isogeny over a Galois number field K it is enough to compute the inflation to GQ of the elements of the finite group H 2 (K/Q, {±1}). These elements have been computed for some fields K in investigations related to Galois embedding problems. In particular, the computations when K/Q is an extension of type (2, . . . , 2) are carried out in [5]. Perhaps the most interesting field to test for the existence of an isogenous curve completely defined on it is the field Kd , since it is the smallest possible field over which the curve can be defined up to isogeny. Since Kd is of type (2, . . . , 2) we may apply the results of [5] and we obtain the following criterion: Corollary 3.3 Let C be a Q-curve. Let {ai }16i6m and {di }16i6m be dual bases with respect to the corresponding degree homomorphism. We define a0 = −1. Then, the curve C has an isogenous curve completely defined over the field Kd if, and only if, the identity m Y (ai , di ) = i=1



Y



6



6



(ai , aj )xij



0 i 1, as it is shown in Section 6 with examples for m = 2. Splitting characters determined by local conditions. From the well known exact sequence L / / 1, / Br2 (Q) / {±1} Br2 (Qp ) 1 and the usual identification of Br2 (Qp ) with {±1}, an element ξ of Br2 (Q) is completely determined by its local components ξp ∈ Br2 (Qp ) = {±1}. The local components of the elements of Br2 (Q) appearing in Theorem 4.2 are easily computed since for a quaternion algebra (a, d) the local component is given by the Hilbert symbol and for the element [θε ] the local component at a finite prime p is given by the parity of the p-component of the character ε, [θε ]p = εp (−1) where we identify ε with a Dirichlet character by class field theory (see [12, Section 6]). We introduce some notation. For every finite prime p define ( 1, p = 2, u(p) = ord2 (p − 1), p 6= 2. and given an element ξ ∈ Br2 (Q) let u(ξ) = max{u(p) | ξp = −1} with the understanding that u(ξ) = 0 if ξ is trivial. Now, using the results from [8] it is easy to prove the following Proposition 4.4 Let C be a Q-curve and let {ai } and {di } be dual bases with respect to the corresponding degree map. Let ξ = ξ(C)± and u = u(ξ). Then, (a) There is an √ abelian variety attached to C with Q-endomorphism algebra isomorphic to the √ field Q(ζ2n , d1 , . . . , dm ) if, and only if, ord2 (n) > u. √ (b) Let k = Q( a) be a subfield of Kd . Assume the dual bases chosen with a1 = a. There exists an abelian attached to C with Q-endomorphism algebra isomorphic to the √ √ variety √ field Q(ζ2n d1 , d2 , . . . , dm ) if, and only if, the following conditions are satisfied: (i) For every odd prime p, – ξp = −1 and p | a – ξp = −1 and p - a – ξp = 1 and p | a



⇒ ⇒ ⇒



u(p) = ord2 (n), u(p) < ord2 (n), u(p) > ord2 (n).



(ii) For p = 2, – ξ2 = −1 and χ2 (−1) = −1 – ξ2 = −1 and χ2 (−1) = 1



⇒ ⇒ 16



ord2 (n) = 1, ord2 (n) > 1,



– ξ2 =



⇒



1



χ2 (−1) = 1.



Where χ2 is the 2-component of the quadratic character χ attached to the field



Q(√a).



Corollary 4.5 With the same notation of the previous proposition, (a) The smallest dimension of an √ √ abelian variety attached to C having bra of type Q(ζ2n , d1 , . . . , dm ) is 2u+m .



Q-endomorphism alge-



(b) If the√curve √ C has √an attached abelian variety with Q-endomorphism algebra of type Q(ζ2n d1 , d2 , . . . , dm ), then the smallest dimension of such a variety is 2u+m or 2u+m−1 . According to standard conjectures concerning rational points on curves X ∗ (N ) (see [1]), the numbers m should be bounded; the largest known example is m = 4 (see [4]). On the contrary, in Section 6 we will see examples of Q-curves for which the numbers u are arbitrarely large.
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Restriction of scalars



Let C be a Q-curve completely defined over a Galois number field K, and let G = Gal(K/Q). For every s ∈ G choose an isogeny φs : s C → C, and let cK denote the two-cocycle of G defined by cK (s, t) = φs s φt φ−1 st . Let B = ResK/Q (C) be the abelian variety obtained from C by restriction of scalars from K to Q (see [6]). It is an abelian variety defined over Q, of dimension [K : Q], which is isomorphic over K to the product of the conjugates of C, Y s B 'K C. s∈G



The full endomorphism algebra of B is End(B) =



M



Hom(s C, t C).



s,t∈G



For every pair s, t ∈ G we may choose t φt−1 s as a basis for the one-dimensional Hom(s C, t C). Then, every element ϕ ∈ End(B) can be uniquely written as X ϕ= as,t t φt−1 s , as,t ∈ Q,



Q-vector space



s,t∈G



the multiplication is given by the formula  X  X  XX t t −1 −1 as,t φt−1 s bs,t φt−1 s = au,t bs,u cK (t u, u s) t φt−1 s , s,t



s,t



(12)



u



s,t



and the Galois action of an element u ∈ G is given by  X X u t as,t φt−1 s = au−1 s,u−1 t t φt−1 s .



(13)



s,t



s,t



For every u ∈ G we denote by ϕu the endomorphism of B sending tu C to t C via t φu ; i.e., the (s, t)-th coordinate as,t of ϕu is one or zero depending on whether t−1 s = u or not, X t ϕu = φu . t∈G



17



It is easily seen that the ϕu are defined over



Q and that they are a Q-basis of EndQ (B),



EndQ (B) =



Y



Q · ϕu .



u∈G



Moreover, a short computation (see also [10, Lemma 6.4]) shows that ϕs ϕt = cK (s, t)ϕst ,



s, t ∈ G.



(14)



Hence, EndQ (B) is the twisted group algebra QcK [G]. We recall that the isomorphism class of this algebra depends only on the cohomolgy class ξK (C) of the cocycle cK . Our objective in this section is the study of the case in which this algebra is commutative, since it corresponds to the situation where the variety B factors over Q as a product of a set of mutually non Q-isogenous abelian varieties attached to the curve C: Proposition 5.1 Let C be a Q-curve completely defined over a Galois number field K. Let B = ResK/Q (C). Assume that EndQ (B) is a commutative algebra. Then, B factors over Q up to isogeny as a product of Q-simple mutually non Q-isogenous abelian varieties of GL2 -type. Q Proof: LetQ EndQ (B) = Ei be the decomposition of EndQ (B) as a product of number fields, and let B = Ai be the corresponding Q-decomposition of B as a product of Q-simple abelian varieties up to isogeny, with EndQ (Ai ) ' Ei . Then, X X [Ei : Q] = dimQ EndQ B = [K : Q] = dim B = dim Ai . Moreover, since the varieties Ai have no simple subvariety of CM-type, each degree [Ei : Q] divides dim Ai (see [7, Lemma 1.2]). Then we must have equalities [Ei : Q] = dim Ai , and all the Q-simple factors Ai of B are abelian varieties of GL2 -type. They are obviously abelian varieties attached to the curve C.  In order to investigate the cases where QcK [G] is commutative we must first introduce some terminology. Given any two-cocycle c of G with values in Q∗ , we may view it as taking values ∗ ∗ into Q , considered as a G-module with trivial action. The group H 2 (G, Q ) is known as the Schur multiplier group of the group G and plays a key role in the theory of the projective representations of G. We will say that the cocycle c (or the cohomology class [c]) has trivial ∗ Schur class if the corresponding class in H 2 (GQ , Q ) is trivial. Proposition 5.2 Let C be a Q-curve completely defined over a Galois number field K with G = Gal(K/Q). The algebra QcK [G] is commutative if, and only if, the extension K/Q is abelian and the two-cocycle cK has trivial Schur class. Moreover, if K/Q is abelian and contains some splitting field for ξ(C), then there exists a curve isogenous to C completely defined over K such that the conditions are satisfied. Proof: Assume that QcK [G] is commutative. Then, the algebra Q K [G] = Q ⊗Q (QcK [G]) is also commutative and, by [3, Corollary 2.5], G must be an abelian group and the cohomology ∗ class of cK in H 2 (G, Q ) must be trivial. ∗ Conversely, assume that K/Q is abelian and that cK has trivial Schur class in H 2 (G, Q ). ∗ Then, there exists a map η : G → Q such that c



cK (s, t) = η(s)η(t)η(st)−1 . Since G is abelian, this identity implies that cK is a symmetric cocycle, and the twisted group algebra of an abelian group by a symmetric cocycle is obviously commutative. 18



Assume that K/Q is abelian and contains a splitting field for ξ(C). Let β be a splitting map such that Kβ ⊆ K. The map β is the inflation to GQ of a map defined in G = Gal(K/Q), which we denote also by β. Let ξK be the cohomology class of the two-cocycle (s, t) 7→ β(s)β(t)β(st)−1 . Then, Inf ξK = ξ(C). Applying Theorem 2.4 to ξK we obtain a curve C 0 isogenous to C completely defined over K and with ξK (C 0 ) = ξK . By the definition of ξK as the class of a coboundary, it is clear that it has trivial Schur class. Then, the curve C 0 satisfies the requirements for ResK/Q (C 0 ) having commutative Q-endomorphism algebra.  The simple factors of the variety B. For the rest of this section we assume that C is a Q-curve completely defined over an abelian number field K such that the cohomology class ξK (C) has trivial Schur class. For a given abelian number field the condition for the existence of such a curve is that it contains some splitting field. Choose a set of isogenies between the conjugates s C → C for s ∈ G and let cK be the cocycle ∗ of G constructed using them. A map β : G → Q such that −1 φs s φt φ−1 s,t = cK (s, t) = cβ (s, t) = β(s)β(t)β(st) .



(15)



will be called a splitting map for the cocycle cK . The hypothesis that ξK (C) has trivial Schur ∗ class garantees the existece of some such map. The splitting character ε : G → Q attached to β is defined as in the case of GQ . We will use the previous terminology on splitting maps and splitting characters, but now with respect to ξK (C). Two splitting maps for cK differ in a ∗ character G → Q , and two splitting characters for ξK (C) differ in the square of such a character. Let B = ResK/Q (C). By the last proposition, EndQ (B) is a commutative algebra. Let Y X Y EndQ (B) = Ei , 1= ei , B= Ai be the decomposition of EndQ (B) as a product of fields, the corresponding decomposition of the identity as a sum of primitive orthogonal idempotents, and the corresponding decomposition of B as a product of Q-simple abelian varieties up to isogeny, with EndQ (Ai ) ' Ei . ∗ Let β : G → Q be any splitting map for cK , and let Eβ = Q({β(s)}) be the field generated by its values. We will attach to β an abelian variety Aβ of GL2 -type with Q-endomorphism algebra isomorphic to Eβ , which is a quotient of B up to Q-isogeny. Consider the Q-linear map determined by fβ : EndQ (B) → Eβ , ϕs 7→ β(s).



The identity (15) ensures that this map fβ is a homomorphism of Q-algebras, and it is obviously an epimorphism. Its kernel is a maximal ideal of EndQ (B), generated by 1 − eβ for a primitive idempotent eβ . Let Aβ denote the corresponding Q-simple quotient of B up to isogeny; i.e., the image of B by some multiple of the idempotent eβ which is an algebraic endomorphism of B. Lemma 5.3 Let βi , i = 1, 2 be two maps satisfying (15). Then, the two varieties Aβi are isogenous if, and only if, there exists an element σ ∈ GQ such that β2 = σ β1 .



Q-



Proof: Since EndQ (B) is a product of fields, its Q-simple factors Ai corresponding to different primitive idempotents ei are pairwise non-isogenous over Q. Hence the two varieties Aβi are Q-isogenous if, and only if, the idempotents eβi are equal, which is equivalent to the fact that the two epimorphisms fβi have the same kernel. If β2 = σ β1 then fβ2 = σ fβ1 and the two maps fβi have the same kernel. Conversely if eβ1 = eβ2 , the Q-linear map determined by β1 (s) 7→ eβ1 ϕs = eβ2 ϕs 7→ β2 (s) induces an isomorphism of fields automorphisms σ ∈ GQ .



Q({β1 (s)}) → Q({β2 (s)}), which can be extended to Galois







19



Theorem 5.4 Let C be a Q-curve completely defined over a minimal splitting field K and such that ξK (C) has trivial Schur class, and let B = ResK/Q (C). Let ε be a splitting character for ξK (C), and let n denote its order. Let {ai } and {di } be dual bases with respect to the degree map corresponding to C, which we assume chosen as usual if Kε ∩ Kd is a quadratic field. Then, the abelian variety B is of GL2 -type with Q-endomorphism algebra isomorphic to ( √ √ Q (ζ2n , d1 , . . . , dm ), Kε ∩ Kd = Q, E= √ √ √ Q(ζ2n d1 , d2 , . . . , dm ), Kε ∩ Kd = Q(√a1 ), except in the following three cases: (1) Kε ∩ Kd = Q,



4|n



√ (2) Kε ∩ Kd = Q( a1 ), √ (3) Kε ∩ Kd = Q( a1 ),



and n=4 8|n



√ √ √ 2) ⊆ Q( d1 , . . . , dm ),



Q(



and and



d1 = 2, √ √ √ Q( 2) ⊆ Q( d2 , . . . , dm ),



where B decomposes over Q as a product of two non with Q-endomorphism algebra isomorphic to E.



Q-isogenous abelian varieties of GL2 -type



Proof: Let cK be a two-cocycle of G = Gal(K/Q) constructed from isogenies between the conjugates of C, and let β be a splitting map for cK as in (15), whose attached splitting character is ε. From the previous construction, we know that B has a factor Aβ which is of GL2 -type and has Q-endomorphism algebra isomorphic to E. By the hypothesis of minimality on K we must have K = Kε Kd . Write K as the compositum √ √ of linearly disjoint fields K = Kε · K( ae ) · · · K( am ) with e = 1 or 2 depending on Kε ∩ Kd is equal to Q or to a quadratic field. Let s0 , se , . . . , sm be generators of G = Gal(K/Q) according to that decomposition. We have p p β(s0 ) = ε(s0 ) = ζ2n , β(si ) = di , i = e, . . . , m, up to rational numbers. Consider first the case Kε ∩ Kd = Q. In this case the dimension of the variety √ B is [K√: Q] = n2m . Since n is a power of 2 (because of √ the minimality of K) and the field Q ( d1 , . . . , dm ) is √ totally real, √ the intersection Q(ζ2n ) ∩ Q( d1 , . . . , dm ) must be equal to Q or to the quadratic field Q( 2); the second possibility corresponding to the case (1) in the statement of the theorem. The degree [E : Q] is given by ( √ √ n2m , Q (ζ2n ) ∩ Q( d1 , . . . , dm ) = Q, √ [E : Q] = √ √ n2m /2, Q(ζ2n ) ∩ Q( d1 , . . . , dm ) = Q( 2). In the first case B is isogenous to Aβ since they have the same dimension. In the second case, and after a change of the dual bases if necessary, we may assume that d1 = 2. Let χ be the √ quadratic character attached to the field Q( a1 ). Then, the map β 0 = χβ is also a splitting map for cK and it can not be obtained as σ β for σ ∈ GQ since β 0 (s0 ) = β(s0 ),



β 0 (s1 ) = −β(s1 )



but every σ ∈ GQ such that σ β(s1 ) = −β(s1 ) must also change the value of β(s0 ) (since Q(β(s1 )) ⊆ Q(β(s0 ))). Then, by the previous Lemma, the variety Aβ0 is non isogenous to Aβ over Q and, comparing dimensions, we must have B ∼ Aβ × Aβ 0 . Moreover, since χ2 = 1, the splitting character of β 0 is also equal to ε and the variety Aβ 0 has also Q-endomorphism algebra isomorphic to E. 20



√ m−1 . It is easy to Assume that Kε ∩ K√ d = Q( a1 ). The dimension of the variety B is now n2 see that the√field Q(ζ2n d1 ) has degree n over Q except in the case where n = 4 and d1 = 2, in which Q(ζ8 2) = Q(i) has degree 2 = n/2; this special case √corresponds √ to (2) in the statement √ of the√theorem. Moreover, the intersection Q(ζ2n d1 ) ∩ Q( d2 , . . . , dm ) must be equal to Q or to Q( 2); the last possibility corresponding to case (3) in the statement of the theorem. Then,  m−1 /2,  n = 4, and d1 = 2, n2 √ √ √ √ [E : Q] = n2m−1 /2, Q (ζ2n d1 ) ∩ Q( d2 , . . . , dm ) = Q( 2), and   m−1 n2 , otherwise. In the last case B ∼ Aβ since they √ have the same dimension. Consider the first case, where n = 4 and d1 = 2. Then, β(s0 ) = ζ8 2 = u + vi up to rational numbers for some u, v ∈ {±1} and ε(s0 ) = β(s0 )2 /d(s0 ) = uvi. The map β 0 = εβ is also a splitting map for the cocycle cK and it cannot be obtained from β by Galois conjugation since σ



β(s0 ) = u ± vi 6= −u + vi = β 0 (s0 ).



0 0 3 Moreover, √ the splitting character corresponding to β is ε = ε , which has also order 4, and with Q( 2) ⊂ Kε0 . Hence, the Q-endomorphism algebra of Aβ 0 is also isomorphic to E and, comparing dimensions, we have B ' Aβ × Aβ 0 . Finally, the case corresponding to (3) in the statement of the theorem can be treated as we did for (1): one changes the dual bases if necessary so that d2 = 2 and then uses the splitting map β 0 = χβ where χ is the quadratic √ character attached to Q( a2 ). 



Remarks 5.5 (a) Analogous arguments to those used in the proof of this theorem permit to determine the decomposition of B = ResK/Q (C) into abelian varieties of GL2 -type in the more general case where K/Q is abelian and ξK (C) has trivial Schur class, although the most general result would necessarily be very involved. (b) If one assumes the generalized Shimura-Taniyama conjecture, the curves we have been considering would have the property that their L-series L(C/K) over the field K are (up to a finite number of Euler factors) products of L-series of newforms for congruence subgroups Γ1 (N ). Using the formula relating the conductor of an abelian variety to the conductor of the variety obtained from it by restriction of scalars, it should be possible to compute the conductors of the modular forms f that appear in the L-series of C/K just from a Weierstrass equation of the curve C, at least in the simplest cases described in previous theorem, where ResK/Q (C) is already of GL2 -type.
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Examples



Let N be a positive squarefree integer, and let X ∗ (N ) denote the quotient curve of the modular curve X0 (N ) by the group of Atkin-Lehner involutions Wd for d dividing N . Let X0 (N ) → X ∗ (N ) be the corresponding covering, which is of degree 2m if N has m different prime factors. The preimages in X0 (N ) of a non-cusp rational point P ∈ X ∗ (N )(Q) give rise to a set of 2m Galois conjugate j-invariants of Q-curves defined over a number field of type (2, . . . , 2) and degree dividing 2m . In [1], Elkies proved the following Theorem 6.1 (Elkies) Every Q-curve with no complex multiplication is isogenous to a curve whose j-invariant is obtained from a rational point of X ∗ (N ) for some squarefree integer N . From this Theorem, the computation of all the Q-curves with no complex multiplication, up to isogeny, is reduced to finding all the rational points on the curves X ∗ (N ). A parametrization 21



of the rational points of the genus zero X ∗ (N ) for prime values of N (namely, N = 2, 3, 5, 7, 13) is given in [2]. In [4], Gonz´ alez and Lario determine all the values of N for which the curve X ∗ (N ) is rational (43 cases) or elliptic (38 cases). Moreover, they describe a general procedure for obtaining the corresponding j-invariants in terms of a rational parameter in the genus zero case and in terms of generators of the Mordell-Weil group X ∗ (N )(Q) (which always has rank one) in the genus one case. By Faltings’ Theorem, the curves X ∗ (N ) of genus > 2 can have only a finite number of rational points. It is conjectured (see [1]) that for N large enough the curves X ∗ (N ) have no noncusp non-CM points. If this were true all the isogeny classes of Q-curves with no complex multiplication, except a finite set of them, would be obtained from the noncusp non-CM rational points of the 81 curves X ∗ (N ) that are rational or elliptic. X ∗ (N ) of genus zero. Following the recipe of [4] we have computed the j-invariants of all the Q-curves corresponding to rational points of the curves X ∗ (N ) of genus zero. For each N we obtain the j-invariants given in terms of a rational parameter t by an expression of the following type: p p j(t) = F1 (t) + · · · + Fr (t) for polynomials Fi (t) ∈ Z[t] of degree 2N ; the number r being the number of positive divisors of N . Tables 1-3 in the Appendix contain some information which is enough for knowing the minimal fields of definition and the degree map of Q the Q-curves with these invariants. For each N the tables contain the prime decomposition N = pi and, for every pi , a squarefree polynomial fi (t) ∈ Z[t]. Given a rational value of the parameter t such that the values fi (t) are independent p modulo squares of Q∗ there is a Q -curve with j-invariant j(t) defined over K = Q ({ fi (t)}) d p for which the two sets { fi (t)} and {pi } are dual bases with respect to the degree map.



Q-curves



parametrized by X ∗ (3). From the j-invariants associated to rational points of X ∗ (3) one obtains the following curves (see also [2]) in terms of a rational parameter a: √ √ √ √ C (a) : Y 2 = X 3 − 3 a(4 + 5 a)X + 2 a(2 + 14 a + 11a). For every nonsquare rational number a the curve C (a) is isogenous to its Galois conjugate with an isogeny of degree 3. Computing the j-invariants of the elliptic curves with complex multiplication defined over a quadratic field (in bijection with the orders of imaginary quadratic fields whose class group has order 2) and comparing with those of the curves C (a) , one easily determines the nonsquare values of a for which C (a) has complex multiplication. They are given in the following list: a D



1/5 −15



2 −24



27/25 −48



16/17 −51



125/121 −60



80/81 −75



1024/1025 −123



3024/3025 −147



250000/250001 −267



where D is the discriminant of the order of complex multiplications. For every nonsquare rational number a not in the previous list the curve C (a) is a Q-curve with no complex multiplication, and every Q-curve with no complex multiplication defined over a quadratic field and having an isogeny of degree 3 to its conjugate is isomorphic to one of the curves C (a) . Now, we illustrate some of the results of sections 2-5 for curves of this family: √ (a) Let s denote the nontrivial automorphism of Kd = Q( a). Using the formulas given in s (a) (a) [16] one may compute √ the constant λs attached to an isogeny φs : C → C of degree 3 obtaining λs = ± 3 (the degree determines the isogeny only up √ to the sign). Hence, the √ √ curve C (a) is completely defined over the field Q( a, 3) = Kd ( 3). The twisted curve √ √ (a) C√a is completely defined over the field Q( a, −3).
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√ (a) (b) Assume that 3 is a norm of an element γ ∈ Q( a). Consider the twisted curve Cγ . √ (a) (a) Then, λ(Cγ )s = s γ and the curve Cγ is completely defined over the field Q( a), which (a) is a splitting field. The class ξQ(√a) (Cγ ) has trivial image in the Schur multiplier group √ ∗ H 2 (Q( a)/Q, Q ) (this group is in fact trivial), and a short computation shows that the trivial character ε = 1 is a splitting character for this cocycle. By Theorem 5.4, the abelian √ (a) variety A = ResQ(√a)/Q (Cγ ) is of GL2 -type of dimension 2 with EndQ (A) ' Q( 3). √ √ If −3 is a norm of an element α ∈ Q( a), then we may twist the curve by γ = α a √ and the resulting curve, completely defined over Q( a), gives by restriction √ of scalars an abelian variety of GL2 -type with Q-endomorphism algebra isomorphic to Q( −3). (c) Assume that ε is√a quadratic splitting character different from the character attached to √ √ Kd . Let Kε = Q( b), and let K = Kε Kd = Q( √ a, b) be the corresponding splitting field. √ We denote by s and t the involutions of K fixing b and a, respectively. The Brauer class [θε ] is given by the quaternion algebra (b, −1), and the fact that ε is a splitting character is equivalent to (a, 3) = (b, −1); this identity is in turn equivalent (see [5, Theorem 5]) to the existence of two elements x, y ∈ K such that y y −1 = t x x−1 . √ s y y ∈ Q( b), which has norm 1 in Q, we Applying Hilbert’s Theorem 90 to the element √ obtain an element z ∈ Q( b) with t z z −1 = s y y. Now let γ = xz ∈ K and consider the (a) curve Cγ , which is defined over the field K. The constants attached to the isogenies between its conjugates are s



x x = 3,



λs = s x,



t



y y = −1,



λt = s y,



s



λst = s x y.



(a)



Hence, the curve Cγ is completely defined over the splitting field K. Some computations (a) show that ξK (Cγ ) has trivial image in the Schur multiplier group, and that the character (a) ε is a splitting character for it. The abelian variety A = ResK/Q (Cγ ) is of GL2 -type with √ EndQ (A) ' Q(i, 3). (d) Let p be a prime p ≡ 5 (mod 12) and consider the curve C (p) . The cohomology class ξ(C (p) )± = (p, 3) has two non-trivial local components, corresponding to the primes 3 and p. Let u(p) = ord2 (p − 1). Any character ε of order 2u(p) and conductor 3p is a splitting √ character for ξ(C (p) ) and the quadratic subfield of Kε is the field Q( p) = Kd . Hence, (p)



K = Kε is an splitting field and there exists an element γ ∈ K such that the curve Cγ is ∗ completely defined over the field K. The Schur multiplier group H 2 (K/Q, Q ) is trivial and (p) the character ε is a splitting character for ξK (C (p) ). The abelian variety A = ResK/Q (Cγ ) √ is of GL2 -type of dimension [K : Q] = 2u(p) with EndQ (A) ' Q(ζ2u(p)+1 3). This variety has minimal dimension among the abelian varieties attached to C (p) . √ If we consider the curve C (−p) then there are no splitting fields containing the field Q( −p). Any character ε of order 2u(p) and conductor 4p is a splitting character for ξ(C (−p) ), with √ (−p) splitting field K = Kε Kd = Kε ( −p). There exist a γ ∈ K such that the curve Cγ is (−p) completely defined over K and, moreover, the class ξK (Cγ ) has trivial image in the Schur (−p) multiplier. The variety A = ResK/Q (Cγ ) is of GL2 -type of dimension [K : Q] = 2u(p)+1 √ with EndQ (A) ' Q(ζ2u(p)+1 , 3) and has minimal dimension among the abelian varieties attached to C (−p) .
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Q-curves



parametrized by X ∗ (6). From the j-invariants associated to rational points of one obtains the following curves in terms of a rational parameter a: p √ √ C (a) : Y 2 = X 3 − 6(1 + 2a)a(5 + 5 1 + 2a + 10 a + 5a + 2 (1 + 2a)a)X p √ √ √ + 8((1 + 2a)a)3/2 (1 + a)(7 + 15 1 + 2a + 14 a + 7a + 6 (1 + 2a)a).



X ∗ (6)



From now on we assume that the rational numbers a and 1 + 2a generate a subgroup √ of order √ 4 ∗ ∗2 (a) of Q /Q . The curve C is a Q-curve defined over field Kd = Q( 1 + 2a, a). √ √ the biquadratic If s, t denote the involutions of this field fixing a and 1 + 2a, respectively, then the curve C (a) is isogenous to its Galois conjugates s C (a) and t C (a) with isogenies of degrees 2 and 3, respectively. The curves C (a) having complex multiplication are those given in the following list: a D



3 −84



9/2 −120



11/3 −132



25/6 −168



75/19 −228



289/72 −312



675/169 −372



1089/272 −408



31211/7803 −708



where D is the discriminant of the order of complex multiplications. Every Q-curve with no complex multiplication defined over a biquadratic field and having isogenies to its Galois conjugates of degrees 2 and 3 is isomorphic to one of the C (a) . The following facts are consequences of the results in Sections 2-5: (a) Using Velu’s formulas in [16] we compute the constants attached to the isogenies between conjugates of C (a) and obtain √ √ λs = ± 2, λt = ± 3. √ √ Hence, the curve is√completely defined over p the field Kd ( 2, 3). The twists of the curve √ by the elements 1/√ 1 + √ 2a, 1/ a√and√1/ (1 + 2a)a√are completely defined, respectively, √ over the fields Kd ( −2, 3), Kd ( 2, −3) and Kd ( −2, −3). (b) The field Kd is a splitting field for the curve C (a) if, and only if, the identity (1 + 2a, ±2)(a, ±3) = 1 holds in Br2 (Q) for some choice of signs. This identity is equivalent to the existence of elements x, y ∈ Kd such that s



x x = ±2,



t



y y = ±3,



s



y y −1 = t x x−1 .



√ Applying Hilbert’s Theorem 90 to the element s y y/ ± 3 ∈ Q( a), which has norm 1, we √ obtain an element z ∈ Q( a) with t z z −1 = s y y/ ± 3. Let γ = xz ∈ Kd . The curve (a) (a) Cγ is completely defined over Kd , the cocycle ξKd (Cγ ) has trivial Schur class, and a splitting character for it is the trivial character if the signs are both positive, and one of the quadratic characters corresponding to quadratic subfields of Kd in the other cases. √ √ (a) The variety A = ResKd /Q (Cγ ) is of GL2 -type with EndQ (A) ' Q( ±2, ±3). (c) Assume that the identity (1+2a, ±2)(a, ±3) = (1+2a, a) holds. Then, there exist elements x, y ∈ Kd such that s



x x = ±2a,



t



y y = ±3,



s



y y −1 = t x x−1



√ and, as before, there exist an element z ∈ Q( a) with t z z −1 = s y y/ ± 3. If γ = xz, the (a) (a) curve Cγ is completely defined over Kd , but the cocycle ξKd (Cγ ) has nontrivial image (a) in the Schur multiplier group. The abelian variety A = ResKd /Q (Cγ ) is not of GL2 -type. 24



There exist curves C (a) such that (c) holds for some choice of signs but (b) does not, for example if a = 6, 7, 19, −3, −11, −18, . . . For these curves it is possible to find an isogenous curve completely defined over the field Kd but no such isogenous curve gives rise to abelian varieties attached to C (a) by restriction of scalars. There are also cases in which both (b) and (c) hold for some choice of signs, for example if a = 3, 13, −2, −8, −12, . . . In this situation there exist two classes of isomorphic curves completely defined over Kd ; for the (a) curves in one class the abelian variety ResKd /Q (Cγ ) is of GL2 -type, but for the curves in the other class this is not so. √ √ (d) Consider the particualar case a = −3. The curve C (−3) is defined over Kd = Q( −5, −3). For every splitting character ε, Kε ∩Kd = Q. Any Galois character of order 4 and conductor 20 is a splitting character for ξ(C (−3) ); let ε denote one of these characters and let K = (−3) Kε Kd . There exists an element γ ∈ K ∗ such that the curve Cγ is completely defined (−3) over K and the cocycle ξK (Cγ ) has trivial Schur class and has ε as splitting character. (−3) The abelian variety B = ResK/Q (Cγ ), of dimension 16, is the product A1 ×A2 of two non Q-isogenous abelian varieties√ of√GL2 -type of√ dimension 8, each having Q-endomorphism √ algebra isomorphic to Q(ζ8 , 2, 3) = Q(i, 2, 3). No abelian variety attached to C (−3) can be directly obtained by restriction of scalars from some curve isogenous to C (−3) , but only as a proper factor of some such restriction of scalars. A generalization of the results of [5] together with the remarks at the end of Section 3 on the determination of the twisting elements γ as solutions of certain embedding problems should permit to construct in general the curves Cγ in√a way similar to the examples shown; namely, if √ we start with a curve defined over the field Kd ( d1 , . . . , dm ), the element γ should be obtained from a set of elements of the splitting field K whose norms to certain subfields are ±di or −1. Quadratic Q-curves. Let N > 1 be a squarefree integer. We say that a Q-curve C is a quadratic Q-curve of degree N if the image of its degree map is generated by N . Every quadratic Q-curve is isogenous to a curve defined over the quadratic field Kd . Moreover, the same arguments of [1] show that every quadratic Q-curve with no complex multiplication is isogenous to one whose j-invariant corresponds to a rational point of the curve XN = X0 (N )/WN quotient of the modular curve X0 (N ) by the involution WN . Apart from the prime values of N , where XN = X ∗ (N ), there are 8 composite squarefree values of N for which XN has genus zero. In this situation, slight modifications on the procedures of [4], suggested by J. Gonz´alez, permit to parametrize the j-invariants of the corresponding Q-curves. Table 4 in the Appendix is the analogous to Table 1 for these 8 composite values of N . From the examination of Tables 1 and 4, we deduce that (a) N = 2, 3 or 7. For every quadratic field k there exist infinitely many quadratic of degree N which are defined over k.



Q-curves



(b) N = 5, 13. There exist quadratic Q-curves of degree N defined over a quadratic field √ k = Q( a) if, and only if, (a, N ) = 1 in Br2 (Q). In that case, there are infinitely many such curves. (c) N = 6, 10. There exist quadratic Q-curves of degree N defined over a quadratic field √ k = Q( a) if, and only if, (a, 2) = 1 or (a, 5) = 1, respectively, in Br2 (Q). In that case, there are infinitely many such curves. (d) N = 11, 19. After a change of variables in P1 we may convert f (t) into a polynomial of degree 3 such that the curve Y 2 = f (X) is the elliptic curve E = 11A1 and 19A1,
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respectivley, in Cremona’s notation. Then, the j-invariants defined over a quadratic field √ k = Q( a) correspond to rational points on the twisted curve Ea . From [15, Exercice 8.17] one may prove that the only nontrivial torsion points on the curves Ed are the five points on 11A1 and the three points on 19A1, corresponding to the trivial twist a = 1 which do not give rise to quadratic Q-curves. Then, all the Q-curves come from non-torsion points and we obtain the following criterion: There exist quadratic Q-curves of degree N defined √ over a quadratic field k = Q( a) if, and only if, the twisted curve Ea has nonzero rank. In that case, there are infinitely many such curves. Note that, conjecturally, since all the odd twists should have nonzero rank, there should always exist such curves if (a/N ) = −1 (Legendre symbol). (e) Other N in Tables 1 and 4. For the remaining values of N in Tables 1 and 4, namely N = 14, 15, 17, 21, 23, 26, 29, 31, 35, 39, 41, 47, 59, 71, we know that there exist infinitely many Q-curves of degree N . Since the equation aY 2 = f (X) is known to have only a finite number of rational solutions if f has degree 4 and no √ rational roots or it has degree greater that 4, over a fixed quadratic field Q( a) only a finite number of Q-curves of degree N may exist. Obstructions to the existence of quadratic Q-curves. For the values of N such that X0 (N ) has genus zero, namely N = 2, 3, 5, 6, 7, 10, 13, we have been able to give necessary and sufficient conditions for the existence of quadratic Q-curves of degree N defined over a √ given quadratic field Q( a). In each case we obtain an obstruction to that existence given by some quaternion algebra in Br2 (Q). These obstructions are due to the existence of functions of Q(X0 (N )) whose norm in Q(XN ) is a rational number as it is shown by the following result, communicated to the author by J. Gonz´alez: Theorem 6.2 Assume that there exists a quadratic Q-curve of degree N defined over some quadratic field k. Then every divisor N1 | N such that N1 ≡ 1



(mod 4)



N1 even and N/N1 ≡ 3



or



(mod 4)



is a norm of the field k. Proof: Let N = N1 N2 be a nontrivial factorization of N (when it exists). The following three functions G are functions of X0 (N ) and the action of the involution WN on them is as given:  1 η(z) 24/(12,N −1) , G|WN = N 12/(12,N −1) , η(N z) G   η(z) η(N2 z) 24/(24,(N1 −1)(N2 +1)) 24/(24,(N1 −1)(N2 +1)) 1 , G|WN = N1 , G(z) = η(N1 z) η(N z) G 



G(z) =



and, if α = (N − 1)/(N − 1, N2 − N1 ), G(z) =



β = (N2 − N1 )/(N − 1, N2 − N1 ),



η(z)α η(N1 z)β , η(N2 z)β η(N z)α



(α+β)/2



G|WN = N1



(α−β)/2



N2



1 . G



Let z be a point on the upper half plane such that j(z) is the invariant of a Q-curve of degree N defined over k. Then, G(z) is an element of k whose conjugate is G|WN (z), and has norm N 12/(12,N −1) ,



24/(24,(N1 −1)(N2 +1))



N1



,



(α+β)/2



or N1



(α−β)/2



N2



depending on the function G we are considering. The result is then consequence of that: 26



– If N ≡ 1 (mod 4), the exponent in N 12/(12,N −1) is odd. – If N = N1 N2 and N1 ≡ 1 (mod 4), then: 24/(24,(N1 −1)(N2 +1))



– If N2 is odd, the exponent in N1



is odd.



– If N2 is even, (N − 1, N2 − N1 ) is odd, (α + β)/2 is odd and (α − β)/2 is even. – If N = N1 N2 , N1 is even and N2 ≡ 3 (mod 4), (N − 1, N2 − N1 ) is odd, (α + β)/2 is odd and (α − β)/2 is even.



 In particular, every quadratic Q-curve of degree N ≡ 1 (mod 4) is isogenous to a curve completley defined over the field Kd and, moreover,√has an attached abelian variety of dimension 2 with Q-endomorphism algebra isomorphic to Q( N ).
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APPENDIX: TABLES
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N =p 2 3 5 7 11 13 17 19 23 29 31 41 47 59 71



f (t) (−1 + t)(1 + t) (−1 + t)(1 + t) −5 + t2 (−1 + t)(1 + t) (2 + t)(−4 − 12t − 14t2 + t3 ) −13 + t2 −8 + 4t − 3t2 − 10t3 + t4 (3 + t)(−1 − 5t − 7t2 + t3 ) (1 − t + t3 )(−7 + 3t − 8t2 + t3 ) −7 + 8t + 8t2 + 2t3 − 12t4 − 4t5 + t6 (−1 − 5t − 6t2 + t3 )(3 − t − 2t2 + t3 ) −8 − 20t − 15t2 + 8t3 + 20t4 + 10t5 − 8t6 − 4t7 + t8 (−11 + 6t − 15t2 + 5t3 − 5t4 + t5 )(1 − 2t + t2 + t3 − t4 + t5 ) (2 − t − t2 + t3 )(−4 − 4t + 6t2 − 9t3 − t4 + 12t5 − 21t6 + 16t7 − 7t8 + t9 ) (−11 + 4t + 18t2 + 5t3 − 11t4 − 7t5 + t7 )(1 − 2t2 − 3t3 + t4 + 5t5 + 4t6 + t7 )



Table 1: Fields of definition of quadratic
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Q-curves of prime degree.



N 6 10 14 15 21 22 26 33 34 35 38 39 46 51 55 62 69 87 94 95 119



p1 p2 2 3 2 5 2 7 3 5 3 7 2 11 2 13 3 11 2 17 5 7 2 19 3 13 2 23 3 17 5 11 2 31 3 23 3 29 2 47 5 19 7 17



f1 (t) f2 (t) (−17 + t)(−1 + t) (−17 + t)(1 + t) (−9 + t)(−1 + t) (−9 + t)(1 + t) −32 + t2 (5 + t)(9 + t)(−32 + t2 ) (−11 + t)(1 + t) (−11 + t)(1 + t)(4 + t2 ) (1 + t)(5 + t)(−28 + t2 ) −28 + t2 (−8 + t)t (−8 + t)(4 − 4t + t3 ) (−2 + t)(−2 + 5t − 8t2 + t3 ) (2 + t)(−2 + 5t − 8t2 + t3 ) −12 + t2 (1 + t)(−12 + t2 )(17 + 19t + 7t2 + t3 ) (1 + t)(2 + t)(2 − 5t + t2 ) (2 − 5t + t2 )(−2 + 3t + t2 ) (1 + t)(4 + t2 )(−19 + 3t − 5t2 + t3 ) (1 + t)(−19 + 3t − 5t2 + t3 ) (−1 + t)(−4 − 5t2 + t3 ) (−4 − 5t2 + t3 )(3 − t + t2 + t3 ) t(4 + t)(−1 − 3t + t2 )(3 + 5t + t2 ) (−1 − 3t + t2 )(3 + 5t + t2 ) −8 + t2 (−8 + t2 )(1 + 4t + 5t2 + t3 )(5 + 8t + 5t2 + t3 ) (2 + t)(−4 − 4t − 2t2 + t3 ) (2 + t)(−4 − 4t − 2t2 + t3 )(1 − 2t + 3t2 + 2t3 + t4 ) (5 − 5t + t2 )(1 + 3t + t2 ) (1 + t)(5 − 5t + t2 )(1 + 3t + t2 )(−7 − t + 3t2 + t3 ) 4 − 4t − 3t2 − 2t3 + t4 (−1 + t + t3 )(3 + 5t + 4t2 + t3 )(4 − 4t − 3t2 − 2t3 + t4 ) −3 + 6t − 5t2 − 2t3 + t4 (1 − t + t3 )(5 + 7t + 4t2 + t3 )(−3 + 6t − 5t2 − 2t3 + t4 ) (−1 − t − 2t2 + t3 )(3 + 3t + 2t2 + t3 ) (−1 − t − 2t2 + t3 )(3 + 3t + 2t2 + t3 )(8 + 4t + 13t2 + 6t3 + 7t4 + 2t5 + t6 ) −8 + 9t2 − 6t3 + t4 (−8 + 9t2 − 6t3 + t4 )(5 − 4t − 5t2 + 9t3 − 5t4 + t5 )(1 + 4t + 3t2 − 3t3 − t4 + t5 ) (−5 − 10t − 6t2 + t3 + t4 )(−1 + 2t − 2t2 + t3 + t4 ) (−1 + t)(3 − t + t2 + t3 )(−5 − 10t − 6t2 + t3 + t4 )(−1 + 2t − 2t2 + t3 + t4 ) (−7 − 6t2 + 3t3 − 2t4 + t5 )(1 + 4t + 6t2 + 3t3 + 2t4 + t5 ) (5 + 6t + 3t2 + 2t3 + t4 )(−7 − 6t2 + 3t3 − 2t4 + t5 )(1 + 4t + 6t2 + 3t3 + 2t4 + t5 )



Table 2: Fields of definition of biquadratic
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Q-curves.



N



30



42



66



70



78



105



110



p1 p2 p3 2 3 5 2 3 7 2 3 11 2 5 7 2 3 13 3 5 7 2 5 11



f1 (t) f2 (t) f3 (t) t(8 + t) t(5 + t)(8 + t)(9 + t) t(4 + t)(5 + t)(9 + t) t(2 + t)(32 + 11t + t2 ) t(3 + t)(4 + t)(7 + t) t(7 + t)(32 + 11t + t2 ) (−1 + t)t(−8 − t + t2 ) t(3 + t)(−8 − t + t2 ) (3 + t)(−8 − t + t2 )(4 − 4t + t3 ) (−4 + t)(1 + t)(4 − 3t + t2 ) (−4 + t)t(1 + t)(5 − t − t2 + t3 ) (−4 + t)(4 − 3t + t2 )(5 − t − t2 + t3 ) (−3 + t)(−4 + t2 + t3 ) (−3 + t)(1 + t)(−3 + t + t2 )(1 + t + t2 ) (−3 + t)(−3 + t + t2 )(1 + t + t2 )(−4 + t2 + t3 ) (−5 − t + t2 )(3 + 3t + t2 ) (−1 + t)(−5 − t + t2 )(−1 − t + t2 )(−5 − t + t2 + t3 ) (−1 + t)(−5 − t + t2 )(3 + 3t + t2 )(−5 − t + t2 + t3 ) (−1 + t)(−8 − t2 + t3 ) (−1 + t)(−1 + t + t2 )(3 + t + t2 )(−8 − t2 + t3 ) (−1 + t + t2 )(3 + t + t2 )(−8 − t2 + t3 )(−1 + 3t + t2 + t3 )



Table 3: Fields of definition of triquadratic
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Q-curves.



N 6 10 14 15 21 26 35 39



f (t) −2 + t2 −5 + t2 1 − 14t + 19t2 − 14t3 + t4 (−1 − 11t + t2 )(−1 + t + t2 ) 1 − 6t − 17t2 − 6t3 + t4 1 − 8t + 8t2 − 18t3 + 8t4 − 8t5 + t6 (−1 + t + t2 )(−1 − 5t − 9t3 − 5t5 + t6 ) (1 − 7t + 11t2 − 7t3 + t4 )(1 + t − t2 + t3 + t4 )



Table 4: Fields of definition of quadratic
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Q-curves of composite degree.
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