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Preface Although it rightly claims to be the most rigorous of social sciences, economics does not progress — as a typical natural science does — in a straight line. Like a broad river slowly winding its way across a flat plain, economic thought advances in curves and loops. It turns left and right and divides from time to time into separate branches, some of which end up in stagnant pools, while others unite again into a single stream. One of the divisions of this kind occurred between the East-European and Western theoretical thought. Mathematical economics in the U.S. and western Europe began to resemble in its playful elegance the artificial fountains of Ver sailles, while Marxist thought in the East became under its smooth surface rather shallow. However, in recent years the power of the mathematical method has been rapidly gaining recognition in socialist countries; and at the same time the builders of theoretical growth models in the West become conscious of the fact that their approach has more in common with Ricardo, Marx and other classical economists than with Marshall or with Keynes. While the driving and the steering mechanisms of centrally planned socialist and quasi-competitive free-enterprise economics are, in principle at least, entirely different, the basic structures of both systems can be described in terms of the same kind of parameters. Karl Marx, employing esoteric Hegelian terminology, distinguished universal “logical” from the transitory “historical” aspect of eco nomic phenomena. Oscar Lange was the first among the eastern Marxist scholars to recognize that it is the first type of relationships that determines the possible growth paths of socialist and capitalist economies alike. He also was the first to introduce input-output analysis in the East. Andrâs Brody’s book carries on from where Lange left off. Fie advances in this book the solution of theoretical questions discussed in current issues of western economic journals, but in doing so he shows how both the questions and the answers go back to Karl Marx and other classical economists. He makes effective use of powerful tools of formal mathematical reasoning, but also of intuitive con jecture that, after all, is the ultimate source of all analytical insight. Engaged in theoretical inquiry, he is aware — and makes the reader aware — of the peculiar problems that arise whenever we have to pass from, the observed facts to mathe matical formulae and from mathematical formulae back again to observable facts.
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PREFACE



A theorist will find in this volume-an.original and interesting..discussion of the fundamental problems of economic growth. To a general economist Hot familiar with input-output analysis or the modem mathematical theory of economic growth, if offers a systematic introduction to both subjects. Cambridge, Massachusetts August 1969



Wassily Leontief



Introduction. Since the publication of Wassily W. Leontief’s first papers on Input-Output Analysis, communication among economists around the world has become easier and more fruitful. It turned out that his and a number of related methods of mod em mathematical economics are not only important and useful in application but also serve to generalize a very wide set of problems. Mathematics has acted as a welcome and friendly translator of diverse verbal theorems and theories into a common language that is internationally understood. With increasing technical penetration of the subject matter of economics we begin to realize that its deepest questions have much in common everywhere. This unity was obscured for a long time because the different economic schools used different approaches and different terminology to answer them. Until very recently these differences seemed to be irreconcilable. Yet slowly and laboriously we are becoming aware that widely differing views may be crystallized into similar mathematical models; that mathematical transformations can carry over one method of reasoning into another that at first seemed alien. My task here is to probe a little further into these interconnections and to try to bridge the gap from one side : labor theory of value, or more precisely, Marxian economic thought. The purpose of this book is to translate Marx’s original ap proach into mathematical terms and to indicate the path leading from it to modern quantitative economic reasoning. Once this is done it is possible to prove strict mathematical equivalence of a whole family of theories and models: the labor theory of value, game theory, open and closed static and dynamic Leontief sys tems, linear programming, the mathematical theory of optimal processes and other general equilibrium models. Their common basis becomes all the clearer when they are applied to everyday economic tasks: analysis, forecasting, planning and control of economic systems. The scope of the material considered here is restricted. Theories of money and rent are not discussed, although a parallel mathematical approach to them is much needed and indeed within reach. Neither do we enter deeply into problems of technological change. Limited to questions of freely reproducible goods, the text may serve as an introduction to a mathematical labor theory of economics. The methodology will draw heavily on the eigenvalue —eigenvector resolution of matrices. This particular mathematical representation is all the more appealing that it helps to unify various theoretical approaches. The eigenequation can represent deterministic or causal relations of the sort that the classical, economists,
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Smith, Ricardo and Marx, set up. It can also be used in a teleological and opti mizing approach such as that of the marginalist schools. The book is divided into three parts. The first sets up the model. Full quotations of Marx’s writings are required to provide correct documentation. The second one elaborates the theoretical implications of the model set up in the first part. The third part takes up questions of implementation, application and planning. The more complicated mathematical theorems and proofs are relegated to the Appendices. I am indebted to many members of my Institute where I was free and indeed stimulated to do my research. I am also grateful to the Ford Foundation for a research fellowship at the Harvard Economic Research Project in 1964-65. I am particularly thankful to Anne P. Carter who encouraged me to translate and partly rewrite the Hungarian text, who understood what I had on my mind and helped to express it in English. A. Brody
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Setting up of the Model.



wages output vector derivative of the output vector complete output vector final demand variable capital



This first part of the book discusses a mathematical model of value and production theory. Three chapters are devoted in turn to Simple Reproduction, Extended Reproduction and Related Models. Value theory and production theory or, to stress the continuous renewal of the processes, reproduction theory are dual reflections of society’s great metabolic process by which mankind expropriates and assimilates nature’s resources. They can be stated mathematically in two systems of equations, two models. But these two models will be tied together by a close interdependence and symmetry, usu ally called duality. This duality stems from the fact that both models or systems of equations have the same coefficients. These coefficients represent the structural interdependence of the whole economic process. Value theory and reproduction theory will be thus developed in parallel as dual interpretations of a single central structure. The models of value and reproduction that we study are similar to a family of models now well known in theoretical and applied economic analysis throughout the world. Its intellectual roots are traced back to Leontief, Neumann, Walras, even Quesnay. It is not generally recognized that many of the central concepts originate in Karl Marx. A prime goal of this book is to point out their logical roots in Marx and show that his analysis is not only compatible with these newer forms but also provides a firm and consistent theoretical basis for their development. In the Marxian tradition we emphasize the historical frame of reference for abstractions. Our exposition begins with the definition of Simple Reproduction appropriate to prehistoric and ancient forms of production, yielding no surplus, or almost none. This idealized model of production plays a crucial role in Marx’s system of thoughts, as the following quotation shows: “It is evident that when the laborer needed his whole day to produce his own means of subsistence . . . no surplus value was possible, and therefore no capital ist production and no wage labor. In order for the latter to exist, the productivity of society’s labor must be sufficiently developed to create. .. surplus labor of some am ount. . . [But] the existence of that necessary minimum productivity of labor does not in itself make it [surplus work] actual. The laborer must first be compelled to work in excess At a lower stage in the development of the social productive power of labor, when therefore the surplus labor is relatively small, the class of those who live on
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SETTING U P OF THE MODEL



the labor of others is in general small in relation to the number of laborers’5, [T. 308].* . Thus he considers production without surplus, Simple Reproduction, a logical prototype of production before the advent of capitalism. It is a state of economic stagnation. Engels ties the “law of value” to this phase of history : “In a word : the Marxian law of value holds generally, as far as economic laws are valid at all, for the whole period of simple commodity production, that is, up to the time when the latter suffers a modification through the appearance of the capitalist form of production. Up to that time prices gravitate towards the values fixed according to the Marxian law . . . ” fill. 900]. Or quoting Marx himself : “The exchange of commodities at their values, or approximately at their values, thus requires a much lower stage than their exchange at their prices of production, which requires a definite level of capitalist development. . . it is quite appropriate to regard the values of commodities as not only theoretically but also historically prim to the prices of production” [III. 177], He also stressed the inappropriateness of Simple Reproduction under capital ism: “Simple reproduction, reproduction on the same scale, appears as an abstrac tion, inasmuch as the absence of all accumulation or reproduction on an ex tended scale is a strange assumption in capitalist conditions .. . However, as far as accumulation does take place, simple reproduction is always a part of it, and can therefore be studied by itself. . . ” [II. 399]. Later history brings capitalism and growth, more accurately characterized by Extended Reproduction and prices of production. Let us now define all these con cepts in turn, stressing their historically and logically parallel evolution — a char acteristic feature of Marx’s explanation — from the very outset.



The brackets refer to Karl Marx’s writings as indicated in the References, p. 187



1.1. Simple Reproduction The central task of every economy — whatever its specific institutional form — is to allocate society’s labor, manpower to particular activities or areas of employ ment. In the course of history this task has been and will be accomplished under many different varieties of social organization. Robinson Crusoe’s economy illus trates a very clear and simple form of allocation. This Boy-Scout economy is one of the oldest thought-experiments of our science. It abstracts from the perplexing welter of institutional forms and concentrates on the theoretical problems of human production and consumption in a one-man closed economy. Robinson is technologically sophisticated: his work can create diverse products. Nevertheless this thought-experiment studies division of labor in a simple, highly idealized social environment. Robinson’s “economy” is divi sion of one person’s labor, the organization of his diverse functions and capacities. But all the many diverse activities are centered around himself. Robinson is the manager, the aggregate producer and aggregate consumer of his economy. Analyzing Robinson’s deceptively simple economy Marx writes : “Necessity itself compels him to apportion his time accurately between his different kinds of work. Whether one kind occupies a greater space in his general activity than another, depends on the difficulties, greater or less as the case may be, to be overcome in attaining the useful effect aimed at. This our friend Robinson soon learns by experience, and having rescued a watch, ledger and pen and ink from the wreck, commences, like a trueborn Briton, to keep a set of books. His stock-book contains a list of the objects of utility that belong to him, of the opera tions necessary for their production ; and lastly, of the labor-time that definite quantities of those objects have, on an average, cost him. All the relations between Robinson and the objects that form his wealth of his own creation, are here . . . simple and clear . . . and yet those relations contain all that is essential to the de termination of value’’ [I. 7 6 -7 ], This quotation singles out important concepts in Marx. First it states that the chief “measurable” in economic science is time. The second is the concept of value. In a theoretical sense “those relations contain all that is essential to the determi nation of value” because, as Marx puts it, “ ... that which determines the magnitude of the value of any article is the amount of labor socially necessary, or the labortime socially necessary for its production” [I. 39]. In Marx, the notion of value becomes meaningful the moment there is a choice among diverse activities and diverse products. This notion, according to him, may remain latent and hidden in history for long periods. It comes to the surface only with the advent of commodity-production, that is, when products are produced



16



SETTING UP OF THE MODEL



SIMPLE REPRODUCTION



explicitly as commodities for exchange or sale, satisfying other people's wants and allocated to them in exchange for and in proportion to their respective prod ucts. He believes that in absence of commodity-production there will be no valuein-exchange. Nevertheless, the underlying, deeper notion, value itself will remain with us as long as there is division of labor, as long as there are different activities to compare. As long as we have to economize society’s labor, the notion of value is helpful whether there is a market (where values are expressed in prices) or not. As Marx puts it: “ Secondly, after the abolition of the capitalist mode of production, but still retaining social production, the determination of value continues to prevail in the sense that the regulation of labor-time and the distribution of social labor among the various production groups, ultimately the book-keeping encompassing all this, become more essential than ever” [III. 851]. The whole process of production and allocation can be described, analyzed and even solved in principle without open recourse to the notion of value. Let us see how Marx pictured this to himself. Continuing his analysis he speaks of eco nomic problems of the future “community of free individuals” : “All the characteristics of Robinson’s labor are here repeated, but with the difference, that they are social, instead of individual. . . The total product of our community is a social product. One portion serves as fresh means of production and remains social. But another portion is consumed by the members as means of subsistence . . . Labor-time . . . apportionment, in accordance with a definite social plan maintains the proper proportion between the different kinds of work to be done and the various wants of the community” [I. 78 —9], This second quotation makes it clear that for Marx it is not enough to measure direct labor expended on particular products. One has to take into account the quantity of products expended on production of the final, consumable products, too. One has therefore to account for those parts which remain “social” as means of production. In principle Robinson ought to do this too, because it matters whether he uses up few or many tools and other means of production in the course of his “goat taming, fishing and hunting” . Marx makes this even more clear and explicit when setting up his tables of re production. He writes about the exchange going on inside the so-called “depart ment I” , responsible for producing means of production: “Products which do not serve directly as means of production in their own sphere are transferred from their place of production to another and thus mutually replace one another . . . If production were socialized instead of capitalistic, these products of department I would evidently just as regularly be redistributed as means of production to the various branches of this department, for purposes of reproduction, one portion remaining directly in that sphere of production from which it emerged as a product, another passing over to other places of production, thereby giving rise to a constant to-and-fro movement between the various places of production in this department” [II. 428 —9]. And here we arrive at a crucial and tricky question. It concerns not only Marx’s thoughts and the mathematical model to be built on them but also the general



problem of planning and conscious management of human activity. Can those expenditures, those “to-and-fro movements” , be measured? Are they a stable enough basis for anticipations ? Are they reliable at all — and how can one rely on them?
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1. 1. 1. Input coefficients I believe these basic questions can only be answered in a historical perspective. The proportionate expenditures of labor and of means of production “that defi nite quantities of objects cost on an average” take shape very slowly in the course of history. Gradually they do evolve to more or less stable proportions. This does not mean they become rigid or unchangeable. To suppose their constancy under the conditions of rapid technical change so characteristic of our age would be flagrant nonsense. However, one can observe average proportions for any given historical moment. This average has a certain stability and is considered “ normal”. The actual spread around tins “norm” may well be shrinking all the time. The lower limit of expen diture is fairly strictly given by technical possibilities existing at every given date — and the upper limit is determined by considerations of efficiency. The upper limit will be the closer to the lower one the more efficiently and economically the society is organized. Thus average proportions of expenditure, average “input coeffi cients” , will be fixed technically and institutionally at a given time and place not only as to their order of magnitude but also as to their possible “elbow room” around their “normal” magnitude. Marx himself had a lot to say about the historical process shaping these norms and gradually making them stricter. First he stresses the historical role of division of labor in the “ Manufacture” — the historical forerunner of the modern factory. “The labor-time necessary in each partial process for attaining the desired effect, is learnt by experience, and the mechanisms of Manufacture, as a whole, is based on the assumption that a given result will be obtained in a given time . . . Thus a continuity, uniformity, regularity, order, and even intensity of labor, of quite a different kind, is begotten than is to be found in an independent handicraft or even in simple cooperation” [I. 345]. And: “In Manufacture . .. the turning out of a given quantum of product in a given time is a technical law of the process of production itself. . . The division of labor, as carried out in Manufacture, not only simplifies and multiplies the qualitatively different parts of the social collective laborer, but also creates a fixed mathematical relation or ratio which regulates the quantitative extent of those parts — i.e. the relative number of laborers, or the relative size of the group of laborers, for each detail operation. It develops, along with the qualitative subdivision of the social labor-process, a quantitative rule and proportionality for that process” [I. 345 —6].' He must add in footnote: “Nevertheless, the manufacturing system, in many branches of industry, attains this result but very imperfectly because it knows not how to control with certainty the general chemical and physical conditions of the process of production.” 2 p’i'o portions, prices and planning
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The situation develops further with, the advent of machinery and modern in dustry: “Just as in Manufacture the direct co-operation of the detail laborers establishes a numerical proportion between the special groups, so in an organized system of machinery, where one detail machine is constantly kept employed by another, a fixed relation is established between their numbers, their size, and their speed” [I. 380]. And nowadays, a century after Marx, we see this process in bolder relief. These “fixed mathematical relations or ratios of production” prevail on a far broader scale. Newer developments : large-scale production, interchange of parts, industry wide standardization, “ scientific management”, assembly-line-balancing, contin uous fabrication and finally automation, operations research, and systems en gineering have imposed greater and greater limits on the flexibility of proportions for any given process. The fabrication process of a modern enterprise once deter mined, it will enforce rigorous proportions among the expenditures for different sorts of manpower, raw and auxiliary materials, machine speeds and temperatures. It even requires the exact measurement and control of chance deviations from mean values. Nowadays the sociologist mourns already over the uniformity and standardi zation of the most individual social product : human life. And sometimes even this mourning and complaint seem to be prefabricated. How much expenditure is necessary “on an average” under given circumstances to produce “definite quantities of those objects” needed by Robinson or the com munity is only one question. How much expenditure would be necessary to pro duce more or less of those objects, and how much expenditure will be necessary to produce the same amount (or more or less) tomorrow or ten years hence, are separate questions. We do not have to answer these additional questions here, since we are concerned with the model of Simple Reproduction. Simple Repro duction in its strict and rigorous sense precludes the possibility of technical change. It excludes per definitionem change of proportions, alterations in the scale of pro duction. Thus it requires no simplification beyond what is already implicit in the notion of simple, that is, not expanding reproduction. This abstraction of Simple Reproduction is analogous to concepts in other sciences as, say, “frictionless free fall” or “ideal gas”. In reality these do not exist but they help to understand the interdependencies and regularities of real gases, or real gravitational phenomena. Even in the case of Extended Reproduction we circumvent the question of changing input coefficients and we set up and solve the model neglecting technical change. Thus in both the first and the second part of this book fixed proportions are assumed. They are real under given circumstances and at the given moment, and may be measured with more or less accuracy. Thus they can be treated with known tools of economic statistics and expressed with the necessary precision for present purposes. By assuming approximate measurability we do not assume that input coeffi cients are stable. By assuming the existence and measurability of the speed of a car we do not deny acceleration. We are concerned only in the interdependence



and regularities among the coefficients themselves, emerging in the context of a given moment. The problem of change will not be considered until the third part where problems of historical description and experiments in explaining and plan ning this very change are our subject. In Parts 1 and 2 we are not yet considering whole processes of economic growth, but only given states of a system. Thus the usual objections against linear models of production — that they assume constant returns to scale etc. — are not really relevant.
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1.1.2. Output proportions The notion of value, the emergence of exchange and value in exchange, is a recent phenomenon in the history of mankind. Let us begin by analyzing proportions of production, volumes or scales of outputs. First, we consider the “ quantitative rules and proportionalities” of a very sim ple fictitious economy. In our example we simplify even Robinson’s economy and imagine that he produces only two products. To name them somehow we call them “Tools” and “ Materials” . In choosing these names we do not mean to distinguish between means of pro duction and consumption, or between consumers’ and producers’ goods, or be tween the Marxian “department I” and “department II” . Our distinction is only superficial. Later we shall extend it to the general case of n products, that is, to deal with an optional but finite number of different products. Under modern production conditions we are not generally able to distinguish ex ante between producers’ and consumers’ goods. Distinction is made ex post: an article of con sumption is that which is already consumed. A great variety of important new developments and products (electricity, electronic devices, oil and its byproducts, chemicals and synthetics, cars and motors, etc.) can either enter personal con sumption or lend themselves to productive (that is, reproductive) use as interme diate goods. Their quality, form and appearance do not determine their economic role. Let us now assume we measure “Tools” by number and “Materials” in kilo grams. The free disposition over units of measurement is more apparent than real, because “To discover the various uses of things is the work of history. So also is the establishment of socially recognized standards of measure for the quantities of these useful objects” [I. 3 5 -6 ], Robinson now, as thoughtful accountant and diligent economic statistician, observes that the expenditures necessary on the average to produce 1 kilogram o f Material



1 Tool are the following : 0.2 Tools 0.2 kilograms of Material 1 hour work 2*



0.7 Tools 0.2 kilograms of Material 1 hour work.
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If he knows Ms consumption needs from experience he now is ready to allocate yearly labor power (the manpower of his society) among competing activities. This allocation problem might be solved without recourse to any notion of value, yet value is already implicit in the measurement of the necessary labor-time. Let us assume further that for keeping body and soul together Robinson needs 100 Tools and 600 kilograms of Material for himself each year. The question now is: How much ought he to produce to satisfy his needs and to reproduce all the means of production used up in the yearly production of his needs ? We state his problem in the language of matrix-calculus. Let the n by n matrix A designate the input coefficients. Each element aik stands for the amount of product i used to produce one unit of product k.



By this ingenious method — simple equation solving — Robinson, and every closed community, can allocate the different .kinds of labor available, provided that they can make their wants or needs explicit. Although the notion of value remains implicit, the knowledge of the input coefficients reflecting the structure of production is sufficient to determine “in accordance with a definite social plan” “the proper proportions between the different kinds of work” . Depending on its data processing and computing facilities — clay tablet, rune, quipu, abacus or electronic equipment .. society may solve allocation problems of increasing com plexity. Accounting in kind — with “ use values” as classical economists called them — is characteristic of division, of labor in primitive communities, inside tribes or families, in ancient Greek, Mexican or Asian societies, even in feudal economies before money entered to blur the original setup. All these examples have social organizations and technologies best characterized by Simple Reproduction. Pro duction yields no significant surplus. When anything does remain after providing for the everyday needs of society it is not accumulated and invested in produc tion for economic growth. Simple Reproduction will usually entail a certain traditional rigidity of wants and needs. This makes “planning” and “anticipating” relatively easy, as it was for the biblical Joseph in the years of the seven fat and seven lean cows. Allocation of labor requires some organizational skill, which seems, to develop simultaneously with, mathematical knowledge and the art of writing and account ing. I suspect the prehistoric forms of mathematics — counting, measuring, cardinal numbers, the four operations of arithmetic — came into being and developed as natural notions of “mathematical economics” for primitive and rough economic formations. See, e.g., Chadwick [1958], particularly chapter 7, where economic data reminding of fixed proportions emerge for Mycenaean Greece. Our rough and ready allocation model can do more than simply allocate. It can also establish rigorous conditions for the feasibility of Simple Reproduction in terms of the input coefficients. With our model’s help we can define the criterion of Simple Reproduction in exact mathematical terms. We can state the quantita tive relations among the input coefficients necessary for a qualitative condition, Simple Reproduction. Robinson’s economy will be in a state of Simple Reproduction if and only if his net product, those 100 Tools and 600 kilograms of Material, suffice to restore his labor power for a year, keeping him healthy and sane enough to carry on with his usual work. Thus performing the same functions each year he is rendered able to continue the same tedious and boring process the next year. If, at the given consumption level, he could only work less than the necessary 2000 hours, his economy would deteriorate. In that case only Diminishing, Re stricted Reproduction could be carried on and he would eventually starve. But if this consumption gives him strength enough, to toil more than 2000 hours, then, he can accumulate some surplus and may even enlarge his economy. Extended, Expanded Reproduction is now possible and economic growth may take place.
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In our example



0.2 0.2



0.7" 0.2



'



Let y — (ys, . , . ,y„) be the vector of Robinson’s needs, i.e., the personal consumption necessary to reproduce the manpower of society. In. our example y = (100, 600). Finally let x = (xq,. . . ,x„) stand for gross outputs, volumes of production in the different branches of economic activity. We will speak about this vector as the output or gross output vector whenever its absolute magnitude concerns us and, interchangeably, as output proportions when we are interested only in the proportions of economic activities. Now Robinson’s problem will be solved if he determines the output that, after covering the inputs necessary to this output (in Marxist terminology “replacement fund” , in Keynesian, “ user cost”), yields the necessary final bill of goods, the ne cessities of life : x - A x = y.



( l)



Given y, this equation may be solved for x if the matrix (1 —A) is regular. Here 1 stands for the « by » unit matrix. We provisionally assume (and later prove) this regularity and thus the existence of the inverse Q = (1 —A )" 1. In this way we are ready to solve equation (1). x = Qy. In our numerical example Q =



therefore x — Qy —



' 1.6 0.4



1.4 1.6



1.6 0.4 ‘ 100 ‘ 600



1.4 1.6



(2)



and



' 1000 ' _ 1000



Robinson has to produce one thousand Tools and one thousand kilograms, of Material and expend on this production 1000 + 1000 == 2000 manhours each year. Thus he must allocate his labor-time in equal proportions between its two functions, tool- and material-making.
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We may then define Simple Reproduction as the condition where the final bill of goods, the net product, is just sufficient to reproduce the primary factor, labor power, on a constant scale. Simple Reproduction is not just unaltered reproduction of productive activity on a constant scale, nor simply conservation of the same rates of output. It also implies the unaltered maintenance of the prime mover of production, manpower, in the same, never-changing routine. “Labor created the human being itself”, said Engels. Human labor and produc tion remain the means of creating and maintaining humanity. We should thus specify a third product with the two products of Robinson’s economy already enumerated. The most important product, purpose and reason of production, its prime mover and ultimate beneficiary, is Robinson himself. This peculiar and perishable product requires certain inputs for its production. We assumed maintenance of his 2000 hours per year of labor power required 100 Tools and 600 kilograms of Materials. Now he may pass the remaining 6000 hours of the year relaxing, digesting and performing other cultural activities. On the average the expenditure needed to maintain him will be 0.05 Tools and 0.3 kilo grams of Material per manhour. These inputs are necessary costs of this partic ular product, as are the respective inputs for the other products. Now Robinson, when in danger of his life, might temporarily subsist on less. He may work even when hungry and cold — for some time. Thus his usual in put structure might be temporarily distorted. But even a small change in accus tomed proportions has been known to cause great political waves in modern socie ties where the consumer is more delicate and susceptible. This causes a certain stability in input coefficients that may well exceed the stability of industrial in put coefficients — making change in the structure of consumption slower and smoother. We will return to this question later. Meanwhile we suppose that Rob inson takes his own input data from his stockbook as he does for other products. We also assume that he can and will exert his labor power in full and without obstacles. Unemployment seems to be a gift of Extended Reproduction and there is no need to raise the question here. Let us denote these input coefficients by the vector c = (c1;. . ., c„). This vec tor expresses personal consumption per manhour expended, and is in Robinson’s case 1/2000 y = (0.05, 0.3). Let us also specify direct manhour coefficients into production as the vector v = (zq,. . . , vn). In our example v = (1, 1). With these symbols we are ready to spell out conditions of Simple Reproduction as a mathematical equation :



■the great carousel of reproduction in each round without jeopardizing Simple Reproduction. It can be invested anew in production to make it grow. But the potential for Extended Reproduction might alternatively be dissipated in con sumption by others or massed into monuments, pyramids or cathedrals. If vQc > 1, then the scale of production can by no means be maintained. The net product is inadequate to reproduce labor power unimpaired. The system needs outside help. Without it, it will deteriorate to Restricted Reproduction. Mathematically we may define Simple Reproduction even more concisely. This definition will introduce the central mathematical tools used in this book : eigenvectors and eigenvalues of matrices. We begin with a brief characterization of these concepts. The (right hand) eigenvectors of the matrix A are those vectors, x, which satisfy equations of the form A x = ax, where a is a scalar. The respective scalar quanti ties are called eigenvalues. We can transcribe the definitional equation to (del —A) x — 0. This shows that the eigenvalues are those values, a, that make the determinant of the matrix (ocl —A) singular. But expanding the determinant we get an equation of degree n in a. This equation then will have n, not necessa rily distinct, roots. (Here n is the order of the matrix A.) We can compute the respective eigenvectors with the aid of the different singular matrices. Here we are interested only in the maximal eigenvalue which, in our case, is positive and has a totally positive eigenvector associated with it. The most impor tant theorems about all this are relegated to Appendix I, For present purposes we need only to know that such a maximal eigenvalue always exists for non-nega tive and irreducible matrices and that it can be determined unequivocally. We single out the special case where the maximal eigenvalue equals one and thus the eigenequation is A x = x. The vector, x, remains unaltered after multi plication with A. The vector, x, is then called the fixed-point of the transformation A. It is a right-hand eigenvector and we will later define the lefthand eigenvec tor pA = p analogously. Our matrix A contained only the input coefficients for intermediate products. To describe the total, closed system we needed the information supplied by the vectors v and c, representing inputs of and consumption needs of manpower. It is straightforward to complement the matrix A by these vectors, adding the last sector, manpower, to the picture. Our new “complete” or “full” matrix will con tain all the input coefficients, thus subsuming all the information characteristic of our production system. Let us designate this complete matrix
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vQc = 1 .



(3)



Under Simple Reproduction the consumption expenditure necessary to main tain 1 hour of labor power (c), needs a gross output (Qc), which can be produced in exactly one hour (vQc). If vQc < 1, Expanded Reproduction is possible because reproduction of one hour of labor power costs less than one hour. Part of the product can be removed from



A =



A, v,



c o



(4)



The inner proportions given by the coefficients, aik, determine whether there is Simple Reproduction in this closed system, Simple Reproduction is thus an in trinsic feature of the matrix A. In effect the following theorem may be stated : The condition of Simple Reproduction is that the maximal eigenvalue of the complete matrix, A, be equal to one, | A | = 1. If | A |1 reproduction ceases to be complete, only Re stricted Reproduction is possible. This theorem is fundamental to the mathematical treatment that follows. It' can be proved in the following way : From theorems of Perron and Frobenius (see Appendix I) we know that a nonnegative irreducible matrix has only one positive eigenvector and this must be long to the maximal and positive eigenvalue. Thus if we find a positive eigenvector to our matrix, the eigenvalue belonging to it must be the maximal one. We can prove now that the vector, given by the prescription x = (Qc, 1), is such a righthand eigenvector. It is a positive vector and from equations (4) and (3) and from the identity AQ e Q - 1 it follows that*



.(c) if finally neither (a) nor (b) is fulfilled, then only Restricted Reproduction is possible. Simple Reproduction would be possible only if the “negative surplus” , x —A x 0, in every branch. We might for instance find a price system distributing surplus in proportion to cost of production p - pA = ppA . * Marx’s original manuscript contained . a series of uncompleted mathematical calcu lations . . . as well as a whole, almost complete note-hook . . . which presents the relation of the rate of surplus value to the rate of profit in the form of equations”. These unedited parts may contain the correct formula. This seems likely because there are quite a few correct nu merical examples in the text where Marx does distinguish invested and consumed capital.
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This is the equation giving the price system of the second, incorrect, definition. 1 1 —a If \ A \ = a < 1, then from p = (1 + g) pA, a = - — .— and g = ------- follows. 1+ g a This points to the futility of a price system (as established in the fifties in most socialist countries) that attempts to prescribe a rate of “profit” after cost-price externally. This rate cannot be prescribed from outside — it must stay in the re lation with the maximal eigenvalue indicated above. Otherwise no consistent price system may be found.* And it is equally important to stress that this price system (advocated as being close to the value proportions) has nothing to do with value proportions. In a value price system, surplus (or “mark-up”) is in proportion to labor (the vector v or wages, w) and in the former price system, the so-called costprice system, mark-up is on cost (that is, in proportion to pA). We are now looking for a price system where surplus is proportional to capital invested. For the time being let us designate the capital invested per unit of pro duction in sector i by bt. Thus the vector b = (b1;. . . , b„, O) will be total capital invested per unit, better known as the capital output ratio. The last element of this vector is zero because in the last sector, manpower or “households”, we do not reckon with “capital” . Of course there are resources invested in reproducing manpower. But the classical notion of production prices did not consider them. The production of manpower did not follow the usual rules of the capitalist game. There were no business firms investing in the production of this particular product and the laborer was not a capitalist, expecting a profit on funds tied up in his win ter coat and other consumer durables. The resources tied up in reproducing man power do not shape the average rate of profit according to the classical view. Let us designate average rate of profit by X. Then the equation for Marx’s correct definition will be



interpretation, remains the same. It sums expenditures incurred in different phases of production. Thus matrix Q, multiplied by any direct input vector, yields total (direct plus indirect) expenditure levels in every sector, including households. The product bQ therefore can be interpreted as total capital invested in the re spective production' processes. For the time being we neglect the scalar factor X and formulate the system of production prices. It is a valuation system that weighs each product in proportion to total capital directly and indirectly tied up in its production process. This characterization of production prices is not easy to grasp without mathe matics. However Marx did have a fairly clear picture of it : “The whole difficulty arises from, the fact that commodities are not exchanged simply as commodities but as products o f capitals” [III. 175 j. Thus it may be reasonable to summarize Marx’s point of view as follows : As long as there is simple commodity production (Simple Reproduction) the “ law of value” states that there is a tendency of commodities to be exchanged on the market according to their “labor content” . Exchange is then regulated by the pro portions of total labor necessary to produce the diverse commodities. This law changes under capitalism (Extended Reproduction). Here the “law” states that there is a tendency for commodities to be exchanged on the market according to their “capital content” as products not of labor but of capital. U n der Extended Reproduction exchange is regulated by the proportions of total capital tied up in the production of the diverse commodities. But how do we measure “capital” ? This question was a headache for both Ricardo and Marx. They tried to reduce capital to labor in several ways, some of which later proved ambiguous and incorrect. This was the famous problem of the “ unchanging standard of value” or the “transformation problem of values into prices” to which we shall return in Part 2. The existence and uniqueness of production prices has to be proven first. Then we can ask whether there is a “transformation” of values, an algorithm for the correct computation of those prices. Equation (10), p = 2bQ, does not help much in solving the problem because we assumed b to be given. It is specified not only as a bundle of goods (which it is legitimate to assume) but as funds already measured by some price system. Now production prices and. the magnitude of X can be determined rigorously only if we determine the capital output ratio as a value ratio at the same time. It would be illegitimate to assume any ex ante valuation of the resources tied up. If commodi ties are all measured in production prices then the fixed capital, consisting, as it does, of commodities, must be measured by the very price system to be determined. Here the matrix B == { bik } = { aihi;ik } plays an important role. Its elements, at least in theory, can be measured as physical proportions without the interven tion of any price system at all, then the capital output ratio in this very price sys tem can be expressed as b = pB. Substituting this expression in equation (9) we get
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p -- pA + Xb.



(9)



Production price = cost price + average rate of profit on capital invested. If (1 — A) is regular and has an inverse (1 — A )"1 == Q, the solution of equation (9) will be p = AbQ.



.



(10)



But in the state of Extended Reproduction | A \ < 1, and thus (1 — A) must be regular. The inverse, Q, is of course not equal to the former inverse Q, because now the matrix A is bordered by the row and column of the manpower sector. It will have much larger elements — but its economic significance, its meaning and



* The Hungarian price reform of 1959, aimed at setting a uniform 5 per cent “net gain”, was frustrated for this reason. Computation had to be stopped without satisfactory conver gence — and the actual spread of “profits” thereafter proved to be enormous: from net loss to 2 0 - 2 5 per cent gain.



p = pA + XpB = p(A + IB).



( 1. 1)
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This equation is analogous to the equation p = pA that defines value propor tions under Simple Reproduction. It is the same sort of eigenequatiOn. But under Simple Reproduction J A | had to be equal to 1; now under Extended Repro duction | À + X B | has to be equal to 1. Because we are considering Extended Reproduction, A must be non-negative and irreducible, with a maximum eigenvalue less than 1. B will also be non-neg ative and irreducible. Thus equation (11) will have one and only one positive solu tion for X andp. Equation (11) can be transformed to p [1 — AB (1 - A )"1] = 0. The matrix B (1 — A)""1 = BQ is a Frobenius matrix (it is positive). Thus it has a positive eigenvector and a positive maximal eigenvalue equal to the reciprocal of A. Thus X must be positive.* Therefore, given the two non-negative and irreducible matrices A and B, with | A | < 1, there is one and only one positive price system, p, and average rate of profit, X, determined by equation (11). This shows that production prices can be determined unambiguously in terms of an eigenequation.



The solution tells us that a 10 per cent per year profit is secured in both sectors



p = p(A + 0.1-B) = (2, 3, 1)



0.22 0.3 0.66



In our old Robinsonian economy let us suppose that unproductive consumption is discontinued. Then Extended Reproduction is possible according to the matrix : 0.7 0.2 0.5



' 0.2 0.2 0.5



0.05 0.3 0



Let us assume a stock coefficient matrix 0.2 1 1.6



0.7 1 0.6



0 0 0



B depends on matrix A and turnover times as follows: Turnover time for Ma terials (first row) is 1 year. Thus the first rows of the two matrices are equal. Turn over time for Tools is 5 years, that is, fivefold yearly production is always held in stock. Thus, in row 2, coefficients of B are five times those of A. Finally the labor tied up in semi-finished products (this is the “variable capital” of Marx) is as sumed to be 3.2 years’ labor in the first and 1.2 years’ labor in the second sector. All these values are of course entirely fictitious and chosen to make the example easy to solve. Proofs of the theorems are to be found in Appendix I.



0.77 0.3 0.56



0.05 0.3 0



(2, 3,1).



It happens that in this example production prices equal value prices. This is by no means necessary, but it may happen under special circumstances. Of course it does not make any difference whether there is any unproductive consumption left. It does not alter production prices if the surplus is spent entirely or mostly on luxuries and not on growth. 1.2.3. Output proportions Now we write the equation for the dual of the production price system (1 — A)x = ABx or



Numerical example
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x = Ax + 2Bx



(12)



and set ourselves a double task. First, we must give an economic interpretation to this equation, just arrived at by purely formal reasoning. Second, we set out to show its close resemblance to the famous table of reproduction in the second vol ume of Capital. To interpret the equation we start from already defined relationships. (1 — A)x is surplus product created in the respective sectors, expressed as a bundle of goods and measured in diverse physical units of measurement. This is the net product, the final bill of goods of the system. If Extended Reproduction is possible, that is, if | A | < 1, we always can have (1 — A)x > 0, a positive surplus in every sector. Yet we are interested in distributing the surplus in special proportions. They should be proportional to Bx, that is, total resources tied up in production. Again Bx is a bundle of goods measured in physical units. Net product should be so structured as to make possible a balanced growth in all sectors’ stocks. X is the rate of increase in productive capacity. The solution of equation (12) for x therefore gives output proportions that, after covering the necessary flows, Ax, for Simple Reproduction, allow for growth in every sector at the same rate, X. The growth rate, X, is a dual expression for the average rate of profit. Like the rate of profit, the growth rate is determined in terms of a certain unit of time — the same unit used to measure turnover time, and hence the unit implicit in the coefficients of the stock matrix B. Numerical example Returning to the example of Robinson, we may compute the right-hand eigen vector. X will be 0.1 as formerly, making yearly 10 per cent growth attainable.
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Here we can no longer confine ourselves to round numbers. Computation must be truncated somewhere and rounding errors emerge.



fore we turn to possible generalizations we examine Marx’s own version of this abstract model of Extended Reproduction. Numerical examples of Extended Reproduction set out in the second volume of Capital are based on the same assumptions as those implicit in equation (12). His schemata can easily be described in the form developed as the dual of production prices. Marx uses the following symbols in his tableau économique c constant capital v variable capital s surplus value, divided among Ac increase of constant capital Âv increase of variable capital and consumption of capitalists which we denote by e. Subscripts 1 and 2 denote departments I (means of production) and II (articles of consumption). Marx assumes turnover time equal to one year, thus capital advanced (invested) and capital consumed (cost-price) are equal. Hence constant capital, c, equals the means of production used up in the process, and variable capital, v, equals annual wages. Marx’s schemata are not given in coefficients — but for our purposes it does not matter whether we deal with coefficients or annual flows. The flows can now be written in a 4-sector input-output table. The flows for the matrix A will be
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0.22 x = (A + 0.1 B)x = 0.3 . 0.66



0.77 0.3 0.56



0.05" " 1000 999.92 " 0.3 936 = 936 _ 1184 _ _ 1184.16 , o



These output proportions secure a surplus



(1 - A)x =



0.2 0.7 0.05 1000 ~ 936 - 0.2 0.2 0.3 1184 _ ,0.5 0.5 0 ‘ 914.4 ' ' 1000" 742.4 936 968 . 1184 ,



' 1000 " 936 . 1184,



85.6' 193.6 216



which is approximately equal to the investment needed for a 10 per cent growth:



0.1 Bx =



0.2 1 1.6



0.7 1 0.6



0" "100 85.52 0 93.6 = 193.6 ,216.16 o.. ,118.4



(Differences in the last digits are because of rounding.) The numerical example brings out some essential assumptions in equation (12): 1. Output can be increased only by investing — that is, by building up new capacities. The economy pictured in the model always works at full capacity or, at least, there is no way to change the proportion of reserve capacity. 2. New investment is made according to the same coefficients as the old tech nology. There are no technological improvements. Thus growth is purely extensive, to use Marx’s term (“extensive if the field of production is extended; intensive if the means of production is made more effective” [II. 175]). Only scale of pro duction is increased, its inner proportions remaining unchanged. 3. Every branch of production, every sector, every product is augmented by the same factor, the universal growth rate. These assumptions contradict actual growth experience in particular countries. In practice, stand-by capacity is exploited to a greater or lesser degree, in accord ance with the everyday market situation and the business cycle. In real life new investment usually brings new technology, new inner relations of production. Investment is often a means of improving production processes. Finally the vari ous sectors usually develop at different rates — there are characteristically slow-, fast-growing and even declining sectors, depending on historical circumstances. Here, then, we have modeled a very special and not a really general case of eco nomic growth. It is almost as special as the model of Simple Reproduction. Be
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I. dept. II. dept. Laborers Capitalists



II. dept.
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Capitalists
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This table contains 10 zeros — which made a computation very easy for Marx’s purposes. The row fo r ca p ita lists is empty: they d o not increase the value of the product or add anything to the process, according to the labor theory of value. Thus we could reduce our table to 3 sectors, handling capitalists’ consumption as the final bill of goods. The remaining 3 sectors form, an irreducible, self-mainta in in g system. The flows for annual increase of stocks will be ■T. dept.
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Capitalists



If we implement this scheme with numerical values given for Extended Repro duction [II. 514 —7] we arrive at Table 2.



SETTING UP OF THE MODEL



48



.EXTENDED REPRODUCTION



Table 2 Tableau Economique of Marx A



1st year



2nd year



3rd year



4th year



5th year



4000 — 1000 4400 — 1100 4840 — 1210 5324 — 1331 5856 — 1464



1500 — 750 1600 — 800 1760 — 880 1936 — 968 2129 1065



B



1750



1100



-



-



... 1900



— 1110



-



-



_ 2090



— 1221



-



-



2299



1344



-



-



— 2529 -



— 1477 -



—



400 — 100 440 — 110 484 — 121 532 — 133



100 — 50



-



—



-



-



160 — 80 176 — 88 193 — 97



— -



-



—



—



..



-



— .....



...



586 -146



213 — 107



— — -



_ ...... ....



-



From the second year on, every magnitude increases uniformly 10 per cent each period. The same increase takes place for output of all the sectors, surplus, invest ment, wages, etc, hence the numerical example shows the same implications we analyzed in connection with equation ( 12). Because of the uniform one-year turnover time the flo ws of matrix B are exactly one-tenth of the corresponding flow elements of matrix A. (Only the first year shows a little computational lapse of Marx.) To avoid misunderstanding : this parallel of equation (12) and the schemata and tables of Marx for Extended Reproduction are not meant to substantiate any claim for the model’s being valid or realistic or useful. It only serves to show that the conception underlying equation (12) and that expressed in Marx’s schemata and numerical example are the same. In short our model is really an «-sectoral gener alization of Extended Reproduction with Organic Composition of Capital Remain ing the Same.*4 Equation (12) does not figure as explicitly in Marx’s writings as the model of pro_ * See [I.] Chapter XXV, Section 1, where Marx elaborates accumulation without technical change.
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duction prices or the model of values or Simple Reproduction. Nevertheless, what Marx has to say about this particular form of Extended Reproduction can be brought into agreement with the model. This model of Extended Reproduction surely is not sufficiently general for ap plied work. Some practical suggestions for generalization are discussed in Part 3 in the context of applications of the model. The main problems to be solved for this generalization are the following. In. the course of real growth the matrices A and B do change. For the time being we even lack adequate description of the changes, experienced historically. Only after gathering data enough will it be possible to set up and test any theory con cerning regularity of changes. Marx himself stressed the rising composition of capital caused by technical change. This might have been entirely appropriate to his age — transition from manufactures to large-scale enterprise and mass pro duction. But it is no longer true in the age of capital-saving inventions. After all the rate of profit could not decrease indefinitely, and the remedy was found in new technology where more could be produced with less investment. For the time being let us think about the constant matrices Â and B as giving only momentary values of matrices A, and Bt which are actually changing through time. We draw a momentary tangent to a more or less curved and twisted evolu tionary path. If change in the coefficients is not too fast —and generally it is not — our approximation will be good enough. The second problem is that we do not fully understand: what happens when real output proportions and real prices do not correspond to their theoretical magni tudes, when they deviate from the eigenvectors defined above. We can anticipate some inventory and profit changes. But we still have no model that explains the size and direction of price changes under specific conditions. Here again we clearly lack factual information with which to test theories. To sum up: the model as expressed in equations (11) and (12) is only a step in the direction of developing a more general theory of Extended Reproduction. It represents not the whole process but a momentary state of growth. This is the reason we did not need to assume constancy of coefficients. In a given state given intrinsic proportions exist — and this is all that is needed to set up the model. On this level of abstraction, average rate of profit and growth rate are equal. But what happens if there is unproductive consumption out of those profits? Naturally this has to be subtracted from the funds to be fed back into production. The accumulated surplus will be less than the surplus produced and expressed in the profit rate and thus the growth rate will be less, too. Growth rate can equal profit rate only in the absence of unproductive consumption. (Hence the classical crusades against unproductive classes.) But there is a much more important factor to be taken into account. In the classical theory of production prices, resources invested in reproducing manpower will have no effect on the rate of profit. But if we want growth we have to increase those inputs also. This can severely limit the growth rate. These differences will be emphasized in Part 2, where we discuss further implications of the labor theory of value. 4 P roportions, prices and planning
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1.3. Related Models The model, based on Marx and transcribed into matrix algebra in the previous sections, has various close relatives. Some of them are explicitly built on the same theoretical foundation — for instance the growth models of Feldmann. Yet, these are heavily aggregated models, based directly on Volume II of Capital and not displaying any duality. We return to aggregated models in Part 3 in connection with the analysis of historical trends of growth. Here we review models that are superficially alien but actually very close, in their essential logic, to the one we have been discussing. These are detailed linear models of production, disaggregated, multi-sectoral linear models of the economy. The individual models represent widely differing schools of economic thought that ignored or opposed each other for some time. However, insofar as they reflect reality, they cannot avoid its unifying force and their common basis is becoming clearer in the recent theoretical and empirical literature. In the following I should like to show how despite their very different backgrounds and interpretations they can still be brought to a common mathematical form. That apparently contradictory views may lead to a common mathematical model is not without precedent in the history of science. To quote Neumann, whose models we discuss later: “Indeed, in classical mechanics there are two absolutely equivalent ways to state the same theory, and one of them is causal and the other one is teleological. Both describe the same thing . . . Newton’s description is causal and d’Alembert’s description is teleological. . . All the difference between the two is a purely mathematical transformation . . . This is very important, since it proves that if one has really technically penetrated a subject, things that previously seemed in complete contrast, might be purely mathematical transformations of each other. Things which appear to represent deep differences of principle and of interpretation, in this way may turn out not to affect any significant statements and any predictions. They mean nothing to the content of the theory” [1963, 496]. Several types of models will be presented briefly in their historical order. Then they will be expressed in a common, fundamental form and their formal similari ties and differences analyzed. Finally we review the economic purport and usability of the individual models and their common feature : duality. 1.3.1. Description o f the models a) Theory of games The fundamental model of the theory of games constructed by Neumann in 1926, the so-called two-person, zero-sum game, seems to lie far from our subject and



51



can hardly be called a production model. It is presented here for two reasons. First, because its usefulness for the solution of production problems has been proved.* Second, as will be shown below, its mathematical equivalence with two important production models was recognized very early. The inspiration of this model was not economic at all, but abstract mathematical speculation. The mathematical problem can be stated briefly as follows. There are two “players” , J } and / 2, who are free to choose among various “strategies” ; J x may choose strategies i = 1 , 2 , . . ,,n and Jz the strategies j — 1, 2 ,. . .,m. Now, if A has chosen strategy i and / 2 strategy j, then in this game, J t has to “pay” the sum ctj to / 2. If Cjj is positive, it will be a loss to J x; if it is negative, it will be a gain. The question is whether, given matrix C = {c,7}, consisting of n rows and m columns, the “value” of the game can be unequivocally determined, i.e. whether there is a “mix” of strategies for / , and J 2 from which they have no logical reason to deviate and whether, if they adhere to the strategy mix, the gains and losses paid will converge to a constant sum: the “value” of the game. Let J x choose the strategies 1, 2,. . ,,n with frequencies %, % ,. . un («,->0, n J] Ui ™ 1), and J%the strategies 1, 2,. . .;m with frequencies vlf . . ^vm /=! m



(vj> 0, Y j



vj



= !)• The sum of gains and losses to be paid in the course of the



7=1



game can be given by a bilinear form : uCv — y(u, v).



(13)



One of the players will endeavour to minimize the value of y by properly choosing u, while the other one will try to maximize it by the proper choice of v. Now, Neumann has proven that minju max/uRw, v) = minjv max/uy(u, v) and thus an “equilibrium” situation exists. Since then, several proofs and convergent computa tion methods have been found for the solution of this basic model. It was known to Neumann (and elaborated in fuller detail later in collaboration with Morgenstern) that this model represents the rational choice or decision making process of the homo oeconomicus. Still, the general model for produc tion decisions was developed some years later.



b),The Neumann model This model undoubtedly has roots in marginal analysis, and particularly in the theory of general economic equilibrium of Walras. In the 1930’s an econometric seminar led by Karl Monger suggested that the proof of Walras was naive and * Suffice it to mention here that the first method of solution for the Hungarian model of two-level planning was arrived at by T. Liptâk on the basis of ideas from the theory of games. (See Kornai [1967].) 4*
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nsufficient.* The existence of a unique solution to a dynamic system of inequalities, based on the static system of Walras, but substantially modified, was rigorously proven by Neumann. This work of Neumann, though for a long time barely noticed, meant a turning point in the history of mathematical economics. There were two important reasons. On the one hand, this opened the way for the application of more up-to-date mathematical methods in economics. Neumann found a felicitous mathematical form for economic problems. His language, the formulation in terms of a system of linear inequalities, proved to be decisive in promoting further development, particularly with the advent of computers. On the other hand, the model has a decisive feature for economic theory. For Neumann, as opposed to Walras, the production relations become the hub of the model and he deduces market relations from them. It is not clear whether this “concession” to Marxian political economy was conscious on the part of Neumann. Reviewing his assumptions, he laconically remarks : “It is obvious to what kind of theoretical models the above assumptions correspond.” Had the Marxian influence been conscious, however, he very likely would not have wondered at the remarkable “dual symmetry” of his model with regard to money variables and technical variables. Marx had already belaboured the point that value relations are only dual reflections of the social division of labor. In any case, Neumann’s model has become one of the meeting points of economists trained in marginal analysis and in the labor theory of value, allowing and indeed demanding interpretation in both schools. In his model we have n products (i = 1, 2, . . ., ri) to be made by means of m production processes (/ = 1 , 2 , . . ., m). The processes all take place during a unit of time; if they take longer in reality, they may be subdivided into several parts in the model. Unit level performance of the yth process turns out ttj quantities of the products i = 1, 2 and uses up the quantities f j , i = 1, 2, . . ., n. The model is flexible enough to embrace joint production. This assumption was really indispensable for treating stocks : in different phases of their life span they are considered different products. Thus the process of spinning consumes machines and cotton at the beginning of the process and turns out a joint product at the end of the process: yarn and machines one period older. The question is whether, given matrices F = { ftJ} and T = {ttJ}, the following unknowns can be determined :



IL P p F > p T ■ ■ and if for some j, the relation > holds, then x,- — 0. These two constraints can be interpreted as follows: I. In a given period we cannot consume or use more of a product than was produced in the previous period. Should a surplus of product i arise, even with a maximum rate of growth, its price will fall to zero, i.e., it becomes a “free good” , Pi = ri ll. In an equilibrium situation there can be no profit above the average rate of interest /?; if that were possible, either prices or the rate of interest itself would grow. If, however, some process j is characterized by losses, that process will be abandoned and thus Xj — 0. With some special restrictions,* Neumann proved the existence of a solution for the system of inequalities and also showed that a = p. After the solution of the model we eliminate the abandoned processes and free goods from the system of inequalities. Making use of the equality a = p, we obtain the following dual equality (the elimination can take place without upsetting the interrelations since for the processes and goods to be eliminated x- = 0 and Pi = 0):
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x = (xt, x2, . . xm) production levels x; > 0 P = (Pi, Pi, ■■; Pn) prices _ Pi Si 0 a expansion coefficient P interest factor with the following constraints: I. aFx < Tx and if for some i, the relation < holds, then pt = 0 * Walras thought that he had proved the existence of a unique solution by simply counting the equations : he found as many equations as unknowns.



(T - aF)x = 0 and p(T - aF) = 0.



(14)



Note that, apart from the above-mentioned restriction, which can be dropped, Neumann’s proof makes use of the positiveness of the matrices F and T only in a single place where he does not permit the fraction on the right-hand side of the pTx 0 expression a(p, x) < — to take the undefined form —(fornon-negative p and x). If we exclude this last problem, his theorems will be valid for matrices in general, i.e. for those with positive, negative or zero elements. Since it is hardly conceivable that in reality (with any kind of non-negative price system and non-negative produc tion levels) the price sums of either production or consumption will become zero, this possibility can be excluded ab initio on economic grounds. At the end of his study Neumann called attention to the fact that the model, constructed to reflect an equilibrium situation is interpretable on the basis of the minimax strategy of the theory of games. Furthermore, it can be solved either for production levels (primal solution) or for prices (dual solution) by simple maxi mization of the expansion factor or minimization of the rate of interest. c) The dynamic model of Leontief The roots of Leontief’s model in the history of theory are the most varied. Leontief [1949] refers to the equilibrium model of Walras, but Walras’ model is funda* He assumed, namely, that tlk f ik > 0, i.e. that all processes use or produce all products. Such a strong restriction proved to be unnecessary; it is sufficient to assume that the matrices are irreducible. With the exception of some “degenerated” cases, irreducibility will secure a unique solution in a, fi, p and x. (See Gale [I960].)
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mentally static. To construct his dynamic model, Leontief adds new elements also found in the Harrod—Domar growth model. In the latter, investment is the sole source of changes in production. The Leontief model might be conceived of as a multi-sector H arrod—Domar model. He might have been also influenced by the first chessboard tables constructed in the Soviet Union and by the growth models of Feldmann as well. Thus Leontief’s model has a close relation to the Neumann model and to the original Marxian concept of the reproduction process. In the Leontief dynamic model total production of individual sectors must cover both intermediate consumption and the investment needed to increase production. The model can be written as either a system, of difference equations or of differential eq uations ; we start with the former : x = Ax + BAx



d) Linear programming



The.origins of this model too are technical and mathematical rather than economic. At its cradle stand two mathematicians, Kantorovich [1939] and Dantzig [1947]. Both of them'developed the mathematical apparatus in order to solve technical supply problems. Since then, attempts have been made to interpret the model from the points of view of both, rnarginalist and labor theory. It is not surprising that both approaches have been essentially successful. The aim of the model is to allocate limited resources among competing activities in an optimal way, i.e, to achieve maximal results through, choosing the best allocation of resources. The well-known mathematical formulation of the model is: maximize c’x subject to the constraints A x < b, x > 0 where b — vector of resources À = matrix of technological coefficients ; the element aik specifies the amount , of the resource i used by a unit of activity k; c’ — vector of coefficients of the objective function; its element ck specifies the weight of a unit of activity k in. the objective function. It is usual to transform the inequalities into equations by introducing so-called slack variables, fictitious activities using resources without affecting the objective function. In general we can state the linear programming problem as:



where, using the familiar symbols x = the vector of total outputs A = matrix of flow coefficients B matrix of stock coefficients Ax = incremental production. Seeking the “equilibrium” solution of the model, we assume as usual that produc tion develops proportionately in all sectors Ax = Xx, where X is the growth factor and thus x = (A + XB)x.



.
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(15)



It strikes us immediately that the model is mathematically equivalent to that of equation (12). While Neumann developed both the primal and dual aspects of his model, Marxian production prices and the dynamic Leontief model were long treated as things apart, although at this level of abstraction they are only two aspects — the primal and dual — of one and the same model. Recently a number of scholars have elaborated the dual form of the Leontief model, and Seton [1951], Morishima [1964] and Johanssen [1965] pointed out its equivalence to Marx’s production prices. The solution of the Leontief dynamic system is well known and can be given in a closed mathematical form. Now, as Neumann suggested, maximization or minimization problems can also be interpreted in terms of minimax strategy. It therefore becomes apparent that this closed model, built along deterministic lines, can be reinterpreted as maximization. The solution of equation (15) may also be conceived of as a maximum problem, to find those proportions that will maximize the growth rate in. the long run. This question will be taken up in more detail, in. Part 3.



maximize , 0. The dual form serves to determine the so-called shadow prices. It can be stated as minimize Q = p ’b



(17)



subject to the constraints j/A. = c \ p > 0 where p ’ is the vector of shado w prices. . There are several algorithms for solving the model ; the best known are variations of the simplex method by Dantzig. The simplex method yields solutions for both the primal and the dual, models simultaneously. It has also been proven that if the model has any solution at all, then. max ,-] = [W/i] and hence the column coefficients m = ww]. A given number of laborers can create an ever-increasing amount of wealth if intensity, skill and technology develop. Certainly the unit of measurement will



Capital coefficients were defined as products of input coefficients and turnover times — and here time acquires a new role, to be analyzed later in more detail: [bik\ - [a,kt,k] = \ m m . The capital/output ratio is the matrix B premultiplied by prices [ P M == [W/i] [i/k] [T] = [W/k] [T] 7*
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and finally the bilinear form, pBx, for total stocks is \.Pibikx k} = [W/k] m [k T -1] = [ W] . The dimension is pure value as expected. Our model, therefore, is founded on the basic dimensional dependence — re maining the same in theoretical and practical computation:



is “capital productivity”, the reciprocal of the capital/output ratio. Equation (25) tells us that the growth rate, A, is equal to the saving ratio divided by the capital/ output ratio. This is the well-known formula of the Harrod-Dom ar type growth models. We touch upon this connection with aggregated growth models again in Part 3. Let us turn now to the reciprocal where we insert — to facilitate interpretation - the scalar pAx



£p(l - A)x] = [A] [pBx]



pBx pAx



1/A



that is W T " 1} = [A] [IT] hence the correct dimensionality for A must be [IF-1], the reciprocal of time. We can turn now to analysis of X or “the time factor” .



b ik



=



a uX iki



X — p(l — A)x/pBx and is well known: net product of society (profit) divided by total stocks (total capital employed). The numerical magnitude is influenced by the unit of time fixed for measuring the tik turnover times implicit in B. If we want to interpret equation (23) in terms of total value of production we multiply numerator and denominator by px p(l — A)x px



px pBx



(25)



The first factor is the saving ratio (net product to be accumulated divided by total production). It is a pure number .. a dimensionless ratio. The second factor



(26)



1S



YjP ialktikXk i



Time plays various roles in economics. It influences the process of reproduction from, several sides. To distinguish among them appeared as hair-splitting pedantery, but was indispensable for the clear description and definition of the concepts used. “Thrifty rise of tim e. . . remains the first economic lav/ in collectivist production. It even becomes a more strict law. Yet, this is essentially different from the measure ment of exchange value (labor or product of labor) by labor time” [G. 89], Besides the usual “calendar time” we have mentioned two special sorts of time: labor time and the other sort of time that has to be used thriftily: turnover time. It is important to work out in detail how to measure and balance them in the determination of A. The dimension of X was [T1-1], the reciprocal of time. This is more difficult to grasp than the dimension of 1/A, time itself. We shall try to interpret both forms. The first interpretation is given by our former equation (23)



pAx p(l — A)x



The two factors on the right side again express — in a somewhat generalized form .. familiar concepts. The first factor, taking into account the definition pBx/pAx =



2.3.2. The time, factor
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The product Ptaikxk is the input stream flowing from sector i to sector k multi plied by its price. Let us designate it by sik, yielding pBx/pAx = £ siktik / £ sik.



i,k



/ i,k



This reveals that our first fa c to r is a weighted average of the turnover times, the weights being th e corresponding input streams. Thus the first factor is simply average turnover tim e. I t is a rea l average, the w eig h ts being, properly, those product flows, % , th a t are tied down for the time intervals, tik. Average turnover tim e, then, is inversely proportional to growth rate: if average turnover time could be cut in h alf, g ro w th rate would double. The firstfactor has the dimension time and is measured in the same u n it as used for turnover times. The second factor of our expression above is a dimensionless ratio, converting, as it were, the time u n it to a smaller one. Expressed as pAx/p(l — A)x it could be called the input/savings ratio. It is remarkably stable in the long run, its value being around 10 in most developed countries. Thus, when tik is measured in years, this second factor will change th e u n it of measurement to approximately 36.5 days. Hence 1/A shows for what multiple of the 36.5-day period th e average input is tied down ; and A shows what proportion of inputs will be recovered in a period of 36.5 days. If th e average rate of profit is around 10 per cent, under the above circumstances, one-tenth of the inputs w ill be recovered in 36.5 days and this again amounts to an approximate average turnover time of one year. These were the orders of magnitude Marx reckoned with in his day and his assumption of a one-year period of turnover seems entirely warranted, not only as a theoretical simpli fication but as an everyday observation, too. The predominance of agriculture with its monotonous yearly periods and a flat average of one-year turnover time in manufacture both worked in this direction.
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Economic reality has changed quite a lot since. A higher eapital/output ratio, the increase in funds tied up in reproducing manpower that is still going on, have altered the overall picture quite a lot. On the other hand, there have been numerous inventions which shortened turnover periods by improving communications, saving transportation, etc. We shall return to a closer inspection of these historical trends in Part 3 in analyzing the application of the aggregate form of our model. Here we pose another, more theoretical problem : what is the exact interdepen dence between turnover time and inputs, what is the relation between material and time expenditure, or to use an inexact but more intuitive wording — what is the value of time? The labor theory of value does not attribute any “value” to things that are not produced and not reproducible by human labor. Thus if time is assigned any valuation, it can be only a reflection analogous to rent of land or other scarce factors. Most naturally, under conditions of Simple Reproduction no intrinsic value can be ascribed to time itself — hence the customary neglect of time in stagnating societies. There is no reason to expedite matters, so long as product require the old amounts of material and labor expenditure the acceleration of any process will bring no growth whatsoever. Simple Reproduction cannot be changed to Extended Reproduction by decreasing turnover times. The “ take-off'” from Simple to Extended Reproduction can be triggered only by some change in the matrix À, making its maximal eigenvalue less than 1, that is, by changing the flow coefficients themselves, improving technology, abolishing some layers of unproductive consumption. Under Extended Reproduction timing becomes an important dimension. Then we can increase the rate of growth not only by economizing on inputs, but also by reducing turnover times. Accelerated flow in the channels on industry or commerce will therefore increase the profit rate, X, and hence the pace of growth. If time saving methods affect the bulk of products — and modern techniques, including more rapid transportation and communication, rationalized financial systems, etc., are geared to this purpose — then their cumulative effect on growth can-surpass the influence of pure economies of material and labor. Therefore, turnover time becomes valuable, an object of economizing, and has to be used thriftily, but only under circumstances of Extended Reproduction. How can we now compare economy of time and of material? We may answer this question from a macroeconomic standpoint, calling on our earlier formulas and investigating the effect of the two factors, average turnover time and average expenditure, on the growth rate, X. But we may investigate the same matter from a microeconomic standpoint, too, considering only one economic transaction, a single element in our matrix A + IB. For a change let us start from the latter, considering a single “ stream” in the economic metabolism. Each element of our matrix À + IB is made up of two parts. For instance, consider coal (product i) delivered for producing electricity (product k). aik will be the flow coefficient and Xbik — Xaiktik the increase in coal inventory made necessary by the yearly growth rate, X, the turnover time of this item of inventory being tik.



Our problem is to find that decrease in turnover time which is exactly counter balanced by an increase in coal consumption, so as to leave the magnitude of the total stream and thus the growth rate unaltered. Let us therefore assume a constant stream of coal input into electricity. Since the same relation will' hold for all coefficients aik, we can generalize by dropping subscripts. a + Xat — constant = c.



102



Expressing a as function of t we get “ " TTTi ' Its logarithmic derivative is therefore da t a dt



Xt 1 + Xt



signifying that a one per cent decrease of turnover time can be counterbalanced Xt by a —-----— per cent increase of material expenditure, in this example, coal (1 T A t)



consumption. The effect of a decrease of turnover time therefore will be the greater our growth rate, X, and the longer turnover time, t, itself. To illustrate the orders of magnitude by a numerical example, let us assume a 10 per cent annual growth rate and a three months3(t = 0.25) coal inventory. If the coal inventory could be decreased to a two months’ inventory, then this 33 per 0.025 cent decrease would be counterbalanced by an approximately Y q25 0-33 «0.008 increase in coal consumption. This magnitude now is roughly equivalent to the amount yielded by the usual, everyday computation based on 1 as the “rate of interest” . Originally coal was tied up in inventory for three months and its cost measured by compound interest was a{ 1 + XtJ = a(l.Ol)0-25. If now it is only tied up for two months, its cost with compound interest will be a(1.01)oa#. The a(l.Ol)0'25 - a(l.Ol)0'18 = 1 —(1.01)' 0.09 0.008, as before. relative saving will be fl(l.Ol)0-25 Let us now proceed to the macroeconomic level. We are now interested in economy-wide averages. How can now these two averages move so as to counter balance each other, leaving the rate of profit and thus the growth rate, X, unaffected ? pAx j>(l — A)x . It is dear From the reciprocal of equation (26) we have X == -



pBx



pAx



that every percentage change in the average turnover time, pBx/pAx, must affect the growth rate by the same percentage but in the opposite direction. The effect of average inputs can be handled by defining them as a = pAx/px. In this case the second factor in the expression above will assume the form 1/a — 1 = = (1 — a)/a. A one per cent change in average inputs will cause a 1/(1 — a) per cent change in the value of X.
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Thus a one per cent increase in average input requirements must be compensated by a 1/(1 — a) per cent decrease of average turnover time, a being approximately equal to 0.9 (this is only another way of saying that pAx/p(l — A)x = a/(l .. a) is generally around 10) a one percentage change in average expenditure can be offset by approximately a ten percentage change of average turnover time in the opposite direction. Expenditure of time and of products (services, materials, labor) is therefore com mensurable in the framework of the labor theory of value. The computation might be based on the “time factor” , X (the growth rate, rate of profit which is — on this level of abstraction — equivalent to the rate of interest), or on the average input coefficient a. They are connected by the symbolic equation a + Xta — 1 whence



exponential density function and its expected value is tik > 0 (?', k — 1 , 2 , . . . , ri). The product created but not yet consumed is called stock. Now let us deduce our model from these 6 assumptions. First we construct the matrix A = {ajk} which is square and of order n. By assumption 5 it exists and is non-negative. Let us designate the products created in a very short, dt, time interval by x = (x:t, x2, . . x„). By assumption 2 products are measurable and by assumption 3 they can be measured in short, dt, intervals. This vector x is produced by annihilating other already existing stocks of products. But in a short interval, dt., the proportion of stock i consumed to produce
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dt



product k must be — . By assumption 6 we have an exponential density function, hk



can be derived easily. The left side shows the conversion factor from the “microeconomic” standpoint; the right side shows the same from the “macroeconomic” aspect — and both show the general tradeoff for time and product expenditure.



prescribing exactly this rate of mortality in the interval dt. Thus, to make production x possible in the interval d t, we must have stocks enough, that is, tik times the amount used up. Hence total stocks must be {aiktik} x . We will call the matrix {aiktik} the stock matrix, B; thus total stocks are Bx. Production of x annihilates a stock of amount Ax. The difference between pro duction and consumption is change of stocks. But change of stocks in the interval dt will be Bx, where x == (dxjdt, dx2/d t,. . d x jd t) giving



2.3.3. Generalization



x - Ax = Bx .



We consider three ways to generalize the model. First we try to make explicit the minimal basic assumptions underlying the model. Second we show how a slight generalization of the mathematical apparatus of the model enables it to subsume non-linear and more dynamic features. Third we reinterpret the model in a probabilistic way, giving a new interpretation to’ the stationary states (eigen vectors). None of the three topics is treated exhaustively. The main object is to show that there are various possibilities for further theoretical generalization and develop ment. The most promising directions are only indicated but not thoroughly ex plored. The first possibility is an axiomatic approach. By screening the assumptions leading to our model, there appear to be six that are necessary: 1. We know certain distinguishable things and these we call products, numbered from 1 to n (Identification). 2. Every product is measurable (Weighs or is countable, etc.). 3. Every product is divisible without limit (Continuity). 4. There exists a system making or creating these products by means of the same products and, at the same time and with the same activity, consuming or annihilat ing them. This activity of the system is called production. 5. The kih product can he produced by the system only by annihilating quanti ties aik > 0 of product i(k, i — 1, 2 ,. . n). 6. From the instant when product i was created to the instant when it was annihilated to produce k some time elapses. This time span is probabilistic, has an



This is our model in the form of a differential equation. If it is solvable at all, we can take x = lx which leaves us with x = (A + lB)x. Yet, the six assumptions above are not sufficient to secure existence and unique ness of the solution in x and X ; they suffice only to set up equation (28). To secure a. positive and unambiguous solution we introduced further assump tions, namely 7. | A | < 'l . 8. A is not reducible. These are really not necessary assumptions, but they suffice to insure a unique positive solution. Because of assumption 8 not only A but also B is irreducible. Thus (À + IB) must be a non-negative and irreducible, that is, Frobenius matrix with a positive eigenvector. From assumption 7 either j A | = 1, the case of Simple Reproduction, and X = 0, or | A | < 1, the case of Extended Reproduction, and X > 0. Both assumptions 7 and 8, are easily justified by economic reality. Of the first six assumptions three need some additional comment because they are not entirely realistic. Assumption 3. Unlimited divisibility of products. We certainly can point out quite a few instances where this assumption is wrong. Nevertheless with increase of the scale of production this assumption becomes more and more acceptable : with increase of the number of the same, individually indivisible, product pro duction will be more and more finely subdivisible — just as the rational numbers 1 , 2 become the more divisible the greater they are.



1 + Xt Xt



1 1 —a



(27)



(28)
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Assumption. 5. There is only one technological possibility for producing a given product. This assumption becomes more palatable if we view each'sectors’ tech nology as an average. For the future the assumption is misleading. It needs to be corrected or complemented to describe technological change correctly. Assumption 6. Exponential density function of life spans. We have not enough facts at hand to prove or disprove this assumption. It is recommended as more realistic than the usual assumption of fixed life spans. These eight assumptions seem to be acceptable from a theoretical and practical standpoint as long as we cannot improve them. For the time being I do not see better ones. Still let us suppose that, with increasing knowledge, we can set up better assumptions concerning technologies and life spans. Will our model be flexible enough to incorporate them? Of course it is difficult to prejudge the impact of an unknown innovation. But the mathematical apparatus of our model is quite suitable for further generalization and seems to be flexible enough to permit considerable modification. This leads us in the direction of the second generalization. For many applications constant coefficients must somehow be made into more flexible representatives of real technical and market conditions. It is relatively simple, though not entirely satisfactory, to make the elements of the matrices A and B depend explicitly on time yielding the system of equations xf — A(x, = B,i,. The mathematical theory of the latter system is essentially analogous to that of the former one : both are linear differential equations (with constant or variable coefficients). Thus their solutions and the techniques of solving them are very similar. Certain practical computations have already been done for the latter, time-varying system based on extrapolations of observed changes in the matrices. We return to them in Part 3. Linear operators afford a convenient general method for introducing changes in coefficients over time. Let us assume that our coefficients, aik, depend linearly on time, and on present, past and future values of the elements of x, and its derivatives and integrals. We can specify our assumptions in a model entirely analogous to our fixed coefficient model, except that in place of our former matrices we use linear operators. Time shifts, differentiation and integration, being linear operations, can each be represented by a simple linear operator. Now a one-to-one correspondence can be established between linear operators and matrices. There fore computationally, linear operators can be treated as if they were ordinary matrices. Thus, all our former tools can be reinterpreted in the world of operators. There do exist non-negative and irreducible operators and such operators still possess an unambiguous positive eigenvector and eigenvalue. Of course, the eigenvector will be a somewhat more complex phenomenon: not a simple vector of stationary proportions but a vector made up of time-functions of outputs or prices. The same dual relation will persist : there are adjoint or transposed oper ators ready to define dual, or valuation relations, too. The new form would encompass a very broad field of possible interrelations. But our practical experience is not broad enough to implement such a model in any realistic way. We do not know enough to write out explicitly how our coeffi-



dents (“inner proportions”) depend on time, on past and future outputs, on prices, etc. And therefore I do not see much reason to enter into a detailed study of operator models. Suffice it to stress that the possibilities of theoretical generalization far exceed the data at our disposal. It is lack of pertinent infor mation and not lack of adequate mathematical or computational tools that blocks our way. A third way of possible generalization, can reduce the rigidity of our assump tions without really affecting the fundamental mathematical form and apparatus. This is the probabilistic reinterpretation of our model already suggested by Theil [1965], The essence of this approach is to view our coefficients as random variables. Instead of fixed magnitudes they are specified as expected values and probabilities. This certainly offers more flexibility in interpreting the fluctuations observed in real processes. f o r Simple Reproduction a probabilistic interpretation does not need any additional mathematical tools. To apply it to Extended Reproduction requires a longer exposition than is warranted here where we are concerned only with general methodological directions. We know that, for Simple Reproduction, our matrix À is non-negative, its maximum eigenvalue equals one and it is irreducible. Under these assump tions we can characterize the process of Simple Reproduction as a so-called ergodic Markov chain, by transforming our matrix A into a transition-probability matrix. As we already know, under Simple Reproduction there exist positive left- and right-hand eigenvectors p = pA and x = Ax. Let us now denote the diagonal matrices formed of the elements of these eigenvectors by  and , that is,
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Pi



Pt




 = diag Pn>



Pn-



X-t = diag 



x2 X n



J



We form the matrices C = 0. Note that £ cik = 1 (k — 1, 2 ,.. ., n) because, if we premultiply C by the summing vector e = ( 1 ,1 ,..1 ) , we get eC —e 
A
 “ I = = pA
“x = p 0 and dik — 1, (/ = 1 ,2 ,.. n). Hence all the column sums of C equal 1 and similarly all the row sums of D equal 1, while all elements are non-negative. Tims the formal conditions for interpreting them as stochastic matrices are satisfied.
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But what does “probability of transition'” really mean here — what is the economic point of it? Certainly the matrix C reflects cost-structures, its column k representing percentages of the necessary ingredients to produce product k. This now is the mixture in which sector k wants to buy on the market. The probability of buying from sector i is exactly cik. It should be understood in the following way: Sector k goes to market and will buy one day from one sector and another day from others. Its purchases may have an apparently irregular pattern. Some days it may not buy anything because inventories are full, to be depleted at random. Nevertheless the probabilities of spending will be allotted to the other sectors as the coefficients cik .. and the real frequency of purchases, followed through, say, a year, will approach this probability. The purchases of sector k depend not only on these probabilities but also on the amounts other sectors purchase of its products. Sector k fills its inventories to supply its customers with its product. Let us now suppose that at a given moment t = 0 the sectors want to purchase % = («ho, 
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