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same room with a probability 0.9 (or it goes to the other room with probability 0.1). We cannot ..... only on those calls for which the door is answered and there is a dog. On any call ..... b) Sketch both functions PDF and CDF on the same graphic. 
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Bibliography: Some novels, available in paperbacks, or in the Belfort Municipal Library Writer Paul ERDMAN Ken FOLLETT Georges ORWELL Aldous HUXLEY David LODGE John WINDHAM Robert HENLEIN Daniel KEYES Ray BRADBURY Oscar WILDE Ira Levin Michael CONELLY Howard ROUGHAN John GLEICK Simon SINGH



Country



Language



US GB GB GB GB GB US US US IRL US US US US GB



US GB GB GB GB GB US US US GB US US US US GB



Title The Panic Of ‘89 The Palace The third twin Code Zero Nineteen eighty-four Animal farm Brave New World Nice work Chocky The Midwitch cuckoos Web A door into summer Flowers for Algernon Fahrenheit 451 The portrait of Dorian Gray A woman of no importance This perfect day Stepford wives The Concrete Blonde The Poet Angels Flight A promise of a lie The chaos The Code Book



And if you are able to read in foreign languages, you may try :



Writer Franz Kafka Heinrich BÖLL Stephan ZWEIG Arturo PEREZ-REVERTE Andreas ESCHBACH Étienne KLEIN
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Country



Language



CZ D CZ E D F



D D D E D F



Title Die Verwandlung Ansichten eines Clowns Die Schachnovelle La tabla de Flandes Jesus Video L’atome au pied du mur



La reina del Sur



Chap. 1. Probability Spaces



I. Counting:



b g



1°) Write the development of 1+ x



n



n ∈ N* .



n



Deduce from above : S1 =



∑



n



C kn , S2 =



k= 0



∑



k=0



n



( − 1) k C kn , S3 =



∑



n



k C kn et S4 =



k=0



∑k



2



C kn



k=0



2°) We call n-letter word a sequence of n letters from the alphabet. How many six-letter words are there: • in all • beginning by a consonant • having six different letters • whose letters are in alphabetical order • whose letters are consecutive (i.e. LNOMKP) 3°) Nine tourists are boarding three boats, each of them having 9 seats. What are the probabilities of the following events : • Every boat carries three people • No boat is empty. • In each boat there are between 2 and 4 people. 4°) In his novel Alaska, James Michener talks about the different factors that must combine to produce an ice age. Then, mathematically he explains that “if four different factors in an intricate problem operate in cycles of 13, 17, 23 and 37 years respectively, and if all have to coincide to produce the desired result, you might have to wait 188 071 years …”. a) Explain how Michener calculated his result. b) What time would you have to wait if the lengths of the cycles were 12, 18, 26 and 38 years? 5°) In a hotel there are six rooms left, and four guests arrive for the night. How many ways are there to allocate the rooms : a) With possibly several guests in the same room. b) With four different rooms c) With at most two people in the same room. 6°) In how many ways can a woman wear two rings on three fingers? We will assume that if two rings are on the same finger, their order matters, since women say so … Perform the same computing with n rings on three fingers, with n∈N and n ≥ 3. All fingers are supposed to be all of a size. 7°) What is the probability of throwing a “four” before a “seven” with two dice ?



II.



Sample spaces :



1°) Is it possible to define a probability p on Ω, whose parts A, B and C, with C = A∩B, satisfy the following conditions: a) p(A) = 0.8 p(B) = 0.1 p(C) = 0.2. b) p(A) = 0.8 p(B) = 0.4 p(C) = 0.1. c) p(A) = 0.8 p(B) = 0.4 p(C) = 0.3 p(A∪B)= 0.9 2°) Here is the program of an exam: 10 chapters on series, four chapters on integrals, 6 chapters on probability and 10 chapters on linear algebra. The rules are the following: The candidate draws three questions out of 30. Each question is only on one chapter, and he chooses any one he wants. a) How many chapters must he work to be sure to pass his exam? page 3



b) Determine the probabilities of the following events : • He doesn’t draw any question of probability • He draws three questions on three different chapters • He draws three questions from the same chapter. c) A candidate only works linear algebra. What is the probability that he passes his exam ? d) An other candidate is completely useless in linear algebra. What is the probability that he passes his exam ? e) Is it really beneficial to skip parts of the program ? 3°) According to a poll taken in 1992, 15% of the people has responded to a telephone call-in poll. In a random group of five people, what is the probability that exactly • two have responded to a call-in poll • at least two have responded • at most two have responded 4°) In November 1994. Intel announced that a “subtle flaw” in its Pentium chip would affect one in a 9 000 000 000 division problems. Suppose a computer performed 20 000 000 (a not unreasonable number) in the course of a particular problem. What is the probability of no error? Of at least one error? 5°) The main difference between the two jet planes Airbus A 330 and A 340 is that the former has two engines and the latter has four. Let p be the probability of an engine failure p∈]0, 1[. Those planes can end their flight if at least half of the engines are running. a) Consider according to p, which plane is the more reliable. b) Make the same study, assuming that a plane can fly with only one engine running. 6°) The probability of winning on a single toss of a die is p∈]0, 1[. There are n contestants, sitting around a round table. The fist one tries, and if he fails, he passes the die to the second contestant , and so on … This procedures continues until somebody wins. What is the probability of the kth contestant winning ? What is the limit value of this probability when p tends towards 0 ? 7°) Only at midnight may a mouse go from either of two rooms to the other. Each midnight it stays in the same room with a probability 0.9 (or it goes to the other room with probability 0.1). We cannot observe the mouse directly, so we use un unreliable observer, who each day reports correctly with probability 0.7, and incorrectly with probability 0.3. On day 0. we installed the mouse in room 1. We use the notation: Event Rk(n) : observer reports mouse in room k on day n. Event Sk(n) : mouse is actually in room k on day n. a) Calculate p2 = probability of S1(2), and then pn = S1(n), for n integer. b) What is the probability that on day 2 we shall receive the report R2(2) ? c) If we receive the reports R1(1) and R2(2), what is the conditional probability that the observer has told the truth on both days ? d) If we receive the reports R1(1) and R2(2), what is the conditional probability of the event S2(2) ? Would we then believe the observer on the second day ? Explain. e) Determine the conditional probability p(R2(2) | S1(1)), and compare with the conditional probability p(S2(2) | S1(1)).



III. Conditional probabilities : 1°) For three tosses of a fair coin, determine the probability of : a) The sequence HHH b) The sequence HTH c) A total result of two heads and one tail d) The outcome "More heads than tails" . page 4



Determine also the conditional probabilities for: e) "More heads than tails" given "At least one tail" f) "More heads than tails" given "Less than two tails" 2°) A game begins by choosing between dice A and B in some manner such that the probability that A is selected is p. The die thus selected is then tossed until a white face appears, at which time the game is concluded. Die A has four red and two white faces. Die B has two red and four white faces. After playing this game a great many times, it is observed that the probability that a game is concluded 7 in exactly 3 tosses of the selected die is . Determine the value of p. 81 3°) An urn U1 contains two white balls and one black while urn U2 contains one white ball and five black balls. One ball is transferred from U1 to U2, and then one ball is drawn from the latter. It happens to be white. What is the probability that the transferred ball was white ? 4°) Three hunters simultaneously shoot at an elephant (not a pink one). Albert is as blind as a bat and fails two times out of three. Barney drinks three litres coffee a day and misses the target one time out of two. Clovis succeeds nine times out of ten. Calculate the following probabilities: A : the three hunters kill the elephant B : the elephant is safe C : Only B fails D : the elephant is killed given A missed him 5°) To the best of our knowledge, with probability 0.8, A is guilty of the crime for which he is about to be tried. B and C, each of whom knows whether or not A is guilty, have been called to testify. B is a friend of A’s and will tell the truth if A is innocent but will lie with probability 0.2 if A is guilty. C hates everybody but the judge and will tell the truth if A is guilty but will lie with probability 0.3 if A is innocent. Given this model of the actual situation: a) Determine the probability that the witnesses give conflicting testimony. b) Which witness is more likely to commit perjury ? c) What is the conditional probability that A is innocent, given that B and C gave conflicting testimony ? d) Are the events “B tells a lie” and “C tells a lie” independent ? 6°) Mr. Mean Variance has the only key which locks or unlocks the door to Building P06, the Probability Building. He visits the door each hour on the hour. When he arrives: If the door is open, he locks it with probability 0.3, and if the door is locked, he unlocks it with probability 0.8. Let pn be the probability that the door is unlocked on the nth visit. b . a) Let (un) and (vn) sequences so that u 0 ∈ 0,+ 1 , ∀ n ∈ N , u n + 1 = au n + b and v n = u n − 1− a Prove that (vn) is a geometric sequence. b) After he has been on the job for several months, is he more likely to lock the door or to unlock it on a randomly selected visit ? c) With the process on the steady state, Joe arrives at Building P06 two hours before Harry. What is the probability that each of them found the door in the same condition ?



IV. Equally probable events 1°) A lottery claims : «One ticket out of three wins, purchase three tickets ! ». So what ? 2°) An experiment succeeds with probability 0.08. We intend to try n times. For what values of n the probability for at least one success is larger than 0.95? 3°) n people are in a room. With what probability have they different months of birth. page 5



Let us take n = 20. n = 25 and n = 30. What is the probability of the event :” two of them have the same birthday” ? 4°) A large manufacturer uses three haulage companies (A, B and C) to deliver products. The probability a randomly shipment is delivered by each company is: p(A) = 0.60 p(B) = 0.25 p(C) = 0.15. Occasionally a shipment is damaged (D) in transit with the probabilities: p(D | A) = 0.01 p(D | B) = 0.005 p(D | C) = 0.015 a) Find the probability the shipment is sent by company B and is damaged. b) - - - - - damaged. c) Suppose a shipment arrives damaged. What is the probability it was shipped by company B ?



V. Control and reliability: 1°) In a factory, four machines, A, B, C and D make the same part at the same rate. We notice at the end of a day, that machine A has not been adjusted properly and its whole production is unacceptable. The proportions of unacceptable parts from machines B, C and D are 2%, 3% and 5%. a) A randomly selected part is taken at the end of the day in the production. What is the probability it is unacceptable. b) A part is unacceptable. What is the probability it comes from A ? from B ? 2°) In the diagram below, each || represents a communication link. Under the present policy, link failures may be considered independent events, and one can assume that, at any time, the probability that any link is working properly is p. a) If we consider the system at random time, what is the probability that : • A total of exactly two links are operating properly • At most 3 links are operating properly • Link g and exactly one other link are operating properly b) Given that exactly six links are not operating properly at a particular time, what is the probability that A can communicate with B ?



VI. Independence: 1°) Which is the most probable : • throw 4 times a fair die and get at least one 6, • throw 24 times two fair dice and get at least one double 6 ? How many times must we to throw 8-sided dice to be almost sure (p = 0.98) to get at least one 8 ? 2°) Joe is an astronaut for project Pluto. Mission success or failure depends only on the behaviour of three major systems. Joe decides the following assumptions are valid and apply to the performance of an entire mission. • The mission is a failure only if two or more of the major systems fail. • System I, the Gronk system, will fail with probability 0.1. • If at least one other system fails, no matters how this comes about, System II, the Frab system, will fail with conditional probability 0.5. If no other system fails, the Frab system will fail with probability 0.1. • System III, the Beer Cooler, fails with probability 0.5 if the Gronk system fails. Otherwise, the Beer Cooler cannot fail. a) What are the probabilities of the following events: • The mission is a failure • The mission succeeds but that the Beer Cooler fails? • all three systems fail. b) Given that more than one system failed, determine the conditional probabilities that: page 6



• The Gronk did not fail. • The Beer Cooler failed. • Both the Gronk and the Frab failed. c) About the time when Joe was due back on Earth, you overhear a radio broadcast about Joe in a very noisy room. You are not positive what the announcer did say, but, based on all available information, you decide that it is twice as likely that he reported "Mission a success" as that he reported "Mission a failure." What now is the conditional probability (to you) that the Gronk failed?



VII. Random draws 1°) A 12-face die, with faces bearing numbers 1 to 12, is rolled n times. a) How many times must we roll this die so that the probability of having at least one 1 is bigger than 0.995? b) For n = 10, what is the probability of getting 10 different numbers? c) For n = 8, what is the probability of getting only even numbers? 2°) Five cards are drawn out of a set of 32 cards (4 colours ♠, ♥, ♦, ♣, and 8 values, Ace, K, ..., 7). Calculate the probabilities of the following events: we get … • at least one Ace • less than one ♠, • one Queen and one ♦ • all cards have the same colour • all cards have different values • one pair only A poker player gets 5 cards with two aces, and he replaces the three other cards. Calculate the following probabilities: • p(he has 3 aces) • p(he has at least 3 aces) • p(he has only one ace) • p(the three other cards have the same value).



VIII. Problems: 1°) Four students having painted the town red the night before an exam, were too tired to wake up on time the next morning and arrived late at the exam room. To apologise, they told the teacher a hazy story about an old relative of theirs, who was very ill and needed to be watched all night long. Then they unfortunately had a flat tyre on the way to the University, and therefore they couldn't be in time for the exam. Instead of letting them have the normal exam, the teacher sent them to four separate rooms with a problem for which there was one only question: " Which wheel ?" If they agree, they will have 20 points, otherwise they will be tarred and feathered. What is the probability that they agree ?
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Chap. 2.



Discrete random variables



I. Discrete PMF: 1°) In a box there are 15 tokens numbered from 1 to 15. Tree tokens are simultaneously drawn. Let X be the smallest number and Y the largest number. a) Define Ω and calculate Card(Ω). b) Calculate the probabilities of the following events: ( X ≤ 10), ( X = 8) and ( X = 2) . c) - - - - - - - - - - - - - - -: (Y ≤ 5), (Y ≥ 5) and (Y = 3| X = 8) . d) Calculate p(Y = 3 | X ≤ 10) and p(Y = 2 ∩ X = 8). 2°) You and a friend of yours toss a fair six-sided die. The one who gets the smaller number wins the difference between the two numbers. Let X be the random variable : what you win (it is a negative number when you loose). a) Determine the PMF of X and its expected value E(X). b) If you get the same number, the dice are tossed again, and the gains will be doubled. If you get the same numbers again, then the game stops and nobody wins. Determine the PMF of the gain Y and its expected value. 3°) To be admitted to a chess club, a candidate must play alternatively against two members of the club, A and B, and win two consecutive games. a) If A is stronger than B, what is he supposed to do ? b) He is admitted. His probabilities of winning against A and D being 0.35 and 0.54, what are the probabilities of the events : E1 : he won the first game, E2 : he won the second game. c) In this club there are, apart from him, 9 skilled players and 6 beginners. For his first tournament, he has to play against four randomly selected members. Let X be the number of skilled players he has to play against. Determine the distribution of X, and the probabilities of the following events: F1 : he plays against at least one beginner, F2 : He plays against more skilled players than beginners. 4°) Let X1, X2, ..., Xn be n independent random variables having the same distribution, whose expectation is 15 and variance 12. a) Calculate the expectations and variances of the following variables: n n 1 2 = = = α + β α β ∈ = Y1 10X1 , Y2 X k , Y3 X1 X 2 with ( , ) R , Y4 Xk n k =1 k=1 b) Is it possible to find a binomial distribution so that E(X) = 15 and Var(X) = 12 ?



∑



∑



5°) A product is equally likely to contain one to three defects, an no one has more than three defects. The price of each product is set at £ (10-K²), where K is the number of defects in it. Gummed labels, each representing £ 1 are placed on each product to indicate its price. a) Determine E(X), where X is the discrete random variable “price of a product”. b) What is the probability that a randomly selected label will end on a product which has exactly two defects.
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6°) Is it generally true that E[g(X)] is the same as g(E[X])? For instance is it true that E



LM 1 OP = 1 ? N X Q E[X]



You may try with a fair die. Please remember your result and avoid one of the most common errors in probabilistic reasoning.



II. Usual distributions 1°) Ball bearings may be defective with probability 0.02. They are packed in crates which contain 150 bearings. Let X be the number of defective items in a crate. a) What is the distribution of X? b) Prove that this PMF can be approached by an other PMF, and calculate the probabilities of the events (X = k), for k from 0 to 5 with both PMF and compare the results. 2°) An experiment may succeed with probability 0.08. It is performed until we have a success, and we note X the number of trials till success. a) What is the distribution of X. Give its expectation and its variance. b) Calculate probabilities p(X > 3), p(X is even) and p(X > 6 | X > 3). c) For what values of n∈N* p(X = n ) = 0.05 ? d) We now decide to perform 50 times this experiment, and we note Y = number of successes. Determine The PMF of Y and calculate p(Y ≥ 5). 3°) The probability that any particular bulb will burn out during its Xth month of use is given by the PMF k−1 1 4 (Probability Mass Function = distribution) for X, ∀ k ∈ N * p( X = k ) = 5 5 Four bulbs are life-tested simultaneously. Determine the probability that: • None of the four bulbs fails during its first month of use. • Exactly two bulbs have failed by the end of the third month. • Exactly one bulb fails during each of the first three months. • Exactly one bulb has failed by the end of the second month, and exactly two bulbs are still working at the start of the fifth month.



FG IJ HK



4°) Fred is giving out samples of dog food. He makes calls door to door, but he leaves a sample (one tin) only on those calls for which the door is answered and there is a dog. On any call the probabilities of the door being answered is ¾and any household has a dog is 2/5. Assume that the events “Door answered” and “a dog lives here” are independent. a) Determine the probability Fred gives his first sample on his third call. b) -- - - - second sample on his fifth call. c) Given that he has given exactly four samples on his first eight calls, determine the conditional probability that Fred will give his fifth sample on his eleventh call. d) Given that he did not give his second sample on his second call, determine the conditional probability that Fred will give his second sample on his fifth call. e) We shall say that Fred needs a new supply immediately after the call on which he gave his last tin. If he starts with two tins, determine the probability that he completes at least five calls before he needs a new supply. 5°) There are 36 fish in a pond, x white ones (x is an integer between 1 and 17), x black ones, the other ones being red. One picks simultaneously three fish out of the pool and let A be the event « The three fish are of different colours ». a) Define the probability set. b) In the case x = 6 , calculate p(A). x ∈ 1, + 17 . c) Study the function f defined by: f ( x) = 36x 2 − 2 x 3 d) If p(x) is the probability of getting three fish of different colours, what is the value of x for which



R|S |T
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the probability p(x) is maximal. e) In the case x = 12, let X be the number of red fish among the three. What is the PMF of X. Calculate p(A | X = 1) and p(X=1 | A) 6°) Angry executives of a company claim that the telephone switchboard operator makes an average of two wrong connections every hour, while the operator claims that he makes only one per hour. The manager of the secretarial staff decides to run a 2-hour test. If the operator makes four or more wrong connections in the 2 hours, he will be replaced (or fired …). What is the probability that he will be replaced if the executives are correct? If he is correct?



III. Joined distributions. 1°) Two players play heads and tails with 10 coins. X and Y are the number of tails for each of them. 2n n n a) What is the term in xn in both expressions : 1 + x and 1 + x 1 + x . n



b) Deduce the expressions C 2n n =



∑



C kn C nn − k



k=0



b g = ∑ cC h n



k 2 n



b gb g



.



k=0



c) Calculate the probabilities of the following events: X=Y X+Y=5 X+Y=3 X>Y



X≤Y



2°) Let X and Y be two geometric independent random variables with same parameter p∈]0, 1[. We note U = inf ( X , Y). a) Calculate, for k∈N, p(U > k). b) Deduce from the previous question p(U = k) and say which is the distribution of U. Calculate E(U) and Var(U). 3°) A random variable X may take the values −1, 0 et +1 with probabilities a) Calculate E(X) and Var(X). b) Let Y be a random variable defined by : p Y = 0| X = − 1 = 13 , p Y = 1| X = − 1 = 23 , p Y = − 1| X = 0 = 21



b g pbY = 1| X = 0g =



b



b



g



g



b



b



g



1 3



, 21 , 16 .



g



, p Y = − 1| X = 1 = 41 , p Y = 0| X = 1 = 43 Determine the distribution of (X, Y), and then the distribution of Y. Calculate the expectations of X and Y. Variables X et Y are they independent ? 1 2



4°) Two people are playing heads and tails, each of them tosses ten coins. Let X and Y be the number of heads for each player.



b g



a) Which is the term in xn in 1 + x



b g b1 + xg . Prove C = ∑ C n



2n



and 1 + x



n



n



n 2n



k= 0



k n



C nn − k =



∑ cC h n



k 2 n



.



k= 0



b) Calculate the probabilities of the events: X = Y, X + Y = 5 , X + Y = 3 , X < Y and X ≤ Y.



IV. Sum of two random variables: 1°) Let X be the number of electric failures, and Y the number of mechanical failures of a given machine. X and Y are two independent Poisson distributions with λ = 4 (for X) and µ = 6 (for Y). a) Let Z be the number of failures. Determine the PMF of Z. b) It has been noticed that there were n failures, and T is the number of electric failures. Determine the PMF of T. 2°) A personnel director is to take on an engineer. The candidates are called for an interview, and the executive stops when he find a candidate who suits him (probability 0.2). a) Let X be the number of candidates who have been interviewed. What is the distribution of X ? b) A candidate is the 5th on the list. What is the probability he is hired ? c) An interview lasts half an hour. What is the probability for the session to end before noon ? page 10



d) The director is now to take on two engineers. The session ends after the second candidate is hired. If Y is the number of candidates who have been interviewed, calculate E(Y) and p(Y = 10).



V.



Problems



1°) Two control systems I and II may have independent breakdowns. The PMF of X and Y are given in the following table. System I x = p(X = x) System II y = p(Y = y) 0 0,07 0 0,10 1 0,35 1 0,20 2 0,34 2 0,50 3 0,18 3 0,17 4 0,06 4 0,03 a) Calculate the following probabilities : • System II has at least two breakdowns in one day • There are more breakdowns in system I than in system II • There are three breakdowns in a day. b) The maintenance team can repair at most 5 breakdowns a day. For one thirty-day month N is the number of days when the team is overloaded. Determine N distribution and calculate E(N), Var(N) and p(N = 3 ). 2°) Use your nut ! (**) For a particular batch of biscuits, X, the number of nuts in any biscuit is a random variable dek 1 2 scribed by the probability Mass function: p( X = k ) = k ∈N . 3 3 Human taste being what they are, assume that the cash value of a biscuit is proportional to the third power of k. The biscuit packers (they are chimpanzees) eat all the biscuits containing at most 2 nuts. a) What is the expected value E(X) ? b) What is the probability that a random selected biscuit is eaten by the chimpanzees. c) What is the fraction of the cash value which the chimpanzees consume ? d) What is the probability that a random nut will go into a biscuit containing exactly k nuts. e) What is the probability that a particular nut, chosen at random from the population of all nuts, is eaten by the chimpanzees. ∞ x x2 + 4 x + 1 n3 x n = or prove it if you did the MT 26 course. You may use ∀ x ∈ − 1, + 1 4 − x 1 n=0



FG IJ HK



∑



c



b g



h



3°) A radioactive atom randomly emits α-particles. Let X be the number of emitted particles during a given interval. An observer cannot see every particle, but detects each particle with probability p∈]0, 1[, and Y is the number of detected particles. We assume that the distribution of X is P(λ) . a) Which is the conditional distribution of Y, given X = n ? b) What is the distribution of (X, Y) ? c) Prove that the PMF of Y is P(λp). d) Determine the meaning and the law of Z = X − Y. e) Are variables Z and Y independent ? How about X and Y ? 4°) A fair die is thrown several times. a) X1 is the rank of the fist “six”. Determine the distribution of X1 and calculate its expectation and its variance. b) We continue throwing the die and X is the rank of the second “six”. • Calculate p(X = 5), p(X = 10), and then p(X = n) for n ≥ 1. • Determine E(X) and Var(X). • It has been observed X = 10. Determine p(X1 = 3). page 11



c) The die is now thrown 10 times, and we note Y = number of “six”. • Study the distribution of Y (kind, general formula, expectation and variance). • Calculate the probability of getting five consecutive 6. • Knowing that we got five 6, what is the conditional probability they were consecutive ? d) From now on we throw n times two dice and let Z = number of double-6. • What is the distribution of Z • For what values of n p(Z ≥ 1) ≥ 0,99 ? • For n = 72, calculate p(Z ≥ 4). 5°) The cows of a herd may have a disease with probability 0.15. There are n cows in the herd and two different tests are performed to find out whether the cows are ill or healthy. • First method: The milk of the n cows is mixed, and one analysis is made. If the virus is present, the milk of each cow is to be analysed. • Second method: The milk of each of the n cows is analysed. Let Xn be the random variable = number of analysis. Determine the distribution of Xn for both methods. Which is, according to n, the best one ? Such a method was used in the United States between World Wars I and II for an infectious disease.
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Chap. 3. Continuous Random Variables



I. Definition 1°) The life span L of a particular mechanical part is a random variable de0,4 scribed by the following PDF: If three such parts are put into service independently at t=0, determine: a) The probability that the first failure will not have occurred before 0 1 time to (0 < to < ∞). b) The expected value E(L). c) A simple expression for the expected value of the time until the majority of the parts will have failed. 2°) Let X be the random variable with density function f ( x) =



α if x ≥ 0 and f ( x) = 0 if x < 0 . ( x + 2) 3



a) Determine α so that f is an actual PDF. b) Calculate E(X), p(X ≤ E(X)) and Var(X), if they exist. 3°) Let X be a continuous random variable with density function f ( x) = A e − x . a) Determine A so that f is actually a PDF. Write the cumulative distribution function (CDF). b) Sketch both functions PDF and CDF on the same graphic. c) Calculate E(X), Var(X) and σ(X). d) Calculate p E( X) − σ ( X) ≤ X ≤ E( X) + σ ( X) et p E( X) − 2σ ( X) ≤ X ≤ E( X) + 2σ ( X) .



b



g



b



g



4°) Given f(x) = 6x(1−x) if x∈[0, 1], f(x) = 0 elsewhere, PDF of X, calculate E(X). 1 1 Find the density of Y and E(Y) where XY = 1. Is it true that E(Y) = if Y = ? E( X) X



II. Usual continuous variables 1°) A point M is randomly selected in a triangle ABC where BC = 1 and AH = h. Let X be the random variable MN. Determine the cumulative density function F, and the density function f of X. Does it make any difference if BC ≠ 1 ? 2°) Let X be the continuous random variable, with density function f ( t ) =



a t2



c1 + t h



2 2



A



M B



H



C



N



1R + ( t )



a) Determine a and sketch the density function. Calculate E(X) and Var(X). b) The value me so that p(X < me) = 0.5 is called median. Calculate an approximate value (you may use an electronic calculator).



III.



Exponential distribution



1°) An electronic device is controlled by an IC (integrated circuit) whose life span, in weeks, is exponential E(λ = 0.005). For security reasons; this IC is coupled with a second one, which is switched when the first one fails. Let X be the life span of the system. page 13



a) Determine the density function f of X. b) Calculate the probability of functioning during one year. 2°) Let X be an exponential random variable E( λ = 0.2), and Y = Int (X) + 1. a) Which is the PMF of Y ? Name this distribution. b) Calculate the probabilities and the meaning of the following events: (Y ≤ 4), (Y > 4). 3°) Assume that the number Xt of telephone calls to a switchboard between moments 0 ant t > 0 is a Poisson random variable whose parameter is proportional to t. Let Y be the moment when the switchboard gets its first call. Prove that Y is an exponential random variable.



IV. Normal distribution 1°) A production test uses a gaussian random variable X ≈ N(150, σ = 36). a) Sketch the density function of this variable. b) Determine the probability of the following events (show these various probabilities on the graphic) (X < 140), (X > 175), (X < 200 ∩ X > 130) and (114 < X < 190). c) The test is performed to 49 independent people. What is the probability that the mean is lower than 140. Compare with the former result (question b). How can you explain the difference ? 2°) The mean income per household in a certain country is £ 8 000 with a standard deviation of £ 1 200. Ten percent of the household incomes are below what value ? The middle 95 % of the incomes are between what two values ? What is the probability that a random selected income is between £ 7 500 and £ 9 000 ? 3°) A coffee machine can be adjusted to deliver any fixed number of ounces of coffee. If the machine has a standard deviation in delivery equal to 0.4 ounce, what should be the mean setting so that an 8-ounce cup will overflow only 0.5 % of the time ? 4°) A transport firm determines that its fleet of lorries averages a mean of 12,4 miles per gallon with a standard deviation of 1,2 mpg on cross-country hauls. What is the probability that one of the lorries averages more than 13 mpg ? fewer than 10 mpg ? 5°) If 75 % of all families spend more than £ 75 weekly for food, while 15 % spend more than £ 150. what is the mean weekly spending and what is the standard deviation ? 6°) The price of the night in a campsite is N(M = 11.5, σ² = 1.8). A student goes in holidays for a month with a 360 € budget. Calculate the probability of the event “He has enough money” in the following cases: a) He spends the whole month in the same campsite. b) He changes every day. 7°) Let X be a normal random variable with m = 1.8 and σ² = 0.01. We consider random variables 40 S Y = 40X, S = X k and X = with X1 , X 2 ,K , X 40 being a sequence of random variables whose 40 k=1 density is the same as X. a) Determine the means of Y, S et X . b) Calculate p(1,7 < X < 1.9), and find α > 0 so that p(1.8-α< X < 1.8+α) = 0.95. c) Calculate p(68 < Y < 76), and find β> 0 so that p(72-β< X < 72+β) = 0.95. d) Calculate p(68 < S < 76) e) Determine γ>0 and δ so that p(72 − γ < S < 72 + γ ) = 0,95 and p(1,8 − δ < X < 1,8 + δ ) = 0,95 .



∑



f) Calculate page 14
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β2 γ 2 α2 , et . Are there any relations between α, β, γ and δ ? α2 α2 δ2



V. Compound random variables 1°) Let (D) = interior of the triangle OAB where O, A et B have the coordinates (0, 0), (1, 0) and (1, 1). k si ( x, y) ∈ ( D) xy The joined distribution of (X, Y) has the probability density function : ϕ( x, y) = 0 elsewhere



R| S| T



a) Determine k so that ϕ is actually a density function. b) Determine the distributions of X and Y (margin random variables). Are variables X and Y independent ? c) Calculate p(Y 0 f ( w , s) = . 0 otherwise



RS T



What this poor student doesn't know, and even his best friend won't tell him, is that working only furthers his confusion and that his grade X, can be described by X = 2,5 S − W + 50 . a) Determine constant k. b) The instructor has decided to pass him if, for the exam, he achieves X ≥ 75. What is the probability that this will occur ? c) This student, true to form, got a grade of exactly 75 for the exam. Determine the conditional probability that he spent less that one hour working in preparation of his exam.



b



g



VII. Problems (if you have some time left) 1°) A fair wheel of fortune is spun three times : a) What is the probability that none of the resulting experiment values is within ± 30° of any other experimental value ? b) What is the smallest number of spins for which the probability that at least one other reading is within ± 30° of the first reading is at least 0.9 ? 2°) Link between exponential and Poisson variables. The time before failure X of a machine is an exponential random variable E(λ). We assume that the successive failures are independent. Let X1 , X 2 , K and X n The working times before failure and Zn = X1 + X2 +K+ Xn the working time till the nth failure. Zn is a continuous variable with density function fn and cumulative function Fn. a) Determine the density and the cumulative function of Z2. b) Prove by recursion that : fn (t ) =



λn t n −1 e− λ t ( n − 1)!



∀ t ∈ 0,+∞



z



x 1 un −1e− u du . (n − 1)! 0 d) Let Y be the number of failures during an interval [0, T]. What is the law of Y ? e) Numerical application: A car has on average a flat tyre every 20 000 kilometres. A 50 000-kilometre round trip is planned.. What is the probability of being able to finish the trip with one spare tyre ? How many spare tyres are we to take in order to finish the trip with probability 0.95 or more ?



c) Deduce from the previous question Fn ( t ) = Γn (λ t) avec Γn ( x) =



page 16



Chap. 4.



I.



Convergences



Inequalities, weak law of large numbers:



1°) An experiment is a success with probability 0.2, and independent experiment are performed. Let X be the number of successes. a) Determine the distribution of X, and calculate E(X) and Var(X). b) For n = 100, prove p(15 ≤ X ≤ 25) = 0.832 ± 0.001 (you may use an electronic calculator). c) Calculate the same probability : -1- with the Chebyshev inequality -2- with the De Moivre-Laplace theorem d) Answer the same questions c) for n = 1 000



II.



Convergences in probability, in law:



1°) Let (Xn) be a sequence of independent Poisson P(λ = 1) random variables, and Yn =



X1 +K+ X n − n . n



a) What is the limit of Yn (convergence in law). n



b) Deduce lim n→ ∞



∑



k=0



nk e − n from the previous question. n!



2°) Let Xn be a discrete random variable whose possible outcomes are −n, −n+1, . . . , n-1 and n. This 1 1 variable has the PMF p X n = 0 = 1 − et ∀ k ∈ X n (Ω ) \ 0 , p X n = k = 2 . n 2n a) Sketch this distribution and its cumulative function for n = 5. b) Calculate E(Xn ) and Var(Xn) . c) What is the limit (convergence in probability) of the sequence (Xn).
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III.
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Central limit theorem:



1°) 5 000 ball bearings from a make A have been mixed with 10 000 ones of the make B. 150 bearings are randomly taken. a) What is the probability of the event “the proportion p of A is between 0.3 and 0.5”. 1 1 b) For what value of t, p − t ≤ p ≤ + t = 0.95 . 3 3



FG H



IJ K



2°) The weight in ounces (1 oz = 28.35 g) of a pretzel, X, is a continuous 1 random variable described by the probability density function: a) What is the probability that 102 pretzels weigh more than 200 ounces ? b) If we select 4 pretzels independently, what is the probability that O exactly 2 of the 4 will each have the property of weighing more than 2 1 ounces ? c) What is the smallest integer (the pretzels are not only inedible, but also unbreakable) N for which the total weight of N pretzels will exceed 200 oz with probability 0.99 ? 3°) Two hundred and ten customers go to a shop. A statistic survey shows that the mean shopping cost is page 17



£ 25 with a standard deviation £ 5. What is the probability that there is more than £ 5,000 at the end of the day ? 4°) The energy of any individual particle in a certain system is an independent random variable with prob2e − 2 x if x > 0 ability density function f ( x) = . The total energy is the sum of the energies of the indi0 otherwise vidual particles. Numerical answers are required for parts a), b), c) a) If there are 1 600 particles in the system, determine the probability that there are between 780 and 840 energy units in the system. b) What is the largest number of particles that the system may contain if the probability that its total energy is less than 440 units must be at least 0.9725 ? c) Each particle will escape from the system if its energy exceeds (ln 50)/2 units. If the system originally contains 200 particles, what is the probability that at least 8 particles will escape ? d) If there are 10 particles in the system, determine the exact expression for the density function for the total energy of the system (you may use a recursion method)



RS T



5°) A certain town has a Saturday night picture audience of 600 who must choose between two comparable cinemas. Assume that the picture-going public is composed of 300 couples, each of which independently flips a fair coin to decide which cinema to patronize. a) Using a central limit theorem approximation, determine how many seats each cinema must have so that the probability of exactly one cinema running out of seats is less than 0.1. b) Repeat, assuming that each of the 600 customers make an independent decision, instead of acting in pairs. r r 6°) (*) A target is centred on the origin of O, i , j . A dart is thrown at the target and we suppose that



d



i



the coordinates of the dart impact point are independent and normal N(0, 1).Let Z = distance from the target centre to the point of impact.



R| if z ≥ 0 . H ( z) = S1 − e |T0 if z < 0 −



a) Prove that if H is the cumulative function of Z,



z2 2



b) Calculate the density of Z, and then E(Z) and Var(Z). c) 150 darts are thrown at the target (the throws are independent), and we note D = mean distance to the centre of the target. Determine an approximate law for D. d) Calculate the probabilities of the events : (D< 0,7), (0 . 8 < D < 1). For what interval I will we get p(D∈ I ) = 0.9 ? For any further information you may have a look on the median exam of November 2003. If unfortunately you did not find of the values, you may use the answers E ( Z) = π et Var ( Z) = 4 − π to solve questions c) and d) . 2



2



IV. Convergences: 1°) According to the Los Angeles Times, during the past 5 years 1.6 elephant trainers, on average, were killed on the job in the United States every year. What is the probability of no death of an elephant trainer in 1 year? Of no deaths in a 2-year period? Of no deaths in 5 years? 2°) Suppose that 15% of the cars coming out of an assembly plant have some defect. In a delivery of 150 cars, what is the probability that more than 25 cars have defects ? between 20 and 25 have defects ? exactly 22 cars have defects ? 3°) A transport company plans to purchase a new brand of tyres for its lorries. The owners decide to run a preliminary test using the new tyres on a small number of their fleet of lorries. If there are no more than three flat tyres in an initial 100,000 miles, the new tyres will be accepted. What is the probability of acceptance if the tyres actually average one flat tyre per 50.000 miles? If they average one flat tyre per 10.000 miles? page 18



4°) Since airline companies know that 4% of all reservations received will be no-shows, they overbook accordingly. Suppose there are 126 seats on a plane, and the airline books 130 reservations. a) What is the probability that more than 126 confirmed passengers will actually come and board the plane ? In other words, what is the probability that the number of no-shows will be four or less? b) Compare the results given by three methods, one exact and the two others approximate. 5°) Consider the number of 3s which result from 600 tosses of a fair six-sided die. a) Determine the probability that there are exactly 100 3s, using a form of Stirling's approximation for n ! which is very accurate for these values, n ! ≈ e − n n n 2π n . b) Use the Poisson approximation to the binomial Probability Mass Function (PMF) to obtain the probability that there are exactly 100 3s. c) Repeat part (b), using the central limit theorem intelligently. d) Use the Chebyshev inequality to find a lower bound on the probability that the number of 3s is: • between 97 and 103 inclusive, • between 90 and 110 inclusive, and between 60 and 140 inclusive. e) Repeat part (d), using the central limit theorem and employing the De Moivre-Laplace result when it appears relevant. Compare your answers with those obtained above, and comment. 6°) The New York Times reports that large meteorites strike our atmosphere with the intensity of atomic bombs an average of eight times a year. What is the probability of no such meteorite strike in one year? Of five strikes in 1 year? Of eight in one year? 7°) A factory makes parts (in a mass production) in two different independent phases. The first one may give a defect A with probability 0.02, and the second one may give a defect with probability 0.08. a) Calculate the probability that a randomly selected : ♦ has both defects A and B ♦ has at least one defect ♦ has only one defect b) We take 200 parts in the production and we note X = number of parts having defect A. Calculate p(X = 0), p(X = 1), p(X = 10) and p(X ≥ 3). For which value of k p(X = k) is maximum ? c) We now take 300 parts and we note Y = number of parts having defect B. Calculate p(Y < 24), p(20 < Y < 35 ), p(Y < 30 | Y > 24).



V.



Problems



page 19



Chap. 5.



I.



Estimation



Statistics on a sample:



1°) An automatic machine makes parts whose length X is a Gaussian variable N(150, σ² = 9). a) A part is randomly taken in the production, calculate p(148 < X < 152). b) To control the manufacturing process, a sample of 80 parts is taken, and we calculate the mean X . What is the PDF of the mean. Calculate p(148 < X < 152) . c) With a sample of n parts, for what value of n p(149.5 < X < 150.5) = 0.95 ?



II.



Estimation:



1°) An automatic machine fills packets. On a sample of 10 packets it gives the following masses: 297 300 295 297 300 310 300 295 310 300 . Calculate the mean of the sample and its standard deviation. Which are the estimate mean and the estimate s. d. ? 2°) A control on an automatic packaging machine gives the following masses. mass in g 247 248 249 250 251 252 253 254 number of packs 2 6 8 13 11 5 3 2 a) Give an estimation of the mean and of the standard deviation. b) Assuming that the mass X is a gaussian variable, calculate the probabilities of the following events (X > 250) and (249 < X < 251). 3°) Estimation of the parameter p of a geometric distribution : Consider a cubic die, which is not supposed to be fair. This die is thrown until we get a six (success whose probability is p). Let X be the number of times the die has been thrown. a) Determine the PMF of X, its expectation and its variance. b) The previous experiment is performed n times, in order to get a sample E n = X1 ,K , X n and an



b



b



g



g



observation of this sample e n = x1 , K , x n . Calculate L( x1 ,K , x n , p) = p( X1 = x1 )K p( X n = x n ) c) Calculate a maximum-likelihood estimator T for p. d) For n = 20, we got the following data: 3 2 4 6 1 2 3 5 4 2 2 1 6 2 1 6 9 4 4 2 What is the estimate value of p ? e) Another experiment would involve flipping the die n times (a predetermined number) and letting the random variable be K, the number of six in the n trials. Determine the maximum-likelihood estimator for p, the probability of success. 4°) There are N fish in a pond, and we intend to estimate the number N. We take 100 fish which are collared and put back in the pond. A second fishing is performed and we count the number X of collared fish. Let k an integer. Calculate the probability pN(X=k). p ( X = 10) a) If k = 10, calculate f ( N ) = N . p N − 1 ( X = 10)



bx − 100g b) Sketch the function f so that f ( x) =



2



. x 2 − 190x c) For which value of N is the probability p(X=10) maximum ? Then find an estimation of N. page 20



III.



Estimators properties



1°) Let N be a binomial variable B(10, p) where p is an unknown parameter we want to estimate. A randomly selected sample (N1, . . .,Nn) of n independent B(10, p) variables is taken, and it yields the observation (n1, . . .,nn). a) Write the maximum-likelihood function L(n1, . . .,nn ,p) for this sample. b) Write the likelihood equations and calculate an estimator for p. c) We got the following data : 1 3 3 3 3 4 4 2 6 3 3 2 3 4 3 1 1 5 3 2 Determine an estimation for p.
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1 random variable, and a sample X1 ,K , X n . µ a) Write the density function, the expectation, and the variance of X according to µ (and not λ !). b) Calculate the maximum-likelihood function L(x1 , .. . ,xn , µ). c) Determine the maximum-likelihood estimator for µ. Is it unbiased, convergent ? d) Numerical application: ten independent devices whose life is an exponential variable, worked during the following times (in weeks). 20 4 12 2 16 26 48 9 34 6 Calculate an estimation of µ, and then of λ.



2°) Let X be an exponential E λ =



3°) A random variable has an expectation µ and a variance σ². The variables X1,. . . , X5 being independent with the same density as X, we consider the following estimators of µ: 1 1 1 1 T1 = X1 +K+ X5 , T2 = X1 + X 2 + X 3 , T3 = X1 + X 2 , T4 = X1 +K+ X 4 + X 5 et T5 = X5 5 3 8 2 a) Which ones are unbiased ? b) Which one is the most interesting to estimate µ ?
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4°) We try to estimate the proportion p of people who own a DVD player. A randomly selected sample ( X1 , X 2 ,K , X n ) is taken in a huge population. Each random variable of the sample Xk is defined by: Xk =



RS1 if owns a DVD player . T0 if he does not



a) Determine an estimator T(X1 , X 2 ,K , X n ) of p, and its properties (bias, convergence). b) We take two independent samples ( X1 , X 2 ,K , X n1 ) et ( X'1 , X'2 ,K , X' n2 ) whose size are n1 and n2 (n1 0 et β > 0 be an estimator of p. Determine α and β so that F is unbiased. Calculate Var(F). c) Determine constants α and β so that F is unbiased and has a minimum variance. Application : n1 = 500 , n 2 = 1000 f1 = 0,3 and f2 = 0,23 .
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Chap. 6.



Confidence intervals



I. Introduction 1°) An engineer wishes to determine the difference in life span expectancies between two brands of batteries. Suppose the standard deviation of each is 4.5 hours. How large a sample (same number) of each battery should be taken if the engineer wishes to be 90% certain of knowing the difference in life span expectancy to within 1 hour?



II. Interval of the variance 1°) For a randomly selected sample en = (x1, x2, …, xn) of a gaussian variable X≈N(M, σ²) we got n = 100



∑x k =1



k



= 2 000 and



an α-risk = 0.05.



n = 100



∑x



2 k



= 41062 . Determine an estimation and a confidence interval of σ², with



k=1



2°) If a random variable U is N(0,1), then X² is χ 12 . Let Xk, k = 1, …, n be n independent variables χ 12 (with expectations = 1 and variances = 2), and Sn = X1 + … + Xn. a) What is the distribution, the expectation and the variance of Sn ? b) If n = 1 001, what is the approximate law of Sn ? Calculate t1 and t2, so that p(Sn < t2) = 0.975 and p(Sn < t1) = 0.025. c) We draw 1 001 parts from a mass production, and we observe a variance σ²obs = 0.27. Determine an estimation of the variance σ² of the production. d) Determine a confidence interval of σ².



III. Interval of the mean 1°) A software company concluded a survey on the size of a typical word processing file. For n = 23 randomly selected files, x = 4822 Kb and s = 127 . Find an 95% confidence interval of the true mean size of the files. 2°) The random variable X being N(M,σ²), a randomly selected sample E n = ( X1 , X 2 ,K , X 9 ) gives the following data 7 8 9 10 8 5 9 7 8 a) Determine estimations for M and σ². b) Calculate a confidence interval of M, with a α-risk = 0.05. 3°) The 1995 profits, in millions of pounds, for a sample of 35 corporations are: 23 43 12 3 45 41 0 23 18 37 -12 15 71 22 10 33 34 61 20 -21 0 29 18 57 58 0 35 38 21 -32 -39 17 21 40 29 Establish a 95 % confidence interval estimate for the 1995 profits of all corporations. 4°) In a sample of 36 hours of TV programming, the numbers of minutes of commercials for each hour is noted X and the totals tabulated as



∑x



k



= 2753.8 and



∑ bx



k



−x



g



2



= 4123.35



Determine a 95% confidence interval estimate of the mean number of commercial minutes per hour of TV programming. page 22



5°) A randomly selected 20-sample, from a gaussian variable N(M, Var(X)=σ²), is taken in a mass production. The outcome is tabulated in the following chart : 5,5 5,8 6,1 6,5 5,8 5,8 5,5 6,1 5,7 5,4 5,5 5,9 6,2 6,1 5,8 6,1 5,9 6,1 6,2 6 a) Determine estimations of M and σ². b) Calculate a confidence interval of σ², with α = 0.01. Is there strong evidence to say that the standard deviation of the production is smaller than 0.5 mm ? c) Calculate a 99% confidence interval estimate of M. The specifications are: mean dimension = 6 . Is the production comply with the specifications ? 6°) A factory produces little parts whose diameter is normal. We measure the diameter x of 100 randomly selected parts: x ( mm) 6 6,1 6,2 6,3 6,4 6,5 6,6 6,7 6,8 6,9 7 nb of parts 1  4  4  10  17  20  20  14  8  2 a) Calculate the mean and the variance of this sample. b) Calculate a 95% confidence interval estimate of the mean diameter.



IV. Proportion interval 1°) A researcher would like to estimate the probability of a success, p, in a binomial experiment. How large a sample is necessary in order to estimate this proportion p to within 0.05 with 99% confidence ? Assume that p is neither too small nor too big, and that n is large enough to use a relevant approximation. 2°) The contract between a firm and its customers specifies that there must not be more than 8% defective items in a delivery. A customer is delivered 500 items, and there are 65 defective ones. Is there evidence that the delivery complies with the contract ? What would be the maximum acceptable number of defective items ? 3°) A factory makes leather bags in mass-production. A control on 200 random selected bags showed that 50 were of the highest quality and 150 of normal quality. a) Estimate the proportion p of high quality bags with 0.95 confidence. b) For which value of α would we have a confidence interval whose length is smaller than 0.04 ? c) This factory makes photo bags too, but in a limited production (500 units). In a sample of 300 randomly selected bags 120 items were of high quality. What is the new confidence interval of p (with 0.95 confidence). 4°) A coin is tossed 400 times an we note X = number of tails, and p = probability of tails. a) Determine a 95% confidence interval of p if we got the observation x = 240. Is there evidence to say that the coin is fair ? b) For what value x would we consider the coin to be fair ?
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Chap. 7. Hypothesis tests



I.



Definitions:



b



g



1°) Let X be a Poisson variable P(λ = 0.4), a sample X1 ,K , X n of independent P(λ = 0.4) and the varin 1 n ables S n = ∑ X k et X n = ∑ X k . n k=1 k=1 * a) For n∈N , determine the PMF of Sn and calculate E(Sn) and Var(Sn). b) For n = 25, determine two integers n1 and n2 so that p(n1 ≤ Sn ≤ n2) ≈ 0.95. If the observation of the sample produces a mean of 0,52, is it correct to think that λ is actually equal to 0,4 ? a) For n = 500, what is approximately the density of X500 . If we suppose λ = 0.4, determine an inter-



c



h



val x1 , x 2 so that p x1 < X500 < x 2 = 0.95 . An observation on a 500-sample produced a mean equal to 0.52. Does this comply with the hypothesis ? 2°) A coin is tossed three times, and we are to test H0 : p(heads) = 0.5 against H1 : p(heads) = 0.75. a) We agree to reject H0 if the outcome is three heads. Calculate the α- and β-risks. b) If the coin is tossed 25 times, determine a critical domain D0 for α = 0.05. Then calculate β. 3°) A random variable X is known to be characterized by either a Gaussian PDF N(M=20, σ²=16) or by a Gaussian PDF N(M=25, σ²=25). Consider the null hypothesis H0: X≈ N(M=20, σ²=16). We wish to test H0 at the 0.05 level of significance. Our statistic T is to be the sum of 3 experimental values of X. a) Determine t so that p(T < t ) = 0.95 , and deduce from this calculus the rejection region of H0. b) What is the probability β of false acceptance of H0 ? 60



75



II. α and β-risks:
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1°) Let X be a gaussian variable N(M, σ² = 25) and a sample X1 ,K , X n , with an estimate mean 11. a) If n = 30, perform the test H0 : M = 10 against H1 : M>10. b) With the test H0 : M = 10 against H1 : M = 11, determine The decision and the β-risk. c) The β-risk being considered too big, we change the sample size in order to reduce β. For what value of n β ≈ 0.1 ? 2°) In order to test its fairness, we toss a coin three times. Let H0 : p = 0.5 be the null hypothesis and H1: p = 0.75 where p is the probability of heads. a) We accept H0, if we get less than three heads. Calculate the risks α and β. b) Now the coin is tossed 25 times. With α = 0.05, determine the critical region for rejection of H0. Calculate β. 3°) According to an intelligence development theory in a given group of people, we expect a mean IQ of 105. We may therefore assume that the theory of mean IQ = 100 is to be rejected. We have then to test, with α = 0.05, H0 : M = 100 against H1 : M = 105. If the IQ is supposed to be normal with a standard deviation σ = 15. page 24



a) Determine, for a sample size 25: the critical interval, the β-risk. b) What are the relations between α and β ? c) You observe a mean IQ = 104. Which is your decision ?



III.



Means comparison:



1°) There are 240 students in a literature class (" Proust, Joyce, Kafka, and San Antonio"). Our model states that X, the numerical grade for any individual student, is an independent Gaussian random variable with a standard deviation σ equal to 10 2 . Assuming that our model is correct, we wish to perform a significance test on the hypothesis that E(x) is equal to 60. Determine the highest and lowest class averages which will result in the acceptance of this hypothesis: • At the 0.02 level of significance • At the 0.5 level of significance 2°) A toothpaste is supposed to contain 15 mg of a chemical substance called anethol. A lot of random selected samples of 100 doses show that the process is quite constant. The concentration is normal with an average of 15 (mg) and a variance σ² = 0.016 (mg²). A sample is taken and it gives the following data: 14.96 14.92 14.80 15.05 14.86 15.01 14.81 14.86 14.99 14.96 15.01 14.91 15.01 15.04 14.85 14.97 14.84 14.74 15.03 15.01 14.95 15.16 14.98 14.96 15.05 14.98 15.11 15.01 15.16 15.04 14.85 15.15 14.90 15.20 15.00 15.06 Does this sample comply with the production standards? 3°) The daily turnover of a shop is normal with an expectation M = 9 200 and a standard deviation 2 000. After an one-month advertising campaign the mean turnover during these 30 days was 10 200. Is it wise to think, with a risk α = 0.01, that advertising increases sales?



IV. Proportions: 1°) The contract between a factory and its clients stipulates that in each delivery, there must be less than 8% of defective items. A client is delivered 500 items in which 65 are defective. a) Are we to consider, with a α-risk = 0.01, that the delivery complies with the contract ? b) What is the higher α-risk which would make the delivery comply with the contract ? 2°) After having changed the time of a television programme, a survey among 400 people, and 152 of them watched the programme. a) Determine a confidence interval of the proportion of people who actually watched the programme. b) The audience with the former time was 30%. Is there evidence to say the changing the time increased the audience ?



V.



Small samples:



1°) The amount of sugar in a solution has been measured on 8 samples, and it gave the following data : 19.5 19.7 19.8 20.2 20.2 20.3 20.4 20.8 a) Calculate estimations of the mean and the variance of the production. b) Is this sample representative of the production whose amount of sugar is usually normal with a mean M = 19.6 ? page 25



Chap. 8.



I.



Parametric Tests



Means comparison:



1°) Fifty-three children treated for lead poisoning had their IQ's tested before treatment and 6 months later (Journal of the American Medical Association, April 7, 1993, page 1644). Before treatment these children with unhealthy amounts of lead in their blood showed an average IQ of 83.5 with a standard deviation of 10.2. Six months later their average IQ was 88.1 with a standard deviation of 11.2. Is this enough evidence to support the claim that average IQ improves after treatment for lead poisoning. Test with α = 0.05. 2°) An admissions director conducts a study to compare the scores of male and female students on the verbal section of a national standardized exam. Test results of 400 women and 500 men are noted to be as follows. 2 Women: n = 400. Σx = 208,000. x − x = 760,000 Men:



n = 500.



∑b g Σx = 255.000. ∑ b x − x g



2



= 1,050,000



a) Is there a significant difference between male and female students? b) Determine a 98% confidence interval estimate for the difference in mean verbal test results. 3°) An educator believes that professors at liberal arts colleges give higher grades than their colleagues in professional schools. She obtains a sample of • 500 grades given at a liberal arts college and tabulates x = 1300 and x 2 = 3460 •



∑ ∑ 350 grades given at a professional school and tabulates ∑ x = 896 and ∑ x



2



= 2 360



What conclusion should she draw at the 10% significance level? 4°) A cobra C and a rattlesnake R are having a drink in a snake bar. -C- ” D’you know, man, in this bar the glasses are bigger than in the other one down there. “ -R- “ You don’t say ! “ -C- ”A sample of 30 glasses has a mean of 35 cl (with a s. d. of 5), and in the other one, a sample of 45 has a mean of 30 with the same s. d.” -R-“Well ! I ain’t that keen on statistics. What does it mean ?“



∑



1 X k is to be used to choose between two hypothesis: n H0 : [ M = 0, σ = 2] H1 : [ M = 1, σ = 4] for the PDF of random variable X which is known to be Gaussian. a) Make a sketch of the possible points (α, β) in a α,β plane for the case n = 36. α and β are, respectively, the conditional probabilities of false rejection and false acceptance.



5°) A hypothesis test based on the statistic X =
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b) Answer question a), with n = 100.



II. Tests on proportions: 1°) After two deliveries, it has been noticed that there were 48 defective items out of 800 in the first delivery, and 32 out of 400 in the second one. Is there a significant difference between both deliveries ? 2°) A newspaper publishes every month the popularity rating of several politicians. In the March 1st number, the Prime Minister rating was 42 % and at April 1st it is 39%. In the font page it reads “ Prime Minister rating decreases !”. What would be an informed statistician comment ? 3°) An automobile manufacturer tries to distinguish between two assembly procedures. In a sample of 350 cars coming from the line using the first procedure, there are 28 with major defects, while a sample of 500 cars coming from the second line shows 32 with major defects. Is there a significant difference between the two lines? 4°) A business magazine article states that 82% of college graduates majoring in international economics find work in their field. A guidance counsellor believes that the true figure is lower and runs a hypothesis test on 230 such graduates at the 5% significance level. a) Find the value of β for each of the following eight possible true percentages: 83%, 84%, .... 90%. b) Sketch the operating characteristic curve. 5°) Suppose that your rival in the marketing office has what you consider to be a dumb idea. Your boss, who knows nothing about statistics, is relatively conservative but will follow up on this dumb idea if there is good evidence that more than 25% of the company's customers like it. A survey of 40 customers is taken, and 12 of them favour the idea. Your rival points out that 12/40 = 30%. You know a little about statistics and perform the usual hypothesis test with H0 : p = 0.25 and H1 : p > 0.25. Write a paragraph explaining to your boss why these data are not strong evidence that more than 25% of the customers like your rival's idea.



III.



Tests on a variance:



1°) A statement on prices of a same article in 15 shops gave the following results : 42.7 42.6 43.0 43.5 42.8 43.1 43.6 42.9 41.6 42.8 42.9 43.2 42.6 43.1 43.1 a) Determine estimations of the mean, the variance and the standard deviation. b) The usual values are mean = 43 and variance = 0.1. Is there any evidence to say that those prices do not comply with the usual values ?



IV. Comparison of two variances: 1°) To measure a mass µ, two techniques A and B are used. The measure with techniques A and B are normal, respectively N(µ, σ x), and N(µ, σ y). Eight measures with A gave s2x = 0.24 while 12 measures with B gave s2y = 0.08 . Can we say that the two techniques have the same accuracy ? 2°) Two samples have been randomly taken in two gaussian populations. The results are : Sample 1 80 80 78 80 80 78 80 79 80 80 81 77 75 80 80 81 79 78 Sample 2 77 78 84 82 80 84 82 78 81 79 81 80 82 84 84 a) Test the equality of both variances with an α-risk = 0.05. b) Determine an estimation of the common variance.



81 82 81
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c) Test eventually the equality of the means.



V.



Small samples:



1°) An urban planning group intends to study the possible differences between the mean income of the inhabitants of two zones in a city. It has two samples, one for each zone. Zone 1 : sample size : 8 mean : £ 15 700 standard deviation estimation s1 = £ 700 Zone 2 : - 11 - - £ 14 500 - - - - - - - - s2 = £ 850 Assuming that the income per inhabitant is a Gaussian random variable: a) With a α-risk = 0,05 determine whether there is a difference between the two zones. b) Calculate a confidence interval for the difference of income between the two zones. 16



2°) A sample of 16 N(M, σ²) variables provided the results: x = 41, 5 and



∑( x − 41, 5) i



2



= 135 .



i=1



a) Prove that the hypothesis M = 43.5 is not sensible for this population, and determine a confidence interval of the mean with α = 0.05. 20



b) For a sample randomly selected in an unknown population we got y = 43 and



∑( y − 43) i



2



= 171 .



i=1



Prove that the two samples may come, as far as mean and variance are concerned, from the same population.



VI. Problems:
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Chap. 9. Chi square tests



I.



Graphic good-fit test



1°) An (anonymous) survey is performed to estimate the working time of students of a university. The answers (hours per week) are collected in the table below : 0,5 1 1,5 2 2,5 3 3,5 4 4,5 Time in hours Number of students



14







20







14







13







12







5







6







5







4







7



Is it relevant to consider this set coming from a Gaussian variable 2°) Consider the following series: intervals 20 21 22 23 24 25 26 27 28 29 number 2  4  13  40  65  52  18  6  6 a) Prove with the Gausso-arithmetic chart, that it is correct to think this data is normal. b) Determine the mean and the standard deviation with the previous graphic. c) Verify those estimations by calculus. 3°) Build, with a gaussian-arithmetic chart, a 100-sample with ten intervals whose underlying variable is normal N(5, σ = 0.05)



II. Goodness-of-fit test 1°) Suppose your mathematics teacher gives, as a homework assignment, the problem of testing the fairness of a six-sided die. You are asked to roll the die 6 000 times and note how often it comes up 1, 2, … and 6. Tossing the die soon becomes tiresome, so you decide to invent some “reasonable” data. Being careful to make a total of 6 000 you write: Number on die 1 2 3 4 5 6 observed 988 991 1010 990 1013 1008 a) Run the test: H0 : the die is fair against H1 : the die is not fair b) The teacher wasn’t born yesterday. What does he say?



with α = 0.01, α = 0.1 ?



2°) An operation research group studying the M.I.T. libraries found that the number of books withdrawn by individual users during one visit to the Science Library was geometrically distributed with p = 0.4. Test this hypothesis for goodness of fit using the following data, which represents an independent random sample of 100 observations. value of x 0 1 2 3 ≥4 number of visitors 37 26 17 5 15 3°) A random variable X can take integer values up to 4. We intend to test whether X is B(4, 1/3) or not. A test is performed on 324 trials and it gives the following results: number of 0 = 67, number of 1 = 122, number of 2 = 94, number of 3 = 38. What are the conclusions ? 4°) Four commercial flights per day are made from a small county airport. The airport manager tabulates the number of on-time departures each day for 200 days. The sample yields the following table : Number of on-time departures 0 1 2 3 4 page 29



Observed number of days 13 36 72 56 23 At the 5 % significance level, test the null hypothesis that the daily distribution is binomial. Make sure you understand the differences between the two previous exercises. In the first one p is given before the test is performed whereas in the second one p is estimated from the sample. 5°) A geneticist claims that four species of fruit flies should appear in the ratio 1:3:3:9. Suppose that a sample of 4 000 flies contained 226, 764, 733 and 2 277 flies of each specie, respectively. At the 10 % significance level, is there sufficient evidence to reject the geneticist’s claim ? 6°) In a computing centre, the number of failures per week is a random variable X. A 100-week survey gave the following data: failures / week 0 1 2 3 4 5 6 number of weeks 59 26 8 3 2 1 1 Test with an α-risk 0.01, the hypothesis Ho : X is a Poisson PMF. 7°) A real estate agent tabulates the number of home sales per week during a sample of 83 weeks. sales per week 0 1 2 3 4 5 number of weeks 3 15 28 25 6 4 Test the null hypothesis that the distribution is Poisson with λ = 2.4 8°) Let A1, A2 et A3, be the three rectangular sides of a prism and B1 et B1 the triangular ones. The prism is thrown 500 times and we note that the prism fell: 111 times on A1, 113 times on A2, 118 times on A3, 81 times on B1 and 77 times on B2. Test with α = 0.05 then 0.01 the hypothesis : The five sides have the same probability. 9°) With a sample of 1 000 independent trials, we intend to test whether X is N(1.1, σ² = 0.04) or not. 0,7 0,8 0,9 1 1,1 1,2 1,3 1,4 measure 0,6 Nb of success 26  51  107  168  200  193  138  80  29  8 a) Which is the decision of the test, with α = 0.05 ? b) A second test is performed with the same data, and the question is : is this variable normal ? Which is the decision ? What did not fit in the first test ? 10°)



A sample of 1 000 parcels carried by a goods lift yields the following data: Mass (kg) 50...60 60...70 70...80 80...90 90...100 nb of parcels 61 260 380 232 67 a) Calculate the mean and the variance. b) Is the hypothesis “the mass is a normal variable N(M = 75, σ²)” relevant ?



III. Independence tests: 1°) Airlines Eat-Parade: recent reports indicate meals served during flights are rated similar regardless of airline. A survey given to randomly selected passengers asked each to rate the quality of in-flight meals. The results are given in the table below. A B C D poor 42 35 22 23 acceptable 50 75 33 28 good 10 17 21 18 Is there any evidence to suggest the quality of meals differs by airline (use α = 0.01) ? 2°) The following table collects information about the age of drivers and the number of accidents in which page 30



they have been involved during the previous year. Age of the driver 18 – 30 30 – 45 more than 45 Total Number of 0 220 290 310 820 accidents 1 45 40 45 130 more than 1 25 15 10 50 Total 290 345 365 1 000 Is there, with an α-risk of 0.05, a relation between the age of the driver and the number of accidents ?



IV. Other tests: 1°) The bookstore at a large university stocks four brands of graphing calculators. Recent sales figures indicated 55% of all graphing calculator sales were TI, 25% were HP, 15% were Casio and 5% were Sharp. This semester 200 graphing calculators were sold according to the table below. Texas Instruments Hewlett Packard Casio Sharp 120 47 21 12 Is there any evidence to suggest the sales proportions have changed (use α = 0.05) ? 2°) It has been noticed that on TV sets of a given brand, 30% of the failures come from the cathode-ray tube, 55% from electronic components, and 15% from various problems. On a sample of 200 TV sets from a rival brand, there were 42 cathode-ray failures, 132 component failures and 26 various ones. Is there evidence to say that the brands are different, as far as quality is concerned ? 3°) In a particular city, the sales of a certain commodity are dominated by four leading brands A, B, C and D, while other brands combined (represented by E) account for only 10% of the sales. Initially, the percentage distribution of market shares are as follows : Brands A B C D E Shares in % 25 25 20 20 10 After a vigorous sales campaign put on by manufacturers C and D, a random sample of 1000 sales showed the following breakdown : Brands A B C D E Sales 232 228 229 227 84 Has the distribution undergone a statistically significant change ?
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Chap. 10. Réserve d’exos



I.



Probability spaces



II.



Discrete random variables



1°)
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