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Received 11 September 2013, in final form 7 October 2013 Published 25 November 2013 Online at stacks.iop.org/JPhysCM/25/505501 Abstract To understand the unexpected increase of the thermal conductivity of transition metal carbides at high temperatures, we calculate, with atomistic simulations, the thermal conductivity of zirconium carbide (ZrC). To account for the common substoichiometry of this material, various numbers of carbon vacancies are considered. The vibrational part of the conductivity is calculated by empirical potential molecular dynamics while the electronic part is calculated from density functional theory electronic structure with the Kubo–Greenwood formula on selected atomic configurations generated by the same empirical potential. We find that the vibrational part of the conductivity is negligible at temperatures higher than 1500 K. The increase of thermal conductivity with temperature is quantitatively reproduced in the calculations. It appears for all compositions and proves to rely entirely on its electronic component. Three phenomena are found responsible for the rise of the thermal conductivity with temperature: the semi-metallic shape of the electronic density of states, the additional electrical resistivity induced by carbon vacancies and the rise of the density of states with either temperature or the concentration of vacancies. (Some figures may appear in colour only in the online journal)



1. Introduction



temperatures. In the former, heat is transported by atomic vibrations giving rise to phonon thermal conductivity (κphn ), while in the latter heat is mostly transported by electrons (κe ). In this last situation thermal conduction comes with electrical conduction by the same electronic carriers. One then expects thermal and electrical (σ ) conductivities to be related by the famous Wiedemann–Franz law



Most practical applications of transition metal carbides such as ZrC, TiC or HfC (as cutting and grinding tools, hard electrical contacts, diffusion barrier coatings in nuclear fuels, etc [1]) involve heat generation at high temperature. Combined with very high melting temperature (about 3500 K), their rather good thermal conductivity (κ) is an essential feature for these applications. The thermal conductivity of these materials is also interesting from the fundamental point of view as it exhibits a very uncommon variation with temperature: from room temperature up to melting, the thermal conductivity rises continuously [1–5]. Complete understanding of this increase of thermal conductivity is still lacking and has been the subject of controversy for decades. This behaviour is indeed puzzling, as for insulating materials κ should decrease linearly with temperature, while for metals κ should be constant at high 0953-8984/13/505501+08$33.00



κe = Lσ T



(1)



where T is the temperature and the Lorenz number L usually proves to be not too far from its theoretical Sommerfeld value of 2.45 × 10−8 V2 K−2 . Transition metal carbides being metallic, one expects both mechanisms (electronic and vibrational) to contribute to the thermal conductivity, but the exact repartition of the two mechanisms and which one dominates at high temperature are still unknown. Some qualitative arguments about the origin of the increase with temperature of the thermal conductivity of these 1
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materials have been proposed in the past. The first proposed explanation is based on the fact that transition metal carbides are in fact semi-metallic with a low-lying minimum of the density of states at the Fermi level (εF ). The existence of a minimum and a positive curvature of the density of states at εF leads [6, 7] to an increase of Lorenz number with temperature and therefore to a corresponding increase of κe as σ decreases as 1/T (see section 4). Another explanation relates to the large number of carbon vacancies in these materials. Indeed it is basically impossible to reach perfect stoichiometry in transition metal carbides. They always contain large amounts (of the order of a few per cent) of carbon vacancies. The existence of carbon vacancies is thought to produce a high electronic resistivity. This additional resistivity due to vacancies is generally supposed to be independent of temperature. Together with the Matthiessen rule which states that resistivities coming from different sources can be added, one qualitatively obtains an affine shape for electrical resistivity (ρ = a + bT). Combined with the Wiedemann–Franz law one then predicts an increase of electronic thermal conductivity with temperature. This explanation is often associated with the assumption that the vibrational thermal conductivity is far from negligible even at quite high temperatures and that it does not exhibit the usual 1/T decrease with temperature. This is related to arguments by Klemens [8] according to which the temperature dependence of κphn is reduced by a high concentration of vacancies from 1/T to 1/T 1/2 . The picture has been summarized in literature with a graph [4, 7] which we reproduce again in figure 1. Note nevertheless that in figure 1 κphn is supposed to go up again at high T. This graph gives what is thought to be a reasonable repartition of vibrational and electronic contributions to thermal conductivities. This second explanation is based on the occurrence of a non-negligible concentration of carbon vacancies and therefore provides no explanation for a possible rise of κ with T for the stoichiometric compounds. In the present paper we revisit this puzzle with up to date numerical simulations at the atomic scale. We choose the case of ZrC for technical reasons that will be explained below. However we believe our results to be valid for the other transition metal carbides too. We calculate phonon and vibrational contributions to the conductivity and deal with the effect of non-stoichiometry by considering various numbers of carbon vacancies spanning compositions from purely ZrC to ZrC0.9 . We obtain values for electrical and thermal conductivities in very good agreement with experiments and in particular we reproduce the increase of thermal conductivity with temperature. We are finally able to discuss the origin of the increase of thermal conductivity with temperature. We find that the common explanations are partially valid but a major additional source of increase of the thermal conductivity is brought to light. Section 2 is devoted to the presentation of technicalities of our work, the results are presented in section 3 and discussed in section 4.



Figure 1. Evolution of electronic and phonon (lattice) components of thermal conductivity for TiC, reproduced from Bethin et al [7] and Williams [4].



2. Technicalities 2.1. Vibrational thermal conductivity The conduction of heat by vibrations is limited by phonon–phonon interactions and by interactions of phonons with point defects, dislocation, grain boundaries etc. In this work we focus on the first two sources of thermal resistance considering the thermal conductivity of a monocrystalline carbide possibly containing carbon vacancies. Phonon thermal conductivity can be modelled by molecular dynamics (MD) provided an accurate empirical potential exists to describe the bonding in the material. We focus in this paper on zirconium carbide as a very good empirical potential has been designed for this compound by Li et al [9]. This potential describes with great precision various properties of ZrC. Of particular importance in the present context, the phonon spectrum is well reproduced as well as thermal dilatation. Thus, not only harmonic but also anharmonic phonon–phonon interactions are correctly described. As vibrational thermal resistance comes from phonon–phonon interactions, this potential appears very able to describe the vibrational part of thermal conductivity. It has in fact already been used by Ju Li to tackle vibrational thermal conductivity, but little is said about the results in published works (see below the discussion section). Technically we calculate the thermal conductivity with the homogeneous nonequilibrium MD formalism [10] in which a fictitious external force (f ext ) added to the atomic interactions induces a heat current (JQ ) in the box without a temperature gradient. This heat flux is, to first order, proportional to the thermal conductivity with   hJQ (t)i κphn = lim lim . (2) f ext →0 t→∞ Tf ext The additional force parameter is set to 3 × 10−6 m−1 in all of our calculations. This value is about half the threshold 2
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value above which equation (2) proves to be inapplicable due to the divergence of the ratio of heat flux on force parameter. Zirconium carbide exhibits a NaCl structure. The simulation box for the stoichiometric compound is made of a 10 × 10 × 10 repetition of the conventional cubic cell thus containing 8000 atoms. For each temperature of interest, the box is first allowed to equilibrate at constant temperature and pressure for 30 000 timesteps of 0.3 fs each. The fictitious force is then introduced and a constant volume-constant temperature simulation is run for 6 million timesteps amounting to 1.8 ns of simulated time. The heat flux is built up in about 1 million time steps and is finally evaluated as the running average of the instantaneous heat flux over the last 3 millions time steps. The same running average ending at the previous 2 million timesteps provides a scale of uncertainty for the convergence of the averaging. Non-stoichiometry is described by the introduction of carbon vacancies in the 8000 atom supercell. We consider 1%, 3% and 9% of carbon vacancies (namely 47, 125 and 344 vacancies). Four different random configurations are considered for each number of vacancies. The thermal conductivity of these boxes is calculated with the same procedure as for the bulk material. The statistical sampling of carbon vacancy configurations gives rise to an additional source of uncertainty which is evaluated with the corrected standard deviation. Four configurations of vacancies prove enough to get a reasonable uncertainty on the results (see figure 2).



for various atomic positions to obtain an average value. One therefore needs to supply the electronic structure code with selected atomic configurations representative of the temperature of interest. To obtain such positions, we use constant temperature MD simulations with the same empirical potential as for the calculation of the vibrational part of the thermal conductivity. The same arguments which validated the use of this potential to calculate κphn apply to justify its use to get reasonable atomic positions to be transferred to electronic structure code. For a given snapshot of atomic positions, the Lij coefficients are calculated as follows. For each set of positions, a self-consistent ground-state calculation is performed to get the detailed electronic structure. The electronic calculation is performed in the generalized gradient approximation of the density functional theory (DFT) with the exchange–correlation energy functional of Perdew–Burke–Ernzerhof [14]. The projector augmented wave formalism [15] is used. As a by-product of the ground-state calculation, the Lij coefficients can be obtained with the following frequency dependent formula [16]: 2π X Lij (ω) = (−1)i+j wk (|h9n,k |∇α |9m,k i|2 3�ω n,m,k,α × (εm,k − εF )i−1 × (εn,k − εF )j−1 × (f (εm,k ) − f (εn,k ))δ(εn,k − εm,k − ω)). (8) In this expression (written in atomic units), � is the volume of the simulation cell; ω is the frequency; k runs over the k-points in the Brillouin zone with weights wk ; α runs over the three directions of space; n and m run over electronic states of wavefunctions 9n,k and 9m,k and energies εn,k and εm,k ; and f is the Fermi Dirac occupation factor. The values of the transport coefficients are obtained by taking the limit to zero frequency of equations (6) and (7) which should correspond to a maximum. In practice σ and κ rise when ω decreases but decrease abruptly in the close vicinity of ω = 0. This unphysical phenomenon, already observed by Alfe et al [17], comes from the finite spacing between electronic eigenvalues due to the finite size of the simulation box. To get an estimation of the limit we simply take the maximum of the σ and κ curves close to ω = 0. Note that, as ZrC is a semi-metal, the σ and κ curves cannot be fitted with simple Drude formulae. The simulation box was taken as large as possible in view of the computing resources available, the electronic structure calculations of the Lij being of course the limiting factor. For stoichiometric ZrC it is made of a 4 × 4 × 4 repetition of the 8 atom conventional cubic cell thus containing 512 atoms. This box was equilibrated for 90 000 MD time steps with the empirical potentials and five atomic configurations (after 10, 30, 50, 70 and 90 thousand timesteps) are transferred to Abinit. Convergence of the Abinit results must then be achieved with regards to the k point sampling. For the latter we use the following trick by Alfe et al [17]. As atomic positions are taken from non-zero temperature MD runs, they have no symmetry. In principle one should then consider all the k



2.2. Electronic thermal conductivity Electron transport coefficients are related to the kinetic Onsager coefficients for electrical and heat transport Lij which relate the electrical (Eje ) and heat (Ejq ) current densities to an electric field (E) and a temperature gradient according to, ! E L12 ∇T 1 E− Eje = eL11 E (3) e T ! E L22 ∇T 1 Ejq = E− eL12 E . (4) T e2 Electrical conductivity, electronic thermal conductivity and Lorenz number are then σ = L11 κel =



L=



1 e2 T 1 e2 T



(5) L22 − L22 L11



L212



!



L11   ! L12 2 − . L11



(6)



(7)



As for phonon thermal conductivity we consider only the scattering of electrons by phonons and point defects. The Lij coefficients can then be evaluated in the framework of Kubo–Greenwood theory [11, 12]. In practice it involves calculating with an electronic structure code, in the present work Abinit [13], the Lij coefficients on a simulation box 3
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Figure 2. Thermal conductivity of ZrC as a function of temperature for various numbers of carbon vacancies (from ZrC to ZrC0.91 ). Total, phonon and electron contributions are indicated in black, blue and red respectively. Error bars represent the statistical uncertainties of the results (see text).



points in the Brillouin zone with identical weights. In practice the summation is performed on k points of the irreducible Brillouin zone (IBZ) built according to the symmetries of the perfect cubic positions with the corresponding variable weights. This allows us to consider much denser grids which prove necessary to reach convergence. We checked for looser grids where the result, when averaged on various atomic positions, is not affected by this restriction to the IBZ. We eventually found that it was necessary to sample rather finely the IBZ of the supercell with a 6 × 6 × 6 grid to achieve convergence. As for phonon conductivity non-stoichiometric was tackled by introducing 3, 8 or 22 carbon vacancies in the box. For each number of vacancies four random configurations were considered. For each configuration, only one set of positions (after 100 000 MD time steps) was transferred to Abinit as we found that the uncertainty due to the small selection of vacancy positions is larger than the one of sampling along the atomic trajectories for a given set of positions. Eventually the total thermal conductivity is calculated as the sum of the its phonon and electronic parts.



conductivity with temperature. We restricted our calculations to temperatures rather higher than the Debye temperature (649 K [1]). Doing so, we can safely disregard any vibrational quantum effects which are not taken into account in our calculations. A few things are worth pointing out. First, the total thermal conductivity does exhibit an increase with temperature. This is true even for the perfectly stoichiometric material. Second, the phonic contribution regularly decreases with temperature for all compositions and the rise of total conductivity relies entirely on the electronic part which is vastly dominant at temperatures higher than 1500 K. Finally, one can see that the uncertainties of the calculations, though non-negligible, do not affect the qualitative trends highlighted above and remain limited even for non-stoichiometric compositions. Going into details about the effect of non-stoichiometry, one can observe that phonon transport falls very rapidly with the introduction of vacancies. In contrast electron transport seems much less affected, particularly at high temperature. This makes the rise of thermal conductivity more and more pronounced with increasing deviation from stoichiometry (see figure 3). As indicated earlier, Li et al [9] have mentioned calculations of thermal conductivity in their paper presenting ZrC empirical potential. No figure is given and all that is said in this paper is the following: ‘the results show that the lattice vibrational component at realistic carbon vacancy concentrations is only a small part of the total conductivity, thus providing quantitative evidence that the



3. Results The results obtained for the thermal conductivity are summarized in figure 2 which shows, for each composition, the variation of phonon, electronic and total thermal 4
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Figure 3. Total thermal conductivity of ZrC as a function of temperature. The present calculated values for various stoichiometries are superimposed on a figure of experimental values gathered by Jackson et al [5].



primary mechanism for thermal conduction is electronic in nature’. However, more results on the vibrational part of the conductivity are given in Li’s PhD thesis [18]. We found that our results agree fairly well with these previous unpublished results.



4. Analysis 4.1. Comparison with experiments Our results are graphically compared with experiments in figure 3. One can first note the rather large spread of the experimental values. This spread is due to the variations of the state of the material in terms of composition, porosity and microstructure. Nevertheless, our results prove to be quite close to the experimental values. They are on the higher side of the experiments. This quite probably comes from the fact that some sources of thermal resistance are not dealt with in our calculations. Indeed the thermal conductivity of real materials can be reduced by, e.g., polycrystallinity, presence of impurities or dislocations, or existence of porosity. As none of these phenomena are taken into account in our calculations, our values of thermal conductivity are a higher limit for the conductivity of the real material. As far as the variation of conductivity with composition is concerned, we compare in figure 4 experimental data at room temperature with our calculations at 1000 K. One can see that the increase when stoichiometry approaches its perfect value is qualitatively nicely reproduced; our values are however slightly lower than the experiments. This is probably due to the fact that the temperature of the calculations is higher than that of the experiments. One expects phonon thermal conductivity to be higher at room temperature, especially close to stoichiometry where the resistance of defects is less important. All in all the agreement of our results with experiments is good enough to allow the discussion of the origin of the increase of the conductivity with temperature.



Figure 4. Total thermal conductivity of ZrC as a function of C/Zr ratio. The present values calculated at 1000 K (connected circles) are superimposed on a figure of experimental values at room temperature gathered by Jackson et al [5].



4.2. Origin of the increase of the conductivity with temperature One can first note that the common image of mixed phonon and electronic heat conduction with a vibrational contribution remaining important at high temperature (figure 1) does not correspond to what we find. We consistently obtain that phonon heat conduction is negligible at high temperature. Concerning the hypothesis of Klemens [8] about a possible decrease as the square root of temperature in the presence of vacancies, we find no evidence of such behaviour. For all compositions the vibrational heat conductivity decreases as 1/T as commonly observed in insulating materials. We confirm the hypothesis of Ju Li et al [9] that all the increase 5
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Figure 5. Evolution of ZrC electronic thermal conductivity (circles, left scale) and Lorenz number (squares, right scale) as a function of temperature.



Figure 6. Electrical resistivity of ZrC as a function of temperature for various compositions.



regarded as a statistical distribution function, then L12 /L11 is the average of n(ε) and (L12 /L11 )2 its mean square value. The Lorenz number then is finally the mean square deviation df of the energy around the Fermi level measured with an n(ε) dε distribution function.



of thermal conductivity with temperature comes from the variation of its electronic part. Let us recall the possible explanations of the increase of κe appearing in literature. First, ZrC being a semi-metal, one expects that the Lorenz number will increase with temperature leading to an increase of κe . This effect is sometimes denoted as an ambipolar contribution to the thermal conductivity [6]. Second, the existence of vacancies is supposed to induce a contribution to electrical resistivity constant with temperature which will in turn lead to an increase of κe with T through the Wiedemann–Franz law. We focus first on the semi-metallic effect [6, 7]. Following the arguments by Tye [19], it can be obtained from equation (8). Dropping the negligible volume variation, the constant terms and the k and α indices which do not enter our reasoning, one can write X Lij (ω) ∝ (−1)i+j |h9n |∇|9m i|2



L ∝ (hε 2 i − hεi2 ).



In a semi-metal the density of states has a low-lying minimum at the Fermi level. The density of states can be expanded up to second order in energy as n(ε) = n(0) + 12 ε 2 n00 (0).



(13)



With this expression, simple maths leads to the fact that L increases with temperature and so should κe (equation (1)). One such effect is indeed present in ZrC. In figure 5 are plotted the variations of κe and L for stoichiometric ZrC with temperature. A regular increase of L is clearly visible. Therefore an ambipolar contribution to the increase of thermal conductivity is at work in ZrC. However, one can see that even in the absence of carbon vacancies it only amounts to about 40% of the increase in electronic thermal conductivity. Comparable, though slightly less pronounced, increases of the Lorenz number are obtained for non-stoichiometric compositions. However in these cases, the increase of conductivity with temperature is much steeper and the increase of L contributes only to 10–15% of the increase of conductivity. In all cases, the additional rise of thermal conductivity beyond the increase of L naturally appears also in the variation of the electrical conductivity which decreases slower than 1/T. Correspondingly the electrical resistivity does not scale linearly with temperature. Figure 6 indeed shows that σel evolution is not linear. The closest to linear variation is observed for perfectly stoichiometric ZrC but even there some deviation from linearity is observed. The deviation from linearity is more and more pronounced as the amount of vacancies increases. We therefore get the expected increase of electrical and thermal resistance with the introduction of vacancies. However, quantitatively, the observed behaviour is unexpected. Indeed it



n,m



× (εm − εF )i−1 × (εn − εF )j−1    f (εm ) − f (εn ) δ(εn − εm − ω) . × ω



(12)



(9)



In the ω = 0 limit, assuming for simplicity that the square bracket term is constant, one simply obtains  X df (εn ) Lij ∝ (−1)i+j |h9∇9i|2 (εn − εF )i+j−2 × . dε n (10) Formally replacing the summation by an integral to make the electronic density of states (n(ε), DOS) appear, measuring the energy with respect the Fermi level and dropping the bracket term, one finally gets Z df i+j (11) Lij ∝ (−1) n(ε)εi+j−2 dε. dε The derivative of the occupation factor (last term of equation (10)) ensures that only the states in a window centred df on the Fermi level contribute to the coefficients. If n(ε) dε is 6
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Zr–Zr bonds thus reinforcing the metallic character of the material. The introduction of vacancies therefore induces two competing mechanisms. On one hand, the vacancies provide electron scattering centres which decrease the conductivities. On the other hand introducing vacancies increases the number of electrons able to contribute the conduction and so increases the conductivity. This vacancy induced rise of n(εF ) interacts with the corresponding rise due to temperature. It is therefore rather difficult to disentangle the respective effects of vacancies and temperature on the conductivities. This is the reason why equation (14) fails to reproduce the variation of ρel . More profoundly the observed behaviour questions the celebrated Matthiessen rule of additivity of the resistivities from various sources. As we are in the present work dealing with two sources of resistances only, namely electron–phonon interactions and electron interactions with vacancy scattering centres, it is always possible to calculate a resistivity due to vacancies by subtracting the resistivity of defect free material. However, as discussed below, this resistivity will be somehow artificial as the obtained defect resistivity unexpectedly depends on temperature and its concentration dependence changes with temperature.



Figure 7. Density of states near the Fermi level for selected configurations of ZrC at various compositions and temperatures. The solid lines are obtained with the tetrahedron method, the dashed lines are guides for the eyes obtained by running averages.



was expected [4, 20] that introducing vacancies would induce an additional electrical resistivity constant with temperature, so that the electrical resistivity as a function of concentration of vacancies (Cvac ) and temperature would be ρ(Cvac , T) = a(Cvac ) + b ∗ T.



(14)



5. Conclusion



In this expression the vacancy contribution is separable from the one of electron–phonon interactions, the former being some increasing function of concentrations independent of temperature and the latter being linearly proportional to temperature. It is obvious from figure 6 that the calculated behaviour does not follow this simple separable equation. The lines drawn for each vacancy concentration are indeed not parallel with a marked flattening of the lines for larger concentrations of defects. One can still try to define a resistivity due only to vacancies by removing the contribution from electron–phonon interactions. One then obtains a resistivity due to defects which decreases with temperature. Moreover its scaling with defect concentration changes from linear at lower temperature to sub-linear at higher temperature. The introduction of vacancies therefore induces a variation of the conductivity much more complex than expected. Eventually, we found an additional phenomenon responsible for the rise of κ: the increase of the DOS close to the Fermi level. This is exemplified in figure 7 on some configurations. In this figure, the DOSs have been obtained by the tetrahedron method without any broadening to allow direct comparisons. Looking at equation (12), it is clear that when n(ε) close to the Fermi level increases, so do the Lij and the conductivities (both thermal and electrical). This rise appears with increasing temperature in both stoichiometric and non-stoichiometric ZrC. Quantitatively it proves to be a major contribution to the increase of κel with temperature. Moreover, for a given temperature, the introduction of vacancies also induces a rise of the DOS at the Fermi level (n(εF )): the more vacancies in the material, the higher n(εF ). The origin of this rise of n(εF ) is not obvious. However one may speculate that removing carbon atoms creates direct



A complete description of both electronic and vibrational thermal heat transport in ZrC has been obtained from empirical potentials and DFT electronic structure calculations at the atomic scale. It allowed quantitative calculation of their respective parts in thermal conductivity in both stoichiometric and carbon deficient ZrC. The mysterious increase of κ with temperature in this material has been reproduced and explained. We found that the phonon thermal conductivity is negligible at high temperatures. For the electronic part, three phenomena are responsible for the rise of κ with temperature. The first two were already identified: the semi-metallic shape of the DOS and the additional electrical resistivity induced by carbon vacancies. The last phenomenon, namely the rise of the DOS close to the Fermi level with either temperature or the concentration of vacancies, was not mentioned before. The introduction of vacancies thus has two contradictory effects. First, the introduction of scattering centres for electrons which tends to decrease the conductivity, but second an increase of n(εF ) with vacancies which inversely contributes to the increase of conductivities. The existence of these two competing phenomena builds up a situation where Matthiessen’s rule of additivity of resistivity does not stand, or at least where the resistivity of defects does vary with temperature. We expect these conclusions to apply also to the other transition metal carbides where an increase of thermal conductivity with temperature is observed (TiC, HfC).
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