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Arthur CHARPENTIER - tails of Archimedean copulas
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Arthur CHARPENTIER - tails of Archimedean copulas



Tail behavior and risk management In reinsurance (XS) pricing, use of Pickands-Balkema-de Haan’s theorem Theorem 1. F ∈ M DA (Gξ ) if and only if  Pr (X − u ≤ x|X > u) − Hξ,σ(u) (≤ x) = 0, lim sup u→xF 0 Xk:n , {z } | ≈1−Fbn (Xk:n )=k/n
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Arthur CHARPENTIER - tails of Archimedean copulas



Pure premium of XS contract Recall that πd = E((X − d)+ ) with d large, thus, Z ∞ 1 πd = 1 − F (x)dx P(X > d) d  1− ξ1 k σ d − Xn−k:n ≈ 1+ξ , n1−ξ σ i.e. k σ bk π bd = n 1 − ξbk







d − Xn−k:n 1 + ξbk σ bk



1− b1



ξk



(see e.g. Beirlant et al. (2005). Possible to derive explicit formulas for any tail risk measure (VaR, TVaR...).
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Arthur CHARPENTIER - tails of Archimedean copulas



Extending extreme value theory in higher dimension univariate case



bivariate case



limiting distribution



dependence structure of



of Xn:n (G.E.V.)



componentwise maximum



when n → ∞, i.e. Hξ



(Xn:n , Yn:n )



(Fisher-Tippet)



dependence structure of limiting distribution



(X, Y ) |X > x, Y > y



of X|X > x (G.P.D.)



when x, y → ∞



when x → ∞, i.e. Gξ,σ



dependence structure of



(Balkema-de Haan-Pickands)



(X, Y ) |X > x when x → ∞
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Fig. 1 – Multiple risks issues. 5



Arthur CHARPENTIER - tails of Archimedean copulas



Motivations : dependence and copulas Definition 2. A copula C is a joint distribution function on [0, 1]d , with uniform margins on [0, 1]. Theorem 3. (Sklar) Let C be a copula, and F1 , . . . , Fd be d marginal distributions, then F (x) = C(F1 (x1 ), . . . , Fd (xd )) is a distribution function, with F ∈ F(F1 , . . . , Fd ). Conversely, if F ∈ F(F1 , . . . , Fd ), there exists C such that F (x) = C(F1 (x1 ), . . . , Fd (xd )). Further, if the Fi ’s are continuous, then C is unique, and given by C(u) = F (F1−1 (u1 ), . . . , Fd−1 (ud )) for all ui ∈ [0, 1] We will then define the copula of F , or the copula of X.
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Fig. 2 – Graphical representation of a copula, C(u, v) = P(U ≤ u, V ≤ v). 7
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Densité d’une loi à marges uniformes
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∂ 2 C(u, v) Fig. 3 – Density of a copula, c(u, v) = . ∂u∂v 8
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Strong tail dependence Joe (1993) defined, in the bivariate case a tail dependence measure. Definition 4. Let (X, Y ) denote a random pair, the upper and lower tail dependence parameters are defined, if the limit exist, as  −1 −1 λL = lim P X ≤ FX (u) |Y ≤ FY (u) , u→0



=



C(u, u) , u→0 u



lim P (U ≤ u|V ≤ u) = lim



u→0



and λU



=



lim P X >



u→1



−1 FX



(u) |Y >



FY−1



 (u)



C ? (u, u) . = lim P (U > 1 − u|V ≤ 1 − u) = lim u→0 u→0 u
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Arthur CHARPENTIER - tails of Archimedean copulas
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Fig. 6 – L and R cumulative curves. 12



Arthur CHARPENTIER - tails of Archimedean copulas
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Arthur CHARPENTIER - tails of Archimedean copulas



Weak tail dependence If X and Y are independent (in tails), for u large enough −1 −1 P(X > FX (u), Y > FY−1 (u)) = P(X > FX (u)) · P(Y > FY−1 (u)) = (1 − u)2 , −1 or equivalently, log P(X > FX (u), Y > FY−1 (u)) = 2 · log(1 − u). Further, if X and Y are comonotonic (in tails), for u large enough −1 −1 P(X > FX (u), Y > FY−1 (u)) = P(X > FX (u)) = (1 − u)1 , −1 or equivalently, log P(X > FX (u), Y > FY−1 (u)) = 1 · log(1 − u).



=⇒ limit of the ratio



log(1 − u) . −1 −1 log P(Z1 > F1 (u), Z2 > F2 (u))
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Arthur CHARPENTIER - tails of Archimedean copulas



Weak tail dependence Coles, Heffernan & Tawn (1999) defined Definition 5. Let (X, Y ) denote a random pair, the upper and lower tail dependence parameters are defined, if the limit exist, as log(u) log(u) ηL = lim = lim , u→0 log P(Z1 ≤ F −1 (u), Z2 ≤ F −1 (u)) u→0 log C(u, u) 1 2 and log(1 − u) log(u) = lim . u→1 log P(Z1 > F −1 (u), Z2 > F −1 (u)) u→0 log C ? (u, u) 1 2



ηU = lim
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Fig. 11 – χ functions. 19



Arthur CHARPENTIER - tails of Archimedean copulas
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Fig. 12 – χ functions. 20



Arthur CHARPENTIER - tails of Archimedean copulas
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Fig. 13 – Losses and allocated expenses. 21
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Fig. 14 – L and R cumulative curves, and χ functions. 22
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Fig. 15 – Motor and Household claims. 23
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Fig. 16 – L and R cumulative curves, and χ functions. 24
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Archimedean copulas Definition 6. A copula C is called Archimedean if it is of the form C(u1 , · · · , ud ) = φ−1 (φ(u1 ) + · · · + φ(ud )) , where the generator φ : [0, 1] → [0, ∞] is convex, decreasing and satisfies φ(1) = 0. A necessary and sufficient condition is that φ−1 is d-monotone.
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Some examples of Archimedean copulas (1) (2) (3) (4) (5)



φ(t) 1 (t−θ − 1) θ (1 − t)θ 1−θ(1−t) log t (− log t)θ −θt −1 − log e e−θ −1



range θ [−1, 0) ∪ (0, ∞) [1, ∞) [−1, 1)



Ali-Mikhail-Haq



[1, ∞)



Gumbel, Gumbel (1960), Hougaard (1986)



(−∞, 0) ∪ (0, ∞)



Frank, Frank (1979), Nelsen (1987) Joe, Frank (1981), Joe (1993)



(6)



− log{1 − (1 − t)θ }



[1, ∞)



(7)



− log{θt + (1 − θ)} 1−t 1+(θ−1)t



(0, 1]



(8) (9) (10) (11) (12) (13) (14) (15) (16)



Clayton, Clayton (1978)



[1, ∞)



log(1 − θ log t) log(2t−θ − 1)



(0, 1]



log(2 − tθ ) ( 1 − 1)θ t (1 − log t)θ − 1 (t−1/θ − 1)θ



(0, 1/2]



(1 − t1/θ )θ ( θ + 1)(1 − t) t



[1, ∞)



Barnett (1980), Gumbel (1960)



(0, 1]



[1, ∞) (0, ∞) [1, ∞) Genest & Ghoudi (1994)



[0, ∞)
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Why Archimedean copulas ? Assume that X and Y are conditionally independent, given the value of an heterogeneous component Θ. Assume further that P(X ≤ x|Θ = θ) = (GX (x))θ and P(Y ≤ y|Θ = θ) = (GY (y))θ for some baseline distribution functions GX and GY . Then F (x, y)



=



P(X ≤ x, Y ≤ y) = E(P(X ≤ x, Y ≤ y|Θ = θ))



=



E(P(X ≤ x|Θ = θ) × P(Y ≤ y|Θ = θ))  Θ Θ E (GX (x)) × (GY (y)) = ψ(− log GX (x) − log GY (y))



=



where ψ denotes the Laplace transform of Θ, i.e. ψ(t) = E(e−tΘ ). Since FX (x) = ψ(− log GX (x)) and FY (y) = ψ(− log GY (y)) and thus, the joint distribution of (X, Y ) satisfies F (x, y) = ψ(ψ −1 (FX (x)) + ψ −1 (FY (y))). 27
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Conditional independence, two classes
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Fig. 17 – Two classes of risks, (Xi , Yi ) and (Φ−1 (FX (Xi )), Φ−1 (FY (Yi ))). 28
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Conditional independence, three classes
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Fig. 18 – Three classes of risks, (Xi , Yi ) and (Φ−1 (FX (Xi )), Φ−1 (FY (Yi ))). 29
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Conditional independence, continuous risk factor
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Fig. 19 – Continuous classes of risks, (Xi , Yi ) and (Φ−1 (FX (Xi )), Φ−1 (FY (Yi ))). 30
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Properties of Archimedean copulas
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• the countercomonotonic copula C − is Archimedean, φ(t) = 1 − t, • the independent copula C ⊥ is Archimedean, φ(t) = − log(t), • the comonotonic copula is not Archimedean (but can be a limit of Archimedean copulas).



0.8



0.8 0.6 u_



2



0.4 0.4



u_1



0.6 0.4



0.2



0.2



0.4



0.6



0.8



1.0



u_1



0.2



Scatterplot, Upper Fréchet!Hoeffding bound



1.0



1.0



0.8 0.6



0.6



0.4



0.4



0.2



0.2



0.0



0.0 0.2



0.6 0.4



0.2



0.2



0.8



0.8 0.6 0.4 0.2 0.0 0.0



0.8



u_ 0.4 2



u_1



Scatterplot, Indepedent copula random generation



1.0



Scatterplot, Lower Fréchet!Hoeffding bound



0.6



0.8



u_ 0.4 2



0.6



0.2



0.8 0.6



0.8



0.0



0.2



0.4



0.6



0.8



1.0



0.0



0.2



0.4



0.6



0.8



1.0



31



Arthur CHARPENTIER - tails of Archimedean copulas



Properties of Archimedean copulas L



• Frank copula is the only Archimedean such that (U, V ) = (1 − U, 1 − V ) (stability by symmetry), • Gumbel copula is the only Archimedean such that (U, V ) has the same copula as (max{U1 , ..., Un }, max{V1 , ..., Vn }) for all n ≥ 1 (max-stability), • Clayton copula is the only Archimedean such that (U, V ) has the same copula as (U, V ) given (U ≤ u, V ≤ v) (stability by truncature).
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Lower tails of Archimedean copulas Study regular variation property of φ at 0, φ(st) sφ0 (s) −θ0 lim = t , t ∈ (0, ∞) ⇐⇒ θ0 = − lim . s→0 φ(s) s→0 φ(s) If θ0 > 0 : asymptotic dependence Proposition 7. If 0 < θ0 < ∞, then for every ∅ 6= I ⊂ {1, . . . , d}, every (xi )i∈I ∈ (0, ∞)|I| and every (y1 , . . . , yd ) ∈ (0, ∞)d , lim Pr[∀i = 1, . . . , d : Ui ≤ syi | ∀i ∈ I : Ui ≤ sxi ] s↓0



−θ0 y + c i i∈I P



P =



−θ0 i∈I (xi ∧ yi )



P



−1/θ0



−θ0 x i∈I i



This is Clayton’s copula. 33
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Lower tails of Archimedean copulas Study regular variation property of φ at 0, φ(st) sφ0 (s) −θ0 lim = t , t ∈ (0, ∞) ⇐⇒ θ0 = − lim . s→0 φ(s) s→0 φ(s) If θ0 = 0 : asymptotic independence (dependence in independence) for strict generators (φ(0) = ∞) Proposition 8. If θ0 = 0 and φ(0) = ∞, for every ∅ 6= I ⊂ {1, . . . , d}, every (xi )i∈I ∈ (0, ∞)|I| and every (y1 , . . . , yd ) ∈ (0, ∞)d , lim Pr[∀i ∈ I : Ui ≤ syi ; ∀i ∈ I c : Ui ≤ χs (yi ) | ∀i ∈ I : Ui ≤ sxi ] s↓0



=



Y yj i∈I



xj



|I|−κ Y  −κ −1 ∧1 exp −|I| yi , i∈I c



where χs (·) = φ−1 (−sφ0 (s)/·), and κ is the index of regular variation of ψ, with ψ(·) = −φ−1 (·)φ0 (φ−1 (·)). 34
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Upper tails of Archimedean copulas Study regular variation property of φ at 1, sφ0 (1 − s) φ(1 − st) θ1 = t , t ∈ (1, ∞) ⇐⇒ θ1 = − lim . lim s→0 φ(1 − s) s→0 φ(1 − s) If θ1 > 1 : asymptotic dependence Proposition 9. If 1 < θ0 < ∞, then for every ∅ 6= I ⊂ {1, . . . , d}, every (xi )i∈I ∈ (0, ∞)|I| and every (y1 , . . . , yd ) ∈ (0, ∞)d , rd (z1 , . . . , zd ; θ1 ) lim Pr[∀i = 1, . . . , d : Ui ≥ 1 − syi | ∀i ∈ I : Ui ≥ 1 − sxi ] = s↓0 r|I| ((xi )i∈I ; θ1 ) where zi = xi ∧ yi for i ∈ I and zi = yi for i ∈ I c and X X  θ1 1/θ1 |J|−1 rk (u1 , . . . , uk ; θ1 ) = (−1) uj ∅6=J⊂{1,...,k}



i∈J



for integer k ≥ 1 and (u1 , . . . , uk ) ∈ (0, ∞)k . 35
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Upper tails of Archimedean copulas Study regular variation property of φ at 1, sφ0 (1 − s) φ(1 − st) θ1 = t , t ∈ (1, ∞) ⇐⇒ θ1 = − lim . lim s→0 φ(1 − s) s→0 φ(1 − s) If θ1 > 1 and φ0 (1) < 0 : asymptotic independence, or near independence Proposition 10. If 1 < θ1 = 1 and φ0 (1) < 0, then for all (xi )i∈I ∈ (0, ∞)|I| and (y1 , . . . , yd ) ∈ (0, 1]d ,



=



lim Pr[∀i ∈ I : Ui ≥ 1 − syi ; ∀i ∈ I c : Ui ≤ yi | ∀i ∈ I : Ui ≥ 1 − sxi ] s↓0 P |I| −1 Y (−D) φ ( i∈I c φ(yi )) . yj · |I| −1 (−D) φ (0) i∈I
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Upper tails of Archimedean copulas If θ > 1 and φ0 (1) = 0 : asymptotic independence, dependence in independence Proposition 11. If 1 < θ1 = 1 and φ0 (1) = 0, if I ⊂ {1, . . . , d} and |I| ≥ 2, then for every (xi )i∈I ∈ (0, ∞)|I| and every (y1 , . . . , yd ) ∈ (0, ∞)d , lim Pr[∀i = 1, . . . , d : Ui ≥ 1 − syi | ∀i ∈ I : Ui ≥ 1 − sxi ] = s↓0



rd (z1 , . . . , zd ) r|I| ((xi )i∈I )



where zi = xi ∧ yi for i ∈ I and zi = yi for i ∈ I c and X X X |J| rk (u1 , . . . , uk ) := (−1) ( uj ) log( uj ) J



∅6=J⊂{1,...,k} Z u1



Z ···



= (k − 2)! 0



uk



J



(t1 + · · · + tk )−(k−1) dt1 · · · dtk



0



for integer k ≥ 2 and (u1 , . . . , uk ) ∈ (0, ∞)k .
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Tails of Archimedean copulas 0 sφ (1 − s) 0 , • upper tail : calculate φ (1) and θ1 = − lim s→0 φ(1 − s)



◦ φ0 (1) < 0 : asymptotic independence ◦ φ0 (1) = 0 et θ1 = 1 : dependence in independence ◦ φ0 (1) = 0 et θ1 > 1 : asymptotic dependence sφ0 (s) • lower tail : calculate φ(0) and θ0 = − lim , s→0 φ(s) ◦ φ(0) < ∞ : asymptotic independence ◦ φ(0) = ∞ et θ0 = 0 : dependence in independence ◦ φ(0) = ∞ et θ0 > 0 : asymptotic dependence
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(1) (2) (3) (4) (5)



φ(t) 1 (t−θ − 1) θ (1 − t)θ 1−θ(1−t) log t (− log t)θ −θt −1 − log e e−θ −1



range θ



1(θ = 1)



θ



1−θ



1



∞



0



[1, ∞)



1(θ = 1)



θ



∞



0



θ eθ −1 1(θ = 1)



1



∞



0



0



θ



∞



0



0



1



− log(1 − θ)



0



·



1



1



0



·



(0, 1]



θ 1 θ θ



1



∞



0



−∞



(0, 1]



2θ



1



∞



0



0



θ



1



log 2



0



·



[1, ∞)



1(θ = 1)



θ



∞



θ



(0, ∞)



θ



0



∞



0



[1, ∞)



1(θ = 1)



θ



∞



1



· 1 1− θ ·



[1, ∞)



1(θ = 1)



θ



1



0



·



[0, ∞)



1+θ



1



∞



1



·



1



∞



0



0



[2, ∞)



∞



e−θ



0



·



(0, ∞)



θ 2(2θ −1) 0 θ θe



1



∞



∞



·



(0, ∞)



θe



1



∞



∞



·



[1, ∞)



1(θ = 1)



θ



1



0



·



θ



1



π/2



0



·



[−1, ∞) [1, ∞) [−1, 1)



− log{1 − (1 − t)θ }



[1, ∞)



(7)



− log{θt + (1 − θ)} 1−t 1+(θ−1)t log(1 − θ log t) log(2t−θ − 1)



(0, 1]



(9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19)



log(2 − tθ ) ( 1 − 1)θ t (1 − log t)θ − 1 (t−1/θ − 1)θ (1 − t1/θ )θ ( θ + 1)(1 − t) t (1+t)−θ −1 − log 2−θ −1 eθ/(t−1) eθ/t − eθ t−θ



−e



(20)



e



(21)



1 − {1 − (1 − t)θ }1/θ arcsin(1 − tθ )



(22)



lower tail φ(0) 1 (−θ)∨0 1



(6)



(8)



upper tail −φ0 (1) θ1 1 1



[1, ∞)



(0, 1/2]



(0, 1]



θ0



κ



θ∨0



·



0



· 0 1 1− θ
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How to extend to more general dependence structures ? • mixtures of generators, since convex sums of generators defines a generator, • the α − β transformations in Nelsen (1999), i.e. φα (t) = φ(tα ) and φβ (t) = [φ(t)]β , where α ∈ (0, 1) and β ∈ (1, ∞). • other transformations, e.g. ◦ exp(αφ(t)) − 1, α ∈ (0, ∞), ◦ φ(1 − [1 − t]α ), α ∈ (1, ∞), ◦ φ(αt) − φ(α), α ∈ (0, 1), =⇒ can be related to distortion of Archimedean copulas.
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φα (t)



range α (1, ∞)



(3)



(φ(t))α eαφ(t) −1 α φ(tα )



(4)



φ(1 − (1 − t)α )



(1, ∞)



(5)



φ(αt) − φ(α)



(0, 1)



(1) (2)



(0, ∞) (0, 1)



upper tail 0 φα (1) θ1 (α) 0 αθ1



lower tail φα (0) (φ(0))α



θ0 (α) αθ0



κ(α) κ +1− 1 α α



∗



∗



αθ0



κ



αφ0 (1) αφ0 (1)



θ1



αφ(0) −1 α φ(0)



0



αθ1



φ(0)



θ0



κ



αφ0 (α)



1



φ(0) − φ(α)



θ0



κ



θ1
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Sep 20, 2006 - Then, we compare the accuracy of their prices in different conditions. ...... tle. Levy. Ju. Curran. 40. 140,0004562. 139,9967401. 140,0041723.
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Multivariate Option Pricing Using Copulae - Carole Bernard 

Feb 10, 2012 - years. More and more basket options and complex exotic contracts depending ..... (Î¸Q(t)) is as close as possible to the ..... out of {S1,S2,S3}.
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Advanced trees in option pricing - Freakonometrics 

that made the theory of option pricing accessible to everyone with limited mathematical ... Bell Journal of Economics and Management Science 4, 141-183.
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Kernel Based Stochastic Gradient Algorithms for Option Pricing 

Numerous techniques exist to price portfolios relying on ... to optimize the coefficients of the linear combination of this basis, in a least squares approach.
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Option Finance 

tions et d'audit, confirme AgnÃ¨s Pannier-Runacher, ex directeur financier et stratÃ©gie du FSI, aujourd'hui Deputy CEO de La Compagnie des Alpes La plupart du ...
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option 1 option 2 option 3 - Little Worlds Studio 

3 grilles rÃ©solues = La cabane apparaÃ®t ! Encore 2 grilles Ã  rÃ©soudre = Quel objet du dÃ©cor peut bien se cacher ici ? Page 4. Parcourez le monde pour saisir ...
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Liasse fiscale ENERGIE OPTION 

DurÃ©e de l'exercice exprimÃ©e en nombre de mois *. Adresse de l' ... 1 590 191. 1 695 993. 1 695 993. 25. 25. 300 620. 300 620. 40 714. 40 714. 173 880.
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index.php?option=com_edocman&VieW 

9 juil. 2016 - GOV.BF. Direction GÃ©nÃ©rale du Budget. Accueil La DGB Â» Actualites Y ActivitÃ©s Â» Emplois â€¢ DÃ©marches FOLIT) BOOSt. WOU5 Ãªt25 ici: > ACCueil. CBMT 2015-2017.pdf. N0m du fichier: CBMT 2015-2017.pdf. Taille du fichier: 31.2 MB. Ty
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Educateur sportif option Judo 

Deux cours de babydos (4 ans et 5 ans). Deux cours de préjudos 1 (6 ans). Cinq cours de préjudo 2 (7 ans). Quatre cours de poussins. Trois cours benjamins ...
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package pricing 

LEGEND. $8,349 · $10,244 · $12,549. N/A. PACKAGE PRICING. Two People, One Room. All Pricing is Per Person. *Prices are based on USD. Exchange rate ...
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pour longueuil - Option Longueuil 

L'esprit du vivre ensemble dans la Justice, la Tolérance, le Respect et le Partage sont des valeurs qui structurent notre projet. Notre monde évolue et change au ...
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A+++ Contrôle WiFi en option 

8.1. Tension d'alimentation. (V / f / Hz). 220 240 / 1 / 50. 220 240 / 1 / 50. 220 240 / 1 / 50. 220 240 / 1 / 50. Plage de fonctionnement en Tº intérieure. Froid (ºC).
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Atelier de formation - Option I 

Ne donne droit à aucun avantage fiscal. • Ne donne pas lieu à une réduction ... propritété et ayant une incidence sur le lac, ressource commune qu'ils partagent.
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Gateway Option Supplement - Repeater Builder 

The PK-232MBX now supports Reverse Forwarding. New commands include HOMEBBS. (call sign), KILONFWD ON/OFF and EDIT. * Added the MYMAIL (call ...
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day bed assembly option instructions 

Cambridge, Ontario N1R8G9. Canada. 212-645-9033. Assembly Instructions for your Crib 'N' More. Directives de Montage pour votre Lit de Bébé Crib 'N' More.
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RÃ©sultat option PDA_ 2015_VF 

Le dividende global en numÃ©raire Ã  verser aux actionnaires n'ayant pas retenu l'option du paiement en actions s'Ã©lÃ¨ve Ã  311 103 565,50 euros et sera versÃ© Ã  ...
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YD80213-W10084565A_ENG Option B.qxd - KitchenAid 

with a pair of needle-nose pliers. 2. Gently pull the bottom of the panel away from the dishwasher and then pull down. 3. Remove the three (3) screws on each ...
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Terminal Block Option Wiring instructions 

iNSTALL THE fLOAT SWiTCH AND ALArM. Follow Tank AlertÂ® EZ Indoor/Outdoor Alarm. Installation Instructions included. iNSTALL THE PuMP SWiTCH.
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Pricing Grid PDF | Lampiris 

Carte tarifaire Ã©lectricitÃ© Lampiris Online - mai 2017. Conditions ... carte tarifaire est ainsi connue deux mois avant application). Ces conditions restent ...
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Pricing Grid PDF | Lampiris 

Conditions particuliÃ¨res relatives Ã  la formule Lampiris SMART pour le gaz en rÃ©gion ... L'offre Lampiris SMART est une formule tarifaire accessible aux ...
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Pricing Grid PDF | Lampiris 

7,1460. 3,2856. 16,2624. RESA (Tecteo). 8,9167. 9,8651. 5,4449. 4,7655. 3,6275. 19,6993. GASELWEST (Frasnes). 9,7188. 10,2182. 6,5923. 5,6606. 3,8229.
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