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PRESENTATION OF TWO METHODS FOR COMPUTING THE RESPONSE COEFFICIENTS IN STOCHASTIC FINITE ELEMENT ANALYSIS



M. Berveiller, and B. Sudret Electricit´e de France, R&D Division, Site des Renardi`eres F-77818 Moret sur Loing [email protected], [email protected] M. Lemaire LaMI-UBP-IFMA, Campus de Clermont-Ferrand, BP265, F-63175 Aubi`ere [email protected]



Abstract This paper presents two methods for computing the response coefficients in stochastic finite element analysis. The first one is a generalization of the Spectral Stochastic Finite Element Method (SSFEM) by Ghanem and Spanos (1991) in the case of input random variables, which take into account randomness in material properties and loading. The second method is a response collocation method, which makes use of a succession of deterministic finite element analysis. These methods are applied to estimating the convergence of a tunnel in an elastic soil mass, and compared in terms of accuracy and efficiency



Introduction The aim of this paper is to compare two methods for computing response coefficients in stochastic finite element analysis, in the case of randomness in material properties (e.g. Young’s modulus and/or Poisson’s ratio) and loading. The first method is based on the Spectral Stochastic Finite Element Method (SSFEM), which was introduced in the early 90’s for solving stochastic boundary value problems in which the spatial variability of a material property was modeled as a random field usually Gaussian or lognormal (Ghanem and Spanos (1991)). The proposed stochastic finite element procedure (SFEP) is an extension of this method to the case of any number of random variables of any type, which represents randomness both in material properties and loading. The expansion of the response is given onto the so-called polynomial chaos. Another method based on collocation and the orthogonality of the polynomial chaos, allows to compute this response expansion with a series of deterministic finite element analysis. Polynomial expansion of random variables Let us denote by L2 (Θ, F, P ) the Hilbert space of random variables with finite variance. Let us consider a random variable X with prescribed probability density function fX (x). Classical results (Malliavin, 1997) allow to expand X as a polynomial
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series expansion in a standard normal variable ξ: X=



∞ X



ai Hi (ξ)



(1)



i=0



where {ai , i = 0, · · ·} are coefficients to be evaluated. A collocation method is used to evaluate these coefficients. Let us denote by {ξ (1) , · · · , ξ (n) } n outcomes of ξ. For each outcome, X (i) = FX−1 (Φ(ξ (i) )) is obtained from the transformation to the standard normal space X → ξ : FX (X) = Φ(ξ), where FX denotes the cumulative distribution function (CDF) of X and Φ the standard normal CDF. On the other p X ˜ = hand, a polynomial approximation of X may be postulated as X ai Hi (ξ), i=0



where {ai , i = 0, · · · , p} are to be computed. The least square method consists in minimizing the following quantity with the respect to {ai , i = 0, · · · , p}: " #2 p n h n i2 X X X ˜ (i) = ∆X = X (i) − X X (i) − aj Hj (ξ (i) ) (2) i=1



i=1



j=0



This leads to the following linear system yielding the expansion coefficients {ai , i = 0, · · · , p}: 



n X



(i)



n X



(i)



(i)



(i)



H0 (ξ )H0 (ξ ) · · · H0 (ξ )Hp (ξ )   i=1 i=1   .. .. ..  . . .  n n  X X  Hp (ξ (i) )H0 (ξ (i) ) · · · Hp (ξ (i) )Hp (ξ (i) ) i=1



i=1







       







n X



(i)



(i)



X H0 (ξ )    i=1 a0  .. ..  =  . .    n  X ap  X (i) Hp (ξ (i) ) i=1



        



(3)



Stochastic finite element procedure (SFEP) Using classical notations (Zienkiewicz and Taylor, 2000), the finite element method for static problems in linear elasticity yields a linear system of size Ndof × Ndof , where Ndof denotes the number of degrees of freedom of the structure: K · U = F , where K is the global stiffness matrix, U is the vector of nodal displacements and F is the vector of nodal forces. In SFEP, due to the introduction of input random variables, the basic response quantity is a random vector of nodal displacements, which can be expanded onto the so-called polynomial chaos: U (θ) =



∞ X j=0



U j Ψj (ξ) ≡



∞ X



U j Ψj



(4)



j=0



where ξ = {ξk (θ), k = 1, · · · , M} denotes the set of standard normal variables appearing in the discretization of all input random variables and {Ψ(ξ)} are multidimensional Hermite polynomials. Note that the one-dimensional Hermite polynomials are Berveiller, Sudret, and Lemaire
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contained in the polynomial chaos. Thus the expansion of the input random variable ∞ X (Eq.(1)) may be recast as X = a ˜j Ψj (ξ). j=0



When materials properties are described by means of random variables, the elasticity matrix hence the global stiffness matrix become random (Sudret et al., 2003). The latter may be expanded onto the polynomial chaos as follows: ∞ X [Z K= Kj Ψj where Kj = E[KΨj ] = B T · E[D(θ)Ψj ] · BdΩe (5) e



j=0



Ωe



where B is the (deterministic) matrix that relates the components of strain to the element nodal displacement and D(θ) is the (random) elasticity matrix. In case of an isotropic elastic material with random independent Young’s modulus E and Poisson’s ratio ν, the elasticity matrix may be written as: ˜ D = E(λ(ν)D µ(ν)D2 ) 1 + 2˜



(6)



˜ where λ(ν), µ ˜(ν) are function of ν which depend on the modeling (plane strain, plane stress or three-dimensional problem) and D1 , D2 are deterministic matrices which also depend on the modeling. Random Young’s modulus E is expanded as in Eq.(1). ˜ Functions of the random Poisson’s ratio {λ(ν), µ ˜(ν)} may be expanded in the same way, using either the projection or the collocation method: E=



∞ X



˜ λ(ν) =



ei Hi (ξE ) ,



i=0



∞ X



λj Hj (ξν ) ,



µ ˜(ν) =



j=0



∞ X



µj Hj (ξν )



(7)



j=0



Note that the same standard normal variable ξν is used to expand both functions ˜ λ(ν) and µ ˜(ν). By substituting for Eq.(7) in (6), one finally gets: D=



∞ X ∞ X



ei λj Hi (ξE )Hj (ξν )D1 +



i=0 j=0



∞ X ∞ X



ei µj Hi (ξE )Hj (ξν )D2



(8)



i=0 j=0



Products of Hermite polynomials Hi (ξE )Hj (ξν ) may be injected into the polynomial chaos leading to the form : D=



∞ X



(αj D1 + βj D2 )Ψj (ξ)



(9)



j=0



The latter expression may be substituted in (5) to get the expansion matrix coefficients Kj . PNq i The vector of nodal forces may be written F = i=1 q F i where Nq is the number of i Nq load cases, {q }i=1 denote the random load intensities and F i ”load pattern” vectors corresponding to a unit value of q i . Note that this formulation equally applies to pinpoint forces, pressure or initial stresses. Coefficients q i can be expanded onto the polynomial chaos (see Eq.(1)): i



q =



∞ X j=0
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qji Hj (ξi )



≡



∞ X



q˜ji Ψj



(10)



j=0



3



Finally the random vector of nodal forces reads: F =



Nq ∞ X X



q˜ji Ψj F i



i=1 j=0



≡



∞ X j=0



e j Ψj F



(11)



By using (4), (5) and (11), the discretized stochastic equilibrium equation reads: ! ! ∞ ∞ ∞ X X X e j Ψj Ki Ψ i · U j Ψj = F (12) i=0



j=0



j=0



Coefficients {U 0 , · · · , U P −1 } are computed using the Galerkin method minimizing the residual defined after a truncature of the series appearing in Eq.(12) at order P , which is equivalent to requiring that this residual be orthogonal to the space spanned by {Ψj , j = 0, · · · , P − 1} (Ghanem and Spanos, 1991). This leads to the linear system:       e0 F K0,0 · · · K0,P −1 U0   K1,0 · · · K1,P −1   U   F 1     e1   (13)  ·  ..  =  ..   .. ..   .   .   . . e P −1 U P −1 KP −1,0 · · · KP −1,P −1 F where Kj,k =



P −1 X



Ki E[Ψi Ψj Ψk ] =



i=0



P −1 X



Ki dijk . Note that dijk can be computed ana-



i=0



lytically (Berveiller et al., 2004). This system can be solved by any linear solver at hand. Response collocation method The principle of the response collocation method consists in computing the expansion coefficients U j (Eq.(4)) as in the first section, namely using a least square minimization method (Mahadevan et al., 2003). Suppose that we want to approximate the random nodal displacement vector by the truncated series expansion: ˜ = U ≈U



P −1 X



U j Ψj (ξ)



(14)



j=0



where ξ is a M-dimensional standard normal vector, and {Ψj , j = 0, · · · , P − 1} are P multidimensional Hermite polynomial of ξ whose degree is less or equal than p.  p  X M +k−1 Note that the following relationship holds P = . Let us denote k k=0



by {ξ (k) , k = 1, · · · , n} n outcomes of the standard normal random vector ξ. For each outcome ξ (k) , the isoprobabilistic transform yields a vector of input random variables X (k) . Using a classical finite element code, the response vector U (k) can be computed. Berveiller, Sudret, and Lemaire



4



Let us denote by {u(k),i , i = 1, · · · , Ndof } its components. Using Eq.(14) for the i-th component, we get: P −1 X i u˜ (ξ) = uij Ψj (ξ) (15) j=0



where



(uij )



are coefficients to be computed. The response collocation method consists i2 Pn h (k),i i i (k) in finding the set of coefficients that minimizes the difference ∆u = k=1 u − u˜ (ξ ) Similarly to previous section, these coefficients are solution of the following linear system: 



n X



(k)



(k)



Ψ0 (ξ )Ψ0 (ξ ) ···   k=1   .. ..  . .  n  X  ΨP −1 (ξ (k) )Ψ0 (ξ (k) ) · · · k=1



n X



(k)



(k)











n X



(k),i



(k)



u Ψ0 (ξ )    i   k=1 u 0     ..   .. ..  .  =  . .   n n i   X X u P −1  ΨP −1 (ξ (k) )ΨP −1 (ξ (k) )  u(k),i ΨP −1 (ξ (k) ) k=1



k=1



Ψ0 (ξ



)ΨP −1 (ξ



)



k=1



(16)



Note that the P × P matrix on the left hand size may be evaluated once and for all. Moreover it is independent on the mechanical problem under consideration. Then the coefficients of the expansion of each nodal displacement ui are obtained by the resolution of the system (16) with the Cholesky decomposition. The crucial point in this approach is to properly select the collocation points, i.e. the outcomes {ξ (k) , k = 1, · · · , n}. Note that n ≥ P is required so that a solution of (16) exist. Webster et al. (1996) and Isukapalli (1999) choose for each input variable the (p + 1) roots of the (p + 1)-th order Hermite polynomial, and then built (p + 1)M vectors of length M using all possible combinations. Then they select n outcomes {ξ (k) , k = 1, · · · , n} out of these (p + 1)M possible combinations: - Webster et al. (1996) selected n=P+ 1 and the (P + 1) outcomes which maximize 
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ϕM (ξ (k) ) = (2π)−M/2 exp −1/2 ξ (k) . - Isukapalli (1999) selected by the same method 2(P + 1) outcomes. The null vector ξ = 0 was also added if not already included in the set.



In the sequel, both selection schemes are adopted and compared to the standard SFE procedure presented in the previous section. Application Let us consider a deep tunnel in an elastic, isotropic homogeneous soil mass. Let us consider a homogeneous initial stress field. The coefficient of earth pressure at rest is 0 defined as K0 = σσxx 0 . Parameters describing geometry, material properties and loads yy are given in Table 1. The analysis is carried out under plane strain conditions. Due to the symmetry of the problem, only a quarter of the problem is modeled by finite element (Figure 1). The mesh contains 462 nodes and 420 4-node linear elements, which allow a 1.4%-accuracy evaluation of the radial displacement compared to a reference solution. Berveiller, Sudret, and Lemaire
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Parameter Tunnel depth Tunnel radius Vertical initial stress Coefficient of earth pressure at rest Young’s modulus Poisson’s ratio



Notation L R 0 −σyy K0



Type Deterministic Deterministic Lognormal Lognormal



Mean 20 m 1m 0.2 MPa 0.5



Coef. of Var. 30% 10%



E ν



Lognormal Uniform [0.1-0.3]



50 MPa 0.2



20 % 29%



Table 1: Parameters of the model L
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Figure 1: Scheme of the tunnel. Mesh of the tunnel The value of uE obtained for the mean values of the random parameters is um E = −0.00624m. Statistical moments of uE (reduced mean value E[uE ]/um , coefficient E of variation, skewness and kurtosis) are given in Table 2. The reference solution is obtained by Monte Carlo simulation using 30,000 samples (column #2) with the finite element method. The coefficient of variation of the simulation is 0.25%. The collocation method gives good results when there are at least 70 collocation points. These results are better than those obtained by SFEP. The fact that ξ = 0 is included in the set of collocation points has no impact on the accuracy of the results. In terms of efficiency, SFEP required 4260 time units (1 unit = CPU of a deterministic finite element run) whereas the response collocation method required 70 units to get accurate enough results.
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uE /um E Coeff. of Var. skewness kurtosis



Reference Monte-Carlo 1.017 0.426 -1.182 5.670



SFEP p=3 1.031 0.427 -0.807 4.209



35 1.311 1.157 -0.919 13.410



collocation : number of collocation points 35 with 0 70 70 with 0 256 with 0 1.019 1.021 1.021 1.018 3.498 0.431 0.431 0.433 -0.574 -1.133 -1.132 -1.178 4.743 5.312 5.310 5.459



256 1.018 0.433 -1.179 5.460



Table 2: Moments of the radial displacement at point E



Conclusion The paper presents two methods for computing the response coefficients in stochastic finite element analysis, namely a stochastic finite element procedure (SFEP) in the tradition of Ghanem’s work and a response collocation method. The latter allows to compute the expansion coefficients with a succession of deterministic analysis. This method appears more accurate than SFEP to compute the statistical moments of the response for a computation cost 50 times less in the application example. It does not require approximating the input random variables, in contrary to SFEP. It is applicable with any finite element code at hand, thus making the approach feasible for any kind of problems including non linear problems and problems involving randomness on geometry with no extra implementation. References Berveiller, M., Sudret, B., and Lemaire, M., 2004, Comparison of methods for computing the response coefficients in stochastic finite element analysis, in Proc. AsRANET 2, Barcelona, Spain. Ghanem, R.-G. and Spanos, P.-D., 1991, Stochastic finite elements - A spectral approach, Springer Verlag. Isukapalli, S. S., 1999, Uncertainty Analysis of Transport-Transformation Models, Ph.D. thesis, The State University of New Jersey. Mahadevan, S., Huang, S., and Rebba, R., 2003, A stochastic response surface method for random field problems, Proc. 9th Int. Conf On Applications of Statistics and Probability in Civil Engineering, (ICASP9), 177–184. Malliavin, P., 1997, Stochastic Analysis, Springer. Sudret, B., Berveiller, M., and Lemaire, M., 2003, Application of a stochastic finite element procedure to reliability analysis, in Proc 11th IFIP WG7.5 Conference, Banff, Canada. Webster, M., Tatang, M., and McRae, G., 1996, Application of the probabilistic collocation method for an uncertainty analysis of a simple ocean model, Tech. rep., MIT Joint Program on the Science and Policy of Global Change, Reports Series No. 4, Massachusetts Institute of Technology. Zienkiewicz, O.-C. and Taylor, R.-L., 2000, The finite element method, Butterworth Heinemann, 5th edition. Berveiller, Sudret, and Lemaire
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