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PERFORhL4NCE COA.IP-4RISON BETWEEN THE FILTERED-ERROR LAIS -4ND THE FILT ERED-S L WI S -4LG 0R ITH M S Shigeyki Miyagi and Hideaki Sakai Dept. of Systems Science, Graduate School of Informatics, Kyoto Universit,y I'oshida, Sakyou-ku, Kyoto, 606-8501 Japan. miyagiQi. kyoto-u.ac.jp, [email protected] ABSTRACT Several properties of the filtered-error (filt,ered-E)least, niean square (LMS) algorithm, such as the stability condition, the upper limit of the step size and the variance of the error signal are quantitatively evaluated and compared with t,lie those of tlie filtered-); LhIS algorithni. For this purpose, the averaging method and the ordinary differential equation (ODE) method are applied to the frequency domain expression of both algorithms. Froni the averaged system, it is demolistrated that the stability condition arid the upper limit of the step size of the filtered-E Lh,IS algorithm are same with those of the filt,ered-X LhIS algorithni. On the other hand; from the ODE analysis: it is shown that. tlie excess mean square error of the filtered-E LhIS algorithin is two thirds of that, of the filtered-); LhlS algorithm. 1. INTRODUCTIOX



Adaptive feedforxvard control systems are used iii active noise control (.4NC). The filtered-); LhIS algorithm [l] is one of the most popular method to adapt the controller. As an alternative, the filtered-E LMS algorithm has been proposed by Wan[2]. It has been demonstrated by some simulations in [2] that this method has ident,ical performance about the convergence and the misadjustment with t,liose of the filtered-S LAIS algoritlini. The theoretical stabilit,y condition of the filtered-E LhIS algorithm lias been derived by Feintucli et a1.[3]. In [3]; a frequency domain technique is used t,o analyze the filtered-E type LAIS algorithm. The stability condit,ion of the mean weight, vect,or aiid t,lie second order stabilit~yare exaniiried. In this paper, we also use a similar technique, lmt, we directly obtairi the frequency domain espressioii of the algorithm by converting the time domain algorithm with the discrete Fourier transform unlike tlie rnet,liotl in [ 3 ] . By applying the averaging method[4] and ODE ~riethod[ci]t80 the frequency doniaiii expression, we can obtain the clear formulas of the stability condition, the upper limit of the st,ep size and the expression of the excess mean square error. These results are conipared witli those of the filtered-X LAIS algorithm. 2. THE .4I,?ER.;\GING METHOD XND THE ODE LIETHOD



Here we give a brief review of the averaging inethod in [A] arid t,he ODE method in [5]. Consider tile following general



adaptive algorithm with appropriate regularity coiiditioiis



e(k:+ 1) = e ( k ) + LLqo(x.). z(~))



where 8 is a parameter vector, z is a raridorii input. signal and p is t,he adaptive gain. The averaged system corresponding to (1) is



8(k



+ 1) = 8 ( k ) + ph(8(1;))



(2)



with h(8)= E [h(8:~ ( k ) ) ] .The convergelice property of (1) can be examined by examining that, of t.he averaged systeni (2). On the other hand. the ODE correspoiiding t,o (1) is given by d O ( t ) / d t = h ( @ ( t ) )It. is assumed t,liat an equilibrium point of the ODE exists and is denoted by 8 , . Uiider some regularity conditions, if all the eigenvalues of the derivat,ive matrix H ( 8 . ) defined by (3)



have negative real parts ant1 if the matrix x



s(e)=



E [h(e.z(x:))hi(e. z(0))]



(4)



I.=-%



exists, /(-"'[o(~c) - 6-1 ~orivergesasyrlil)tot,i(.ilIIy(A, + x and p + 0 ) to a zero iiieaii norrrial dist,ril)utctl raiidoiii vect,or weakly with a covariance niat,ris Y . nhicli is t l i r ~ solution of tlie Lyapunov equation



H ( B . ) Y + Y H + ( B X= . ) -S(8.)



(5)



3 . STXBILITY CONDITIOX BY THE .\\-ER AGING AIETHOD en1 using the filtered-E The 1)loc.kdiagram of the -ANC LAIS algoritlirri is depicted in Fig.l(a) wlierc P ( z ) tlenotes t,lie transfer fimctioii of t,hr cascade of tlir primary ])at11 and the secondary path. Tht, N-dimensio~ialvector nlioso eleiiient,s arr c.oefficiciit,s of P ( z ) is expressocl I)? p . S ( 2 ) deiiotc:~thc, trilrisfer funct,ioii of thc seco~itlar!-path. In tlic filt,rrecl-E LhIS algoritlirri~t,licl error sigiiitl o ( A , ) is filt,twtl
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Figure 1: Block diagram of ANC with ( a ) the filtered-E LAIS algorithm where J is the order of LSIS algorithm.



where we assume that P ( z ) = IT-opt(z)S(:). that is p = tuopt * s and - l w ( k ) = w ( k )- wept. From the property of DFT. we have



by S ( : - ’ ) z - , ’ n-here J is the order of S ( z ) and S ( z - l ) denotes the time reversed >-ersiori of the estimated secondary path transfer function S ( z ) . The delay z - J is introduced to retrieve the causality in the filtering operation. The t a p vectors of S ( z ) and S(z ) are described by s and s with the tap length -Vswhere .I = :Vs- 1 and it is assumed that iVs is sufficientlJ- smaller than h-.The tap vector of the adapt.ive t.ransfer function IT-(,-) is expressed as w(k) whose t a p length is :Y - iYs 1 where X: is the time index. The tap 1-ector w ( k ) is updated by



1 e ( k ) 2: - - x + ( A : ) A ~ A w ( x : )+ i : ( k )



!I‘



+ 1) = w ( k )+ p z ’ ( k - J ) P ‘ ( X : - J )



E[le(k)l’] = n;,E 1 [Xt(k)A~~W(k)~WT(k)A~X(k)]+o~,



(6)



n-here L,L is the step size. e ’ ( k ) is the error signal filt.ered by .?(:-I). that is .\.
O-’ Y, \.: ~ ~ ( k - i ) r ( A- .~j )-. / Since u : , ( k - i ) is slowly varying. KP replace icJ( X - i ) b3- ( k ) and g ( k ) is approsiniated



;=;



g ( k ) 2 ( w ( k )* s ) L ( k ) (8) n-here * denotes a vector convolution and the input signal vector. z ( k ) . is defined by z ( k ) = [ . r ( k ) . z ( k - 1). . . . . . r ( k - -V + 1) 1’. The above approxiniation is justified as follon-s. Since from ( 6 ) the difference between IC, (A. - i ) and ~ i ’ , ~ (isk of ) O ( p ) .its effect t,hrough e ’ ( k ) in ( 6 ) is of O ( p ’ ) and this can he discarded. From (8). t,he error signal e(A:) is given by



p = z ( k )- ( w ( k )* s ) T z ( k )+ t!(X:).



=



- I W ( k )7 - p F z ’ ( k - J ) e ’ ( k - J )



z



l W ( k )ip h ( - l W ( k- J ) . X ( k ) .74k)).



./



=o



,/ =o



(13) From the above approximai;ion and F z ’ ( k ) 2: X ( k ) .t,he average of F z ’ ( k ) e ’ ( k )for fixed Al%’(k) is given by .\-s



(9)



-I



+



E[Fz’(k)e’(k)]= --1



By applying the discrete Fourier transform ( D F T ) matrix F = [esp(-iZ’zh/-\-)] 1. ‘in,= 0. 1... . A- - 1. the 11: point DFTs of z ( k ) . ~ ’ ( k )p .. s. s. w ( k ) are denoted as X ( k ) . x’(A:). P . S . S. w(A-). respectiyely. Since the lengths of s. S. z’(k:) and w ( k ) are less than A-. iV - .Vsor iYs - 1 zeros



:;,E [ X ( k ) X i ( k j ) ] A . s A w ( k ) .



.\I



=O



(14)



~



+



The (ni.l)-t,li element of E [ . X ( k ) X ’ ( k j ) ] is



E [S,,, (/,:)-I-; (k+j)]



are padded. Hence. (9) is rewritt,en as



e(k)



(12)



This is an adaptive (time-varying) algorithm ahout the discrete frequency response of t.he original adapt,ive filter. To analyze this. let us consider the averaged syst,em corresponding to (12). By substituting (10) into (7). the following approximation is obtained.



1-,



P(k)



(10)



where AS is a diagonal matrix defined by A s = diag[ SO. SI. ’ ’ . S.Y-1 ] whose each element corresponds to each element in S . From (10). the variance of e ( k ) is calculated as



+



w(k



S(z) and (b) the filtered-);



[2 .\-I



= e 2’ r T j/ E



1



- - X ’ ( k ) F ( A w ( k ) * s) + c ( k )



s



S-1-J



i . ( k - 1 1 ) een p- nTi



z ( k - q ) i 2en qSl ,I=-,



11-66?



1



\There S , , ( k ) is the ni-th element of X ( k ) . From the theorem related to the cumulant of finite Fourier transform of time series in [7]. we have



Using the property F F i / N = 1;the (m:m')-th element of S(AW.) is described as 05



E[S,,(k)-Y;(k



+j ) ]



Ne ' 2 - ( b -



-j)f.T(~l)61,



(15)



where f , r ( ~ is ) the spectral density of the input signal and = 2nl/N. Since the maximum value of j : that is N,- 1 is sufficiently smaller than A:: (15) is further approximated as .3n]l



L/



E [ S , , ( k ) S ; ( k + j ) ] e'FQr6rm. (16) is a diagonal element of Q E E [ X ( k ) X t ( k ) ] and f . ? ( ; ~ l ) N &I/&- is used. Since each element of X ( k ) is independent from each other as N -+ cc due to the property of stationary processes. Q is approximately expressed as a diagonal matrix. Q = diag [ Q o : Q I , . . . Qs-1 1. By substituting (16) into ( l a ) . the averaged system corresponding t o (12) is obtained as



where



where



Ql



J



p'=J



~



i i i r ( k + 1) = AW(,+)- K Q A : A ~ A . F . ~-~J( )X - (17)



By applying the theorem in [ i ]again and using N, 
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