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On the partial differential equations of mathematical physics. By E. T. WHITTAKER in Cambridge.



§ 1. Introduction. The object of this paper is the solution of Laplace’s potential equation ∂2V ∂2V ∂2V + + 2 = 0, ∂x 2 ∂y 2 ∂z and of the general differential equation of wave-motions 2 ∂2V ∂2V ∂2V 2 ∂ V + + = k , ∂y 2 ∂z 2 ∂x 2 ∂t 2



and of other equations derived from these. In § 2, the general solution of the potential equation is found. In § 3, a number of results are deduced from this, chiefly relating to particular solutions of the equation, and expansions of the general solution in terms of them. In § 4, the general solution of the differential equation of wave-motions is given. In § 5, a number of deductions from this general solution is given, including a theorem to the effect that any solution of this equation can be compounded from simple uniform plane waves, and an undulatory explanation of the propagation of gravitation.



§ 1. The general solution of the potential equation. We shall first consider the equation ∂2V ∂2V ∂2V + + 2 = 0, ∂x 2 ∂y 2 ∂z which was originally given by Laplace*). *) Me´moire sur la theorie de l’anneau de Saturne, 1787.
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This equation is satisfied by the potential of any distribution of matter which attracts according to the Newtonian Law. We shall first obtain a general form for potential-functions, and then shall shew that this form constitutes the general solution of Laplace’s equation. >From the identity







2



1 {(x − a)2 + (y − b)2 + (z − c)2 }  √



=



1 2



∫ 0



du , (z − c) + i(x − a) cos u + i(y − b) sin u



we see that the potential at any point (x, y, z) of a particle of mass m, situated at the point (a, b, c), is







2



m 2



∫ 0



du (z + ix cos u + iy sin u) − (c + ia cos u + ib sin u)



which, considered as a function of x, y, z, is an expression of the type







2



∫ f (z + ix cos u + iy sin u, u)du, 0



where f denotes some function of the two arguments z + ix cos u + iy sin u and u. It follows that the potential of any number of particles m 1, m 2, . . . , m k, situated at the points (a1 b1 c 1 ), (a2 b2 c 2 ), (a3 b3 c 3 ), . . . , a k b k c k ), is an expression of the type







2



∫ { f (z + ix cos u + iy sin u, u) + f (z + ix cos u + iy sin u, u) 1



2



0



or



+ f k (z + ix cos u + iy sin u, u) }du







2



∫ f (z + ix cos u + iy sin u, u) du, 0



where f is a new function of the two arguments z + ix cos u + iy sin u and u. In this way we see that the potential of any distribution of matter which attracts according to the Newtonian Law can be represented by an expression of the type







2



∫ f (z + ix cos u + iy sin u, u)du. 0
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The question now naturally suggests itself, whether the most general solution of Laplace’s equation can be represented by an expression of this type. We shall shew that the answer to this is in the affirmative. For let V (x, y, z) be any solution (single-valued or many-valued) of the equation ∂2V ∂2V ∂2V + + 2 = 0, ∂y 2 ∂z ∂x 2 Let (x 0, y 0, z 0 ) be some point at which some branch of the function V (x, y, z) is regular. Then if we write x = x 0 + X, y = y 0 + Y , z = z 0 + Z it follows that for all points situated within a finite domain surrounding the point (x 0, y 0, z 0 ), this branch of the function V (x, y, z) can be expanded in an absolutely and uniformly convergent series of the form V = a0 + a1 X + b1Y + c 1 Z + a2 X 2 + b2Y 2 + c 2 Z 2 + d 2YZ + e2 ZX + f 2 XY + a3 X 3 + . . . . Substituting this expansion in Laplace’s equation, which can be written ∂2V ∂2V ∂2V + + = 0, ∂X 2 ∂Y 2 ∂Z 2 and equating to zero the coefficients of the various powers of X, Y , and Z, we may obtain an infinite number of linear relations, namely a2 + b2 + c 2 = 0, etc. between the constants in the expansion. 1 1 There are n(n − 1) of these relations between the (n + 1)(n + 2) coefficients of 2 2 the terms of any degree n in the expansion of V; so that only  1 1  (n + 1)(n + 2) − n(n − 1) or (2n + 1) of the coefficients of terms of degree n in 2  2 the expansion of V are really independent. It follows that the terms of degree n in V must be a linear combination of (2n + 1) linearly independent particular solutions of Laplace’s equation, which are of degree n in X, Y , Z. To find these solutions, consider the expansion of the quantity (Z + iX cos u + iY sin u)n as a sum of sines and cosines of multiples of u, in the form (Z + i X cos u + iY sin u)n = g0 (X, Y , Z) + g1 (X, Y , Z) cos u + g2 (X, Y , Z) cos 2u + . . . + g n (X, Y , Z) cos nu + h1 (X, Y , Z) sin u + h2 (X, Y , Z) sin 2u + . . . + h n (X, Y , Z) sin nu.
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Now g m (X, Y , Z) and h m (X, Y , Z) are together characterised by the fact that the highest power of Z contained in them is Z n−m ; moreover g m (X, Y , Z) is an even function of Y, whereas h m (X, Y , Z) is an odd function of Y; and hence the (2n + 1) quantities g0 (X, Y , Z), g1 (X, Y , Z), . . . , h n (X, Y , Z) are linearly independent of each other; and they are clearly homogeneous polynomials of degree n in X, Y , Z; and each of them satisfies Laplace’s equation, since the quantity (Z + iX cos u + iY sin u)n does so. They may therefore be taken as the (2n + 1) linearly independent solutions of degree n of Laplace’s equation. Now since by Fourier’s Theorem we have the relations







2



g m (X, Y , Z) =







1



∫ (Z + iX cos u + iY sin u) cos mu du, n



0







2



h m (X, Y , Z) =







1



∫ (Z + iX cos u + iY sin u) sin mu du, n



0



it follows that each of these (2n + 1) solutions can be expressed in the form







2



∫ f (Z + iX cos u + iY sin u, u) du 0



and therefore any linear combination of these (2n + 1) solutions can be expressed in this form. That is, the terms of any degree n in the expansion of V can be expressed in this form; and therefore V itself can be expressed in the form







2



∫ F(Z + iX cos u + iY sin u, u)du 0



or







2



∫ F(z + ix cos u + iy sin u − z − ix cos u − iy sin u, u)du, 0



0



0



0



or







2



∫ f (z + ix cos u + iy sin u, u)du, 0



since the z 0 + ix 0 cos u + iy sin u can be absorbed into the second argument u. Now V was taken to be any solution of Laplace’s equation, with no restriction beyond the assumption that some branch of it was at some
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point a regular function — an assumption which is always tacitly made in the solution of differential equations; and thus we have the result, that the general solution of Laplace’s equation ∂2V ∂2V ∂2V + + 2 = 0, ∂y 2 ∂z ∂x 2 is







2



V =



∫ f (z + ix cos u + iy sin u, u) du, 0



where f is an arbitrary function of the two arguments z + ix cos u + iy sin u and u. Moreover, it is clear from the proof that no generality is lost by supposing that f is a periodic function of u. This Theorem is the three-dimensional analogue of the theorem that the general solution of the equation ∂2V ∂2V + =0 ∂y 2 ∂x 2 is



V = f (x + iy) + g(x − iy).



§ 1. Deductions from the Theorem of § 2; Particular Solutions; Expansions of the General Solution. 10. Interpretation of the solution. We may give to the general solution just obtained a concrete interpretation, as follows. Since a definite integral can be regarded as the limit of a sum, we can regard V as the sum of an infinite number of terms, each of the type V r = f r (z + ix cos ur + iy sin ur ) each term corresponding to some value of ur . But this term is a solution of the equation ∂2V r ∂2V r + = 0, ∂X r2 ∂Z r2 where



X r = x cos ur + y sin ur, Y r = − x sin ur + y cos ur, Z r = z,



so that (X r, Y r, Z r) represent coordinates derived from (x, y, z) by a rotation of the axes through and angle ur round the axis of z.
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Thus we see that the general solution of Laplace’s equation can be regarded as the sum of an infinite number of elementary constituents V r , each constituent being the solution of an equation ∂2V r ∂2V r + = 0, ∂X r2 ∂Z r2 and the axes (X r, Y r, Z r ) being derived from the axes (x, y, z) by a simple rotation round the axis of z. 20. The particular solutions in terms of Legendre functions. It is interesting to see how the well-known particular solutions of Laplace’s equation in terms of Legendre functions can be obtained as a case of the solution given in § 2. The particular solutions in question are of the form











r n P nm (cos ) cos m  and r n P nm (cos ) sin m  (n = 0, 1, 2, . . . , ∞; m = 0, 1, 2, . . . , n),







where (r, ,  ) are the polar coordinates corresponding to the rectangular coordinates (x, y, z), and where P nm (cos











(−1)m sinm )= 2n n!











d n+m (sin2n ) .  d(cos )n+m



Now the function P nm (cos ) can be expressed by the integral











2



P nm (cos ) =



(n + m)(n + m − 1) . . . (n + 1)







(−1)m/2



∫



(cos











+ i sin cos )n cos m d ,



0



and thus we have







2







r n P nm (cos ) cos m  =



(n + m)(n + m − 1) . . . (n + 1)







(−1)m/2



(x + y ) cos ) ∫ (z + i√ 2



0







2



=



(n + m)(n + m − 1) . . . (n + 1) (−1)m/2 2



cos m cos m  d 



x + y cos ) cos m( ∫ (z + i√ 2



2



2



n



−  )d 







0 2



=



(n + m)(n + m − 1) . . . (n + 1) 2



(−1)m/2



∫ (z + ix cos u + iy sin u) cos mu du. n







We see therefore that the solution r n P nm (cos ) cos m  is a numerical multiple of 0







2



∫ (z + ix cos u + iy sin u) cos mu du. n



0



n
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Similarly the solution r n P nm (cos ) sin m  is a numerical multiple of







2



∫ (z + ix cos u + iy sin u) sin mu du. n



0



>From this it is clear that in order to express any solution







2



∫ f (z + ix cos u + iy sin u, u) du 0



of Laplace’s equation, as a series of harmonic terms of the form r n P nm (cos ) cos m 



and r n P nm (cos ) sin m  ,



it is only necessary to expand the function f as a Taylor series with respect to the first argument z + ix cos u + iy sin u, and as a Fourier series with respect to the second argument u. As an example of this procedure, we shall suppose it required to find the potential of a prolate spheroid in the form







2



∫ f (z + ix cos u + iy sin u, u) du, 0



and to expand this potential as a series of harmonics. Let x 2 + y2 z2 + 2 =0 c a2 be the equation of the surface of the spheroid; and suppose that it is a homogeneous attracting body of mass M. To find its potential, we can make use of the theorem that the potential at external points is the same as that of a rod joining the foci, of line-den2 − a2 − z 2 ) sity 3M(c ; that is, it is 2 4(c − a2 )3/2 3M 8 (c 2 − a2 )3/2 or







2



3M 8 (c − a)3/2



∫ 0



2







c 2 −a2  √



0



−√ c 2 −a2 



∫ du ∫



(c 2 − a2 −  2 )d  z −  + ix cos u + iy sin u



 2   B+√ c2 − a2 2 2 2 − a 2 B du,   − a − B ) log (c + 2√ c    B−√ c2 − a2  



where B is written for z + ix cos u + iy sin u. Expanding the integrand in ascending powers of form







2



3M 2



∫



 



1 , we have the potential in the B



1 c2 − a2 (c 2 − a2 )2 . . . + + +  du. 1 ⋅ 3 ⋅ B 3 ⋅ 5 ⋅ B3 5 ⋅ 7 ⋅ B5
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Since







2



P n (cos  ) du = , B n+1 r n+1



∫



1 2



0



this gives the required expansion of the potential of the spheroid in Legendre functions, namely the series  1 (c 2 − a2 )P 2 (cos  ) (c 2 − a2 )2 P 4 (cos  ) . . . 3M  + + . + 3 ⋅ 5 ⋅ r3 5 ⋅ 7 ⋅ r5  1 ⋅ 3r  This result may be extended to the case of the potential of an ellipsoid with three unequal axes, by using a formula for the potential of an ellipsoid given by Laguerre*) 30. The particular solutions of Laplace’s equation which involve Bessel functions. We shall next shew how the well-known particular solutions of Laplace’s equation in terms of Bessel functions can be obtained as a case of the general solution. The particular solutions in question are of the form e kz J m (k  ) cos m 



and e kz J m (k  ) sin m  ,



where k and m are constants, and z,  ,  are the cylindrical co-ordinates corresponding to the rectangular co-ordinates x, y, z, so that x =  cos  , y =  sin  . Now if in the solution we replace J m (k  ) by its value



e kz J m (k  ) cos m 



J m (k  ) =







1







∫ cos (m



− k  sin  ) d  ,



0



we find after a few simple transformations that







2



e kz J m (k  ) cos m  =



(−1) 2



m/2



∫e



k(z+ix cos u+iy sin u)



cos mu du.



0



The other solutions which involve sin m  , can be similarly expressed: we see therefore that the solutions e kz J m (k  ) cos m  *) C. R., 1878.



and e kz J m (k  ) sin m  ,
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are numerical multiples of







2



∫e



k(z+ix cos u+iy sin u)



cos mu du.



0



and







2



∫e



k(z+ix cos u+iy sin u)



sin mu du.



0



respectively. It follows from this that in order to express any solution







2



∫ f (z + ix cos u + iy sin u, u) du 0



of Laplace’s equation as a sum of terms of the form e kz J m (k  ) cos m 



and e kz J m (k  ) sin m  ,



it is only necessary to expand the function f in terms of the exponentials of its first argument z + ix cos u + iy sin u, and as a Fourier series with respect to its second argument u. As an example of the use which may be made of these results, we shall suppose it required to express the potential-function V = 1 + e−z J 0 ( ) + e−2z J 0 (2 ) + e−3z J 0 (3 ) + . . . (where z is supposed positive) as a series of harmonic terms of the type involving Legendre functions: and also to find a distribution of attracting matter of which this in the potential. This can be done in the following way. We have V = 1 + e−z J 0 ( ) + e−2z J 0 (2 ) + e−3z J 0 (3 ) + . . .







2



=



1 2



∫ {1 + e



−z−ix cos u−iy sin u



+ e−2(z+ix cos u+iy sin u) + . . . } du



0







2



=



1 2



∫ 1−e



du −(z+ix cos u+iy sin u)



.



0



But if t be any variable different from zero, and such that " t " ˆ 
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