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Abstract. This paper presents a study on the control of antagonist muscle stiffness during single-joint arm movements by optimal control theory with a minimal effort criterion. A hierarchical model is developed based on the physiology of the neuromuscular control system and the equilibrium point hypothesis. For point-to-point movements, the model provides predictions on (1) movement trajectory, (2) equilibrium trajectory, (3) muscle control inputs, and (4) antagonist muscle stiffness, as well as other variables. We compared these model predictions to the behavior observed in normal human subjects. The optimal movements capture the major invariant characteristics of voluntary movements, such as a sigmoidal movement trajectory with a bell-shaped velocity profile, an 'N'-shaped equilibrium trajectory, a triphasic burst pattern of muscle control inputs, and a dynamically modulated joint stiffness. The joint stiffness is found to increase in the middle of the movement as a consequence of the triphasic muscle activities. We have also investigated the effects of changes in model parameters on movement control. We found that the movement kinematics and muscle control inputs are strongly influenced by the upper bound of the descending excitation signal that activates motoneuron pools in the spinal cord. Furthermore, a class of movements with scaled velocity profiles can be achieved by tuning the amplitude and duration of this excitation signal. These model predictions agree with a wide body of experimental data obtained from normal human subjects. The results suggest that the control of fast arm movements involves explicit planning for both the equilibrium trajectory and joint stiffness, and that the minimal effort criterion best characterizes the objective of movement planning and control.



1 Introduction A focus of motor control studies emphasizes the importance of the muscle spring-like property for movement Present address and address .for correspondence." Ning Lan, Ph.D.,
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execution (Rack and Westbury 1969; Nichols and Houk 1976; Hoffer and Andreassen 1981; Houk and Rymer 1981). This inherent compliance of the neuromuscular system unifies movement control and posture maintenance in a single scheme. Under steady state conditions, the joint can maintain a posture at the equilibrium point, at which the net joint torque is zero, but with a certain joint stiffness. A movement occurs as a result of changes in the equilibrium point of the system, because joint stiffness always causes a convergent force toward the equilibrium. It is postulated that the higher centers of the brain may guide joint movement by a gradual shift in equilibrium states, while maintaining a proper joint stiffness (Feldman 1986; Bizzi et al. 1992). This theory, known as the equilibrium point (EP) hypothesis, simplifies the task of motor control as it can obviate the need to calculate the inverse dynamics. In this study, we use optimal control theory as a forward dynamics approach to investigate (1) how the equilibrium trajectory is formulated, and (2) how the antagonistic muscles are controlled to produce the desired joint stiffness and the required joint torque for performing a movement. According to EP control, a combination of equilibrium trajectory and joint stiffness must be specified to produce a movement. The choice for the form of control variables must be subject to constraints of neuromuscular dynamics and skeletal mechanics. For slow movements, it is possible to shift the equilibrium trajectory linearly in time towards the target position, while the joint stiffness is maintained constant throughout the movement (Feldman et al. 1990). However, for fast movements, experimental data obtained from normal human subjects indicate that the equilibrium trajectory and joint stiffness are not specified independently. The equilibrium trajectory appears to alternate about the movement trajectory with an 'N' shape, and there is a considerable amount of increase in joint stiffness during fast movements (Latash and Gottlieb 1991). Thus, the evidence suggests that both the equilibrium trajectory and joint stiffness are dynamically controlled to produce fast movements. In earlier studies, a number of optimal criteria were proposed for movement planning and control. The minimal jerk criterion was used to describe the kinematics of
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movement trajectory, and it captured the details of the kinematics of voluntary movements (Hogan 1984). For the purpose of controlling a robot manipulator, it was proposed that the changes in the total joint torques may be minimized for controlling a movement (Uno et al. 1989). The trajectories of optimal joint torques and movement kinematics obtained with this criterion were found to be similar to those observed in human movements. Considering the psychophysical nature of movement planning, Hasan (1986) proposed that minimizing the effort associated only with the nonreflex drives of central descending commands may be a plausible criterion. In the context of EP control, these descending commands correspond to the equilibrium trajectory and an excitation signal that determines joint stiffness. Thus, Hasan (1986) formulated an effort functional as follows: tf



J = ~ o'(t),(/~(t)) z dt



(1)



o



Here tf is the duration of integration, /~(t) is the time derivative of equilibrium trajectory, and a(t) is joint stiffness, which is time-varying in general. The optimal movements showed a normal looking trajectory with a bell-shaped velocity profile, and the optimal criterion also predicted the profile of the equilibrium trajectory with an alternating 'N' shape and a best constant joint stiffness for a movement. In this study, we expand the scope of the model used in the optimization and investigate whether it is possible to determine both the equilibrium trajectory and joint stiffness simultaneously by minimizing the effort functional of (l). The optimization of the effort functional may lead to more meaningful results if a model at the muscular level is employed, and if the joint stiffness is not constrained to be a constant, since the optimization can then prescribe individual muscle stiffnesses and muscle activation inputs. Spinal reflexes are an integral part of the neuromuscular control system, and models that include descending commands to the motoneuron pools should also consider the effects of reflexes. The effects of autogenic reflexes are to enhance the stiffness of muscles in response to a stretch (Nichols and Houk 1976; Hoffer and Andreassen 1981). The effects of heterogenic reflexes on joint stiffness were demonstrated in recent experiments (Nichols and Koffler-Smuleviff 1991; Carter et al. 1993). Reciprocal inhibition between antagonist muscles can more effectively resist a perturbation at the joint. Feldman and Orlovsky (1972) further demonstrated that the shape of the length-tension property of muscles was maintained invariant by reflexes, and that only the threshold of this length-tension curve was affected by the stimulation of various supraspinal brain-stem structures. The objective of this study is to develop and validate an optimal control model based on the EP hypothesis and the minimal effort criterion of (1). This model is then used to investigate whether a unique combination of the equilibrium trajectory and joint stiffness can be determined as a result of minimizing the effort functional for a given movement. Numerical solutions of the optimal



control problem are obtained and compared with experimental data for model validation. The results obtained from this model can predict major features of voluntary movements observed in normal human subjects. In Sect. 2, the model structure is developed based on the physiology of neuromuscular control. The optimal control problem is formally formulated in Sect. 3, and the method used to obtain numerical solutions of the optimal control problem is briefly described. The results are analyzed in Sect. 4. In Sect. 5, the implications of the results are discussed in comparison with experimental data of voluntary movements.



2 Model development



2.1 General description The hierarchical order of movement control is shown in Fig. 1. It is composed of an optimization algorithm, a spinal cord circuit that integrates descending and afferent signals, and a joint acted upon by a pair of antagonistic muscles. The higher center issues instructions to the control system, which specify the initial and
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Fig. 1. The structure of the model. The control system comprises a pair of antagonistic muscles acting at a joint, a spinal cord integration circuit, and an optimization algorithm. The control inputs to the muscles, uf and ue, are the outputs of the spinal cord circuit that translates the descending motor commands into individual muscle activations. The descending commands to the spinal cord are the excitation signal, N(t), and the equilibrium state, fl(t). The optimization program computes these descending commands based on the instructions from the higher center of the brain, which indicates the initial and final positions, Po and Pf, and the maximal level of the excitation, Ph. The joint is modeled as a hinge, and muscles have constant moment arms. The joint angle 0 is defined such that it increases with flexion. The null angle corresponds to full extension of the joint
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final joint positions (Po, Pf) of movement and the maximal level of motoneuron pool excitation (Ph)- These instructions are transformed into descending motor commands, encoding the equilibrium trajectory, fl(t), and the excitation signal, N(t). The excitation signal activates the spinal motoneuron pools of muscles to the appropriate level. The outputs of the motoneuron pools are modified in accordance with peripheral events through autogenic and heterogenic reflexes, which are mediated by way of Ia afferents. Muscle proprioceptors (spindles and Golgi tendon organs) supply the spinal cord circuit and the optimal control algorithm with necessary peripheral information, such as muscle lengths, forces, and hence joint angles and torques. It is assumed that the effect of the autogenic reflexes is to regulate the muscle torque-angle relation, so that this torque-angle relation takes an invariant form. Thus, the autogenic reflexes can be accounted for by the muscle invariant property. The heterogenic reflexes act to modulate activities of the opposing muscle through reciprocal inhibition (RI) by way of the spinal interneurons. This coupling between antagonist muscles is explicitly considered in the model, because it reinforces EP control. The intensities of both reflexes are modulated by the background excitation of motoneuron pools (Gottlieb and Agarwal 1971; Matthews 1986). From a systems viewpoint, muscle torque-angle and torque-velocity properties can be equated as a nonlinear spring and a nonlinear damper. The mathematical model presented in the following section is based on this view of the neuromuscular motor system.



Joint stiffness er is the sum of individual muscle stiffnesses, and joint torque T is the net torque of antagonistic muscles as: a=Kf+Ke



and



T= Tf-T e



(4)



2.3 Muscle activation dynamics Since muscle stiffness is proportional to its activation [see (3)], we characterize muscle activation here as the ability to produce a torque (or force) under a unit stretch. A stretch at the joint affects the activations of the flexor and extensor muscles by both autogenic and heterogenic reflexes. In this model, the contribution of autogenic reflexes is accounted for by the muscle invariant curve (IC) of (2), and the effect of heterogenic reflexes is described later in Sect. 2.4. A first-order differential equation describes the muscle activation dynamics as follows:



dai(t) dt



lai(t)+lui(t) zl zi
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Time (see) Fig. 2A-F. The optimal solution for a fast movement with a duration of about 220 ms. The movement amplitude is 36 ~. The maximal pulse height (Ph = 1) is used to generate the movement. A The movement trajectory, equilibrium trajectory; B joint velocity; C joint torque;
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4.2 Effects of reciprocal inhibition gain



documented feature for single-joint arm or head movements (Nagasaki 1989). The torque responsible for accelerating the joint is much larger than that required to brake the joint (Fig. 2C). The imbalance in acceleration and deceleration efforts arises from the presence of joint viscosity, which is also a function of joint stiffness. Since viscous torque impedes movement acceleration but assists movement deceleration (Lestienne 1979; Wu et al. 1990), a greater flexor (agonist) input is often required to initiate the movement, and a smaller extensor (antagonist) input is necessary to stop the movement (Fig. 2E). Consequently, it leads to the asymmetric velocity profile. Muscle activation inputs, uf and ur are shown in Fig. 2E. They clearly display a triphasic burst pattern as in the EMG activities observed in voluntary movements. The first flexor burst is to accelerate the joint. The second burst of the extensor attempts to stop the joint motion. The third burst of the flexor establishes a steady-state joint stiffness for posture maintenance. An increase in joint stiffness occurs during the movement (Fig. 2D), which coincides with the rhythm of the triphasic muscle activation pattern. The optimal form of the excitation signal is a three-pulse signal (Fig. 2F), whose timing sets the rhythm of the triphasic muscle activities. The triphasic activation pattern and the three-pulse excitation signal are obtained with no prior assumption about their shape. These features are solely the prescription of the optimal criterion. Thus, it is significant that this model can predict the major features of voluntary movements.
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RI plays an important part in translating the descending motor commands, N(t) and fl(t), into muscle control inputs, uf(t) and u~(t). Simulations were performed with a range of RI gains from 0.5 to 5.0 for the fast movement (0.22 s and 36~ to see how RI gain changes affect movement control. The movements with various RI gains are presented in Fig. 3. It is found that the absolute value of RI gain has little effect on the movement kinematics and muscle controls, except for the equilibrium trajectory (Fig. 3A, B). As illustrated in Fig. 3D, E, and F, joint stiffness, muscle control signals, and excitation pulses are virtually unaffected by changes in the RI gain. For a smaller gain, a larger excursion in equilibrium trajectory is specified to compensate and the movements performed are virtually identical. When the difference between the equilibrium and movement trajectories is multiplied by the RI gain, it is found that this quantity is invariant (Fig. 3C). The value of the cost functional decreases with increased RI gain. This is attributed to the reduced excursion in equilibrium trajectory. These resuits show that movement control is insensitive to RI gain changes. Thus, the choice for the RI gain is irrelevant to the minimization of the cost functional. It could be specified to cope with other objectives of motor control.



4.3 Effects of excitation pulse height The pulse height sets a limit on the extent to which the motoneuron pool can be maximally activated. To
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investigate the impact of this limit on movement control, sensitivity analysis is carried out with respect to changes in the pulse height. The movement used is of an amplitude of 36 ~ and duration of 0.4 s. The height of the excitation pulse is varied from 1.0 to 0.2, and the numerical solutions are shown in Fig. 4. It is apparent from Fig. 4 that the qualitative features of optimal movements are not altered by the pulse height. Muscle controls and velocity profiles still show the triphasic pattern and the bell-shaped appearance. Nevertheless, these movements show significant quantitative differences in movement trajectories, amplitude of muscle activation, and joint stiffness. In general, a greater pulse height tends to induce a quicker acceleration (Fig. 4B). Joint stiffness (Fig. 4C) and muscle activations (Fig. 4D) are elevated with increased pulse amplitude. A greater pulse height also elicits a higher level of co-contraction (Fig. 4D). The duration of excitation pulses is generally elongated when the pulse height is decreased (Fig. 4E). The cost decreases monotonically with the increased pulse height (Fig. 4F). While qualitative features of movement and control are preserved, quantitative details of kinematics and muscle activation are strongly affected by the height of the excitation pulse. This phenomenon may render the higher centers of the brain a simple and effective means for tuning motor behaviors. It further implies that the pulse amplitude could be chosen to serve other purposes, rather than minimizing the cost functional. To compare the kinematic features of these movements with the fast movement, (16) and (17) are used to
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4.4 Pulse height and duration modulation The unique role of the excitation pulse in regulating the kinematic behavior offers the possibility to generate a class of movements with similar velocity profiles. Simulations were conducted to elucidate how the excitation pulse should be modulated to achieve similar velocity profiles. In the first set of simulations, movements of constant distance (36 ~ were performed with a range of durations from 0.22 to 0.5 (s). For each movement, the pulse amplitude is adjusted until the scaled velocity profile superimposes well with that of the reference. These movements are presented in Fig. 6. It is shown
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scale these movements with respect to the fast movement shown in Fig. 2. The normalized velocity profiles are presented in Fig. 5 together with the reference velocity. It is clear that the deceleration phase of all velocities line up very well with each other. The difference occurs mainly in the acceleration phase of movements. As the pulse height decreases, the rising edge of velocity rotates counterclockwise about that of the reference velocity. It is found that the velocity profile of a pulse height of 0.3 scales better with the reference velocity, among others. This indicates the existence of a movement whose velocity profile will superimpose best with that of the reference movement, and the pulse height of that movement should be in the neighborhood of 0.3. It appears that a congruent velocity profile may serve to normalize the otherwise widely different behaviors in movement kinematics and to simplify movement control.
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Fig. 4A-F. The effects of pulse height on the formation of movement trajectory and muscle controls. A slower movement of 400 ms in duration is solved with different Ph ranging from 1.0 to 0.2. The movement amplitude is 36 ~ A The equilibrium and movement trajectories
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that all movement trajectories are similar to each other, except for the timing difference. The scaled velocity profiles superimpose well with the reference velocity. As the movement duration increases, the joint stiffness decreases as expected. The triphasic pattern of muscle control signals is preserved, but the magnitude of muscle activation decreases monotonically with the pulse height. The



pulse duration is generally elongated for a smaller pulse height. It is shown that scaled movements with different durations can be achieved by pulse height modulation. Another set of simulations was conducted to produce scaled movements of different distances by keeping the pulse height at 0.3 while adjusting the duration of the movement, which is equivalent to modulating the pulse duration. In these simulations, the movement distance ranges from 24 ~ up to72 ~ For each amplitude, the movement duration is adjusted until the scaled velocity profiles superimpose well with the reference velocity. These movements are shown in Fig. 7. Clearly, all movements are indeed well scaled and have the sarrie rate of initial acceleration, which is due to the fixed amplitude of the excitation pulse. For movements of a larger distance, the movement duration is generally increased, and so is the duration of the excitation pulses (Fig. 7F). The joint stiffness and magnitude of muscle activation are slightly different to make a movement of greater distance. This shows that it is not necessary to use a greater pulse height for moving a larger distance. Thus, it is possible to generate movements of different distances and durations by modulating the amplitude and duration of the excitation pulse.
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Discussion



In this paper, we presented a model that is capable of predicting a wide variety of features of point-to-point,
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Fig. 7. The movements with amplitudes ranging from 26 ~ to 72 ~. In this set of simulations, the pulse height is kept the same for all movements, but the movement duration is adjusted, so that the resultant velocity profile scales well with that of the reference movement. Adjusting



the movement duration is equivalent to modulating the duration of the excitation pulses. A Movement trajectories; B joint velocities; C normalized velocities; D joint stiffness modulations; E muscle activation inputs; and F excitation pulses



single-joint arm movements, including (1) movement trajectory, (2) equilibrium trajectory, (3) muscle control inputs, and (4) muscle stiffness. The validity of the model predictions can be verified by comparing the qualitative features of optimal movements to published data from normal human subjects. However, caution must be taken when interpreting model predictions in comparison with experimental data. This is not to say that the actual neuromuscular control takes place in the exact way the model suggests. Instead, the comparison only implies that our model is able to replicate the qualitative behaviors of voluntary movements, and thus, the results make inference about the strategies that may be employed by the central nervous system (CNS) for movement planning and control. The effort criterion of (1) used in this study penalizes unnecessarily high joint stiffness during movement and thus limits excessive co-contraction of antagonistic muscles. However, an intriguing result from our model is that the level of co-contraction is not solely determined by the optimal criterion, but is strongly affected by the pulse height as well. This is clearly shown in Fig. 4, in which the same movement is performed with different values of pulse amplitude, ranging from 0.2 to 1.0. The level of co-contraction increases with the pulse height, as does the joint stiffness accordingly. Thus, the joint stiffness is minimized only in the sense for a given maximal level of pulse height. The movements with a properly tuned pulse height are consistent with the observation that skilled voluntary movements in humans display little or no co-contraction in the antagonists (Gottlieb et al. 1989).



Sensitivity analysis shows that the pulse height is also the key parameter in regulating movement kinematics and joint stiffness. The choice of pulse height is independent of the optimal criterion but is dictated by the speed of movement. This independence lends the higher centers of motor control another degree of freedom to influence movement control. For example, the pulse height can be selected so as to generate a class of movements with scaled velocity profiles, as is shown in Fig. 6 and 7. The manner in which the amplitude and duration of the pulse height are modulated to generate the class of scaled movements is consistent with the dual strategy hypothesis (Gottlieb et al. 1989). Velocity scaling is a welldocumented feature of voluntary movements in humans (Atkeson and Hollarbach 1985). This model, although simple, is able to distinguish the process of movement control from that of movement organization. The fact that an independent variable is required to normalize movement velocities indicates that movement scaling is not an inherent property of the minimal effort criterion. Point-to-point arm movements carried out at normal speeds frequently display a triphasic activation pattern, where the agonist first fires strongly, followed by a slightly smaller burst in the antagonist, and ending with a small burst of activity in the agonist (Lestienne 1979; Marsden et al. 1983; Mustard and Lee 1987; Gottlieb et al. 1989; Karst and Hasan 1987). This pattern is clearly obtained in the muscle activation inputs of optimal movements (Fig. 2E). This feature remains unchanged for movements of different durations and amplitudes at normal speeds, as well as different pulse heights. This feature
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133 corresponds to the three-pulse pattern in the excitation signal, N(t). The model also duplicates the qualitative relation between EMGs and movement speeds observed under experimental conditions, which is characterized by monotonic functions of the EMG amplitude with respect to movement speed (Lestienne 1979; Marsden et al. 1983; Karst and Hasan 1987; Mustard and Lee 1987; Flanders and Herrmam 1992). A higher speed is always associated with an increased agonist activation. This monotonic relationship is clearly shown for movements of different durations (Fig. 6) and amplitudes (Fig. 7). Another noteable feature of optimal movements is the asymmetrical, bell-shaped velocity profile, which is a central characteristic of voluntary movements (Nagasaki 1989). This asymmetry arises from the presence of joint viscosity and may not be dominated by the optimal criterion. These regularities in motor behaviors reflect, in a large part, the necessity to move the joint in the most efficient way. The model also predicts a dynamically modulated pattern of joint stiffness during movement, which increases during the movement and coincides with the rhythm of the triphasic muscle activations. In addition, the temporal variation of the EP during movement displays the 'N' shape. First, the EP leads the joint position. The difference between the EP and joint position provides acceleration of the joint. Then it lags behind the joint position to exert a braking torque at the joint. Finally, there is a small overshoot of the EP with respect to the final position, to restore the joint stiffness necessary to maintain the terminal posture. Such temporal variations of stiffness and equilibrium trajectory can be expected from the optimal criterion. This is apparent from (1), since a reciprocal variation between the joint stiffness and equilibrium trajectory is favorable for minimizing the effort functional. Thus, when a large variation in the equilibrium trajectory occurs, such as at the beginning and end of the movement, the joint stiffness is low. However, when the change in the equilibrium trajectory is small, such as in the middle of the movement, the joint stiffness increases rapidly. Consequently, this leads to the 'N' shape of the equilibrium trjectory. This shape is also necessary to alternate the activations of the antagonist muscles for acceleration and braking. These outcomes of optimization are in agreement with available experimental measurements in subject-initiated elbow movements. In an attempt to reconstruct equilibrium trajectory and joint stiffness, Latash and Gottlieb (1991) designed an experiment in which subjects were asked to move their elbow joint against a bias load with a 'do-not-intervene' instruction. An EP control model was used to recover the equilibrium trajectory and joint compliance (the inverse of joint stiffness). For fast elbow movements, they found that the equilibrium trajectory led the joint angle initially but lagged behind the joint movement toward the end of the movement, showing a 'N'-shaped profile. Experimental results reveal a large phasic increase in joint stiffness in the middle of the movement. This empirical evidence substantiates our model predictions. In quick point-to-point movements in the horizontal plane, the initial and final stiffnesses required to maintain static postures are small, while the



stiffness required to accelerate and decelerate the joint may be much higher. Therefore, an increase in joint stiffness is expected to occur during the movement. However, in slow and cyclic movements, the pattern of joint stiffness variation and the shape of the equilibrium trajectory may be different (Bennett et al. 1991; Latash 1992). The CNS may use a motor program to compute the descending excitation signal, N(t), and the equilibrium trajectory, fl(t). The inputs to the motor program are the initial and final positions and the pulse height; the latter is related to the speed of the movement. In essence, the motor program maps the target position into a trajectory of the EP that is associated with a temporal pattern of joint stiffness. The temporal variation of the joint stiffness is determined by the equilibrium trajectory and the excitation signal. These two descending commands are further translated into neural control inputs to individual muscles by a spinal neural network, where the RI plays an important role for this transformation. Equations (6a) and (6b) indicate that the mechanism of RI guarantees a convergent force towards the equilibrium. RI also enhances the efficacy of movement control, because it tends to reduce the co-activation of antagonists during movement. If RI were not present, an equilibrium trajectory could still be specified by the motor program, but the movement would be performed with a higher degree of co-contraction in the antagonists as (6a) and (6b) suggest. This is consistent with the observation that deafferentation in monkeys did not impair their ability to perform movements, but the movements were performed with a higher degree of co-contraction in the antagonists (Bizzi et al. 1978). This suggests that the overall structure of the model corresponds well to the neuromotor control system in vertebrates. The model is also useful as a motor program for the restoration of movements in neurologically impaired patients by functional electrical stimulation.
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Appendix. Muscle torque-angle relationship In this appendix, the torque-angle relationship of muscle is discussed in relation to the equilibrium point control. In (2), muscle torque is linearly related to its stiffness. This relation implies a nonlinear torque-angle relation. To see this clearly, let us take the flexor as an example, whose torque-stiffness relation is given by: Tf = rrtf Ky +
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134 The e q u a t i o n clearly shows the d e p e n d e n c e of 2[ on muscle activation. If muscle a c t i v a t i o n is increased (a~ - af), then 2[ is smaller t h a n 2f, which m e a n s t h a t the muscle I C curve is shifted t o w a r d s the left, as s h o w n in Fig. 8. Similarly, a decrease in muscle a c t i v a t i o n will cause the I C curve to shift t o w a r d s the right.
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Fig. 8. An increase in muscle activation shifts the invariant characteristic (IC) curve towards the left. At a given joint position, 0, an IC curve is associated with an activation level, af, which in turn determines a stiffness, Kf, for the joint angle. When muscle activation is increased to a(, the stiffness is correspondingly increased to Kf'. Since the joint angle, 0, remains the same, the IC curve must be shifted to the left by an amount of 2f -.~f' = mf ln(a(/af). Thus, a decrease in muscle activation will cause the IC curve to shift towards the fight on the angle axis.



then we have the differential e q u a t i o n of the following:
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R e a r r a n g i n g a n d i n t e g r a t i n g (A.2), one o b t a i n s the result,
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in which At is the i n t e g r a t i o n constant. This relation m a y be expressed in a m o r e familiar way:
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E q u a t i o n (A.3) gives the explicit e x p o n e n t i a l t o r q u e angle relationship. It defines a family of t o r q u e - a n g l e curves with respect to p a r a m e t e r 2f, which represent the t o r q u e - a n g l e r e l a t i o n only for the angles 0 >t 2f. E q u a tion (A.3) is a n a p p r o x i m a t i o n of muscle i n v a r i a n t characteristics (IC) as suggested b y F e l d m a n (1986). The muscle stiffness is also d e p e n d e n t on the j o i n t angle since:
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(A.4)



F r o m (A.4), we can further see t h a t the p a r a m e t e r ~f is d e p e n d e n t on muscle activation. This is because the stiffness Kf is p r o p o r t i o n a l to muscle a c t i v a t i o n af [see (3) in the text]. U n d e r static conditions, when muscle activation changes, the j o i n t angle 0 will n o t change. Thus, 2f m u s t change to satisfy (A.4). T h e effect of c h a n g i n g 2f is to shift the I C curve a l o n g the j o i n t angle axis. F o r example, if muscle a c t i v a t i o n is v a r i e d to a[ from af, then )~f is shifted to 2[ c o r r e s p o n d i n g l y . A c c o r d i n g to (3) a n d (A.4), we have,



expt, f ) a n d the a m o u n t of shift is given by: 2f -- ,~'f = mf l n ( a f ' / a f )
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