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On Void Shape and Distribution Effects on Void Coalescence
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On Void Shape and Distribution Effects on Void Coalescence Void coalescence is known to be the last microscopic event of ductile fracture in metal alloys and corresponds to the localization of plastic flow in between voids. Limit-analysis has been used to provide coalescence criteria that have been subsequently recast into effective macroscopic yield criteria, leading to models for porous materials valid for high porosities. Such coalescence models have remained up to now restricted to cubic or hexagonal lattices of spheroidal voids. Based on the limit-analysis kinematic approach, a methodology is first proposed to get upper-bound estimates of coalescence stress for arbitrary void shapes and lattices. Semi-analytical coalescence criteria are derived for elliptic cylinder voids in elliptic cylinder unit cells for an isotropic matrix material, and validated through comparisons to numerical limit-analysis simulations. The physical application of these criteria for realistic void shapes and lattices is finally assessed numerically. [DOI: 10.1115/1.4041548]



Introduction



Ductile fracture of metal alloys is mainly related to the nucleation, growth, and coalescence of voids [1]. Experimental observations have provided guidance into the development of homogenized models of porous materials accounting for the presence of voids with additional state variables. Homogenized models can then be used to simulate crack growth in ductile materials and to predict fracture toughness [2], e.g., in the structural analysis. The reader is referred to the recent reviews on ductile fracture mechanisms, modeling, and computational aspects [3–5]. One of the key ingredients of these models is the yield criterion describing the effective or macroscopic plastic behavior of porous materials. Growth regime, i.e., when voids do not interact with each other, is by far the most widely studied part of void growth to coalescence ductile fracture. Following seminal contributions [6–8] based, respectively, on limit-analysis, thermodynamics, and variational approach, yield criteria for porous materials have been proposed accounting for void shapes [9–11], anisotropy [12–14], or both [15–17], to name but a few. Coalescence regime, i.e., when voids strongly interact with each other through localized plastic flow in between adjacent voids, has been far less studied than growth. Thomason [18,19] provided coalescence stress assuming internal necking of voids embedded in an isotropic perfectly plastic matrix. Yield criterion was proposed in Ref. [20] based on the coalescence stress and was subsequently used in combination with growth yield criterion [21] to provide a complete physically based homogenized modeling of ductile fracture. Thomason’s coalescence criterion has been shown to be in good agreement with experimental data [22,23], and was used in its original form or with phenomenological modifications to account for strain hardening [2,24], secondary voids [25] or penny-shaped cracks [21], and for the presence of shear loading conditions [26]. Recently, significant efforts have been devoted to reassess and/or extend Thomason approximate coalescence criterion which is limited in practice to spheroidal voids in an isotropic plastic material (obeying von Mises plasticity) under axisymmetric loading conditions. Benzerga and Leblond [27] and Morin et al. [28] proposed analytical upper-bound estimates of the coalescence stress for cylindrical voids in an isotropic plastic material under axisymmetric 1 Corresponding author. Contributed by the Applied Mechanics Division of ASME for publication in the JOURNAL OF APPLIED MECHANICS. Manuscript received May 18, 2018; final manuscript received September 21, 2018; published online October 18, 2018. Assoc. Editor: A. Amine Benzerga.
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loading conditions, subsequently extended by Torki et al. [29,30] to account for combined tension and shear loading conditions. Upper-bound estimate of coalescence stress for penny-shaped cracks under arbitrary loadings in an isotropic plastic material has been proposed in Ref. [31]. Anisotropic materials (obeying Hill’s plastic criterion) have also been considered in Refs. [32] and [33]. Anisotropic coalescence criterion has also been proposed considering interfacial effects for anisotropic materials under arbitrary loading conditions [34]. One of the key parameter of void coalescence is the intervoid distance, which comes from voids lattice in the coalescence plane. Thomason [19] considered a cubic lattice of voids, while models developed later consider hexagonal lattices (through the approximation of cylindrical unit cell). It has been proposed in Ref. [29] to consider equivalent porosity in the coalescence band to go from hexagonal lattices to cubic lattices. While such procedure leads to predictions in reasonable agreement with numerical simulations, it clearly calls for a theoretical improvement. Moreover, void aspect ratios are also influential parameters in void coalescence, but only spheroidal voids (through the assumption of considering cylindrical voids)—having two axis length equal and thus only one aspect ratio—have been considered so far. As illustrated for example in Ref. [35] with unit cells simulations under nonaxisymmetric loading conditions showing complex evolutions of void aspect ratios prior to coalescence, or in Ref. [36] through numerical simulations with nonperiodic void clusters, including general void shapes and lattices in coalescence criterion is definitely required. The problem statement is detailed in Sec. 2 as well as the main assumption. Based on the limit-analysis kinematic approach, a methodology is proposed in Sec. 3 to obtain formally trial velocity fields for arbitrary unit cells. A semi-analytical coalescence criterion is then derived for the particular case of an elliptic cylinder void in elliptic cylinder unit cell, under the assumption of isotropic matrix material and loading axes aligned with the principal axes of unit cell and void. Comparisons between the predictions and numerical results obtained through numerical limit-analysis are detailed in Sec. 4. The physical application of these criteria for realistic void shapes and lattices is finally discussed based on the numerical results in Sec. 5, as well as potential extensions to more general void lattices. Underline A and bold A symbols refer to vectors and secondorder tensors, respectively. A Cartesian orthonormal basis fe1 ; e2 ; e3 g is used and position vectors are denoted X ¼ fX; Y; Zg or x ¼ fx; y; zg. Only isotropic materials are considered in the following.
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Fig. 2 Reference cylindrical unit cell Xref and deformed unit cell X. Coalescence deformation mode corresponds to localized plastic flow in a coalescence band Xcoa associated with (almost) rigid body motion of the outer parts XnXcoa , thus to uniaxial straining conditions D 5 D33 e 3  e 3 .



of voids on the coalescence criterion, under the assumption of uniaxial straining conditions. Fig. 1 Top: Slice views in the e 2 2e 3 plane of the porous unit cells used in the simulations, with different anisotropies of voids distribution. Bottom: Evolution of macroscopic stress (through volume averaging) in the principal loading direction R11 (solid lines) and transverse macroscopic deformation gradients F22 (dotted lines) and F33 (dashed lines) as a function of F11.
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Problem Statement



In order to specify the problem tackled in this study as well as the main assumption, three finite strain porous unit cell simulations are first presented. In all cases, the matrix material obeys isotropic elasticity (with Young’s modulus Y ¼ 200 GPa and Poisson’s ratio 0.3) and von Mises plasticity with power law hard ðpÞ ¼ r0 ½1 þ ðY=r0 Þpm (with r0 ¼ 200 MPa and m ¼ 0.1) ening r and Miehe–Apel–Lambrecht finite strain framework [37]. Fully periodic boundary conditions are applied, and macroscopic (volume-average) axisymmetric loading conditions are imposed R ¼ R11 ½e1  e1 þ 0:4ðe2  e2 þ e3  e3 Þ corresponding to a stress triaxiality of 1. Simulations are performed with AMITEX_FFTP solver2 (see Sec. 4.1 for details). Three different initial arrangement of voids are considered: the first is a simple cubic lattice of spherical voids (RVE 1) of porosity 11% while the second (RVE 2) and the third (RVE 3) are obtained through a homothetic transformation of the unit cell of ratio 1/2 along e2 (Fig. 1), leading to more anisotropic distributions of voids in the e2  e3 plane. For RVE 3, an additional homothetic transformation of the void of ratio 1/2 along e3 is used to increase the anisotropy. The evolution of macroscopic stress R11 and macroscopic transverse deformation gradients {F22, F33} are shown as a function of F11 in Fig. 1. In both cases, macroscopic strain rate fields tend to become uniaxial (defined as fF_ 22 ; F_ 33 g ! 0) irrespective of the anisotropic distribution of voids in the e2  e3 plane. This regime, referred to as coalescence in the literature [38], corresponds to localized plastic flow in the intervoid ligament. The main focus of the paper is thus to describe the effect of the anisotropy of the transverse distribution
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Theoretical Estimates of Coalescence Stress



Void coalescence deformation mode is defined from a general point of view as localized plastic flow in a band Xcoa (of normal e3 ) linking adjacent voids x associated with an almost rigid motion (through elastic unloading) outside the coalescence band XnXcoa [38], leading to macroscopic uniaxial straining conditions3 D ¼ D33 e3  e3 at the scale of some (periodic) unit cell X.4 For practical reasons, approximations of periodic unit cells are classically used, as shown on Fig. 2, for which the boundary conditions for any velocity field v due to plastic flow in order to assess coalescence are vðx 2 Slat Þ:nSlat ¼ 0 vðx 2 XnX6 coa Þ ¼ 6D33 He3



(1)



where Slat is the lateral surface, H is the half-height of the unit cell (Fig. 2), and n stands as the normal vector. The relevance of the unit cell approximation will be discussed in Sec. 5. The isotropic matrix material around voids is assumed to obey von Mises perfect plasticity with associated plastic flow. 3.1 Analytical Limit-Analysis. In order to evaluate the macroscopic stress R33 at which coalescence can occur for a given void shape and lattice, volumetric average along with limit analysis is used (see, e.g., [3] for details). For periodic boundary conditions, macroscopic stress R and strain rate D tensors are related to their microscopic counterparts by volume averaging ð ð 1 1 r dX D¼ d dX (2) R¼ X X X X with r the Cauchy stress and d is the microscopic strain rate tensor. Hill–Mandel lemma reads 3 In absence of shear stresses with respect to the coalescence band, which are not considered in this study. 4 Same notation X will also be used to define the volume of the unit cell.



Transactions of the ASME



1 X



ð



r : d dX ¼ R : D



(3)



X



Upper-bound theorem of limit analysis enables to assess the limitload of the unit cell X containing voids x, and is, for a perfectly plastic material obeying von Mises’ criterion: R : D ¼ PðDÞ  Pþ ðDÞ with Pþ ðDÞ ¼ h r deq iX ¼



1 X



(4)



ð r  deq dX



(5)



X



 is the local yield stress (set to zero in x), deq ¼ where r p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ﬃ ½2=3d : d the equivalent strain rate (d ¼ ½t $v þ $v=2Þ, and v is a velocity field kinematically admissible with D and verifying the property of incompressibility tr(d) ¼ 0. Pþ ðDÞ ¼ PðDÞ when v is the velocity field solution. P(D) will be referred to as the macroscopic plastic dissipation and superscript þ will be omitted in the following for clarity. In the presence of a velocity field having a purely tangential discontinuity along an interface Sd, the plastic dissipation related to the discontinuity is ð  1 r ð Þ pﬃﬃﬃ jjvt jjdS (6) Psurf D ¼ X Sd 3 where jjvt jj is the absolute value of the velocity jump. The macroscopic limit stress or yield locus is obtained from Eq. (4) by the equation R¼



@PðDÞ @D



(7)



Analytical expression for macroscopic stress according to Eq. (7) that will stand as coalescence load requires the choice of trial velocity fields that should be (1) kinematically admissible with coalescence boundary conditions and (2) incompressible. Few of such trial velocity fields have been provided in previous studies [19,27,28,31,32]. However, finding trial velocity fields for an arbitrary unit cell is not an easy task, which has limited the development of general void coalescence criterion. 3.2 Toward Trial Velocity Fields for Arbitrary Unit Cells. The starting point of the methodology proposed to get a trial velocity field for an arbitrary unit cell is a trial velocity field V defined for a reference unit cell (of coordinates X) satisfying the conditions described in Sec. 3.1 rX :VðXÞ ¼ 0 VðX 2 Sref lat Þ:nSref ¼ 0 lat



VðX 2 X



ref



nXref coa Þ



¼ 6D33 He3



(8) (9)



where Eq. (8) corresponds to the incompressibility condition and Eq. (9) to the coalescence boundary conditions. Considering an arbitrary unit cell of coordinates x defined such that x ¼ /ðXÞ



(10)



preserving the boundary surface. A trial velocity field v such that vðxÞ ¼ wðVðXÞÞ



(11)



will satisfy the property of incompressibility and coalescence boundary conditions if rx :v ¼ rx fw½Vð/1 ðxÞÞg ¼ 0 Journal of Applied Mechanics



(12)



Fig. 3 Elliptic cylinder unit cell with coaxial elliptic cylinder void considered in this study. The principal axes of the mechanical loading are assumed to be the same of the ones of the unit cell (and void).



wðV½/1 ðx 2 Slat ÞÞ:nSlat ¼ 0



(13)



wðV½/1 ðx 2 XnXcoa ÞÞ ¼ 6D33 He3



Finding solutions to Eqs. (12) and (13) with respect to the functions / and w leads to a trial velocity field satisfying the property of incompressibility and compatible with coalescence boundary conditions on the unit cell X. While this provides an effective— albeit not trivial—procedure to get such velocity field and thus to upper-bound estimates of the coalescence stress through Eqs. (5) and (7), it should be noted here that nothing ensures that such trial velocity field leads to an accurate estimate of the coalescence stress, which should ultimately be checked through comparisons to numerical simulations. A solution to Eqs. (12) and (13) can be found for elliptic cylinder unit cell, and is described in Sec. 3.3. 3.3 Trial Velocity Field for Elliptic Cylinder Unit Cells. Elliptic cylindrical unit cell X of half-height H and semi-axes L1 and L2 containing a coaxial elliptic cylinder void x (of semi-axes R1 and R2 and half-height h) is now considered (Fig. 3). Four dimensionless ratios can be defined W1 ¼



h R1



W2 ¼



h R2



v1 ¼



R1 L1



v2 ¼



R2 L2



(14)



where Wi are the out-of-plane (with respect to the coalescence plane) aspect ratios of the void, vi the in-plane dimensionless length of the intervoid ligament. An additional dimensionless parameter c ¼ h/H can be defined, but does not play any role in coalescence criterion derived hereafter, as long as the phenomenon considered is coalescence in layers, and not coalescence in columns [3]. In order to apply the methodology described in Sec. 3.2 to the elliptic cylinder unit cell, the reference trial velocity field chosen is the one proposed in Ref. [27] for cylindrical unit cell of radius L1   D33 H L21 VX ð X; Y Þ ¼  1 X 2h X2 þ Y 2   D33 H L21 (15) 1 Y VY ð X; Y Þ ¼ 2 2h X þ Y2 D33 H Z VZ ðZ Þ ¼ h JANUARY 2019, Vol. 86 / 011006-3



for jZj  h. The following function / allows to map the cylindrical unit cell to the elliptic cylinder unit cell of semi-axis L1 and L2 8 > X > > < L 2 x ¼ /ðXÞ ¼ Y (16) L > 1 > > : Z It should be noticed that Eq. (16) is simply a geometrical transformation allowing to go from the reference unit cell to the actual unit cell. In particular, Eq. (16) is not volume preserving. Equations (12) and (13) can be satisfied by defining the function w such as 8 > V > > X < L2 v ¼ wðV Þ ¼ VY (17) > L1 > > : VZ Finally, the trial velocity field v can be written as 8 ! > > D33 H L21 > > 1 x vx ð x; y; zÞ ¼ > > > 2h x2 þ a 2 y2 > > > ! < D33 H L21 1 y vy ð x; y; zÞ ¼ > > 2h x2 þ a 2 y2 > > > > > > D33 H > > z : vz ð x; y; zÞ ¼ h



(23)



The 2D integral cannot be computed analytically, and can only be reduced to a 1D integral (once the integration over the variable r is done, similarly to Ref. [28]). The plastic dissipation P(2) related to the velocity field tangential discontinuity is computed according to Eq. (6) Pð2Þ ¼



1 X



ð



 r pﬃﬃﬃ jjvt jjdS 3 Stop



(24)



Again, with the change of variables considered, dS ¼ dx dy ¼ r dr dh=a jD33 j r Pð2Þ ¼ pﬃﬃﬃ 2 2 3pL1 ha



ð L1 ð 2p  RðtÞ



0



 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ L21  r 2 dr 1 þ ða2  1Þ cos2 hdh (25)



(18)



for jzj  h, and where the dimensionless parameter a is defined such that a ¼ L1 =L2



R1 RðhÞ ¼ rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ  h i 2 2 cos ðhÞ þ 1  cos ðhÞ R21 =ðaR2 Þ2



(19)



3.4 Coalescence Criterion for Elliptic Cylinder Unit Cell 3.4.1 General Case. The equivalent plastic strain rate deq can be computed with the trial velocity field defined in Eq. (18), as well as the tangential discontinuities at the top/bottom surfaces jjvt jj. We make use of the change of coordinates systems, from cartesian to elliptic: x ¼ r cos h and ay ¼ r sin h 8 vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ " u  2 # > > u 4 2 > jD jH L a  1 > t > < deq ¼ 33 1 þ 14 1 þ sin 2h h 2a 3r (20)   > > 2 p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ﬃ > > jD jH L1 > : jjvt jj ¼ r 33 1 1 þ ða2  1Þ cos2 h 2ah r2 inside in the ligament Xcoa, while deq ¼ 0 outside. Macroscopic plastic dissipation (Eq. (5)) can now be computed P ¼ P(1) þ P(2), where P(1) corresponds to the volumetric plastic dissipation, while P(2) is related to the velocity field discontinuity. Only half of the unit cell is considered due to symmetry ð 1  deq dX r (21) Pð1Þ ¼ X X With the change of variables considered, dX ¼ dx dy dz ¼ r dr dh dz=a, and X ¼ ðpHL21 Þ=a vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ "  2 # ð L1 ð 2p u u 4 2 jD j r L a  1 t 33 rdrdh Pð1Þ ¼ sin 2h 1 þ 14 1 þ 2a 3r pL21 RðtÞ 0



Finally, according to Eq. (7) that reduces to jR33 j ¼ P=jD33 j and normalizing length by L1, the coalescence stress can be written as vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ﬃ "  2 # ð 2p u ð1 u 2  r 1 a 1 t rdrdh jR33 j  sin 2h 1þ 4 1þ p RðtÞ=L1 0 3r 2a ð 2p ð1 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ  r ð1  r 2 Þdr 1 þ ða2  1Þ cos2 hdh þ pﬃﬃﬃ 2 3pW1 v1 a RðhÞ=L1 0 (26) Equation (26) gives an upper-bound of the coalescence stress for an elliptic cylinder unit cell containing a coaxial elliptic cylinder void, for an isotropic material and in the absence of shear stresses with respect to the principal axes defined by the unit cell. It extends previous studies aiming at predicting coalescence stress for cylindrical voids in cylindrical unit cells. Some progress could be made to compute partially the integrals (or using Cauchy–Schwartz inequality to get an upper-bound), but numerical evaluation of these integrals is straightforward. Some simplifications can be made considering homothetic void and unit cell, as detailed in Sec. 3.4.2. 3.4.2 Homothetic Voids and Unit Cells. The particular case of homothetic void and unit cell, that corresponds to R1 ¼ aR2 or v1 ¼ v2 ¼ v, allows to simplify the coalescence stress (Eq. (26)). It should be noticed that this case does not correspond to confocal void and cell used for the derivation of yield criteria of porous materials in the growth regime [15]. In order to get analytical coalescence estimate, Cauchy–Schwartz inequality is used to get an upper-bound of the volumetric plastic dissipation



Pð1Þ



vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ " u ð  2 # u 2p jD33 j r L41 a2  1 t sin 2h  rdr 2p 1þ 4 1þ dh 2a 3r pL21 R1 0 r ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ﬃ ð 2jD33 j r L1 L4  1 þ b4 41 rdr (27) 2 r L1 R1 ð L1



where a new dimensionless ratio is defined b4 ¼



a4 þ 6a2 þ 1 24a2



(28)



(22) where R(t) can be written as 011006-4 / Vol. 86, JANUARY 2019



Upon integration over r, the upper-bound of the volumetric plastic dissipation is Transactions of the ASME



0



ð1Þ



P



4



qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ  jD33 j r @ b4 þ v4 þ b4 þ 1 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 1 b4 þ 1 þ b2 b4 þ v4  b2 b2 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ A  log pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 2 b4 þ 1  b2 b4 þ v4 þ b2



(29)



Equation (29) depends only on two geometrical ratios v and b and verifies the property Pð1Þ ðaÞ ¼ Pð1Þ ða1 Þ which corresponds to a permutation of the axes e1 and e2 . An analytical upper-bound of the plastic dissipation P(2) can also be obtained with Cauchy–Schwartz inequality



P



ð2Þ



 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ  jD33 j r a2 þ 1 v3  3v þ 2  pﬃﬃﬃ a 3 6W1 v



(30)



The analytical expression for the upper-bound of the surfacic plastic dissipation (Eq. (30)) can alternatively be written in a symmetric form (with respect to W1 and W2) ð2Þ



P



jD33 j r  pﬃﬃﬃ 6v



 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ  3 W12 þ W22 v  3v þ 2 3 W1 W2



(31)



Finally, the upper-bound estimate of the coalescence stress can be written (using Eq. (7) that reduces to jR33 j ¼ P=jD33 j): qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ jR33 j   b4 þ v4 þ b4 þ 1 r  pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ  4 2 4 4  b2 2 þ 1 þ b þ v b b b pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ   log pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 2 b4 þ 1  b2 b4 þ v4 þ b2  pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ  1 W12 þ W22 v3  3v þ 2 þ pﬃﬃﬃ 3 6v W1 W2



(32)



Alternatively, Eq. (32) could also have been written using geometpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ric mean of void aspect ratios W ¼ W 1 W2 , leading to a prefactor pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ of the second term a þ a1 =W. For a ¼ 1 (and thus W1 ¼ W2 ¼ W), i.e., for cylindrical unit cells and voids, Eq. (32) reduces to the expression given in Refs. [27]and [28] jR33 j v3  3v þ 2 pﬃﬃﬃ   r 3 3Wv



pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ! pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 1 1 þ 1 þ 3v4 þ pﬃﬃﬃ 2  1 þ 3v4 þ log 3v2 3



(33)



Equation (32) corresponds to an upper-bound of the coalescence stress for elliptic cylindrical voids in homothetic unit cells, for isotropic material and in the absence of shear stresses. It is also noteworthy to mention that the limit cases a ! {0, þ1} lead to jR33 j ! þ1 (for vi 6¼ 1). Although corresponding to a rather unphysical situation, this divergence is rooted in the simple homothetical transformation (Eqs. (16) and (17)) used to get the trial velocity field which should be considered as a first-order correction for cell shapes deviating from the cylindrical one. Similarly, void shape is not accounted for explicitly in the trial velocity field, and actual velocity field is expected to differ from the trial one for void shapes significantly different from a homothetic transformation of the cell shape. The ability of the proposed analytical expression to predict coalescence stress for ellipsoidal voids will be assessed in Sec. 4. Journal of Applied Mechanics



Assessment of Theoretical Coalescence Criterion



4.1 Numerical Limit-Analysis. In order to assess coalescence stress derived through limit-analysis by choosing a trial velocity field (Eq. (7)), exact coalescence stresses are computed through numerical simulations known as numerical limit-analysis (see, e.g., Refs. [11] and [39]): the problem defined in Fig. 2 is solved (classically with finite element method (FEM)) under the small perturbation hypothesis, with elastic–perfectly plastic mate ). Macrorial (obeying von Mises criterion with yield stress r scopic stresses are computed through volume averaging (Eq. (2)). A loading parameter is increased until saturation of the macroscopic stresses that correspond to exact coalescence stresses, up to numerical errors. As an alternative to FEM simulations, Fast Fourier Transform (FFT-) based solver [40] has been used in this study, as in Ref. [41]. FFT simulations rely on a periodic unit cell discretized in voxels of a structured grid. Different constitutive equations can be applied to subsets of voxels, defined through the positions of their centers Xv in order to model heterogeneous unit cells. Material voxels constitutive equations correspond to elastoplasticity with the von Mises criterion (of Young’s modulus Y,  ), while void voxels are purely Poisson’s ratio  and yield stress r elastic with zero rigidity. Loading parameters are either average strains E or stresses R: to assess coalescence corresponding to uniaxial straining (in absence of shear stresses), E ¼ E33 e3  e3 is applied, where E33 is the scalar loading parameter. In order to be able to simulate quasi-periodic unit cells as the ones considered in Sec. 3.2 (Fig. 3), a fictive orthotropic elastic material is added around the elliptical unit cell, with particular elastic moduli5 12 ¼ 23 ¼ 13 ¼ 0



(34a)



Y1 ¼ Y2 ¼ G12  Y



(34b)



Y3 ¼ G13 ¼ G23 ¼ 0



(34c)



In the limit defined by Eqs. (34a), (34b), and (34c) for the fictive elastic material around the elliptic-cylinder unit cell, the boundary conditions imposed to the unit cell E ¼ E33 e3  e3 are transmitted to the inner cylinder, consistently with the boundary conditions used in the theoretical approach. More precisely, Eq. (34a) allows to decouple in-plane (e1 ; e2 ) and out-of-plane (e3 ) directions, Eq. (34b) to ensure (almost) rigid motion in the plane (e1 ; e2 ), and Eq. (34c) to an unconstrained motion of the inner elliptic unit-cell along the e3 direction. This is checked further in Sec. 4.2. An example of the typical discretized unit cell used is shown in Fig. 4. Numericalﬃ equivalent von Mises strain rate fields deq ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ½2=3d : d are computed at coalescence to be compared to the ones resulting from the trial velocity field used to derive the coalescence criterion. AMITEX_FFTP2 software was used for all simulations performed in this study, along with MFRONT software [42] for  =Y ¼ 103 . A convergence generating constitutive models, with r study with respect to the number of voxels was performed for all numerical results shown hereafter. 4.2 Comparisons to Numerical Results. Equations (26), (32), and (33) are upper-bounds of the coalescence stress. In particular, and due to the some limitations of the trial velocity field used, Eq. (33) overestimates numerical results by an approximately constant multiplicative factor6 from results presented in Ref. [28] in the range W 僆 [0.5:3] and v 僆 [0.3:0.7]   jR33 j jR33 j  0:9 (35)   upperbound r r
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In practice, Y 1 ¼ Y 2 ¼ G12 ¼ 10Y were used in numerical simulations. Refined calibration has been proposed in Ref. [29] which is close to Eq. (35) for W 僆 [0.5:3] and v 僆 [0.3:0.7] (and equivalent for W  1). 6
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Fig. 4 One-eighth of the typical periodic unit cell with cylindrical void used for FFT simulations to assess numerically coalescence stress. Three different constitutive equations are used: zero rigidity for the void, elasto-plastic von Mises plasticity, and fictive elastic material, respectively. Macroscopic strain is imposed: E 5 E33 e 3  e 3 . Macroscopic coalescence stress R33 is computed through volume averaging over the white and blue regions only.



where ½R33 = r upperbound is taken as Eq. (33) or Eqs. (26) and (32). Therefore, in the following, Eq. (35) will be compared to numerical results, keeping in mind that the theoretical derivation gives only the upper-bound used in Eq. (35). Finally, the parameter a used in the simulations will be restricted to values close to unity, in the range a 僆 [0.2:4], as large deviations from unity are expected to lead to poor results (as discussed in Sec. 3). Semi-analytical coalescence stress derived in Sec. 3 (Eq. 35) is compared with the numerical results. For homothetic void and unit cell, the results are given in Figs. 5(a), 5(b), and 5(e). In the particular case of cylindrical void and unit-cell (corresponding to a ¼ 1), the numerical results obtained with FFT simulations are equal to the ones obtained in previous studies with FEM [28,31], validating the use of a fictive elastic material described in Sec. 4.1 to impose a given macroscopic strain to a nonperiodic unit cell. For a 6¼ 1, the numerical results are in good agreement with the analytical predictions, capturing the increase of coalescence stress for both a > 1 and a < 1. The agreement is particularly good for large values of the parameters W1 and v1, but deviations appear for W1 ¼ 0.5 and v1 ¼ 0.4. This was somehow expected as the reference trial velocity field has been already shown to lead to predictions in less good agreement with the numerical results in such situations (and resulting from the extension of the plastic flow region above and below the voids [28,31] not accounted for in the trial velocity field Eq. (18)). Equivalent strain rate fields from the simulations or derived analytically from the trial velocity field (Fig. 5(f)) taken at the height z ¼ h share some common points, explaining the good agreement between the numerical results and theoretical predictions. One should finally note that, whatever the value of the parameter a, the porosity in the coalescence band is constant, and therefore, the strategy proposed in Ref. [29] to use a coalescence criterion derived for a given unit cell to another one (based on equivalent porosity) would not be able to capture the results shown here for tensile loading.7 Two other situations are assessed in Fig. 5. The first one (Fig. 5(c)) corresponds to the case of an elliptical cylinder unit cell with a cylindrical void. For such situations, it was not possible to derive (simple enough) analytical coalescence stress, and therefore, the integral equation (Eq. (26) along with Eq. (35)) for the coalescence stress is used to compare with the numerical results. 7



Considering equivalent porosity in the coalescence band might better work for shear-dominated loading, which remains to be studied.



011006-6 / Vol. 86, JANUARY 2019



A good agreement is also observed in this situation, for different values of void aspect ratio W1, which can again be explained by the fact that the trial velocity field used captures some aspects of the real deformation mode, as shown on Fig. 5(g). Similar conclusions also hold for the case of cylindrical unit cells with elliptic cylinder voids, as shown on Figs. 5(d) and 5(h). Comparisons of the proposed coalescence criteria to the numerical results validate the use of Eqs. (26), (32), and (35) to describe the coalescence stress accounting for the effect of cells and voids shapes, under the assumption of uniaxial straining conditions. On the contrary, i.e., in the presence of additional shear stresses, the derivation proposed in Ref. [29] could be used, which remains to be done and validated against the numerical results. More importantly, the unit cells considered so far in this study are only approximations of some space-filling unit cells with more realistic void shapes, which is detailed in Sec. 5.
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Discussion



Hexagonal-type lattices of ellipsoidal voids and associated unit cells (Fig. 6) are considered as a more realistic description of void lattices and void shapes in a coalescence band. Another classical choice would have been to choose cubic-type lattices—which are as realistic as hexagonal ones—but are not considered in the following as being poorly described with elliptical transformations used in this study.8 Fast Fourier transform coalescence simulations have thus been performed on periodic unit cells shown in solid red lines on Fig. 6, corresponding to deformed hexagonal lattices. The numerical results are compared with theoretical predictions (Eq. (35)) assuming: (1) that the corresponding unit cell is the elliptic cylinder inscribed in the Voronoi cell of voids (Fig. 6), (2) an effective value of the intervoid ligament v is chosen to account for its variation along the height for ellipsoidal voids. For the latter, different approach can be considered: equivalent porosity in the coalespﬃﬃﬃﬃﬃﬃﬃ ﬃ 2=3vi ) as in Ref. [29], or cence band (that would lead to vm i ¼ average value leading to vm i ¼ ½p=4vi . Hereafter, the effective value has been calibrated with the numerical results on hexagonal lattices (a ¼ 1) and spheroidal voids vm i ¼ 0:85vi , and used for other situations. The numerical results are compared to theoretical predictions in Figs. 7(a), 7(c), and 7(d), showing the ability of the predictions to capture all the trends due to void shapes and lattices. However, the agreement is less quantitative than for previous comparisons based on similar geometry between theoretical analysis and numerical simulations. Discrepancies appear mainly for large (or low) values of the parameter a, of low values of vi. Both were somehow expected: the former can be understood as the assumption of representing an elliptic cylinder to represent the cell around each voids fails as a  1 or a  1, as shown on Fig. 7(b), where the Voronoi cell tends to become of rectangular shape. The latter comes from the fact that for spheroidal voids, the effective intervoid ligament is lower than its maximal value, where the reference trial velocity field is known to become less accurate, even for cylindrical unit cells with cylindrical voids. Both inaccuracies could in principle be handled by refining the theoretical analysis with refined reference trial velocity field and cubic-type unit cells.
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Conclusions and Perspectives



Void coalescence deformation mode is strongly sensitive to both void shapes and intervoid distances. As a result, void lattices play a key role, as shown recently in Ref. [36]. However, up to now, coalescence criteria have been derived assuming idealized hexagonal or cubic lattices of spheroidal voids (through the assumption of considering cylindrical voids), while criteria 8 An obvious solution to deal with cubic-type lattices is to start from a reference trial velocity field defined for cubic unit cell, as one of those proposed by Thomason [19], which is left for a future study.



Transactions of the ASME



Fig. 5 (a)–(e) Coalescence stress for elliptic cylinder unit cells with elliptic cylinder voids, as a function of the parameter a, for various values of W1 and v1. Solid lines correspond to Eq. (35), squares to numerical results. (f)–(h) Comparisons of the analytical and numerical strain rate fields (arbitrary units). Numerical results are taken at an height z 5 h.
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Fig. 6 Hexagonal-type lattices of ellipsoidal voids. Unit cells in red solid lines are used to perform numerical simulations, and the results are compared to predictions from the elliptic cells inscribed in the Voronoi cells. Unit cells used for FFT simulations are shown on right and left sides (see Fig. 4 caption for details about the colors).



Fig. 7 (a)–(d) Coalescence stress for hexagonal-type lattices of ellipsoidal voids as a function of the parameter a, for various values of W1 and v1. Squares correspond to numerical results, solid lines to Eq. (35) considering the elliptic unit cell inscribed in the Voronoi cell of the void. (b) Evolution of the equivalent strain rate field taken at z 5 h/2 obtained with numerical simulations as the parameter a decreases. Arbitrary units.
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Transactions of the ASME



derived for arbitrary void shapes and lattices will be ultimately required. As a step toward this goal, a coalescence criterion has been derived for elliptic cylinder unit cells with elliptic cylinder voids, based on limit-analysis and on a methodology allowing for finding trial velocity fields from known reference trial velocity fields. In the general case, the coalescence criterion cannot be put into a closed-form expression, but is written as an integral equation which is straightforward to compute numerically. Coalescence stress predictions have been shown to be in good agreement with the numerical results performed with the same geometry, and also in reasonably good agreement for space-filling arrangements of voids well approximated by elliptic unit cells, i.e., for large values on the intervoids ligaments vi ⲏ 0:5 and in-plane cell aspect ratio up to a factor 2. Various extensions of this study could be considered. A first one corresponds to the case of a coalescence band composed of a random arrangement of voids: the Voronoi cell around each void could be used or approximated as the unit cell on which limit-analysis can be done by solving Eqs. (12) and (13). A second extension is to develop evolution laws for the parameters Wi and vi that will be required for implementing the coalescence criterion as a yield criterion in constitutive equations for porous materials. In particular, the evolution of vi cannot be inferred from volume conservation as usually done when v1 ¼ v2. Last, the criteria were derived in this study assuming uniaxial straining conditions, which is one possible deformation mode as shown in Fig. 1. However, shear-assisted coalescence is also expected to occur, for which the (more complex) criterion will depend on other stress components [29], which remains to be studied.
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