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Plate bending approximation: thin (Kirchhoff) plates and C1 continuity requirements 4.1 Introduction The subject of bending of plates and indeed its extension to shells was one of the first to which the finite element method was applied in the early 1960s. At that time the various difficulties that were to be encountered were not fully appreciated and for this reason the topic remains one in which research is active to the present day. Although the subject is of direct interest only to applied mechanicians and structural engineers there is much that has more general applicability, and many of the procedures which we shall introduce can be directly translated to other fields of application. Plates and shells are but a particular form of a three-dimensional solid, the treatment of which presents no theoretical difficulties, at least in the case of elasticity. However, the thickness of such structures (denoted throughout this and later chapters as t ) is very small when compared with other dimensions, and complete threedimensional numerical treatment is not only costly but in addition often leads to serious numerical ill-conditioning problems. T o ease the solution, even long before numerical approaches became possible, several classical assumptions regarding the behaviour of such structures were introduced. Clearly, such assumptions result in a series of approximations. Thus numerical treatment will, in general, concern itself with the approximation to an already approximate theory (or mathematical model), the validity of which is restricted. On occasion we shall point out the shortcomings of the original assumptions, and indeed modify these as necessary or convenient. This can be done simply because now we are granted more freedom than that which existed in the ‘pre-computer’ era. The thin plate theory is based on the assumptions formalized by Kirchhoff in 1850,’ and indeed his name is often associated with this theory, though an early version was presented by Sophie Germain in 18 1 1 A relaxation of the assumptions was made by Reissner in 1945’ and in a slightly different manner by Mindlin6 in 1951. These modified theories extend the field of application of the theory to ririck p1rrte.v and we shall associate this name with the Reissner-Mindlin postulates. It turns out that the thick plate theory is simpler to implement in the finite element method. though in the early days of analytical treatment it presented more difficulties. As it is more convenient to introduce first the thick plate theory and by imposition of
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additional assumptions to limit it to thin plate theory we shall follow this path in the present chapter. However, when discussing numerical solutions we shall reverse the process and follow the historical procedure of dealing with the thin plate situations first in this chapter. The extension to thick plates and to what turns out always to be a mixed formulation will be the subject of Chapter 5. In the thin plate theory it is possible to represent the state of deformation by one quantity IY, the lateral displacement of the middle plane of the plate. Clearly, such a formulation is irreducible. The achievement of this irreducible form introduces second derivatives of w in the strain definition and continuity conditions between elements have now to be imposed not only on this quantity but also on its derivatives (C, continuity). This is to ensure that the plate remains continuous and does not ‘kink’.* Thus at nodes on element interfaces it will always be necessary to use both the value of M, and its slopes (first derivatives of w ) to impose continuity. Determination of suitable shape functions is now much more complex than those needed for C, continuity. Indeed, as complete slope continuity is required on the interfaces between various elements, the mathematical and computational difficulties often rise disproportionately fast. It is, however, relatively simple to obtain shape functions which, while preserving continuity of w, may violate its slope continuity between elements, though normally not at the node where such continuity is imposed.+ If such chosen functions satisfy the ‘patch test’ (see Chapter 10, Volume 1) then convergence will still be found. The first part of this chapter will be concerned with such ‘nonconforming’ or ‘incompatible’ shape functions. In later parts new functions will be introduced by which continuity can be restored. The solution with such ‘conforming’ shape functions will now give bounds to the energy of the correct solution, but, on many occasions, will yield inferior accuracy to that achieved with non-conforming elements. Thus, for practical usage the methods of the first part of the chapter are often recommended. The shape functions for rectangular elements are the simplest to form for thin plates and will be introduced first. Shape functions for triangular and quadrilateral elements are more complex and will be introduced later for solutions of plates of arbitrary shape or, for that matter, for dealing with shell problems where such elements are essential. The problem of thin plates is associated with fourth-order diflerentiul equations leading to a potential energy function which contains second derivatives of the unknown function. It is characteristic of a large class of physical problems and, although the chapter concentrates on the structural problem, the reader will find that the procedures developed also will be equally applicable to any problem which is of fourth order. The difficulty of imposing C, continuity on the shape functions has resulted in many alternative approaches to the problems in which this difficulty is side-stepped. Several possibilities exist. Two of the most important are: 1. independent interpolation of rotations 8 and displacement imposing continuity as a special constraint, often applied at discrete points only; ~
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* If ‘kinking’ occurs the second derivative or curvature becomes infinite and squares of infinite terms occur in the energy exprcssion. + Later wc show that even slope discontinuity at the node may bc used.
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2 . the introduction of lagrangian variables or indeed other variables to avoid the necessity of C, continuity. Both approaches fall into the class of mixed formulations and we shall discuss these briefly at the end of the chapter. However, a fuller statement of mixed approaches will be made in the next chapter where both thick and thin approximations will be dealt with simultaneously.



4.2 The plate problem: thick and thin formulations 4.2.1 Governing equations The mechanics of plate action is perhaps best illustrated in one dimension, as shown in Fig. 4.1. Here we consider the problem of cylindrical bending of plates.* In this problem the plate is assumed to have infinite extent in one direction (here assumed the y direction) and to be loaded and supported by conditions independent of y . In this case we may analyse a strip of unit width subjected to some stress resultants M,, P,, and S,, which denote x-direction bending moment, axial force and transverse



Fig. 4.1 Displacements and stress resultants for a typical beam.
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shear force, respectively. For cross-sections that are originally normal to the middle plane of the plate we can use the approximation that at some distance from points of support or concentrated loads plane sections will remain plane during the deformation process. The postulate that sections normal to the middle plane remain plane during deformation is thus the first and most important assumption of the theory of plates (and indeed shells). To this is added the second assumption. This simply observes that the direct stresses in the normal direction, z , are small, that is, of the order of applied lateral load intensities, q, and hence direct strains in that direction can be neglected. This ‘inconsistency’ in approximation is compensated for by assuming plane stress conditions in each lamina. With these two assumptions it is easy to see that the total state of deformation can be described by displacements uo and wo of the middle surface (z = 0) and a rotation e\- of the normal. Thus the local displacements in the directions of the x and z axes are taken as and w(x,z) = wo(x) Immediately the strains in the x and z directions are available as U(X,Z)= uO(-x)- ze.,(x)
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d u dw dWo - = - e, + d z ax dx For the cylindrical bending problem a state of linear elastic, plane stress for each lamina yields the stress-strain relations ”i,, = -



+



and The stress resultants are obtained as



where B is the in-plane plate stiffness and D the bending stiffness computed from



with u Poisson’s ratio, E and G direct and shear elastic moduli, respectively.* A constant IC has been added here to account for the Fdct that the shcar stresscs are not constant across the section. A value of K = 5 / 6 is cxact for a rcctangular, homogeneous section and corresponds to a parabolic shear stress distribution.
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Three equations of equilibrium complete the basic formulation. These equilibrium equations may be computed directly from a differential element of the plate or by integration of the local equilibrium equations. Using the latter approach and assuming zero body and inertial forces we have for the axial resultant



ap,= o ax



where the shear stress on the top and bottom of the plate are assumed to be zero. Similarly, the shear resultant follows from



-as, +q,=o ax



where the transverse loading q, arises from the resultant of the normal traction on the top and/or bottom surfaces. Finally, the moment equilibrium is deduced from



a
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zo, dz



+



r,, dz



=0



(4.7)



In the elastic case of a plate it is easy to see that the in-plane displacements and forces, uo and P,, decouple from the other terms and the problem of lateral deformations can be dealt with separately. We shall thus only consider bending in the present chapter, returning to the combined problem, characteristic of shell behaviour, in later chapters. Equations (4.1)-(4.7) are typical for thick plates, and the thin plate theory adds an additional assumption. This simply neglects the shear deformation and puts G = x. Equation (4.3) thus becomes



This thin plate assumption is equivalent to stating that the normals to the middle plane remain normal to it during deformation and is the same as the well-known Bernoulli-Euler assumption for thin beams. The thin, constrained theory is very
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Fig. 4.2 Support (end) conditions for a plate or a beam. Note: the conventionally illustrated simple support leads to infinite displacement - reality is different.



widely used in practice and proves adequate for a large number of structural problems, though, of course, should not be taken literally as the true behaviour near supports or where local load action is important and is three dimensional. In Fig. 4.2 we illustrate some of the boundary conditions imposed on plates (and beams) and immediately note that the diagrammatic representations of simple support as a knife edge would lead to infinite displacements and stresses. Of course, if a rigid bracket is added in the manner shown this will alter the behaviour to that which we shall generally assume. The one-dimensional problem of plates and the introduction of thick and thin assumptions translate directly to the general theory of plates. In Fig. 4.3 we illustrate the extensions necessary and write, in place of Eq. (4.1) (assuming uo and vo to be zero) u = - d y ( x , y ) ,u= -zO,.(x,y)
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(4.9)



wo(x,y)



where we note that displacement parameters are now functions of
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and y .
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We note that now in addition to normal bending moments M , and My, now defined by expression (4.3) for the x and y directions, respectively, a twisting moment arises defined by (4.12) Introducing appropriate constitutive relations, all moment components can be related to displacement derivatives. For isotropic elasticity we can thus write, in place of Eq. (4.3), (4.13) where, assuming plane stress behaviour in each layer, D=D[i



1;



0



]



(4.14)



0 0 (1 - v ) / 2 where u is Poisson’s ratio and D is defined by the second of Eqs (4.4). Further, the shear force resultants are (4.15) For isotropic elasticity (though here we deliberately have not related G to E and v to allow for possibly different shear rigidities)



a = nGtI



(4.16)



where I is a 2 x 2 identity matrix. Of course, the constitutive relations can be simply generalized to anisotropic or inhomogeneous behaviour such as can be manifested if several layers of materials are assembled to form a composite. The only apparent difference is the structure of the D and a matrices, which can always be found by simple integration. The governing equations of thick and thin plate behaviour are completed by writing the equilibrium relations. Again omitting the ‘in-plane’ behaviour we have, in place of Eq. (4.6), (4.17) and, in place of Eq. (4.7),



(4.18)
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Equations (4.13)-(4.18) are the basis from which the solution of both thick and thin plates can start. For thick plates any (or all) of the independent variables can be approximated independently, leading to a mixed formulation which we shall discuss in Chapter 5 and also briefly in Sec. 4.16 of this chapter. For thin plates in which the shear deformations are suppressed Eq. (4.15) is rewritten as



vw-e=o



(4.19)



and the strain-displacement relations (4.10) become
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