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ORTHONORMAL BASES OF COMPACTLY SUPPORTED WAVELETS II. VARIATIONS ON A THEME* INGRID DAUBECHIES Abstract. Several variations are given on the construction of orthonormal bases of wavelets with compact support. They have, respectively, more symmetry, more regularity, or more vanishing moments for the scaling function than the examples constructed in Daubechies [Comm. Pure Appl. Math., 41 (1988), pp. 909-996].
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1. Introduction. This paper concerns the construction of orthonormal bases of wavelets, i.e., orthonormal bases {$jk; j, kZ} for L2(R), where



q%(x) 2-;/2q(2-;x- k)



(1.1)



for some (very particular!) L2(E). The functions (1.1) are wavelets because they are all generated from one single function by dilations and translations. Note that wavelets need not be orthogonal or even linearly independent. In fact, the "first" wavelets were neither [1], [2]. See [3], [4] for discussions of wavelet expansions using nonindependent wavelets, with continuous [3] or discrete [4] dilation and translation labels. Even the special case of orthonormal wavelets need not always be of the form (1.1). Basic dilation factors different from 2 are possible: there exist orthonormal bases in which this factor is any rational p/q > 1 [5]; in more than one dimension we may even choose a dilation matrix instead of an isotropic dilation factor. In these more general cases, it may be necessary to introduce more than one (but always a finite number). We shall restrict ourselves to one dimension here, and to the dilation factor 2, as in (1.1). Bases with factor 2 are by far the easiest to implement for numerical computations. All interesting examples of orthonormal wavelet bases can be constructed via multiresolution analysis. This is a framework developed by Mallat [6] and Meyer [7], in which the wavelet coefficients (f, Ojk) for fixed j describe the difference between two approximations of f, one with resolution 2j-, and one with the coarser resolution 2 The following succinct review of multiresolution analysis suffices for the understanding of this paper; for more details, examples, and proofs we refer the reader to [6] and [7]. The successive approximation spaces V in a multiresolution analysis can be characterized by means of a scaling function ok. More precisely, we assume that the integer translates of b are an orthonormal basis for the space Vo, which we define to be the approximation space with resolution 1. The approximation spaces V with resolution 2 are then defined as the closed linear spans of the bk (k 7/), where



.



(1.2)



dpjk



To ensure that projections on the



Vo c



2-J/adp(2-Jx- k).



V describe successive approximations, we require



V_l, which implies



(1.3) * Received by the editors May 29, 1990; accepted for publication (in revised form) May 23, 1992. ? Mathematics Department, Rutgers University, New Brunswick, New Jersey 08903 and AT&T Bell Laboratories, 600 Mountain Avenue, Murray Hill, New Jersey 07974. 499
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This imposes a restriction on exist c. such that



b: since b Vo c V_l=Span{b_lk; k7/}, there must



(1.4)



c,, (2x n).



(x)



In order to have a complete description of L2(), we also impose fq V {0}, U L(). (1.5) jZ



jZ



For every multiresolution analysis as described above, there exists a corresponding ohonormal basis of wavelets defined by



(1.6)



(x)



Z



(-1)"c_,+6(2x- n),



where c, are the coefficients in (1.4). We can prove [6], [7] (see also below) that the 4o, are then an orthonormal basis for the orthogonal complement Wo of Vo in V_I. This phenomenon repeats itself at every resolution level j. It follows that, for every j, the (f, qgk) determine the difference in information between the approximations Pf P-lf at resolutions 2j, 2j-, respectively:



Pj-lf-- Pf+ E (f, q’jk)qgk. Consequently, by (1.3) and (1.5), the (jk’ j, k 7/) constitute an orthonormal basis for



(). One advantage of the "nested" structure of a multiresolution analysis is that it leads to an efficient tree-structured algorithm for the decomposition and reconstruction of functions (given either in continuous or sampled form). Instead of computing all the inner products (f, ltjk directly, we proceed in a hierarchic way: mcompute (f, (jk) for the finest resolution level j wanted (if the data are given in a discrete fashion, then these discrete data can just be taken to be (f --then compute (f q-k) and (f b-k) at the next finest resolution level by applying (1.4) and (1.7), 1



(f, qg-,k)



,



(-- 1)"C-,,+2k+l(f 6j,,),



--iterate until the coarsest desired resolution level is attained. The total complexity of this calculation is lower, despite the computation of the seemingly unnecessary (f, b2k), than if the (f, q%) were computed directly. This brief review shows how to construct an orthonormal basis of wavelets from any "decent" function b satisfying an equation of type (1.4). An example of such a construction is given by the Battle-Lemari6 wavelets, consisting of spline functions [8], [9], [10]. In general, constructions starting from a choice of 4 lead to 4, q, which are not compactly supported (see, e.g., [15], [25] for a more detailed discussion). The construction can, however, also be viewed differently. The Fourier transform of (1.4) is



which implies



(1.7)



(s:)



[= mo(2-Jsc)] (0),



.
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with mo()= 1/2 c,, e i", so that, up to normalization, b is completely determined by the the c.. Fixing c., therefore, also defines a multiresolution analysis. The c. have to conditions. Combining (bok, 4o)= 6k with (1.4) immediately leads to satisfy certain



(1.8)



C,,C.-2k



26k0,



where we have assumed, as we shall do in the sequel, that the too(sO), (1.8) can be rewritten as



c.



are real. In terms of



Imo()l+ Imo(:+ r)l 2= 1.



(1.9)



To ensure that b is well defined, the infinite product in (1.7) must converge, which implies too(0)-- 1 or



(1.10)



c=2.



It follows that 4 is uniquely determined by (1.4), up to normalization, which we fix by requiring dx 4(x)= 1. One can show (see, e.g., [12]) that (1.9) implies that b is in L-(), but unfortunately (1.8) is not sufficient to guarantee orthonormality of the bo,. A counterexample is Co=C3 1, all other c,-0, which leads to b(x)=] for 0 N2, then support (b)c [N, N2] (see [lla], [14]). In [15] this method was used to construct orthonormal bases of wavelets with compact support, and arbitrarily high preassigned regularity (the size of the support increases linearly with the number of continuous derivatives). These orthonormal basis functions and the associated multiresolution analysis have
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been tried out for several applications, ranging from image processing to numerical analysis [16]. For some of these applications, variations on the scheme of [15] were requested, emphasizing other properties. The goal of this and the next paper is to present a number of these variations. The construction in [15] relied on the identity



(1.12)



s (N--l+J)[(cosoz)2rV(sina)2J+(sina)2(cosa)2] j=O



1.



j



Since



(1.12) suggests the choice



mo()=(l+ei)



(1 13)



-



2



1



Q(e’)’



where Q is a trigonometric polynomial with real coefficients such that



IQ(e’)l



(1.14)



j=o



2



j



-



By (1.12), any such mo will satisfy (1.9). To determine 0, we have to extract the "square root" of the right-hand side of (1.5). This can be done by using a lemma of Riesz [17]. Denote the right-hand side of (1.14) by Pc(ei), and extend PN to all of C. We have PN(Z)--PN() and Pc(z-1) PN(Z). Consequently, the zeros of Pn come either in real duplets, rk and r{ or in complex quadruplets, Zl l, z-f and



P(z) =4-



\ N- 1



(z- rk)(Z-- r; 1)



]z-



[I (Z-- Zl)(Z- l)(Z-- Z;1)(Z- ;1)



\N-1]



=4-



.U It follows that PN(e’)



(1.15)



(Z ZI)(Z l)(Z, Z-1)(/-- Z -1)



[Q(e’t)[



,



with



Q(z)=2-N+I( 2N-211/2 (z-r,) N-l/



(zZ+lz,



lZ-2Zlz,



Re z,)



This gives a recipe for the construction of mo: (1) For given N, determine the zeros of PN; (2) Choose one zero out of every pair of real zeros r, r[ of PN, and one conjugated pair out of every quadruplet Zk, Z(3) Compute the product Q, and substitute into (1.12). The result is a polynomial in e of degree 2N 1, corresponding to an orthonormal has support width 2N-1. Since (1.6) basis of wavelets in which the basic wavelet as can be rewritten



0(l) ei((/-)+)mo



+ "rr
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and since (1.13) has a zero of order N at 7r, it follows that qN has N vanishing moments,



dxxld/N(X) =0,



=0, 1,..., N- 1,



which is useful for quantum field theory [18] and numerical analysis applications [19]. The regularity of the PN constructed in 15] increases linearly with their support width, qN C a(N), with limu_ N-la(N) .2075 [23], [24], [25]. Plots of and q for various values of N can be found in [15], [25]. Depending on the application they had in mind, several scientists (mathematicians or engineers) have requested possible variations on the construction in [15]. The following are the most recurrent wish items. (1) More symmetry: the functions 0 in [15] are very asymmetric. Complete symmetry is incompatible with the orthonormal basis condition (see [15, p. 971], or 2 below), but is less asymmetry possible? (2) Better frequency resolution" orthonormal bases with basic multiplication factor 2 correspond to frequency intervals of 1 octave. Is better possible (e.g., 1/2 octave), without giving up compact support? (3) More regularity: is better regularity than in [15] achievable for the same support width ? (4) More vanishing moments: for a fixed support width 2N-1, the PN of [15] have the maximum number of vanishing moments. The functions do not satisfy any moment condition, except dx eN(X)= 1. For numerical analysis applications, it may be useful to give up some zero moments of 0 in order to obtain zero moments for i.e., to have



,



eu



,



I



(1.16)



,



dx&(x)



1,



dx xlch(x)



O,



1,..., L,



dxxl(x) =0,



l=0,..., L.



How can such be constructed? They would have the advantage that inner products with smooth functions are particularly appealing:



f



dx b-jk(x)f(x)-- 2J/2



f



dx qb(2J(x-2-Jk))f(x)



2-J/f(2-Yk) + correction terms in f+l (use the Taylor expansion off around 2-2k; the second through (L+ 1)th terms vanish because of (1.16)). Moreover, if the (L+ 1)th derivative of f is uniformly bounded, then the correction terms in this formula are of order 2 -(/’+l/2)j. The purpose of this and the next paper is to show how such variations can be, constructed. In 2 we handle symmetry, in 3 regularity, and in 4 vanishing moments for The next paper shows how to obtain better frequency localization.



.



2. More symmetry. If we restrict our attention to orthonormal bases of compactly supported wavelets only, then it is impossible to obtain which is either symmetric or antisymmetric, except for the trivial Haar case (Co 1, Cl =-l, all other c, =0). This is the content of the following theorem.
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THEOREM 2.1. Let b, dp be defined as in 1, from a finite set of coefficients c, satisfying (1.9) and (1.11 ), with orthonormal If is either symmetric or antisymmetric around some axis, then is the Haar function. A proof can be found in [25, Chap. 8]. It is thus a fact of life that symmetric or antisymmetric however desirable they might be in applications, are just not possible within a framework of orthonormal bases of continuous, compactly supported wavelets. On the other hand, b and q do not really need to be quite as asymmetric as in [15], where the extreme asymmetry of q, proceeds from choices made in their construction. In practice, the 2(N- 1) zeros of PN consist of one real pair r, r and quadruplets of complex zeros ZI, 1, Z-1 )-1 if N--2no is even, and of no quadruplets if N 2no+ 1 is odd. To construct QN, we need to select one of the two real zeros, and one pair Zl, out of every quadruplet. The choice made in 15] is the so-called extremalphase choice: we chose systematically all zeros with modulus smaller than one. Other choices may lead to less asymmetric The following argument shows why. A sequence of real numbers (a,) is said to define a linear phase filter if the phase of the function a(sc) a e i is a linear function of :, i.e., if, for some ;g/2,



o.



,



-



.



n



This means that the a, are symmetric around l, a,- Ol21_ If the sequence does not define a linear phase filter, then the deviation from linearity of the phase of c(:) reflects the asymmetry of the a,. The Fourier transform of is given by the infinite product (1.7). If c, were symmetric around l, then we would have mo(:)- eilelmo()l, hence



(:) =exp



Imo(2-)11(o)1



2-:



il j=l



j=



so that would be symmetric around as well. As explained above, this is impossible for c, satisfying (1.8). The closer the phase of mo is to linear phase, the closer the phase of th will be to linear phase, and the less asymmetric b will be. In our case, mo is a product of factors of type e it e i R1 e i,)( 1 e -u: Rl e -’’) z Zl)( z 1



(2.1)



ei[ei-2Rl cos al+ Ri e-ie],



with possibly an extra factor



(2.2)



(a- r) eiU2[e iU2- r eiU2].



The total phase of mo is a sum of the phase contributions of each factor. Apart from linear phase terms, the phase contributions of (2.1) and (2.2) are, respectively,



(2.3)



O(:)=arctg



(2.4)



arctg



R) sc ( (l+R)cos-2RlCOSCl ) tg). (1-



sin



l+r



\l-r



The valuation of arctg should be chosen so that (I) is continuous in [0,27r], and ql(0) =0. Since the denominator in (2.3) has two zeros, namely,



Arc cos



l+RCS ) 2RI
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:,



2w 1(27r) /(0) + e27r, with e + 1. Something similar happens in the order to extract only the nonlinear part of t, we define, therefore, case. In (z-r)



and



/(:) arctg



(



(1- R) sin sc (1 + R) cos :-2R cos al



)



sc



(27r)



or



arctg



l+r i r



,I’,(2rr).



In order to obtain mo as close to linear phase as possible, we have to choose the zeros to retain from every quadruplet or duplet in such a way that ,o,(:)= () is as close to zero as possible. In practice, we have 2 tN/2j choices (and not 2 N-i, as was mistakenly stated in [15]). This number can be reduced by another factor of 2: for every choice, the complementary choice (choosing all the other zeros) leads to the complex conjugate mo (up to a phase shift), and, therefore, to the mirror image of b. For N 2 or 3, there is, therefore, effectively only one pair N, i]/N" For N >-4, we can compare the 2 [S/2J-1 different choices for o, in order to find the closest to linear phase. It turns our that the net effect of a change of choice from zt, to -1, -i is most significant if RI is close to 1, and if at is close to either zero or 7r. In Fig. 1 we show the graphs for ot() for N =4 and 10, both for the original construction in [15] and for the case with flattest tot. The "least asymmetric" b and q, associated with the flattest possible ,ot, are plotted in Fig. 2 for N =4 and 10. A table for the corresponding c, can be found in [25, p. 198], as well as figures for N 6, 8. Remarks. (1) In this discussion we have restricted ourselves to the case where mo and QI 2 are given by (1.13) and (1.14), respectively. This means that the b in Fig. 2 are the least asymmetric possible, given that N moments of q are zero, and that b has support width 2N-1. (This is the minimum width for N vanishing moments.) If b may have larger support width, then it can be made even more symmetric. These wider solutions correspond to a variation on (1.14), i.e., to



Y



z



+



IQ(e’e)[ 2=



(2.5)



R(cos sc)



2 2 j =o where R is any odd polynomial such that the right-hand side of (2.5) is positive for



N=IO



.2



.5 0



0



--.5 --.2



-1 0



.2



.4



.6



.8



0



.2



.4



.6



..8



FiG. 1. Plots of ,o,() for the cases N =4 and 10. In both cases we plot ,o, for the construction in 15], and the much flatter q,o, corresponding to the closest to linear phase choice. The horizontal axis gives 7r,



the vertical axis
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2



1.5



I//4



-1 -2



-.5
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4



-2



6



2



0



1.5



-.5 0



5



I,



I 10



-5



15



0



5



FIG. 2. Plots of bv, bN closest to linear phase, for the cases N =4 and 10. In every case, support (bN) [0, 2N- 1], support (rv) [-N + 1, N].



all sc. The functions 4) constructed in {} 4, for instance, are more symmetric than those in Fig. 2, but they have large support width (2) We can achieve even more symmetry by going a little beyond the multiresolution scheme explained in 1, and by "mirroring" the filters at every odd step. For more details, see [25, p. 256]. (3) In [21] the construction of orthonormal bases of wavelets is genera.lized to "biorthogonal bases," i.e., to two dual unconditional bases { {ljk; j, k 7/} and { Illjk; j, k 7/}. The construction in [21] corresponds to a decomposition+reconstruction scheme in which the reconstruction filters differ from the decomposition filters. In this more general framework, complete symmetry can be achieved. Orthonormality is then lost, however, which is less desirable for some applications. 3. More regularity. The regularity of the wavelets g,, constructed in 15] increases linearly with their support width, 0N C (N), lim N-la(N)=.2075. The technique used in [15] to control the regularity of bN, $N involved constructing mo(:) so that it contained the factor 1/2(1 + ei) with as high multiplicity as possible,



mo()=(



(3 1)



\



N



2



where QN is a polynomial in of order N- 1 (see I). Since l-I=o (I + exp (i2-sc))/2 eie(sin so/so), we find (use (1.7)) ei



N()



e’Ne/2[



sin so/2" N



s/2



II



Q,,, (2-).
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-



T,ogether with control on the infinite product of QN (see [15]), this leads to decay for



I:[ c, hence to regularity for bs, N. In this argument, imposing high order divisibility of mo by 1/2(1 + e i) is used as a technical tool to obtain regularity. On the other hand, regularity for b implies that mo is of type (3.1). More precisely, if b is compactly supported and th C L, then mo must be divisible by [1/2(1 + ei)]L; see [22], [21]. Since bN C ’N for large N, with /z-.2, this means that at least 1/2 of the factors (1 + e) in mo, N are necessary. Can the others thN



as



be dispensed with, allowing even shorter support for the same regularity, or higher regularity for the same support width? The answer is yes. In [1 l b], an alternative way was used to determine the regularity of functions b satisfying an equation of type (1.4). Unlike the methods in [15], the method of [llb] does not use the Fourier transform. Instead, two N-dimensional matrices To, T are defined, To)d ce__, T). c_, 1 0. (A change of sign v -v corresponds to c,- c3_, i.e., to mirroring b with respect to .) Since (3.3) has to hold, in particular when all the d are identical, d-= 0 or d- 1, the constant Z is bounded below by the spectral radii p(T[v,) of Tlv,, j 0 or 1. It follows that (3.3) can only be satisfied if v 1/x/, we can find M so that both MTIv, M- ,j 0, 1, are symmetric; consequently, A_ 0, since otherwise the positivity constraint would be violated), then a 4(a + 3)! (a + 1 )(a + 2) 2, and P(x)=(x+ 1 + a)/(a+ 1)(a+2)2[x2(a+3)-x(a+3)2+2(a+2)2]. The other two roots of P are, therefore, given by x+=1/2(a+3)+1/2[(a+3)z-8(a+2)2/(a+3)] /2. Each of the three roots of P(x), namely, Xo -1-a, and x+, corresponds to two roots in z=e of P(cossc) (use 1/2(z+z-)=x==>z=x+x/x2-1). This leads to the candidates Q(sc) N(e e + a + 1 + ex/a(a + 2)) (e e- z+(a)) (e e- z_(a)), where z+(a) x+(a)-x/x+(a)2-1 and e=+l. The choice e=+l corresponds to choosing all the zeros of Q inside the unit circle; the choice e---1 gives one (real) zero outside, and two complex conjugate zeros inside the unit circle. For e +1, the choice a 0 (i.e., the example of [15]) minimizes max (p(To[v), p(Tlv)) (where p denotes the spectral radius), so that a 0 leads to the most regular 4. For e =-1, the situation is different. We find a minimum for max (p( Tol v2), (p(Tlv)) at a .07645485... (value determined numerically). As in the case where Isupport bl=2, this minimum for the spectral (b)



(a)



.5



.5



-5



-5 0



2



4



0



2



4



FIG. 4. Two examples of ch with Isupportchl=5. (a) Corresponds to the construction in [15], (b) is the "most regular" qb constructed here. In both cases ch C 1" the H61der exponent of qb’ is .0878 for (a), and at least .40198 for (b) (it is conjectured to be .41762 for (b)).
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Tllv2,



and we find radii p(T[v2) corresponds to a degenerate largest eigenvalue of that can to only hope establish again T[v is not diagonalizable. Consequently, we h L. (In a later version of their work, Beylkin, Coifman, and Rokhlin did not require (4.1), however.) Imposing such vanishing moments on b also increases its symmetry. Because these orthonormal wavelet bases with vanishing moments for both b and p were requested by Coifman, I have named these wavelets coiflets. Condition (4.1) corresponds to a coiflet of order L. The Fourier transforms of b, q are given by mo(2-sc) q(sc) m(/2)(/2), with



(sc)=I-I=



N



Cn ein,



mo()



ml()= (-1)nc-n+l ein=-eimo(+).



=N



Note that the lower limit N in the sum over n will in general not be zero in this subsection: we have lost our freedom to translate by integers because (4.1) is not invariant under such translations (the conditions on are translation-invariant, but the conditions on are not). The conditions (4.1) are equivalent to



(0)=1,



(0)=0 forl=l,...,L-1,



(d)(0)=0



for/=O,...,L-1.
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In terms of mo, these become



mol)(+.a-) =0 for/=0,..., L- 1, too(0) 1, mol)(o)= 0 for l= 1,..., L- 1.



(4.2) (4.3)



By (4.2), mo has a zero of order L in



too(,)



(4.4)



:



r.



+



Consequently, mo has to be of the form L



(1 ei) Q(ei)’ 2



where



(4.5)



IQ(e’e)l:



2



j



j=o



+



R(cos )



2



and R is an odd polynomial [15]. On the other hand (4.3) implies



mo() 1 +(1-ei)LS(e’).



(4.6)



Together, (4.4) and (4.6) lead to L independent linear constraints on the coefficients of S. Imposing that Q be of the form (4.5), with R an odd polynomial, leads to further quadratic constraints. For small values of L, the whole collection of constraint equations can be solved more or less by hand; for values of L larger than 6, the situation becomes untractable. We propose, therefore, an approach which from the start satisfies (4.2) and (4.3) (the linear constraints on S are built in), and we tackle (4.5) afterwards. For the sake of convenience, we restrict ourselves to L even, L 2K. A similar analysis can be carried out for L odd. We impose that mo be of the form r



,



K



k



(K-l+



Since cos /2= e-e(1 +ee) this clearly has a zero of order 2K at other hand, (4.7) can be rewritten as (use (1.13))



mo() 1 + sin k =0



k



cs



=.



On the



+ cOS2



This clearly satisfies (4.3). It remains, therefore, to tailor f so that m0 satisfies (1.10). For the sake of convenience we shall use f such that K’



f()=



(4.8)



f.e ’’,



n=0



0 for all n < 0. This is by no means the only choice possible; we could also decide to distribute the f, as symmetrically around zero as possible, so that the suppo would be more symmetrical around x =0. It turns out, however, that this of symmetrical choice can lead to larger suppo widths for than (4.8) (this happens, e.g., for K 3). From (4.5) we obtain



i.e., f,



(K-l+k)(k sin) + ( )r sin2



(4.9)



k=



f()
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where R is an odd polynomial. Rewriting (4.9) leads to



(4.10)



2-l (2K J l +J )s2 + sK R(cos ,),



+ slf(,)[



j=o



s.



2



where s2 denotes sin (:/2). We shall determine the f, by identifying coefficients of Both f()+f() and If(#)l = can be written as polynomials in cos :, hence in s2. It follows that only the first term in the left-hand side of (4.10), which is independent off, contains terms in with j -< K 1. Founately, these terms cancel the corresponding terms in in the right-hand side of (4.10) because of the identity



s



s



Z



(4.11)



K- k



k



k=O



K



(See [26, (5.27) ].) We next concern ourselves with the terms in s, j K,..., 2K- 1. Only the first two terms in the left-hand side of (4.10) contribute, leading to linear constraints in the



f.



Define g by K’



f()+f(= 2 g,s. n=0



(4.12) Using s2



=-



e-e(1- ee) 2, we find that the f,



and g, are related through



4-g,



(4.13)



f=(-1)



4-g fork0.



In practice we will determine the g and then calculate the f and f via (4.13). Identification of the terms in s, j K,..., 2K 1 on both sides of (4.10) gives k



=_+



j-k



’,-



+



j-l-kg=



kj-K-k]



Using (4.11) again, and substituting j



(4.14)



2



m



=,(o,-,



j



K + l, =0,..., K- 1, we can reduce this to



g_ =2



k



=o



k K + l- k



This is a system of K linear equations in rain (K, K’ + 1) unknowns. It has no solutions if K’ + 1 < K. If K’ K 1, then the inveibility of the triangular matrix



Mq=



(K-l+i-J)i_j



K-lijO



immediately leads to



gt=2



2K-l+k) + K k



k=0,...,K-1.
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It remains to determine the



.



(4.15) k=0



They are given by the constraint that



gK,..., gK,.



gl+’s+’+]f()



k



,=0



should be an odd polynomial in cos Since (4.15) can be rewritten as a polynomial of degree K’ in cos sc, this results in [(K’+ 1)/21 equations for K’-K + 1 unknowns. It follows that K’>= 2K 1 (no miraculous cancellations occur). In the examples worked out here, K’= 2K- 1. In these examples a solution has to be found for a system of K quadratic equations in K unknowns; every such solution corresponds to a coiflet of order 2K, with support width 3K- 1. The system of K equations to be solved can be written out a little more explicitly. Writing x,,, m =0,..., K- 1 for the K unknown gK+m, we have 2K-1



min(2K-1,2K-l-I)



I=--(2K --1)



k=max (0,-1)



with



f (1 1/26o)(- 1)



2 k



rI



k/4-



(4.16)



+ ,,=o



fk=(_l)k ,,,=,_



(4.17)



m+K-k]



4-m-Kxm



2m+2K 4-’-U" x" m + K k]
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