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Magnetic fields are also useful for probing the constitution of matter eg: NMR ...... If a single loop with an initial current I=0 is connected to a generator, then an. 
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Physics A Electromagnetism I Robert Sang



Room 0.15 Science II Email: [email protected] http://www.sct.gu.edu.au/~sctsang/ Phone: 3785 3848



Teaching Tools • Lectures è3 Core lectures + 1 streamed / week (all are welcome to attend both of the streamed lectures). èAvailable on web page



• Tutorials èSelected problems from the problem sheets. MANDATORY!



• Text Book (Halliday, Resnick and Walker) Chapters 22-31 • Griffith University Notes
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ELECTRICITY • Electricity is everywhere • Plasmas èSun èStars



• • • • • • •



van Allen radiation belts Lightning Responsible for bonding of atoms Binding of electrons to the nucleus in atoms Electric power for industry Most modern appliances: TV's, microprocessors Biological: responsible for throught processes and movement in animals



Charge • Electric charge (HRW Chap 22) è Electricity is carried by charge. è An intrinsic characteristic of fundamental particles making up those objects i.e. it automatically accompanies those particles wherever they exist.



• Two types of charge èPositive (+) eg: protons, cations èNegative (-) eg: electrons, anions èThose objects with equal charge of both negative and positive charges are said to be NEUTRAL. Eg: The Earth



• Charged objects exert forces (termed electrostatic force) on each other èLike charges REPEL èUnlike Charges ATTRACT î Atoms stay together! H atom
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• Charge is Conserved è It can not be created nor destroyed



Eg:Ionisation of an atom due to a collision with an electron −



+



−



He + e  → He + e + e



−



• Charge is Quantised è Charge comes in integral multiples of the electronic charge, which is equal to the charge on one electron and has the unit of Coulomb (C):



-e=-1.602x10-19 C è The charge on a proton is +e



Example: An object is said to have acquired an electron charge of -5.607x10-17 C, how many electrons would be on this object? Solution: Since charge is quantised and there is 1.602x10-19 C on one electron the number of charges will simply be



Number of electrons =



−5.607x10−17 = 350 electrons −1.602x10−19
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• The movement of charge (current) is a property of the material èAn object that allows the movement of charge (flow) easily is called a conductor èAn object that does not permit easy flow of charge are termed insulators



• The earth is a conductor which is neutral



Example: A conducting sphere has a charge of -30e-, it is brought in contact with an identical conducting sphere which is neutral via a conducting wire. If the wire is now removed what will be the charge on the first sphere? If instead the charged conducting sphere was connected to the earth what would be the resultant charge on the sphere? -30e-



-30e-



Before



Before -30e-



-30e-



Contact



Contact -15e-



After



-15e-



After
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Force Between Charged Objects: Coulomb's Law • Charged objects exert an electrostatic force on each other • Experimentally determined by Coulomb for point charges to be: è Proportional to product of the charges è Inversely proportional to the square of the distance between them (Inverse Square law eg: Gravitational Force) è Points along the line joining them z



F



q2



F=



The electrostatic force 1 q1 q2 ˆ 2 r 12 is a vector quantity 4 0 r12 F



rˆ 12



q1



y



rˆ 12 0



x



Specifies the magnitude Specifies the direction and is a unit vector Constant:permittivity of free space =8.854 x 10-12 C2N-1 m-2



Electrostatic Force for Multiple Charges Since the force is a vector quantity the force on a charged particle q1 due to multiple charges q2, q3, q4, …..qn is just the vector sum of the force due to each of the charges on q1 cf:Superposition Principle z



F14



F q1 = F12 + F13 + F 14 + F 15 + K + F 1n



F12



q4



q2



F15



rˆ 12



q5



q1



y



rˆ 15 rˆ 13



x



1 q1 q2 1 rˆ12 + 2 4 0 r12 4 0 1 q1q4 1 + rˆ + K + 2 14 4 0 r14 4 0 F q1 =



rˆ 14



q3 F13



F q1 =



q1q3 rˆ13 r13 2 q1qn rˆ1n r1n 2



1  n q1qi  rˆ1i  ∑ 4 0  i =1 r1i2 



Generalised form of Coulomb's Law
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Example 1: Determine the force on charge q1 due to q2 charge where q1 = 1.6x10-19 C and q2 = 4.8x10-19 C and the distance between them is R = 0.05m on the x axis. q1



q2



+



x



+



F12 R



1 q1q2 rˆ12 4 0 r122



Coulomb's Law



F12 =



Magnitude of the force



F 12 = [8.99 × 10



9



]



1.6 × 10 −19 × 4.8 × 10−19



( 0.05) 2



N



= 2.76 × 10 −25 N



Direction of the force?



Since both charges are positive they must repel each other thus q2 Must push q1 away ⇒ rˆ 12 = −iˆ ⇒ F12 = −2.76 × 10 −25 iˆ N



Example 2: Determine the force on charge q1 due to charge q2 and q3 where q1 = q3 = 1.6x10-19 C and q2 = 4.8x10-19 C and the distance between q1 and q2 is R = 0.05m on the x axis. The distance between q1 and q3 is R = 0.05m and q3 is located in the x-y plane at 135o to the x axis. Y q3 1  n q1qi  + F q1 = rˆ1i  ∑ 4 0  i =1 r1i2  R



q2 +



135o + q1 R



x



F q1 = F12 + F13 F q1 =



1 q1 q2 1 ˆ 2 r 12 + 4 0 r12 4



0



q1q3 rˆ13 r13 2



⇒ F12 = −2.76 × 10 −25 iˆ N F 13 = [8.99 × 10 9 ]



1.6 × 10 −19 × 1.6 × 10 −19



(0.05)2



N



= 9.23 × 10−26 N
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Direction of F13 ?



Y



q3 +



Resolve the force into Cartesian Coords: Y



R



F13



F13 45o



x



q1



45o



F y13



q2 +



135o +



R



o



45



X



F x13



F13 = Fx13 iˆ + Fy13 jˆ



cos =



F13 =



{



}



1 F iˆ − ˆj 2 13 1 = × 9.23 × 10−26 iˆ − ˆj N 2



Fy adj = 13 hyp F13



=



F y13 = F13 cos = F13 cos(45) ⇒ F y13 = − sin =



1 1 F13 ˆi − F13 ˆj 2 2



{



1 F ˆj 2 13



}



opp F x13 = hyp F13



F x13 = F13 sin = F 13 sin( 45) ⇒ F x13 =



1 F iˆ 2 13



Total force on q1 is then given by the vector sum of the two forces F q1 = F12 + F13



{



}



1 × 9.23 × 10 −26 iˆ − ˆj ( N) 2 = −2.11× 10 −25 iˆ − 6.53 × 10 −26 ˆj ( N) F q1 = −2.76 × 10 −25 iˆ +



F q1 =



(−2.11× 10 ) + ( −6.53 × 10 ) −25 2



−26 2



= 2.21 × 10 ( N ) −25



Direction of the force? θ



tan = − 6.53 × 10 −26 ˆj ⇒



−2.11× 10−25 iˆ



opp −2.11 × 10−25 = adj −6.53 × 10 −26



 −2.11 × 10−25  = tan−1  = 72.83o  −6.53 × 10 −26 
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F q1 = 2.21 × 10−25 (N) 72.83o from the negative y axis Y



q3 +



R



q2 +



135o +



F q1



x



q1 72.83o



R



WHY IS THIS GUY'S HAIR STANDING ON END?
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IMPORTANT PHYSICS A TUTORIAL INFORMATION Please ensure that you have downloaded a copy of Problem Sheet 1 prior to next week to take to your tutorial next week. THE PROBLEM SHEETS CAN BE FOUND AT THE URL:



http://www.sct.gu.edu.au/~sctsang/ THIS IS YOUR RESPONSIBILITY!



Last Lecture: Coulomb's Law z



F



q2



F=



F



rˆ 12



q1



The electrostatic force 1 q1 q2 ˆ 2 r 12 is a vector quantity 4 0 r12



y



rˆ 12 0



x



Specifies the magnitude Specifies the direction and is a unit vector Constant:permittivity of free space =8.854 x 10-12 C2N-1 m-2
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Electrostatic Force for Multiple Charges z



F14



F q1 = F12 + F13 + F 14 + F 15 + K + F 1n



F12



q4



q2



1 q1 q2 1 rˆ12 + 2 4 0 r12 4 0 1 q1q4 1 + rˆ + K + 2 14 4 0 r14 4 0 F q1 =



rˆ 14 F15



rˆ 12



q5



q1



y



rˆ 15 rˆ 13



q3



x



F q1 =



F13



q1q3 rˆ13 r13 2 q1qn rˆ1n r1n 2



1  n q1qi  rˆ1i  ∑ 4 0  i =1 r1i2 



Generalised form of Coulomb's Law



Example: Calculate the force on the point charge q1 due to the other point charges as shown. y



Coulomb's Law: q3 = +10C



0.5m q1 = -10 C



rˆ 13 0.5m



x q2 = +10 C



F q1 =



1  n q1qi  rˆ1i  ∑ 4 0  i =1 r1i2 



rˆ 12



F q1 = F12 + F13 F q1 =



1 q1 q2 1 ˆ 2 r 12 + 4 0 r12 4



0



q1q3 rˆ13 r13 2



What are the directions of the two forces?



rˆ 12 = iˆ



rˆ 13 = ˆj



2



F q1 =



1 q1 q2 1 ˆ 2 r 12 + 4 0 r12 4



⇒ F q 1 = [8.99 × 10 9 ]



0



q1q3 rˆ13 r13 2



(10)(10) ˆ 1 (10 )(10) ˆ 2 i + 2 j (0.5) 4 0 ( 0.5)



⇒ F q 1 = 3.6 × 1012 iˆ + 3.6 × 1012 ˆj y



(N)



⇒ F q1 = Fx 2 + Fy 2 =



F q1 = Fx iˆ + Fy ˆj



Fy



(3.6 × 10 ) + (3.6 × 10 ) 12 2



12 2



= 5.1× 1012 (N) x



Fx



tan( ) = ⇒



Fy 3.6 × 1012 = =1 Fx 3.6 × 1012



= tan−1 (1) = 45o



y q3 = +10C 0.5m q1 = -10 C



F q1 0.5m



x q2 = +10 C



F q 1 = 5.1 × 1012 (N) = 45o
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Lecture 2



z



F



q2



Last Lecture: Coulomb's Law



F12 =



rˆ 12



1 q1q2 rˆ12 4 0 r122



q1



y



x



Interesting exercise comparing Electrostatic force Fe to Gravitational Force FG between Cs+ and Cl- ions in a CsCl (cesium chloride) crystal. −19 2 1.602 × 10 ) ( 1 q1 q2 1 Fe = = × 2 4 0 r122 4 × 8.854 × 10−12  3 −10  × 4 × 10    2 



⇒ F e = 1.9 × 10 −9 N G=6.67x10-11Nm2kg-2 mCs=133 amu mCl=35.5 amu 1amu=1.66x10-27 kg



133 × 35.5 × (1.66 × 10 mm −11 F G = G 1 2 2 = 6.67 × 10 × 2  3 r12 −10  × 4 × 10   −42  2  F G = 7.2 × 10 N



)



−27 2



The electrostatic force is 32 orders of magnitude greater than gravitational force and is responsible for bonding in the crystal



The Electric Field • The interaction between charged bodies (eg: between two electrons) is carried by an entity termed the electric field. • The electric field is defined by the following:



E=



F q



Unit = NC-1 = Vm-1 (working unit)



The electric field at a point in space is the electrostatic force per unit charge felt by a positive test charge q place there. • |E| is called the electric field strength
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• Electric field of a point charge Applying Coulombs law for a the force for a point charge q on a test charge Q yields: r points in the 1 E=



F 4 = q



Qq rˆ 2 1 0 r = q 4



Q



direction of the force Q would put on q



0



Y



r



Q rˆ r2



q



F = Eq X



• E is a vector field hence the total field due to n point charges is simply found by summing the forces and dividing by the test point charge q: 1 1 n E = ( F1 + F 2 + ... + F n ) = ∑ F i = E 1 + E 2 + ... + E n q q i =1 Electric fields add vectorially!



Electric Field is determined by Superposition



Q1



Q2 Q3



r1 Q4 r4 Q5



r2 q



r5



Y



r3 n=5



X



E=



1 5 ∑ F i = E1 + E 2 + E 3 + E 4 + E 5 q i =1
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• Electric Field Lines è Originally devised by Michael Faraday è Used to pictorially represent the electric field or "lines of force" è The direction of the field line represents the direction of force felt by a test charge. The direction of E is tangential to the field line. è The magnitude of the electric field or the electric field strength is proportional to the number of field lines cutting a unit area perpendicular to E è A field line begins on a positive charge and terminates on a negative charge è The number of field lines leaving a positive charge (or entering a negative charge) is proportional to the magnitude of the charge



• Examples of electric fields Sphere of uniform negative charge



Two equal charge positive point charges Zero Field



High Field Region



Weak Field Region



E is tangential to the field lines
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One positive and one negative point charge



Positively charged conducting Sheet



High Field Region



Weak Field Region



Field lines begin on positive charge and terminate on the negative charge
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Example 1: Determine E at the midpoint joining two point charges q1=1.0x10-6 C and q2=-3.0x10-6 C, separated by 1.0cm. d



q1



+ive



E=



d



4



0



Q rˆ r2



()



q1 ˆ 1 q2 ˆ i E2 = 2 i 4 0d 4 0 d2 x iˆ is the unit vector in the x-direction E1 =



q2



+ive -ive E1 Test charge q at x=0



1



E2



Direction of E from each charge on the test charge?



E TOT =



1



E TOT = E 1 + E 2 E TOT =



(q1 + q2 ) ˆ



1 4



0



d2



i



1 (1.0 + 3.0) × 10−6 ˆ i × 2 4 × 8.854 × 10 −12 (5.0 × 10 −3) E TOT = 1.44 × 10 9 NC −1 iˆ
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• Example 2: The Millikian oil drop experiment (1912) was used to prove that charge is quantised in units of e i.e. q=ne for n=0,±1,±2… A vertical electrostatic field holds the oil drops stationary when the gravitational and electrostatic forces are equal and opposite. Millikan used X-rays to remove charge from the oil drops and he found that the charge on the oil drops could only reach a minimum value and all other charges were multiples of that charge Let the oil drops radius be 1x10-6 m. If the density of oil is ρ=0.80 g/cm3, what electric field strength is required to stop a drop with charge q=-3e?



What forces act on the charge? The forces are balanced when Fe = Fg



P1 + + + + + + + +



⇒ qE = mg



+ + + + + + + + +



F q e



-



Fg



----------P2 - - - - - - - - - - -



E? radius r



⇒E=



mg = q



=m4444 6444 47 8 −6 3 4 × 3 (1.0 × 10 ) × 9.8



(



3 × 1.602 × 10



)



−19



⇒ E = 8.5 × 10 3 NC −1 The mass of the drop is obtained from =



m m =4 ⇒ m= 3 V 3 r



4



3 3 r
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Example3: Deflection of Charged Particles: Determine the deflected Distance on a screen for an electron with initial velocity v0 in the x-direction y



y



L1



L2



+ + + + + + + +



e-



y2



θ



v0



E



x



Between the plates the electron will experience a force up due to the electric field, It therefore experiences an acceleration: F = qE = ma qE ⇒a = m qE ˆ ⇒a= j m



y1



-------Screen



Hence the distance travelled vertically between the plates is 1 s = ut + at 2 2 1 1 qE  L1  qE ( L1 ) y1 = 0 + at 2 = × = 2 2 2 m  v0  2m(v0 ) 2



Where t is given by L1 v0



t=



2



Note: no forces act horizontally.Thus the velocity is constant in this direction



The velocity at the end of the deflection plates is given by v = u + at v y = 0 + at ⇒ vy = ⇒ vy =



qE t m qEL1 mv0



Where the time between the plates is given by t=



L1 v0



There is no acceleration after the plates hence the velocity in the y direction is constant, therefore the distanced travelled in this direction is s = ut qEL1 y2 = t mv0 qEL1 L2 ⇒ y2 = × mv0 v0 qEL1 L2 ⇒ y2 = 2 m(v0 )



Where time travelled after the plates is given by t=



L2 v0



The total deflected distance is then y = y1 + y 2 =



qE( L1 )



2m(v 0 )



2 2



+



qEL1 L2 qEL1  1  2 = 2  L1 + L2   m(v0 ) m( v0 )  2
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Application: Cathode Ray Oscilloscope (CRO)
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Lectures Schedule Week (Week 10) Tuesday: Core Lecture 4 Wednesday: Physical Science Lecture 1 (Gauss's Law) Thursday: Core Lecture 5 Friday: Biological Electromagnetism Lecture 1 (Nerves, ECG) Problem Sheet 2 will be ready tomorrow which you will need for next week



The slides for these lectures are on my web page:



http://www.sct.gu.edu.au/~sctsang/



Last Lecture The Electric Field • The interaction between charged bodies (eg: between two electrons) is carried by an entity termed the electric field. • The electric field is defined by the following:



E=



F q



Unit = NC-1 = Vm-1 (working unit)



The electric field at a point in space is the electrostatic force per unit charge felt by a positive test charge q place there. • |E| is called the electric field strength



1



• Electric field of a point charge Applying Coulombs law for a the force for a point charge q on a test charge Q yields: r points in the 1 E=



F 4 = q



Qq rˆ 2 1 0 r = q 4



direction of the force Q would put on q



0



Q Y



r



Q rˆ r2



q



F = Eq X



• E is a vector field hence the total field due to n point charges is simply found by summing the forces and dividing by the test point charge q: 1 1 n E = ( F1 + F 2 + ... + F n ) = ∑ F i = E 1 + E 2 + ... + E n q q i =1



Electric Field Lines One positive and one negative point charge



High Field Region



Weak Field Region



Field lines begin on positive charge and terminate on the negative charge
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Example 1: Determine E at the midpoint joining two point charges q1=1.0x10-6 C and q2=-3.0x10-6 C, separated by 1.0cm. d



E=



d



1 4



0



Q rˆ r2



()



q1 ˆ 1 q2 ˆ E1 = E2 = 2 i 2 i d d 4 4 0 0 x iˆ is the unit vector in the x-direction 1



q1



+ive



q2



+ive -ive E1 Test charge q at x=0



E2



Direction of E from each charge on the test charge?



E TOT =



E TOT = E 1 + E 2 E TOT =



(q1 + q2 ) ˆ



1 4



0



d2



i



1 (1.0 + 3.0) × 10−6 ˆ i × 2 4 × 8.854 × 10 −12 (5.0 × 10 −3) E TOT = 1.44 × 10 9 NC −1 iˆ



Lecture 3 Electrostatic Potential • Potential energy (PE) is the ability to do work, Electrostatic Potential is not PE but is proportional to it. • Since the electric field exerts a force on a charge, then a free charge will move and hence alter its PE. • The electrostatic force pushes a free charge from a region of higher potential to lower potential. Lower Potential



q E



Electrostatic potential (V) is the quantity, the gradient of which is equal to the electric field and has the unit of VOLT (V), 1V=1NmC-1: E =−



dV dx



one dimension



|E| = 10/1 =10 V/m



Note that the electrostatic potential is a scalar!
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Relationship between Electrostatic Potential and Work (Energy) E=−



dV dx



Recall the definition of the electric field and equating: Energy lost by E field



F dV ∆V E= =− =− q dx ∆x ⇒ q∆V = − F∆x



Work=Force X Distance: ∆W = F∆x ⇒ ∆W = −q∆V Hence the energy gained by the charge due the electric field is given by ∆W = q∆V



q E This is the work done (energy gained) on a charge q moving through a potential difference ∆V. If the charge had to move against the potential it would lose this energy ∆W Potential Difference V is called voltage in electric circuits



• Electrostatic PE is analogous to the PE of a mass raised some height in a gravitational field. The greater the height raised the more the PE. • A charge has a higher PE the more it is moved against the force of an electric field. Example + Lower Potential Lower PE



Higher Potential Higher PE



+



• KE of the charge is converted to PE as it moves to the region of higher potential
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Potential of a point charge Recall the Electric field due to a point charge Q is given by E=



1 4



dV 1 ⇒− = dr 4 ⇒ dV = −



0



Q r' 2



0



Q r' 2



1 4



0



Q dr r' 2



The potential at a distance r from the charge compared to infinity yields the potential: V (∞ )



∫



V (r )



∞



dV = − ∫



V (r ) =



r



1 4



0



Q 4



0



Q dr' r' 2



∞



 1 × ( −1) Q Q  1 1 ⇒V (3 ∞ ) − V (r ) =  −  =  − r  1 2 4 r' 4  0  0 ∞ r =0



The potential of a point charge Q



r



Exercise: Confirm that it is possible to get the electric field by taking the derivative of this function.



Example: Graphical representation of the potential felt by a charge due to a dipole field, the positive charge has +1C and negative -1C and 1m apart. Increase in potential to go up hill



Example



+ + +



+



Lower Potential Smaller PE
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Example: Determine the potential due to the arrangement of point charges shown below where d=1.3m: q1=+12nC, q3=-24nC



r1



q2=+31nC q4=+17nC



The potential at P is just given by the algebraic sum of the potentials from each charge and remember the potential is a scalar quantity. Recall that the potential due to a point charge Q is V = V1 + V2 + V3 + V4 =



4



V (r ) =



Q 4



0



r



1  q1 q2 q3 q4   + + +  r2 r3 r4  0  r1



By symmetry we see that each of the charges is an equal distance from P which is r=



d 2



⇒V = ⇒V =



2 4 4×



0



d



{q1 + q2 + q3 + q4}



2 × {(12) + (31) + (−24) + (17)} × 10 −9 = 350V × 8.85 × 10−12 × 1.3



Electric Current • Electric current is the net movement of charge and is analogous to the flow of water through a river • Imagine a point P in an object where charges are moving past with a velocity v. If a small amount dq passes in a time dt then the current is : v - - --t - - -- dq - - ⇒ dq = Idt ⇒ ∫ dq = q = I ∫ dt = It I = dt 0 P dq The unit of current is the Ampere, 1A = 1 Coulomb per second C/s



Conventional and electron currents • Currents are the result of an electric field exerting a force on charges that are free to move. • Current can be due to the flow of positive or negative charge • In a conductor the flow of charge is normally due to electron movement with q=-e, as such the current flows in the opposite direction to the charge movement. This is called Conventional Current. • Unless otherwise specified, current (I) used in the course will be conventional current. • Current is a scalar even though we attribute a direction to it (like time).
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Example: A loop of copper No net flow of charge]I=0



e-



eCurrent in opposite direction To e- movement



ee-



e-



• Currents are conserved (this is a result of charge conservation)



i0 = i1 + i2 Example: What is the current and the direction in the lower right hand wire



8A Conservation of Current iin = iout Current in = 11A Current out = 3A



To equate these the current must be out =11-3=8A
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Example: During a lightning strike ~ 104 A flow during the return stroke which takes around 100µs. How many e- pass between the ground and the charge? + + + ++ + + + ++ + ++ ++ + ++



- -- -- - Cloud - ----- --- - -- -- I



Current Direction?



++++++++++ Earth q = It −6



q = 10 × 100 × 10 = 1C 4



Recall that one e- has charge 1.602x10-19 C -



Number of e =



1C 18 ~ 6.2 × 10 electrons 1.602 × 10-19 C



Example: Television. The image is formed by 1 (B&W) or 3 (colour) beams of energetic electrons striking the screen. The electrons are accelerated in an electric field (the electron gun) E ~ 106 V/m. Say the beam current is 1.0x10-4 A (0.1 mA). How many e- are emitted per second by the electron gun?



q = it q = 1 × 10−4 ×1 = 1 × 10−4 C



Recall that one e- has charge 1.602x10-19 C -



Number of e =



1× 10-4 C 14 ~ 6.2 × 10 electrons 1.602 × 10-19 C
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Current and Voltage in Conductors + + +



conductor



I



-E



How is E generated in a conductor?



• Current is the movement of charge • Charge movement is due to the electric field exerting a force on the charge: F=qE • Recall from Lecture 1 that charges move easily in conductors ⇒ Establish a potential difference between two points in the conductor



The potential difference between two points is called the voltage The electric field within a conductor is E=



V d



V is the voltage that exist between two points a distance d apart.



Note: This equation is not true in general since E may be non-uniform.



• The charges moving through a conductor with a potential difference V will have work done on them and their energy will change by W where ∆W = q∆V



• If q increases its potential, we must do work on it and hence it loses energy • If q lowers its potential, the field does work on it and the charge gains energy
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Example.



The electron gun. An electric field is established between two parallel metal plates which have a small hole through which electrons enter and leave. The electrons are supplied by a filament, which is a wire heated to more than 2000 Kelvin so that it literally boils off electrons from its surface. Each electron gains energy eV as it is accelerated between the metal plates of the gun, where V is the potential difference (voltage) between the plates. Let d=1.0cm and V= 3000 V - typical of a CRO; TV guns run at 15-20kV. What is the E field and how fast will the electrons travel?



E=



V 3000 = = 3.0 × 105 V / m d 0.01



The electrons will gain kinetic energy: ∆W = eV = −1.602 × 10−19 × −3000 = 4.8 × 10−16 J



The velocity of the electrons can be found since K=



1 2 2K mv ⇒ v = 2 m



⇒v=



2K = m



m = 9.11×10 −31 kg



2 × 4.8 × 10 −16 = 3.3 × 10 7 ms-1 9.11 × 10 −31
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Lecture 4 Electric Circuits • An electric circuit conducts current from one terminal of a source though wires and other circuit elements and back to the other terminal of the source • When referring to a circuit, voltage is interpreted as the potential difference in the circuit. • DO NOT confuse voltage with potential (V) which has the units of volts •To avoid this confusion voltage in a circuit is called the voltage drop to indicate a potential difference.



Elements of an electric circuit Sources • DC Source ⇒ source of constant potential (Battery) eg: car battery 12 V DC (Direct Current) • Current (I) flows in one direction only +ive ⇒ -ive • The flowing charge does work on the circuit elements • Within the battery the current flows from negative to positive as the battery does work on the flowing charge



• AC Source ⇒ source of alternating potential (alternator) eg: mains electricity supply 240 V AC • Current (I) flows alternates in both directions as each terminal alternates +ive ⇒ -ive • Simplest alternator produces a voltage output sinusoidal: v(t) =Vpeak sin( t). For the 240 V mains Vpeak=360 V • The voltage of a non-DC source is usually specified as the RMS value, for a sinusoid this is given by Vpeak



Representation of a DC source in a circuit



Representation of a AC source in a circuit



2



Circuit Elements • Wire is assumed to be a perfect conductor and connects other circuit elements •There is no potential drop between any two points in it. • Switch is a device that allows current to flow when closed but blocks the current when open.



Representation of a wire in a circuit



Representation of a switch in a circuit
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• Resistor is a device that dissipates electric potential energy (ie lowers the electrostatic potential of charges flowing through it), converting it to heat.



• A reactor stores electrical energy; there are two types that react in potential or current:inductor and a capacitor. These devices will be considered further in Physics B.



Representation of a resistor in a circuit



capacitor inductor



• Ammeter is a device that enables the measurement of current flowing through a circuit element



• Voltmeter is a device that measures the voltage (potential Difference) across a circuit element



A



Representation of a ammeter in a circuit



V



Representation of a voltmeter in a circuit



Connections in Circuits • Series Connections in a Circuit: two elements are in connected in series in a circuit when the same current flows through them consecutively. • Parallel Connections in a Circuit : two elements are connected in parallel in a circuit when the same voltage appears across them. The total current is shared between them.
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Example: Simple electric circuit



More complex circuit: The microchip



1971 Intel 4004 microprocessor



Intel Pentium III Processor 9.5 million transistors
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The first microchip



Jack Kilby Nobel Laureate 2000



4



Drug delivery via microchip



Properties of resistors and Ohm's Law • The resistance of a conductor (R) is defined by the ratio R=V/I. A conductor in a circuit whose function is to provide a specified resistance is called a resistor.



R=



V I



• The unit of resistance is the ohm Ω: 1Ω = 1 VA-1 • Ohm's Law: The current through a device is always directly proportional to the potential difference applied to the device: V = IR
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Resistivity of a material • The resistance of a material depends on its geometric shape as well as its constitutes. The resistivity is an intrinsic property of the material and defined as: =



E J



Unit Ωm cf: the definition of resistance



Where J is the current density defined as



J=



I A



Relationship between resistivity and resistance Consider a conductor as shown:



The electric field is E =



⇒



V E L VA A = = i = =R J i L L A



V L



The current density is J = ⇒R=



i A



L A



• The greater the resistivity ☞ greater the resistance • The smaller the area ☞ greater the resistance • Longer the material ☞ greater the resistance • Although not specifically specified in the expression the temperature of the material also affects the resistance The range of resistivities of materials is great some examples are: • Insulator (eg: Glass @ 300K) • Conductor (eg: Cu @ 300K) • semiconductor (eg: Ge @ 300K) • Superconductor (eg: Pb @ 4K)



ρ ~ 1012 ρ ~ 2x10-8 ρ ~ 0.45 ρ=0



Sometimes you will hear the term Conductivity of a material being used to describe a material. The conductivity (σ) is just the reciprocal of resistivity i.e. σ=1/ρ
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Example: Determine the current density, resistance in a aluminum wire that has a diameter of 1 mm a current of 100mA and a length of 10m, assume ρ=3x10-8 Ωm. The current density is J=



I 100 × 10−3 5 -2 = 2 = 1.3 × 10 Am A 1× 10−3     2 



+ + +



The resistance is R=



L 10 = 3 × 10−8 × 2 = 0.38Ω A 1× 10 −3     2 



aluminum wire



I



-- 1mm E



The electric field is calculated from E J ⇒ E = J = 3 × 10−8 × 1.3 × 10 5 = 0.0039Vm -1 =



Is Ohms' Law always obeyed?



Resistor Look at the ratio V/I At any point eg: R=2/2x10-3 =1000 Ω



Semiconducting pn junction diode



There are other materials that are called superconductors which have zero resistance • Ohm's Law (Amended): A conducting device obeys Ohm's law when the resistance of the device is independent of magnitude and polarity of the applied potential.
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Power in electric circuits • The charge flowing through a resistor does work on the resistor which will dissipate energy W: W = qV



Consider a short time t such that charge q flows and does work W: W = qV



W qV = t t



Divide by t • This power is converted into heat q =I t



It is also worth noting that P = IV



Rate of change of work = Power



⇒ P = VI



= I × IR = I 2R



Units Js-1



Example 1: Calculate the current and the resistance in a 1000W hair dryer connected to a 240 V line.



Recall that the power and current are related by P = IV ⇒I=



P V



⇒I=



1000 ≈ 4.2A 240



The resistance can be calculated two ways: Ohm's Law: V = IR ⇒R=



V 240 = ≈ 57Ω 4.2 I



P = IV = I 2 R ⇒R=



P 1000 = ≈ 57Ω I 2 {4.2}2
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Example 2: Lightning bolt. A typical lightning bolt can transfer as much as 109J of Energy across a potential difference of around 5x107V in about 0.2 seconds. Determine the amount of charge transferred as well as the power. The amount of charge can be determined by: W = qV ⇒q=



10 9 W = = 20C V 5 × 10 7



The current in the lightning bolt is: P = IV = 100 × 5 × 107 = 5 × 109 W



I=



q 20 = = 100A t 0.2



The power is then: Alternative method P=



9



Energy 10 9 = = 5 × 10 W time 0.2
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Lecture 5 Electric Circuits Continued Combinations of resistors Resistors in Series • A set of resistors are in series if the current through them is the same. • The voltage drop across each one obeys Ohm's Law then the total voltage is equal to the sum of the voltage drops across each resistor. Vtotal = IR1 + IR2 +.... + IRn = I ( R1 + R2 + ... + Rn ) = IRtotal



n



Hence



Rtotal = R1 + R2 + ... + Rn = ∑ R j j =1



Resistors in series



Example 1: Circuit with a battery and a resistor r is the internal resistance



V = ir + iR = i (r + R)



V



Rtotal = r + R



V In general we will assume ideal batteries that have zero internal resistance



V



Battery



1



Example 2: Three resistors in series



3



Req = ∑ Rj = R1 + R2 + R3



V



j =1



Equ



iva



len



t



V



Resistors in Parallel • When a voltage drop is applied to resistors connected in parallel the resistances all have the same potential difference I2 + I3



I



Recall that the current must be conserved I3



I1 I2



I I2 + I3



I V



Since the voltage drop across each resistor is The same the currents I1, I2, I3 can be determined using Ohm's Law:



R2 R3



Equivalent



R1



V



I = I1 + I2 + I3



Rtotal



I1 =



V R1



I2 =



V R2



⇒ I = I1 + I2 + I3 =



I3 =



V R3



1 V V V 1 1 + + = V + +  R1 R2 R3 R R R  1 2 3



1 1 1 ⇒ I = V + +  R R R 2 3  1 V cf I = R



⇒



1 1 1 1 = + + Rtotal R1 R2 R3



2



• Resistors that are in parallel can be replaced with an equivalent resistance Rtotal that has the same potential drop and the same total current as the actual resistances



n 1 1 1 1 1 1 = + + + ... = ∑ Rn j =1 R j Rtotal R1 R2 R3



Resistors in circuits summary Series



Parallel



n



1



j =1



RTotal



RTotal = ∑ R j



n



=∑



1 R j =1 j



Same current through Same potential all resistors difference across all resistors



Example: Find the current passing through each of the resistors below: Useful approach to solve these problems • Calculate the single resistor equivalent for the circuit • Calculate the total current • Calculate how the current is split between R2 and R3. R2 and R3 are in parallel and can be replaced with the equivalent resistance:



Equivalent Circuit



1 1 1 1 R R R + R3 = + ⇒ = 3 + 2 = 2 R R2 R3 R R2 R3 R2 R3 R2 R3 RR ⇒ R2 || R3 = 2 3 R2 + R3



Rtotal



I



R2 || R3



R1



V



I



Two resistor in series



Rtotal = R1 + R2 || R3 ⇒ Rtotal = R1 +



V



R2 R3 91× 10 3 × 7500 = 1000 + = 7929Ω R2 + R3 91 × 103 + 7500
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The total current in the circuit is found from Ohm's Law: Itotal =



V 12 = = 0.0015 = 1.5mA Rtotal 7929



To find the currents that pass through the resistors R2 and R3 we note that the total current is equal to the sum of the currents I2 and I3: Itotal = I2 + I3



(1)



The voltage drop across each resistor is the same hence for each resistor VR2 = VR3 ⇒ I2 R2 = I3 R3 ⇒



I2 R3 = I3 R2



Divide equation (1) by I3:



(2)



Itotal I2 = +1 I3 I3



⇒



Itotal R3 = +1 I3 R2



−3 I I3 = R total ⇒ I3 = 1.5 × 10 = 1.39 × 10−3 A = 1.39mA 3 7500   +1 +1 R2  91× 10 3 



I2 = Itotal − I3 ⇒ I2 = 1.5 − 1.39 = 0.11mA



We would expect I2 to be smaller since the resistance of R2 is larger than R1



Note: The currents passing through the resistors in parallel can be also determined by recalling that the potential drop across each resistor in parallel is the same. The potential drop across the equivalent resistance R2||R3 is VR2 ||R3 = IR2 || R3 = Itotal



R2 R3 91000 × 7500 = 1.5 × 10−3 × = 10.5V R2 + R3 91000 + 7500



This will be the voltage drop across both R2 and R3. It is easy to check that this is correct as the sum of the voltage drops must be equal the potential difference of the battery. This is just a statement of conservation of energy ie sum of the potential drops =0 (Kirchoff's Loop Rule) eg: R2 || R3



R1



Vbattery − VR1 − VR 2 ||R3 = 0 ⇒ Vbattery = VR1 + VR2 || R3 =



I



Itotal R1 1 23



1.5 ×10 −3 ×1000 =1.5



+ Itotal R2 || R3 = 12V 14243 10.5



V



Now that the voltage drop across the resistors in parallel has been determined the current can be found via Ohm's Law: I2 =



VR2 ||R3 R2



=



10.5 = 0.11mA 91000



I3 can be determined using Ohm's Law again Or using conservation of I
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Example: Voltage divider This type of circuit is the basis for most electronic amplitude controls eg: volume control on a radio or TV Assume no current flows though the output terminals which can be accomplished via suitable electronic arrangement.



2



Since the resistors are in series, then the same current flows though them hence I=



V1 V2 V R = ⇒ 2= 2 R1 R2 V1 R1



The voltage divides in proportion to the two resistors



The voltages drops around the circuit must sum to zero hence Vin = V1 + V2



⇒



Vin V1 = +1 V2 V2



⇒



Vin R = 1 +1 Vout R2



⇒



Vout R2 = Vin R1 + R2



Note V2=Vout



Problem solving techniques for electric circuits • Label the battery terminals • Label the currents in each branch of the circuit. It doesn't matter if you get the direction wrong initially as it will come out in the math. • Apply conservation of current (Kirchoff's Current Rule) • Apply the Potential Rule (Kirchoff's Loop Rule) • Apply this Loop Rule in one direction only and pay attention to the signs of potentials. ➢ Resistors: The sign of the potential drop is negative if the loop direction is the same as the current direction and positive if opposite to the current direction. ➢ Battery: The potential will be +ive if the loop direction moves from the negative terminal to the positive terminal. The potential difference is -ive if the loop direction moves from the positive terminal toward the negative. • Solve equations generated for the required unknowns
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Example: Find the current passing through the circuit below with R=10Ω: R



B



I C



Loop Direction +



+ 12V



To determine the current we need to know what the total potential drop across the circuit is then We can apply Ohm's Law to find I.



8V ⇒ V12 − IR − V8 = 0



A



D



⇒ IR = V12 − V8 V − V8 12 − 8 ⇒ I = 12 = = 0.4A R 10
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Lecture 6 Magnetism



• Just as charge Q produces and electric field E, a current causes a Magnetic Field B. • The properties of magnetic fields make them useful in devices such as electric machines which are used in electric railway locomotives, watches, refrigerators, loudspeakers , etc. • Magnetic fields are also useful for probing the constitution of matter eg: NMR



The Magnetic Field • Recall that electric field lines radiate from a point charge and all lines start on a charge and terminate on a charge. • Magnetic field lines form circles or loops around currents and have no start or end



• The direction of the magnetic field is determined by the Right Hand Screw rule
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The Right Hand Screw Rule Grasp the element in you right hand with you thumb extended toward the the direction of the current. Your fingers will naturally curl around which give the direction of the magnetic field lines due to that element. B is then tangential to the field lines



Direction Convention When drawing magnetic field lines Dot = Field out of page Cross = Field into page



Example: A current loop, which is just a loop of wire carrying a current. B is strong inside and weak outside for a very simple reason: because all the B field lines are closed (and never intersect) the same number go through the loop as spread through all space outside it.



High B field region Low B field region



The strength of the magnetic field depends on the flux of field lines cutting the area.
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Permanent Magnets • Electric and Magnetic fields are described by Maxwell's Equations (Classical Physics) • Valid on the atomic scale (unusual for Classical Physics) Example: The orbit of an electron in an atom about a nucleus



Spin of an electron



The motion of the e- induces a current i



• Both of these are example of magnetic dipoles • In an atom the dipoles of each electrons sum vectorially to give a total magnetic dipole moment. • The magnetic properties of atoms therefore depends on their electron configuration cf chemical properties • In a material the total magnetic moments of the atoms sum together and if the combination of all these magnetic dipoles produces a magnetic field the material is said to be Magnetic (Permanent Magnet).



• Examples of materials that are capable of being permanent magnets • Transition metals: Fe, Co and Ni • Rare Earths: Gd, Dy • Bar Magnet • Magnetic field lines emerge from the North Pole of a permanent magnet and re-enter at the south pole. Permanent Magnet



• If you cut a permanent magnet in two the two resulting pieces both have a North (N) and south(S) poles. • If you continued to do this until you only had individual atoms then you still will have north and south poles. • This implies that there is no such thing as a single magnetic pole, only N-S pairs
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•Since currents create magnetic fields which can exert forces on other currents, Magnetic Poles interact. •Like poles repel and unlike attract



Example of attraction and repulsion in permanent bar magnet



The earth is an example of a permanent magnet The poles of the earth's magnetic field reverse About every million years! Without this magnetic field life on earth would disappear!



Magnetic Forces Force on a moving charge • The magnetic field is is defined by the force it exerts on a moving charge: Cross Product F = qv × B



Force on a moving charge



A × B = A B sin( )



F = qvBsin ( )



θ is the angle between the vectors v and B • This definition is analogous to the definition of the electric field as the force on a stationary charge. i.e. E=F/q • The unit of the magnetic field B is the Tesla B=



F → qvsin( )



1 Tesla ≡ 1



N N N ≡ ≡ Cms-1 Cs-1m Am



• The direction of the force is always perpendicular to v and B ⇒ The magnetic force can not change the speed of a particle • The direction is found by the RH rule
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RH Rule: v is swept into B with the resultant pointing in the direction of your thumb



In the case of a +ive charged particle, F is parallel to vxB



In the case of a -ive charged particle, F is anti-parallel to vxB



Current Element Recall that current is the flow of charge ie



I=



dq dt



Let the charges move with a velocity v such that in a time dt they move a distance dl: dl = vdt



X by I



Displacement vector



⇒ ⇒



Idl = Ivdt ⇒ Idl = Idl = vdq



dq vdt dt



Current Element



This definition provides a link between current and moving charge and will be useful in this section of the course.
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Force on a current element • Since a magnetic field will induce a force on a moving particle we also infer that a magnetic field will induce a force on a wire carrying a current. Consider a small parcel of charge moving with a velocity v then the force is d F = dqv × B



Recall that the current element is given by



⇒



Idl = vdq



d F = Idl × B



• The total force on a wire is found by summing (integrating) all thecurrent elements along the length of the wire. • For a wire of arbitrary shape a special type of intergral called a line integral is used to sum all of the current elements. • For a straight piece of wire length l the force is F = Il × B = IlB sin( )



Force on a straight wire



The forces on moving charges and current carrying wires are the basis of many devices Eg: TV's, electric motors loudspeakers etc. Example: The loudspeaker
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Charged Particle in a magnetic field Consider a (+ive) charged particle q with mass m and speed v initially in the i direction at (0,0,0) interacting with a magnetic field B =Bk in the figure below:



What is (i) The vector force on q due to B initially? (ii) The trajectory of q? (i) The force on a moving charge in a static B field is given by F = q v× B ⇒ F = qvi × Bk = q v B( i × k )



Direction? ⇒ (i × k ) = − j



⇒ F = −qvBj



(ii) To find the trajectory recall that F is always perpendicular to B . • B is in the k direction ⇒ F is always in the x-y plane • Initially q will deflected in the -ive y direction, but F still must be perpendicular to v and B. Since F is perpendicular to v then speed of the particle does not change only The direction ⇒ This is a characteristic of circular motion ie the magnitude of v is constant with the direction changing in a uniform way.



⇒ Q follows a circular orbit of constant radius due to the magnetic force
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The magnetic force will be balanced by the centrifugal force (this is the force that Pushes you against a door in a turning car):



Fmag = qvB



Fcent =



Fmag = Fcent ⇒ qvB = ⇒r=



mv qB



mv 2 r



Proved in Mechanics B



mv2 r



Orbit of radius of a charged particle in a perpendicular magnetic field



Applications: • Deflection of electrons in a TV • Mass Spectrometer • Particle Accelerators



Example: The Cyclotron
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Electromagnetic Induction • This term describes the means by which we can generate electricity from mechanical work - the reverse of an electric motor. • This is how mains electricity is generated. Consider a straight piece of wire of length l moving with velocity v perpendicular to a magnetic field B. The charges in the wire feel the force: F = q v× B



• The force will push (+ive) charges up the wire and (-ive) charges down the wire • This means that there will be an E-field since both ends of the wire will be at different potentials. i.e. a Potential Difference has been created. • Due to historical origins, this potential difference is called EMF (Electromotive Force) denoted with symbol ε



This potential difference is just the work done required to move the (fictitious positive) Charge from the bottom to the top of the wire: =



W q



Where did the work come from? ⇒ Supplied by the motion of the wire through the magnetic field Work = force x distance W = Fl = qvBl = q = vBl



EMF induced in a moving wire
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How to win an Igg Nobel Prize: Levitate a Frog!



B=16T
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Electromagnetism II SCE2311/SCE2611 8 Lectures Dr Robert Sang Room 0.15 SCII email: [email protected] This section of the course will deal with: Magnetostatics Time Varying Magnetic and Electric Fields • Amperes Law • Faradays Law • Biot-Savart Law • Maxwell's Equations • Magnetic Dipole • Time Harmonic Fields • Magnetic Materials • Boundary Conditions Wave Equation (Solns of Maxwell's Eqns) • Magnetic Energy • Magnetic Force and Torque There will be two problem classes which are not assessed. Assessment: 1 Assignment Examination in week 16?



Static Magnetic Fields 1.0 The Basic Equations You have already seen the two basic equations that govern the electrostatic model: ∇ •D =



∇ ×E = 0



D is the displacement vector and accounts for any polarisation of the material E is the electric field vector ρ is the charge density For a linear isotropic material D and E are related via the permittivity: D= E



For a perfect vacuum then =



0



1 −9 = 8.854x10−12 ≈ 36 x10 F / m
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If we place a charge q in an E field then this charge will experience a force: Fe = qE



(N)



Analogue equations for magnetostatics?



• Experiments have show that if you put a stationary charge in a B field then there is no additional force. • If the charge is moving in the B field at some velocity v a force is experienced. • Experimentally this was found to be proportional to the charge q, the field B and the velocity of the charge v. The force was also found to be perpendicular to both the B field direction and the velocity of motion: FB = qv × B



(N)



Hence the total force on a charged particle in both a B and E field is given by the sum of the electrostatic force and the magnetostatic force, this sum force is called the Lorentz Force. FTOT = Fe + FB = q(E + v × B)



(N)



2.0 Fundamental Postulates of Magnetostatics in Free Space • Two fundamental postulates of magnetostatics in free space have been experimentally determined to be governed by two equations: ∇ •B = 0



∇ ×B =



J is the current density



0



J



J = Nqv =



0



is the permeability of free space



0



= 4 × 10−7 (H / m)



I 2 (A / m ) Area



Note J is a vector



N is the number of charge carriers per unit volume. The magnetic flux density B is measured in Tesla. Recall the vector identity: ∇ • ∇ ×A = 0 ∇ • (∇ × B) = ⇒ ∇• J = 0



0



∇• J = 0



Is this result consistent with the electrostatic model?
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Recall the equation of continuity of charges ∇ •J +



t



=0



For a steady current ⇒



t



=0



and will reduce to the previous expression



∇ •B = 0



Consider now the expression



Compare this to the electrostatic equation ∇ •E = 0



One can see immediately that there is no magnetic analogue to the electric charge density! Recall the Divergence Theorem from Maths IIA



∫ ∇ • AdV = ∫ A • dS V



S



Taking the volume integral over the equation ∇ •B = 0



∫ ∇ •BdV = ∫ B• dS V



S



⇒ ∫ B • dS = 0 S



S is the surface that bounds the volume V which encloses the magnetic flux lines.



This expression indicates that the magnetic flux lines must enclose upon themselves and this is referred to as Conservation of Magnetic Flux. Flux is defined as the volume flow rate This evidence points to the conclusion that Magnetic Monopoles do not exist!
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2.1 Amperes Circuital Law Now consider the equation ∇ ×B = 0 J We can turn this into an integral equation by application of Stoke's Theorem:



∫ ∇ × A • dS = ∫ A • dl S



C



Taking the surface integral over the LHS of the equation yields:



∫ ∇ × B • dS = ∫ B • dl C 23 1



S



By Stoke's Theorem



On the RHS we get



∫



0



J • dS =



0



I



S



Equating LHS and RHS



∫ B • dl =



0



I



C



where C is the contour bounding the surface S and I is the total current through S. This result is know as Ampere's Circuital Law S C



The circulation of magnetic flux density in free space around I any closed path equals µ times the current flowing through the 0 surface bounded by the path.



The direction of B is found by the application of the RH Screw Rule: Grasp the element in you right hand with you thumb extended toward the the direction of the current. Your fingers will naturally curl around which give the direction of the magnetic field lines due to that element. B is then tangential to the field lines
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2.2 Summary of the Magnetostatic Equations Differential Form



∇ •B = 0



Integral Form



∫ B • dS = 0 S



(Magnetic flux lin es must enclose upon themselves)



∇xB = µ0 J



∫ B • dl = µ I 0



C



(Ampere's Law)



Example:Consider an infinitely long straight conductor with cross section of radius b and carries a steady current I out of the page (see figure). Determine the magnetic flux density both inside and outside the conductor.



r2



The solution is made by taking advantage of the cylindrical symmetry of the problem. If we align the conductor so that it points along the direction then by the RH screw rule B will be in the φ direction.



dl



C1



b



r1



C2



B can be determined using Ampere's Law



∫ B • dl =



0



I



C



Now consider the RHS. The total current through the loop C1 is given by the ratio of the cross sectional area of the loop compared to the conductor:



Inside the conductor we have B = B1 ˆ dl = r1 d ˆ



IC1 =



2



∫ B • dl = ∫ B



ˆ • rd ˆ



1



C1



1



0



2



= B1 r ∫ d = B1 r1 [ 0



]0 2



= 2 B1 r1



r1 2  r1 2  2 I =  2 I b  b



Equating gives the magnetic flux density within the conductor: B1 =



0  r1  I for r1 ≤ b 2  b2 
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Outside the conductor loop C2 we again apply Ampere's law: B = B2 ˆ dl = r2 d ˆ



r2



2



∫ B • dl = ∫ B



2



C2



C1



b



r1



ˆ•r d ˆ =2 B r 2 2 2



C2



0



The current in C2 is just the total current since the loop completely encloses the conductor hence 2 Br2 = B=



0



I



I 2 r2



r2 ≥ b



0



Graphical Solutions



B Units of



0



2



B Units of



I



0



2



I



r≤b r≥b



r in units of b



r in units of b
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Example 2:Determine the magnetic flux density inside a closely wound toroidal coil having an air core with N turns and carrying current I. The toroid has a mean radius of b and the radius of each turn is a. Cylindrical symmetry ensures that B is always in the ˆ direction In the region were rb-a there is no net current enclose by C and hence in this region and no magnetic flux can exist so B=0



Example 3: Determine the magnetic flux density inside an infinitely long solenoid with air core having n closely wound turns per unit length and carrying current I. L C I z



For an infinitely long cylinder it is clear that there will be no field outside of the cylinder since there will be no current in this region.



I



Consider the loop C applying Ampere's law:



∫ B • dl =



The total current along the length L is nLI, thus the RHS is 0



I



RHS =



C



0



nLI



L



∫ B • dl = ∫ B zˆ • dLˆz = B L z



C



z



Equating the two terms yields:



0



Bz =



0



nI
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Lecture 10 10.1 The Vector Potential (another method to find B) Recall the magnetostatic equation



∇ •B = 0



Recall from Maths IIA the vector identity ∇ • (∇ × C) = 0 ⇒ B can be written as the curl of another vector:



B = ∇ ×A



The vector A is defined as the vector potential Recall the second magnetostatic equation ∇ ×B =



0



J



⇒ ∇× (∇ × A) =



0



⇒ ∇(∇ •A) − ∇2 A =



cf vector identity: ∇ × (∇ × C) = ∇(∇ •A) − ∇2 A



J 0J



—2 is the Laplacian in Cartesian Coords is given by ∇ A = ˆi



2



2



Ax ˆ +j 2 x



2



Ay



2



y



+ kˆ



2



Az z



2



There is some latitude in choosing the functional form of ∇ •A . The simplest is to choose: ∇ •A = 0 ⇒ ∇2A = −



Coulomb Gauge 0



J



Vector Poisson's Equation



We compare this to the scalar Poisson's equation that you encountered previously: ∇2V = −



Recall the solution was V = 0



1 4



0



∫ Rd



By analogy we solve for the vector potential A=



0



4



J



∫ Rd



[ Webber/metre (Wb/m) ]



1



The magnetic flux was given by Φ = ∫ B • dS S



Applying Stoke's Theorem: ∫ A • dS = ∫ A • dl



⇒ Φ = ∫ ( ∇× A) • dS



S



S



C



⇒ Φ = ∫ A • dl C



• The magnetic flux can be determined from either B or A and it is it is usual to choose the method that allows the easiest integration for a specific problem.



10.2 The Biot-Savart Law • Allows the determination of the magnetic field associated with current carrying wires. • First proposed by Biot and Savart around 1820 based upon experimental observations. (Like most of EM until Maxwell entered the scene!) dτ Consider a thin wire with cross sectional area σ with a current I I σ flowing through it. For a small volume element dt of wire length dl' then dl' Jd = J dl' = Idl'



The vector potential can be written as A=



0



4



J



∫ Rd



=



0



4



I



∫ Rdl' = C



I dl' 4 ∫C R 0



R is the distance from the wire element To the field measurement point



The volume integral has been reduced to a line integral around a closed loop. Current must always flow in a closed loop from the source through the wire and back to the source.



2



The magnetic flux density can therefore be found by taking the Curl: B = ∇ ×A =



0



4



I



dl' I dl' = 0 ∫ ∇ ×   R 4 R C C



∇ ×∫



We now apply the vector identity ∇ × ( fG ) = f∇ × G + (∇f ) × G With f =



1 R



G = dl'



Thus the expression for the magnetic flux density can be written as B=



0



4



I 1  1 ∫C  R ∇ × dl' +∇ R  × dl' 



The primed coords refer to the point on a wire while the unprimed coords due to the grad refer to the point where the field is being measured hence ∇ × dl' = 0 ⇒ B=



0



4



I   1  ∫C ∇ R  × dl' 



We will now consider the term under the integral by considering a point (x,y,z) at a distance R from dl' . By simple vector addition we infer R = RF − Rdl'



Vector that points from



R F = xˆi + yˆj + zkˆ the origin to field point R = x' ˆi + y' ˆj + z' kˆ dl'



R = ( x − x' )ˆi + ( y − y' )ˆj + (z − z' )kˆ R = R • R = ( x − x' ) + ( y − y' ) + (z − z' ) 2



The term ∇ ∇



1 R =− 3 R R



1 R



2



2



can now be evaluated, as an exercise show that it is given by: I   1  ∇ × dl'  4 ∫C   R   R 0I  B= dl' × 3  (T) R  4 ∫C 



Sub back into expression



Thus the expression for B becomes Quite often this is written as



B=



0



R dB = dl' × 3 R 4 0I



Biot-Savart Law



(T)



3



Example1: A current I flows through a thin wire of length 2L. Find the magnetic flux density B at a point at a distance r along the central plane from the wire as shown. B=



R I  dl' × 3  ∫  R  4 C 0



• We first choose an appropriate coord system • In this case we choose the cylindrical coord system • Next we determine what we need to find in order to determine B ie dl' and R. dl' = dz' zˆ



Rdl' = z' ˆz



R F = rˆr



⇒ R = r 2 + z' 2



R = RF − Rdl' = rrˆ − z' zˆ



⇒



1 3 = R



1



(r



3



2



+ z' 2 )2



ˆr ˆ zˆ dl' ×R = 0 0 dz' = rdz' ˆ r 0 −z'



L



B=



R rdz' ˆ I  I dl' × 3  = 0 ∫ 3 ∫  R  4 _ L r2 + z' 2 2 4 C ( ) 0



Note that the solution to the integral is: (see handout on vectors)



L



⇒ B=



∫



Ir ˆ dz' 3 ∫ 4 − L r 2 + z' 2 2 ( ) 0



1



(a



2



+p



3 2 2



)



dp =



1 a2



p a2 + p2



+c



L



⇒ B=



⇒ B=



Iˆ z'  4  r r2 + z' 2  − L 0



0 IL ˆ 2 r r2 + L2



Note that we could have solved this problem by finding A using the vector Poisson Equation then taking the Curl to find B.
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Example 2: Find the magnetic flux density at a point on the axis of a circular loop with radius b that carries a current I. For convenience we choose the cylindrical coord system thus R F = zˆz Rdl' = brˆ dl' = rd ' ˆ = bd ' ˆ R = RF − Rdl' = zˆz − bˆr R = R = z 2 + b2 1 1 = 3 R3 2 ( z + b 2 )2 ˆ rˆ dl' ×R = 0 bd ' −b 0



zˆ 0 = (bd '. z − 0.0)rˆ − (0.z − {−b.0}) ˆ + (0 − {−bbd ' })ˆz z



dl' ×R = bzd ' ˆr + b2 d ' zˆ



Now applying the Biot-Savart Law: B=



B=



I  dl' ×R  I ⇒B = 0 4 ∫C  R3  4



2



∫



0



0



I



[ bzrˆ ]d



2



∫



4



(b



+ z'



2



0



' 3 2 2



)



+



0



I



4



0



2



(b



0



+ z'



2



[b zˆ]d



2



∫



[bzrˆ + b ˆz]d 2



(b



2



+ z'



'



3 2 2



)



'



− rˆ



3 2 2



)



rˆ



By symmetry the first term equals zero since for every +r vector on the loop there is an opposing vector -r ⇒ B=



B=



B=



0



I



4



∫ 0



0



4



[b ˆz]d



2



2



(b



2



(b



2



0



3



+ z' 2 ) 2 2



b2 zˆ



I



'



+ z'



Ib 2 3



2( b2 + z' 2 )2



∫d



3 2 2 0



)



' =



0



4



b 2 ˆz



I



(b



2



+ z'



3 2 2



)



[ ' ]20



zˆ
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10.2 The Magnetic Dipole (important example in magnetostatics) Consider the same circular loop of current as the last example, but now calculate the magnetic flux density B at some distance RF from the loop centre where RF>>b and off-axis wrt the centre of the loop. • Choose Spherical Polar Coords • B is independent of due to symmetry for simplicity we choose for the field point = / 2 Recall that A =



0



4



I dl' ∫C R



B = ∇ ×A



and It can be shown that ˆ' = cos ' ˆj − sin ' ˆi



(



)



⇒ dl' = bd ' ˆ' = b cos ' ˆj − sin ' ˆi d '



For every Idl' there is a symmetrically located differential current element on the other side of the y axis that will contribute an equal amount to A in the x direction but will cancel the contribution in the y direction .



Thus the expression for dl' reduces to: dl' = −bsin ' ˆi d ' At the the field point we are free to choose ˆ = − ˆi ⇒ dl' = bsin ' ˆd '



We now need to find R which can be found from the law of cosines:



A θ



C 2 = A2 + B 2 − 2AB cos( )



C B



Applying the cosine law yields: ⇒ R 2 = RF 2 + Rdl ' 2 − 2RF Rdl' cosΨ ⇒R=



RF 2 + b 2 − 2RF bcosΨ



1 = R



1 RF + b − 2RF bcosΨ



⇒



2



2
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The expression for R can be simplified by the recalling the condition that b 2 >1, then φ=90o. The field runs almost parallel to the interface! • If medium 2 is magnetic and medium 2 non-magnetic i.e. µ1>> µ2 then φ=0o, hence a field originating in a magnetic material will emerge in a direction perpendicular to the interface. µ1



µ1



H2



H1



µ2 H1



µ 2 >> µ1
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µ2



H2



µ1 >> µ 2



 H2 = H1    = arctan  



2



 2 2  cos + sin  2 1



2 1



 tan  
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Inductance Consider the two closed loops with arbitrary shape as shown with loop C1 carrying a current I1. Loop C1 will clearly create a magnetic flux density B1 which some of which will link into loop C2. We now let Φ12 be the mutual flux between loops C1 and C2, therefore we may write:



C2



S2



Φ12 = ∫ B1 • nˆ dS2 [ Webers ]



S2



S2



C1



B1 is the the magnetic Flux density due to loop 1



S1 I1



From the Biot-Savart law we know that B1∝I1 such that I



Φ12 = ∫ B1 • nˆ dS2 =



0 1



4



S2











1 



∫  ∫ ∇ R  × dl'  • nˆ dS l



S2



2



= L12 I1



[ Webers ]



C1



L12 is called the mutual inductance between the two loops and is measured in Henries (H).



For the case when there are N2 turns of loop C2, the expression is simply modified to Λ 12 = N 2 Φ12



Total flux linkage



Hence Λ 12 = L12 I1



L12 =



Λ12 I1



[H]



Mutual Inductance



Some of the flux produced by C1 will only be linked with C1 and not with C2, the total flux linkage with C1 due to I1 is then defined for the general case as Λ 11 = N1 Φ11



⇒ Λ11 = L11I1



L11 =



Λ11 I1



[H]



This is called the Self Inductance. The self inductance is defined as the magnetic flux per unit current in the loop itself. It is obvious that N1Φ11 > N1 Φ12



ie the flux produced by loop 1 must be less than the mutual flux
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General Remarks on Inductance • Self inductance depends on a number of factors including the shape of the loop. • If the loop encloses a linear permeable material, then the inductance is independent of the current in the loop. • A loop of wire in an appropriate shape is called an inductor. • An inductor has the ability to store energy in the magnetic field which is analogous to the way that a capacitor accomplishes this in an electric field.



Procedure for the Evaluation of Self Inductance • Choose an appropriate coordinate system for the loop • Assume a current I flows through the loop • Find B from either Ampheres Law or the Biot-Savart Law • Evaluate the flux linkage each turn Φ as above by integrating B over the loop area. • Find Λ by multiplying Φ by the number of turns, and hence evaluate the self inductance Λ11 L11 =
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Example 1: Find the self inductance per unit length for a very long solenoid having n turns per unit length carrying current I Z



R



n turns/unit length



Recall from lecture 9 that the magnetic flux density is B =



0



nIzˆ



R



The flux is therefore given by Φ = ∫ B • dS = ∫ B • 2 rdrzˆ S



R



0



R



⇒Φ=∫



0



nI2 rdrˆz • ˆz =



0



∫ rdr =



nI2



0



0



nI R 2



0



The flux linkage per unit length is Λ 11 = nΦ =



0



# of turns per unit length



n2 I R 2



The inductance per unit length is then L11 =



Λ11 = I



0



n 2 R2



Example 2: Find the self inductance of a toroid with N turns tightly wound on a rectangular section. rˆ



Recall from Lecture 9 that the magnetic flux density determined using Ampere's law was given by:



dS I dr h



2



b I



a



∫ B • dl = ∫ B • (rd ) ˆ =



C1



B=



I



0 Tot



0



NI ˆ 0 ITot ˆ = 0 2 r 2 r



The magnetic flux is then given by Φ = ∫ B • dS = ∫ B • nˆ dS S



S



nˆ = ˆ dS = hdr ⇒Φ=∫ S
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nˆ unit vector perp to surface S through which B flows



NI ˆ ˆ • hdr = 2 r 0



NIh 2



0



r = a+b



∫



r= b



1 dr r



⇒Φ=



NIh [ ln r]r=r= ab + b = 2



0



NIh  a + b  ln  2  b  0
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The flux linkage is then: ⇒ Λ = NΦ =



0



N 2 Ih  a + b  ln  2  b 



The self inductance is therefore: L=



Λ = I



N 2h  a + b  ln  2  b 



0



Note: L is not a function of I and is proportional to N2 which is generally true for wire wound inductors.



Energy Stored in Magnetic Fields • The inductance may be used to calculate the energy stored in a magnetic field. • If a single loop with an initial current I=0 is connected to a generator, then an emf is induced in the loop which opposes the current change. As a result work is done on the system to reach a current I. • For a loop of inductance L1 it can be shown that the voltage measured across the inductor during the change of current is given by: V = L1



dI dt



The work done is therefore: W1 = ∫ Pdt = i= I 1



=



∫ iL



1



i= 0



i = I1



∫ Vidt



i =0



di dt dt



i = I1



= L1



∫



i=0
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For a linear medium recall the self inductance is L1 =



Φ1 I1



Hence the energy stored in the magnetic field is 1 Φ I 2 11



W1 =



For two loops whose currents are raised from 0 to I1 and I2 respectively, then mutual inductance will also play a role. Letting the current in loop 2 be initially set to zero, then the work done in raising loop 1 to a current I1 is given by W=



I1



1 LI2 2 11



Loop 1



Loop 2



No work is done in loop 2 at this time as the current is zero. Loop 2 is then raised to a current I2. The work done in loop 2 is therefore W2 =



I1



1 LI2 2 2 2



Loop 1



I2 Loop 2



Some of the flux due to this current links loop 1 via mutual inductance which gives rise to an induced emf in loop 1 that must be overcome to maintain the current at I1. This work is given by: I1 Loop 1



I2 Loop 2



W21 = ∫ V21 I1 dt =



i2 = I 2



∫



i 2 =0



i =I



L21



2 2 di2 I1 dt = L21I1 ∫ di2 = L21I1 I2 dt i2 = 0



φ12



The total work done on the system is the sum of the energies: W = W1 + W2 + W21 =



1 1 L1 I12 + L2 I2 2 + L21I1 I2 2 2



This can be generalised for N loops as W=



1 N N ∑∑ L I I 2 j =1 k =1 jk j k



where we have used the fact that L12=L21
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Finally it should be noted that Wm =



1 ΦI 2



where



Φ = ∫ B • nˆ dS = ∫ (∇ × A) • nˆ dS S



S



It can be shown that the energy is also given by 1 (A • J)dV 2 ∫V



Wm =



where V is the volume of the loop or the linear medium in which J exists. This volume can be extended to infinity as it does not change the resulting integral: 1 1 (A • J)dV = ∫ A •(∇ × H )dV ∫ 2V 2V



Wm =



Using a vector identity this can be rewritten as 1 [H • (∇ ×A) − ∇ •(A × H )]dV = 12 ∫ [H • B − ∇ •( A × H)]dV 2 ∫V V



Wm =



Applying the divergence theorem to the second term under the integral yields Wm =



1 1 H • BdV − ∫ (A × H ) • nˆ dS 2 ∫V 2S 1



1



Now as the volume increases towards ∞ then A ∝ R and H ∝ R2 where as the surface bounding the volume is ∝ R2 , hence the integral over the surface is of the form ˆ H ˆ  A dR lim ∫ (A × H ) • nˆ dS ∝ lim ∫  × 2  • nˆR 2 dR ∝ lim ∫ =0 R  R R→∞ S R →∞ S  R R→∞ Hence Wm =



1 1  B 1  B2  1 H • BdV = ∫   • BdV = ∫   dV = ∫ H 2 dV ∫ 2V 2V  2V   2V



Letting the magnetic energy density wm be given such that the volume integral over all space equals the total magnetic energy: Wm = ∫ wm dv = V



1 H • BdV 2 ∫V



Thus the magnetic energy density is wm =
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1 B2 H• B= = H2 2 2 2
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Lecture 13 Magnetic Force Between Current Carrying Wires Consider a conductor which has a length dl and cross sectional area of dS. B



dl



v



dS



Conductor



There are N charge carriers per unit volume are moving in the conductor (assume electrons) with a velocity v in the direction dl then the magnetic force on the element dl is given by: dFm = qv × B = −NedSdl v × B = −NedS v dl × B = Idl × B =I



The total force on the conductor is then Fm = ∫ Fm = I ∫ dl × B



[N]



C



For two loops C1 and C2 carrying currents I1 and I2 respectively, each loop will experience the force of the other. C1 I1



C2 F21



I2



Hence the force on C1 due to the field of C2 is given by: F21 = I1 ∫ dl1 × B21 C1



B21 can be deduced from the Biot Savart Law: B21 = Substitution into the expression for the force yields: F21 =



I



0 2



4 II 4



ˆ dl 2 × R 21 2 R 21 C2



0 1 2



∫



∫∫



C1 C 2



(



ˆ dl1 × dl 2 × R 21 R212



) [N]



• This is known as Amperes Law of Force between current carrying loops. • It is analogous to the Coulomb force law between two stationary charges. • Exactly, the same arguments can be applied for the force on loop C2: B12 =
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I



0 1



4



(



ˆ dl2 × dl1 × Rˆ 12 dl1 × R 12 0 I1 I2 ⇒ F = 12 ∫ ∫ R12 2 4 C∫1 C∫2 R12 2 C1 C 2



)
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It is interesting and important to note that Newton's third law of force (i.e. action and reaction are equal and opposite) does NOT hold for the elements dF12 since dF12 ≠ −dF21 Proof:



(



ˆ I I dl1 × dl2 × R21 4 R212



dF21 =



0 1 2



Replacing



(



)



(



)



ˆ I I dl1 × dl 2 × R12 4 R212



dF21 = − dF21 =



)



0 1 2



ˆ I I dl 2 × dl1 × R12 2 4 R21 0 1 2



ˆ Rˆ 21 = − R 12



Changing the order of the cross product yields: Comparing to dF12 =



(



ˆ I I dl 2 × dl1 × R12 2 4 R12 0 1 2



)



Hence dF12 = dF21



Since the forces are not equal and opposite, Newton's third law is not applicable to the elemental forces. What about the total force? For F12 we can expand the vector triple cross product using the vector identity:



(



)



(



)



ˆ = dl dl • Rˆ − R ˆ ( dl • dl ) dl 1 × dl 2 × R 21 2 1 21 21 1 2 Substituting into the integral reveals: F21 = = =



II 4



0 1 2



∫∫



C1 C 2



C1 C 2



II 4



∫ dl ∫



0 1 2



∫∫



R212



(



R21 2



C2



)



ˆ dl 2 dl1 • R 21



II 4



0 1 2



(



ˆ 21 − R ˆ 21 (dl1 • dl 2 ) dl 2 dl1 • R



2



)−



ˆ 21 (dl1 • dl 2 ) R R212 C1 C 2



∫∫



ˆ Rˆ (dl • dl ) dl1 • R II 21 − 0 1 2 ∫ ∫ 21 1 2 2 2 R21 4 C1 C2 R21 C1



Applying the relationship:
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⇒ F21 = −



II 4



∫ dl ∫ dl



0 1 2



2



C2



II   dl 4  C∫2 2 C∫1



=−



0 1 2



=−



0 1 2



1



C1



( x ˆi + 1



ˆ (dl • dl )   1  R II •  −∇1    − 0 1 2 ∫ ∫ 21 1 2 2  R21   4 R21  C1 C 2   1  Rˆ 21(dl 1 • dl2 )  ˆi + ˆj +  y1 ˆj + z1 kˆ •  kˆ   +∫ ∫  x1 y1 z1   R21  C1 C2 R212 



)



 1  Rˆ 21 (dl 1 • dl2 )  II   ∫ dl 2 ∫ d   +∫ ∫ 4  C2 C1  R21  C1 C2 R212 



The first term is zero since the line integral has symmetric limits, hence ⇒ F21 = −



II 4



0 1 2



∫∫



C1 C2



ˆ 21( dl1 • dl2 ) R R212



Recall that F21 was also equal to F21 =



∫∫



C 2 C1



(



)



(



)



ˆ ˆ − Rˆ (dl • dl ) dl1 dl 2 • R I I dl 2 × dl1 × R12 12 12 2 1 0 I1 I2 = 2 2 ∫ ∫ 4 R12 4 R12 C2 C1



0 1 2



Thus F21 = −



ˆ (dl • dl )   1  R II   ∫ dl1 ∫ d   + ∫ ∫ 12 2 2 1  4  C1 C2  R21  C2 C1 R12  0 1 2



Using the same procedure as before we find F21 = −



II 4



0 1 2



ˆ 12 (dl 2 • dl 1 ) ˆ ( dl • dl ) R R II = 0 1 2 ∫ ∫ 21 1 2 2 = −F12 2 R12 4 R21 C1 C2 C1 C 2



∫∫



ˆ ; R 2 = R 2 ;(dl • dl ) = (dl • dl ) Provided that: Rˆ 12 = − R 21 12 21 2 1 1 2



Hence Newton's third law holds for the total force as we would expect!
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Example 1: The force between two parallel conducting thin wires z



B12



r



F12



I1



y O



I2



Consider the two wires as shown, which carry currents I1 and I2 respectively. The wires are assumed to be infinitely long allowing cylindrical symmetry about the wire to be used. Let F12 be the force on wire 2 from the current on wire 1 and B12 be the magnetic flux density at wire 2 due to wire 1. Then: B12 direction?



x



F12 = I 2 ∫ dl2 × B12



F12 direction?



⇒ F12 = −I2 kˆ × B12



C2



B12 can be found from Ampere's Law:



∫B



2 12



• dl1 =



I =



0 1



C



∫ (B 0



12



)



2



• ˆ rd = rB12 ˆ ∫ d =



I



0 1



⇒ B12 =



0



I 0 I1 ˆ = − 0 1 ˆi 2 r 2 r



Where we have substituted ˆ = − ˆi since that is the direction of B12 at wire 2



Substituting this result into the expression for the force on the wire yields ˆi ˆj kˆ I F12 = − I2 kˆ × B12 = −I2 kˆ × − 0 1 ˆi = 0 0 − I2 2 r I − 01 0 0 2 r ⇒ F12 =



0 I1 I2 ˆ j 2 r



⇒ F12 =



0 I1 I2 ˆ j 2 r



We can immediately infer the force on wire 1 since for the total force F21=-F12:



z



The force on wire 2 due to the current in wire 1 therefore tends to push the wires apart if the currents flow in opposing directions. The converse is true if they are running in the same direction where the force is attractive.



B21 F21



B12



r



F12



I1



y O



I2



x
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Magnetic Torque z



Consider a circular loop carrying current I immersed in a constant flux density B as shown. The flux vector B can be resolved into 2 components, one in the plane of the loop and one perpendicular to the plane: B=B⊥+B||.



B I



B⊥



I B||



Resolving the forces on the current loop: Fm Fm



• The B⊥ component (out of the page) • Force on the loop from the various sides tends to expand the loop which ⇒ Zero Net Force



I



Fm



Fm



B⊥



Fm



I Fm



Fm Fm



• B|| component case



y



• Force on element I dl1 at angle φ produces a force dF1 out of the paper.



I



Fy x



dl1 b



• Force on element I dl2 at an angle -φ produces a force dF2 into the paper.



b



• From symmetry the total force on the loop is zero.



r1



φ



O



x



φ



T r2



dl 2 z



F-y



B||



• Although Net force is zero, a torque T exists due to the B|| component of the magnetic flux density ⇒ the loop will spin. •The differential torque around the axis shown produced at dl1 and dl2 is given by



( )



( )



dT = r1 × dF1 + r2 × dF2 = r1 ˆj × dF1 kˆ + r2 − ˆj × dF1 − kˆ = bsin dF1 ˆi + bsin dF2ˆi = 2bsin = 2bsin
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( Ibd



B|| sin



( IdlB|| sin )ˆi



) ˆi = 2IB||b 2 sin2



dl = bd



ˆi
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The torque is therefore given by the sum of the elements dT: T = ∫ dT = 2IB||b2 ∫ sin 2 d ˆi 0



1 1  = 2IB||b 2   − sin2   ˆi 2 2 0 2 ˆ = ( b I ) B i [Nm] ||



Recall the definition of the magnetic dipole moment: m = b2 Inˆ The unit vector points perpendicular to the surface as the right hand follows the direction of the current. Hence the torque can be rewritten as T = m×B



[Nm]



• This is applicable to any shape of planar current loop • This torque is applicable to microscopic and well as macroscopic particles • Responsible for the alignment of magnetic moments in materials and hence magnetisation of materials • This equation does not hold if B is non-uniform over the loop since there will unbalanced forces around the loop



Example: Torque on a Rectangular loop. The loop is in the x-y plane as shown, in Cartesian coords B is given by



y B|| 1 a



B = Bx ˆi + By ˆj + Bz kˆ



I



Hence the parallel and perpendicular components of the field are given by: B|| = Bx ˆi + By ˆj



O



4



x 2



3



b



B⊥ = Bz kˆ



The force due to B⊥ is the sum of the forces due to each current element: FB⊥ = ∑ Sum of the forces for each side of the loop



( ) + ( F ) + (F ) + (F )



= FB⊥



1



( )



B⊥ 2



B⊥ 3



( )



B⊥ 4



()



()



= IbBz − ˆj + IaBz − ˆi + IbBz ˆj + IaBz ˆi = 0



As we would expect hence there is no Torque due to the forces on this loop since this force tries to stretch the loop.
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The total force due to B|| is given by the sum of the force due to each side of the loop:



( ) ( ) + (F ) + ( F )



FB|| = FB|| 1 + FB||



B || 3



2



B || 4



where each term is given by



(F ) B ||



b 2



B ||



b 2



−



a 2 2



=I



∫ dy (−ˆj) × B



−



(F ) (F )



(



y



)



= I ∫ dx ˆi × B|| = I ∫ dxˆi × Bx ˆi + By ˆj = IbBy kˆ 1 −



(F )



b 2



B ||



3



B ||



4



b 2



a 2



||



a 2



( ) (



B|| 1



)



= I ∫ dy − ˆj × Bx ˆi + By ˆj = IaBx kˆ −



a 2



a



x



O



4 I



2



3



b



( ) = IaB (− kˆ ) = IbBy − kˆ x



Hence again we see for the total force ∑ FB = 0 ||



Although the net forces are zero; a torque T exists due to these forces:



( )



aˆ a j × IbBy kˆ = bIBy ˆi 2 2 bˆ b ˆ T2 = r2 × FB|| 2 = i × IaBx k = aIBx − ˆj 2 2 a ˆ a T3 = r3 × FB|| 3 = − j × IbBy − kˆ = bIByˆi 2 2 b ˆ b ˆ T4 = r4 × FB|| 4 = − i × IaBx − k = aIBx − ˆj 2 2



y



T1 = r1 × FB|| 1 =



B||



( )



( )



( ) ( )



( )



( )



1



( )



( )



a



O



4 I



( )



x 2



3



b



The total torque is therefore: T = T1 + T2 + T3 + T4 = abIB iˆ − abIB ˆj y



x



(



= IS By ˆi − Bx ˆj



)



( ) = m × ( B ˆi + B ˆj + B kˆ ) = m × Bx ˆi + By ˆj x



y



( )



( )



where m = IS − kˆ = Iab − kˆ



z



= m× B
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The Principle of Virtual Displacement



Alternative method for determination of magnetic forces and torques. Constant Flux Conditions Let a loop be immersed in a magnetic field such that the flux passing through the loop is φ. If the loop is moved through a small displacement dl (a virtual displacement) such that there is no change in flux linkage (i.e. no induced emf by the source), the work done by the system on the magnetic field results in a decrease in magnetic energy which is given by: FΦ = −∇Wm



[N]



FΦ represents the force under constant flux conditions. If the circuit is constrained to rotate about an axis (say the z axis) by an amount dφ, then the a torque results on the loop which in terms of the change in energy is given by



(TΦ )z = −



Wm



[Nm]



where (Tφ)z represents the torque around the z-axis under constant flux conditions.



Constant Current Conditions For the case where the source is connected to a constant current supply which counteracts any induced emf from the change in φ due to the displacement dl, the force on the loop will be then given by: FI = +∇Wm



[N]



where FI represents the force under constant current conditions. Once again if the loop is constrained to rotate around an axis (say the z axis) by an amount dφ, then the a torque results on the loop which in terms of the change in energy is given by



(TI ) z = +



Wm



[N]



where (TΙ)z represents the torque around the z-axis under constant current conditions.
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Forces and Torques in Terms of Mutual Inductance



Recall from the last lecture that for two circuits carrying currents I1 and I2 of inductances L1 and L2 Loop 1 coupled via a flux linkage giving rise to a mutual inductance L12 then the magnetic energy is given by: W21 =



I1



I2 Loop 2



φ12



1 1 L1 I1 2 + L21 I1 I2 + L2 I2 2 2 2



Hence if one of the circuits is given a virtual displacement, while the currents are held constant only the mutual inductance L12 will change, therefore the force is FI = +∇Wm = I1 I2 ∇L21



[N]



If one of the loops is constrained to rotate then there will be a torque:



(TI ) z = +



Wm



= I1 I2



L21



[Nm]



Example: Force between two Magnetic Dipoles: Consider the two sets of coils that carry currents I1 and I2 having the number of turns N1 and N2 respectively separated by a distance d along the z axis. Let z=d+|dl| >>b1,b2 where dl will be the virtual displacement distance. Recall from lecture 10 that the for a single loop magnetic dipole that the vector potential is given by: A≅



0



z Dipole 2



I2 N 2 b2 P R θ



d



I1 b1 x



O



N1 Dipole 1



y



Ib2 sin ˆ 4R 2



At the point P in this example which consists of N1 loops then the vector potential is N1 I1 b1 2 sin ˆ 4R2 2 0 N1 I1 b1  b2  ˆ 2  R 4R



A12 ≅ = =
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0



N1 I1 b12 b2 ˆ = 4R 3



0



where sin =



b2 R



N1 I1 b12 b2 ˆ 3



4( z2 + b2 2 )



2
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The flux coupling circuit 1 to circuit 2 is given by:



∫ ( ∇ × A) • dS



Φ12 = ∫ B • dS2 = S2



∫ A • dl



=



2



S2



2



C2



Therefore Φ12 =



∫ A • dl2 =



C2



=



0



N1 I1 b12 b2 2



4( z2 + b2 2 )



=



0



m1 b2



3 2



∫



C2



0



4(z 2 + b2 2 )



2



∫d



N1 I1 b12 b2 ˆ • b2 d ˆ 3 2



( N I b )b 2( z + b ) 2



=



0



1 1



1



2



0



2



2



2



3 2 2



2 3



2( z + b2 2 )2 2



The mutual inductance is then



L12 =



m N b2 N2 Φ12 = 0 1 2 23 I1 2I1 (z2 + b2 2 ) 2



The force on the dipole using the principle of virtual displacement due with displacement dl=dz is given by FI = I1 I2 ∇L21 = I1 I2



 L21  ˆ k  z  z =d



 I I m1 N2 b2 2 ˆ  k  2I1 



=



0 1 2



=−



3d



(z



2



+ b2 2 ) z



−



3 2



    z =d



m1 ( N2 I2 b2 2 ) ˆ 3d 0 m1 m2 ˆ k=− 5 5 k 2 2 2 2 ( d + b2 ) 2 (d 2 + b2 2 ) 2 0



We have assumed that d>>b2 as such thus the expression for the force reduces to FI ≅ −



3



0



m1 m 2 ˆ k



2 d4



The negative sign indicates that the force is attractive between the dipoles, when the current is in the same direction. It should also be noted that the force drops off rather rapidly as a factor of R-4 where R is the distance between the dipoles.
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Lecture 14 Time Varying Electric and Magnetic Fields Summary of the Electro-magnetostatic Models Electrostatic Model



Magnetostatic Model



∇ ×E = 0 ∇ •D = ρ D = εE



∇ •B = 0 ∇ ×H = J 1 H= B µ



The equations of Electrostatic and Magnetostatic models can be treated independently. Even if an electric field induces a steady current which creates a magnetic field the independence still holds. The equations are no longer independent when the fields are time varying



Faraday's Law In 1831 Faraday experimentally discovered that a time rate of change of magnetic field induced a current in a loop (an hence an electric field). This discovery can be written as Faraday's Law of Electromagnetic Induction: ∇ ×E = −



B t



Taking the surface integral over this expression allows us to determine the integral form of Faraday's law: Remarks



∫ (∇ × E ) • nˆ dS = −∫ S



S



B ˆ • ndS t



LHS = ∫ (∇ × E) • nˆ dS = ∫ E • dl = V S 4444244C 1 443 Stokes's Theorem



RHS = − ∫ S



B ˆ Φ • ndS = − ∫ B• nˆ dS = − t tS t 1 424 3 =Φ



Equating both yields: V=−
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Φ t



[Volts]



• It has been assumed that the loop of contour C binding the surface S is stationary. • V is known as the induced emf in the loop and Φ is the magnetic flux through the loop. • Note that the emf induces a current in a direction to oppose the changing flux (hence the negative sign) known as Lenz's Law.
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Example: A circular loop of N turns emersed in a magnetic field with B=



B0 sin( t)kˆ r



Let the loop be positioned at the origin and have radius a as shown. Then the flux is Φ = ∫ B • nˆ dS =



2



B0 sin( t)kˆ • kˆ rdrd r =0 r = 0



S



=2



= B0 sin( t)



∫



a



∫ ∫



r=a



∫



d



=0



dr = 2 aB0 sin( t)



r=0



Hence the induced emf for N turns according to Faraday's law is: Φ = −N (2 aB0 sin( t)) t t NaB0 cos( t)



V = −N = −2



NaB0 sin t −  2



=2



The emf voltage is out of time phase with the magnetic flux by 90o



Application of Faraday's Law of Induction: Transformers Transformers are used to convert AC voltages, AC currents and impedances between two parts of a circuit by making direct use of Faraday's Law of Induction. Consider the transformer as shown which is composed of a ferrous core of square cross section area S and permeability µ.



It can be shown that for a magnetic circuit such as the one above that:



∑ N I = ∑R Φ j



j



j



k



k



k



where Rk is called the relutance of the magnetic circuit and is given by R k =



l



k



S



l is the length of the circuit, S is the cross sectional area and k is the permeability of the core Around a closed path in a magnetic circuit the algebraic sum of ampereturns is equal to the algebraic sum of the product of the reluctances and the fluxes.



Written by R.T. Sang



2



Lecture 12



Applying this expression to the transformer yields: N1 I1 (t) − N 2 I2 (t) = RΦ =



l Φ S



(a) Consider the case of an Ideal Transformer: → ∞ N1 I1 (t) − N 2 I2 (t) = 0 ⇒



I1 (t) N 2 = I2 (t) N1 Φ(t) Φ(t) ,V2 (t) = −N2 t t V1 (t) N1 ⇒ = V2 (t) N2



Also we have from Faraday's Law: V1 (t) = −N1



For a load impedance ZL, the effective load as seen by the AC supply is given by:



( Z1 )eff



N V2 (t) 1 2 2 V1 (t) N2  N1  V2 (t)  N1  = = =  =  Z I1 (t) I (t) N2  N2  I2 (t)  N 2  L 2 N1



(b) Real Transformer: In this case the flux linking the primary and secondary circuits is given by Applying the magnetic circuit equation to determine the flux, hence the flux linkage is: SN1 ( N1 I1 (t ) − N2 I2 (t)) = l SN2 Λ 2 = N 2 Φ(t) = (N1 I1 (t) − N2 I2 (t)) = l Λ 1 = N1Φ(t) =



S ( N12 I1(t) − N1N2 I2 (t)) l S ( N1N2 I1(t) − N22 I2(t)) l



Applying Faraday's law enables the induced emf to be determined: Λ 1 (t) = t Λ (t) V2 (t) = − 2 = t V1 (t) = −



S 2 N l 1 S 2 L2 = N l 2 S L12 = NN l 1 2 L1 =



where
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S  2 dI1 (t) dI (t) dI (t) dI (t) N − N1 N2 2  = L1 1 − L12 2 l  1 dt dt  dt dt S dI1 (t) dI (t) dI (t) dI (t) NN − N2 2 2  = L12 1 − L2 2 l  1 2 dt dt dt dt



L1 and L2 are the self inductances of the primary and secondary circuits L12 is the mutual inductance of the primary and secondary circuits. This results is the same as for long solenoids coupled together.
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For an ideal transformer (no flux leakage beyond the transformer) then L12 = L1 L2



For a real transformer, some flux will leak out and as such the mutual inductance is L12 = k L1 L2



where k 1 . Thus



In this case we find that =j



2  R 1



 R− j 



≅j =j ⇒



1



 R 1 − j 



=



j



=



=



2



2  =j R



 R j



1



2  R



 1+ j   2  =



f



The attenuation constant and the phase constant are approximately equal and increase with both f and .



The intrinsic impedance of a good conductor is complex since



=



=



j



c



⇒



=



1 + j   2 



= ( 1 +j)



= (1+ j )



2 f



[Ω]



The electric field intensity therefore leads the magnetic field intensity by 45o. Finally the phase velocity in the conductor is given by:



vp =
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≅



2 f f



=



4 f



=



2



[m / s]
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Skin Depth of Penetration The attenuation of the wave in a conductor is given by e − z where = f . It is usual to define the skin depth as the depth where the amplitude of the wave reduces to a value e-1. Hence =



1



1



=



[m]



f



since α=β (for a conductor) then skin depth can also be written as =



1



=



[m]



2



The skin depth of various conductors with waves of different frequencies are given below: Material Silver Gold Copper Al



σ(S/m) 6.17x107 4.10x107 5.80x107 3.54x107



f=50Hz 9.06mm 11.1mm 9.35mm 12.0mm



f=1MHz 64µm 66µm 79µm 84µm



It should be noted that =



0



f=1GHz 2.0 µm 2.1 µm 2.5 µm 2.7 µm



f=500THz 2.9nm 3.5nm 3.0nm 3.8nm



for most conductors.



Example: 10kHz plane waves in seawater with ε=80ε0 and σ=4S/m. Find where the field is 1% of the surface intensity and evaluate E and H. Given that at z=0 the E field is given by E = E0 cos(2 × 104 t )ˆi . To solve this problem we need to find the appropriate quantities α,β,η,vp,δ. To determine whether the sea water medium is a conductor or an insulator at this frequency we look at the ratio = R



4 = 22,500 >> 1 ⇒ seawater is a good conductor. 2 × 10 4 × 80 × 8.84 × 10−12



=



⇒



= ( 1 +j)



⇒ vp = ⇒
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= 0.398



f



=



1



2 = 2.51



⇒



= (1+ j)



= 0.398



0.398 2 j4 ≅ e (Ω) 4 10



= 1.58x105 (m)



[rad / m]



(m / s) ∴



2



= 2.51 ⇒



= 15.8m
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Hence for the intensity of the field to be 1% the depth into the water z1% is determined by 0.01= e− z1% ⇒ 0.01 = e −0.398z1% ⇒ ln(0.01) = −0.398z1% ⇒ z1% = 11.6m



To evaluate the E and H fields we have



(



E(z,t) = Re(E xe j t ˆi ) = Re E0 e − ze j ( ⇒ E(z,t) = E0 e



−0.398z



t− z)



ˆi



)



cos(2 × 10 t − 0.398z )ˆi 4



To calculate H we need to use the phasor notation. Hence:  10 E e−0.398z e − j 0.398z E  0 H(z,t) = Re  x e j t ˆj = Re  e j2    2 j 4 e



×10 4 t



 ˆj 



j  2 ×10 4 t −0.398 z−    10 4 ˆ = Re  E0 e−0.398z e  j  2  10 −0.398 z  4 ⇒ H(z,t) = Ee cos 2 × 10 t − 0.398z −  ˆj 2 0 4



The Poynting Vector Clearly an EM wave propagating from a source (such as an antenna) must carry power for it to be receivable at the receiver (such as a radio or TV). The Poynting Vector gives a description of this power transfer. Consider Maxwell's Equations for a medium of permeability µ and permittivity ε and conductivity σ: ∇ ×E = −



(



H) t



∇ ×H = E +



( E) t



Then: ∇ • (E × H) = H • (∇ × E) − E • ( ∇ × H)  = −H •   =−



=−
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H ) ( E)     − E •  E + t t 



1 1 ( H • H) − E • E − ( E • E) 2 t 2 t  1 H 2 + 1 E 2 − E 2  t2 2
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Integrating over the volume: ∴ ∫ ∇ • (E × H)dV = − V



⇒ ∫ ( E × H ) • nˆ dS = − S



 1 H 2 + 1 E 2  dV − E 2 dV ∫V  t ∫V  2 2



Gauss's Theorem



 1 H 2 + 1 E 2  dV − E 2 dV ∫V  t ∫V  2 2



• The first and second term on the RHS are equivalent to the time rate of change of the stored energy in the field. • The last term on the RHS is the ohmic power dissipated in the medium due to the finite conductivity. • Hence the RHS is the rate of decrease of energy stored in the field and must equal the power leaving the volume V through the surface S. • The vector E × H therefore represents the power flow per unit area and is called the Poynting vector. P =E×H



[W / m 2 ]



• Notice that the power is orthogonal to both E and H. Also note that if σ=0 there is no ohmic losses in the system. • In a static condition only the ohmic losses occur. • Taking the negative of both sides of the above expression yields Poynting's Theorem: − ∫ ( E × H ) • nˆ dS = S



 1 H2 + 1 E 2  dV + E 2 dV ∫V  t ∫V  2 2



= − ∫ P • nˆ dS S



Poynting's Theorem: The total power flowing into a closed surface at any instant equals the sum of the rate of increase of stored energy in the EM field together with the ohmic power dissipated in the total volume.
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Example: The Poynting vector on the surface of a long wire radius b and I ˆ conductivity σ carrying current I. For the wire let J=



b2



k



z



We can determine E directly since



y E b



H



H



P



P



dS



P



L dz



P



φ



r



P



P



x



J = E⇒ E =



J



=



I ˆ k b2



P P



P



Top View



Recall from lecture 9 that for a long straight wire that the B field at radius r from the wire was B=



rI ˆ bI ˆ I ˆ ⇒ H(b) = = 2 b2 2 b2 2 b



Hence the power is given by P =E×H= ⇒P=−



(



)



I I ˆ ˆ I2 k× = 2 b 2 b 2 2 b3



(− rˆ)



I2 rˆ 2 b3 2



To confirm this solution in the steady state we integrate P over the surface: − ∫ P • nˆ dS = − ∫ − S



S



= =



I2 rˆ • nˆ dS 2 2 b3



I2 2 2b 3



2



I



2



2



b3



2



L



0



0



∫ ∫ bd dz(rˆ • rˆ )



( 2 bL)



L = I 2  2  b ⇒ − ∫ P • nˆ dS = I 2 R S



What we would expect for a conductor!
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Average Power Density in the EM Wave • The Poynting Vector gives the instantaneous power in the EM wave. • Often it is useful to consider the average power in the EM wave, since many detectors only average quantities (they usually can not respond at the frequency of the EM wave). • Using the phasor notation developed previously, we may write for a linearly polarised plane wave in a medium of permeability µ and permittivity ε with conductivity σ:



(



− E(z,t) = Re(E x (z)e j t ˆi ) = Re E0 e ( − z



= E0 e



H(z,t) = Re(



cos(



Ex (z)



 E e −( = Re  0  =



E0 e−



z



+j



)z



e j t ˆi



t − z)ˆi



 E e− ( + j e j tˆj) = Re  0 j n e  +j



)z



e



j( t −



cos( t − z −



n



)z



)



 e j tˆj 



)ˆ 



j  n



)ˆj



Hence the instantaneous Poynting Vector is given by: P(z,t) = E(z,t) × H(z,t) = Re(E(z )e j t iˆ) × Re(H(z)e j t jˆ)  E e− z = E0 e− z cos( t − z)ˆi ×  0 cos( t − z −  = =



E0 2 e −2



z



cos( t − z) cos( t − z −



E0 2 e −2 z  1  2 {cos(



n



) + cos( 2



n



n



 



)ˆj



)kˆ



t−2 z−



n



)}kˆ 



[W / m 2 ]



We have applied the trig identity: 1 {cos( A + B ) + cos( A − B )} 2 where A = t − z B= t− z− n cos( A) cos( B) =
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To calculate the average power in the EM wave we need to time integrate over one complete cycle of the wave T = 2 :



2 T



1 Pav (z) = ∫ P(z,t)dt = T0 2



∫ P(z,t)dt 0



2 2    2 ∫ cos( n )dt + 2 ∫ cos(2 t − 2 z − 0 0   2   1 sin( 2 t − 2 z − )  cos( n ) + n   2  2 0 



E 2 e −2 = 0 2



z



=



E0 2 e −2 2



z



=



E0 2 e −2 z   cos( 2



=



E0 2 e −2 z cos( 2



n



n



)+



)kˆ



1 (sin( 4 − 2 z − 4 [W / m 2 ]



n



 ˆ n )dt  k     kˆ  



) − sin(−2



z−



n



))kˆ 



sin( A + B) = sin( A) cos( B) + cos( A) sin( B) where



A=4



B = −2 z −



n



It should be noted that in phasor notation the average power is Pav (z) =



1 Re[E(z) × H * (z)] 2



(W / m 2 )



Proof:  E e − z e + j( E(z) × H * (z) = E0 e − ze − j z ˆi ×  0 



(



)



z+



n



)



ˆj  



 E 2 e −2 z e + j n  ˆ = 0 k   ∴Pav (z) = =



 E 2 e −2 ze + j n  ˆ 1 ReE(z) × H * (z)] = Re  0 [ k 2 2   E0 2 e −2 z cos( 2



n



)kˆ



END OF COURSE
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Physical Science Context Lecture 1 Gauss's Law Gauss's law is a generalised reformulation of Coulomb's law which allows one to simplify the determination of an electric field. It is especially useful in symmetrical situations which greatly reduce the amount of work required to calculate an electric field. Central to Gauss's law is the hypothetical closed surface called a Gaussian surface which can be of any shape that we choose to make it but it is usually chosen to simplify the calculation for the problem. Quite often these surfaces are spheres or cylinders or some other symmetrical body but the important aspect as the surface must be closed, ie there must be a clear distinction between the inner surface and an outer surface of the object. Gauss's law relates the electric fields at a point on a (closed) Gaussian surface to the net charge enclosed by that surface.



Flux We define the flux as the volume flow rate of something through an area. For example the flux of air particles passing though a square loop as in figure 1 below:



Figure 1
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The number of particles passing through the loop or the flux of these particles through the loop depends on the velocity of the particles as well as the area of the loop. From figure 1(a) the flux is simply Φ = vA In the general case where the trajectories of the particles make an angle θ with respect to the surface of the loop as in figure 1(b) we have Φ = v cos( )A This can be written more generally as a vector quantity: Φ = v •A A is know as an area vector with a direction perpendicular to the surface as shown in figure 1(c).



Flux of an Electric Field We now define an arbitrary closed surface (Gaussian surface) as shown in figure 2, that is immersed in an electric field.



Figure 2
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This surface can be broken up into a series of smaller surfaces ∆A each with area ∆A and a vector associated with it ∆A with the direction of the vector perpendicular to the surface. The flux of the electric field lines passing through the small surface ∆A is given by Φ ∆A = E • ∆A The sign of the scalar product depends on the product directions and may be positive, negative or zero (ie E parallel to ∆A). The total flux will be just the sum of each of the fluxes due to each ∆Ai: Φ A = ∑ E • ∆Ai i



In the limit, as the each of the surfaces tend to zero, then the summation becomes a continuous integral: Φ A = lim



∆Ai → 0



∑ E • ∆A = ∫ E •d A i



Electric Flux through a Gaussian Surface



i



The electric flux F is proportional to the net number of electric field lines passing through the surface. The integral defining the flux is called a surface integral and the loop symbol tells us that the integral is over the entire surface. These types of integrals will be considered in-depth in Maths IIA and EMII next year. Example: Calculate the electric flux though a cylindrical Gaussian surface in a uniform E field as shown



The flux is given by Φ A = ∫ E •d A The integral is over the entire surface which can be broken into three surfaces, two at each end of the cylinder (a and c) and one surface that is perpendicular to the electric field (surface b) as shown above. Hence
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Φ A = ∫ E •d A = ∫ E • d Aa + ∫ E • d Ab + ∫ E • dA c a



b



c



where each integral is given by



∫ E •d A = ∫ E cos(180)dA a



a



a



∫ E •d A = ∫



= − ∫ EdAa = −EA a



E (904)dA 1cos 4 42 4 3b = 0



b



b



E⊥dA b



∫ E •d A = ∫ E cos(0) dA = ∫ EdA c



c



c



= EAc



c



Hence the flux is ⇒ Φ = −EA EA 14a2+4 3c = 0 A a = Ac



This is what we would expect since the E field lines passing through the left cap exit at the right of the surface ⇒ Net Flux over the entire surface = Zero



Gauss's Law This law relates the net flux of an electric field through a closed surface to the net charge enclosed by that surface: Φ=



qenc 0



where qenc is the total net charge enclosed by the surface. Recall that the flux is related to the electric field by Φ A = ∫ E •d A Hence Gauss's law can be rewritten as



∫ E •d A =



qenc



Gauss's Law



0



This equation is valid for an electric field in a vacuum (and you can assume for our purposes air). E is the total electric field due to charges inside and outside the Gaussian surface. If qenc is positive then the flux is outward while the flux will flow into the surface if the enclosed charge is negative. The charges outside the surface do not count towards the flux, only those bounded by the surface, and the location of the charges within the Gaussian surface doesn't matter. This law is completely equivalent to Coulomb's law as will be shown soon.



Page 4 of 10



Physics A SCE1301N R.T. Sang 2001



Example: Consider two point charges in the figure below which have charges that are equal in magnitude but opposite in sign with four different Gaussian surfaces.



Surface S1: The E field flux due to the enclosed charges is outward since qenc>0. Surface S2: The E field flux due to the enclosed charges is inward since qenc 
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