













Menu





	 maison
	 Ajouter le document
	 Signe
	 Créer un compte







































On the interaction of upwinding and forcing for nonlinear hyperbolic

nonlinear hyperbolic systems of conservation laws. FranÃ§ois Alouges ... The right-hand side models an external heating and the boundary conditions are. (h = e + p Ï�. ) : (1.8) ..... This system can be solved by Newton's algorithm. As it is very ... 

















 Télécharger le PDF 






 132KB taille
 1 téléchargements
 340 vues






 commentaire





 Report
























On the interaction of upwinding and forcing for nonlinear hyperbolic systems of conservation laws Fran¸cois Alouges Jean-Michel Ghidaglia Marc Tajchman Centre de Math´ematiques et de Leurs Applications, ´ Ecole Normale Sup´erieure de Cachan - CNRS UMR 8536, 61, avenue du Pr´esident Wilson, 94235 Cachan Cedex, France. {alouges,jmg,tajchman}@cmla.ens-cachan.fr



Abstract Numerical stability of discretization schemes for nonlinear hyperbolic systems is obtained most currently via upwinding. In this paper we aim to report on the interaction of upwinding and forcing terms. It turns out that, for a given scheme, one must discretize properly in space the forcing terms in order to maintain the accuracy. As a matter of fact, when one uses an upwind method to discretize the derivative terms, one has to use also an upwind discretization of sources terms. In this paper we derive the proper formulas for discretizing the source terms and show their eﬃciency. From the computational point of view this is done with almost no extra cost.
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Introduction



We consider the system of m equations, (1.1)



vt + f (v)x = S,



where v depends on x ∈ R and t ∈ R+ , v(x, t) ∈ Rm and S depends only on x. Although (1.1) is usually posed on a ﬁnite interval [0, L] together with boundary conditions at x = 0 and x = L, we just consider in a ﬁrst step the pure Cauchy problem, i.e. we prescribe an initial condition (1.2)



v(x, 0) = v o (x), x ∈ R.
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When S ≡ 0, (1.1) is usually discretized by a conservative scheme : (1.3)



vjn+1 = vjn −



) ∆tn ( n n fj+1/2 − fj−1/2 + ∆tn Σnj ∆xj



n n , v n ). Here (x with Σnj ≡ 0, fj+1/2 = gj (vj+1 j+1/2 )j∈Z is an increasing sequence of j points with R = ∪j∈Z [xj−1/2 , xj+1/2 ], vjn is an approximation at time tn (we have ∫ xj+1/2 1 v(x, tn )dx, ∆xj ≡ xj+1/2 − also R+ = ∪n∈N [tn , tn+1 ]) of the mean ∆x j



xj−1/2



xj−1/2 and ﬁnally (gj )j∈Z is the numerical ﬂux of the method. [



Equation (1.3) ] can be obtained by integration of (1.1) on the rectangle [tn , tn+1 ]× xj−1/2 , xj+1/2 and this leads to the following form for Σnj :



(1.4)



Σnj = Σj =



1 ∆xj



∫



xj+1/2



S(x)dx. xj−1/2



The purpose of this article is to show that this formula is not suitable when the source term is large and one must modify (1.4) according to the expression of the numerical ﬂux gj . Let us illustrate this fact on a standard system. Example 1. (1D Gas dynamics) We consider the following system : (1.5) (1.6) (1.7)



ρt + (ρu)x = 0, (ρu)t + (ρu2 + p)x = 0, 1 (ρE)t + (ρuH)x = Φ, L



p posed on [0, L], with p = p(ρ, e) = (γ − 1)ρe, E = e + 12 u2 and H = E + ρ . The right-hand side models an external heating and the boundary conditions are p (h = e + ρ ) : (1.8)



ρu|x=0 = dℓ , h|x=0 = hℓ



and (1.9)



p|x=L = pr .



We have considered the following numerical examples :



(1.10)



γ = 1.4 L = 10 dℓ = 4.5 hℓ = 3.5 105 5 pr = 1.5 10



with 2 diﬀerent possible source terms : { Φ(x) = 7.85 106 for x ∈ [2, 8] a) partial heating = 0 otherwise b) complete heating



Φ(x) = 7.85 106 everywhere on [0, 10]



(all the values are in S.I. units).
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a) Density 1.6
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Figure 1: Density of stationary solution for the totally heated tube. When a stationary regime is reached, according to (1.5), the ﬂow rate must be constant : ρu(= dℓ ) is independent of x. Using the centered discretization of the source terms (1.4), we observe that the ﬂow rate (see ﬁgure 2) is not constant where the source term is not zero, with a relative error of about 5 %. If we reﬁne the discretization, i.e. ∆xj get uniformly smaller, the error appears to decrease linearly with respect to the reﬁnement (see ﬁgure 7 for a comparison of the results obtained using two uniform meshes with ∆x = 0.25 and ∆x = 0.125). As a result of this paper, upwinding the discretization of the source term leads to an accurate computation of the stationary solution (“+” dots on ﬁgures 1 to 6) compared to the exact solution (solid lines). This somewhat extends the results given by Glaister [5] for the scalar advection equation and Gosse [6], Gosse and Le Roux [7]. In all that is presented below, numerical computations have been made using VFFC-scheme [4] which is based on a ﬂux decomposition on components convected along the characteristics. The paper is organized as follows. In the next Section, we present our method for upwinding the source term. It is based on what we call “enhanced consistency”. The third Section is devoted to some extensions (the case where the source term depends also on v, and the multidimensional case).
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Upwinding of the source term



Let us consider a system of m conservation laws : (2.1)



vt + f (v)x = S,



where v takes its values in Rm , f maps smoothly some open set G ⊂ Rm into Rm and S(= S(x)) is a given function of x ∈ R with values in Rm . We assume that (2.1) is smoothly hyperbolic in the sense that there exists a complete smooth
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Figure 2: Flow rate of stationary solution for the totally heated tube.
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Figure 3: Pressure of stationary solution for the totally heated tube.
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Figure 4: Density of stationary solution for the partially heated tube. 4
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Figure 5: Flow rate of stationary solution for the partially heated tube.
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Figure 6: Pressure of stationary solution for the partially heated tube.
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Figure 7: Comparison of numerical results (ﬂow rate) with 2 diﬀerent meshes. 5



∂f family of eigenvectors r1 (v), . . . , rm (v) of the jacobian matrix A(v) ≡ (v) ∂v ( ) ∂fi Aij (v) = (v) : A(v)rk (v) = λk (v)rk (v) and λk (v) ∈ R. We shall denote ∂vj by (ℓk (v))k=1,...,m the dual basis so that any w ∈ Rm reads (2.2)



w=



m ∑



(ℓk (v) · w) rk (v), ∀v ∈ G ,



k=1



where “·” denotes the usual scalar product in Rm . It follows then that t A(v)ℓk (v) = λk (v)ℓk (v). Equation (2.1) is discretized by a conservative scheme (2.3)



vjn+1



=



vjn



) ∆tn ( n n f − fj−1/2 + ∆tn Σnj − ∆xj j+1/2



where n n fj+1/2 = gj (vj+1 , vjn )



(2.4)



is the numerical ﬂux of the method.



2.1



Upwinding inside the domain



We shall restrict ourselves to “ﬂux schemes”([2]), i.e. we presume that (2.5)



gj (v, w) =



f (v) + f (w) f (w) − f (v) − Uj , 2 2



where Uj is a m × m matrix which depends on ∆xj , ∆xj+1 , v and w (e.g. Uj = Uj (v, w)). It acts as a numerical stabilization since when Uj ≡ 0, one recovers the centred scheme which is unstable. An example of such a matrix is given in (2.15) below. Since (2.5) is always consistent (i.e. gj (v, v) = f (v)), (2.3) will be consistent with (2.1) if Σnj is consistent with S (i.e. (Σnj ) converge to S as ∆tn and ∆xj go to zero). As observed in the introduction a naive discretization of S can lead to order one errors in the solution. This is due to the fact that the numerical ﬂux gj is not centered as we shall show now. Let us rewrite (2.1) as (ϕ ≡ f (v)) : (2.6)



vt + ϕx = S ,



so that stationary solutions are characterized by (Φ is an arbitrary constant) : ∫ x conv. (2.7) ϕ=ϕ (x) ≡ Φ + S(y)dy. 0



We enhance the consistency by asking the following property. If at some step, is such that ∫ xj+1/2 1 (2.8) f (vjn ) = ϕconv. (x)dx , ∀j ∈ Z , ∆xj xj−1/2 vjn
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then vjn+1 given by (2.3) must be equal to vjn , for all j ∈ Z. This condition can be equivalently formulated as Σnj



(2.9)



=



n n fj+1/2 − fj−1/2



∆xj



,



∀j ∈ Z ,



if vjn satisﬁes (2.8). Of course (vjn ) satisfying (2.8) is not explicitly known in general (actually it is the unknown of the problem !). Therefore we are going to rewrite (2.9) in a diﬀerent way. For we observe that, when (vjn ) satisﬁes (2.8), according to (2.5) we have 1 1 n (2.10) fj+1/2 = (ϕconv. (xj+1 ) + ϕconv. (xj )) − Ujn (ϕconv. (xj+1 ) − ϕconv. (xj )) . 2 2 Hence (2.9) can be written as Σnj = (2.11)



ϕconv. (xj+1 ) − ϕconv. (xj−1 ) ϕconv. (xj+1 ) − ϕconv. (xj ) − Ujn 2∆xj 2∆xj conv. conv. (xj ) − ϕ (xj−1 ) n ϕ + Uj−1 . 2∆xj



Putting (2.7) into (2.11) gives the following result. n ). Theorem 1 Let (gj ) be given in the form (2.5) and denote by Ujn = Uj (vjn , vj+1 The enhanced consistency (i.e. (2.9)) will be satisfied if we discretize the forcing term S according to the following formula } {∫ ∫ xj ∫ xj+1 xj+1 1 n S(y)dy . S(y)dy + Uj−1 S(y)dy − Ujn (2.12) Σnj = 2∆xj xj−1 xj xj−1



Corollary ]1 Assuming that [ S is given by a piecewise constant function : S(x) = Sj for x ∈ xj−1/2 , xj+1/2 , the formula (2.12) reads (2.13)



Σnj =



n n I − Ujn + Uj−1 I − Ujn ∆xj+1 I + Uj−1 ∆xj−1 Sj−1 + Sj + Sj+1 . 4 ∆xj 2 4 ∆xj



In order to illustrate this formula, let us show what it means in the case of a single linear equation vt + c vx = S where e.g. c > 0 and v ∈ R. Here the usual upwind scheme amounts to take Ujn = 1, i.e. g(v, w) = c v and (2.13) reads Σnj =



(2.14)



1 ∆xj−1 1 Sj−1 + Sj . 2 ∆xj 2



Example 1 (continued). We use (2.12) for the computation of the stationary solution of (1.5) to (1.7). In ﬁgures 1 to 6, the “+” dots represent the ﬂow rate which is exact with this modiﬁcation. Let us mention what scheme is actually used in the computations i.e. in formula (2.5). We have taken for Uj (v, w) the matrix such that (2.15)



Uj (v, w)ϕ =



m ∑



sgn(λk (µj )) (ℓk (µj ) · ϕ) rk (µj ) ,



k=1



where µj = µj (v, w) =



∆xj v + ∆xj+1 w ∆xj + ∆xj+1 .



This choice leads to the VFFC-scheme (Finite Volume with Characteristic Fluxes, introduced in [4]).
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2.2



Interaction with boundary conditions



So far we have not discussed the case where the source term acts on the volumes at the boundaries. Let us consider ﬁrst the left boundary, i.e. j = 0 in (2.3). We have (2.16)



v0n+1 = v0n −



) ∆tn ( n n f1/2 − f−1/2 + ∆tn Σn0 , ∆x0



n and f−1/2 is the ﬂux on the left boundary. In practice this ﬂux is obtained via a speciﬁc procedure which is not the subject of the present study. This point is studied in details in [3] (see also [8] page 344). n Let us assume that f−1/2 = ϕconv. (x−1/2 ) (which will indeed be almost the case when n is suﬃciently large so that convergence is almost achieved). It follows that (2.9) must be replaced by



Σn0 =



(2.17)



n f1/2 − ϕconv. (x−1/2 )



∆x0



,



and then by formula (2.10) with j = 0, we ﬁnd that { ∫ } ∫ x1 ∫ x1 x0 1 (2.18) Σn0 = 2 S(y)dy + S(y)dy − U0n S(y)dy . 2∆x0 x−1/2 x0 x0 Analogously we take at the right boundary } { ∫ ∫ xN ∫ xN xN +1/2 1 n S(y)dy . S(y)dy + UN S(y)dy + (2.19) ΣnN = 2 −1 2∆xN xN −1 xN −1 xN Finally, like in Corollary 1, if S is given by a piecewise constant function, we have Σn0 =



(2.20)



3I − U0n I − U0n ∆x1 S0 + S1 , 4 4 ∆x0



and (2.21)
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ΣnN =



n n 3I + UN I + UN −1 −1 ∆xN −1 SN + SN −1 . 4 4 ∆xN



Some extensions



Formula (2.13) can be extended in two directions : the case where the source term depends also on v, and the multidimensional case.



3.1



The case S = S(x, v(x, t))



We want to solve (1.1) which reads now (3.1)



vt + f (v)x = S(x, v) .
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Figure 8: Comparison of exact solution and computing ones with and without upwinding the source term for Burgers equation. It is straightforward to extend formula (2.13) in this case : we take the same expression but this time ∫ xj+1/2 1 n (3.2) Sj is replaced by Sj = S(x, vjn )dx . ∆xj xj−1/2 Example 2. In ﬁgure 8, we show the eﬀect of upwinding the source term for the equation (3.3)



ut + uux = χ(x)u2 , x ∈ [0, 10] ,



with the boundary condition u(0, t) = 1 and where the function χ is the characteristic function of the interval [2, 8]. Here again, when the stationary solution is reached, the accuracy is signiﬁcatively enhanced by our formula. So far we have only discussed explicit schemes. Actually our approach can be easily generalized to implicit schemes. The need for implicit schemes can come from at least two reasons. The ﬁrst one pertains to stiﬀ source in which ∫ xj+1/2 terms,n+1 n+1 1 case instead of (3.2), we can take e.g. Sj = Sj = ∆x x S(x, vj )dx in j n+1 vj



j−1/2



formula (2.13). This lead to a nonlinear system for : equation (2.3) which reads now : ) ∆tn ( n n fj+1/2 − fj−1/2 + ∆tn Σn+1 . (3.4) vjn+1 = vjn − j ∆xj This system can be solved by Newton’s algorithm. As it is very classical, the second reason for using implicit schemes is related to the Courant-Friedrichs-Lewy (C.F.L.) condition. In such the case both the ﬂuxes fj+1/2 and the source term are made implicit. See for example Boucker [1] for numerical results in this direction in the context of the VFFC-scheme of [4].
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3.2



The multidimensional case



In this paragraph our aim is rather to pose the problem than to solve it. It is quite obvious to extend the previous method on cartesian grids using alternate direction methods. Here we would like to tackle the real problem of unstructured grids. Let us consider the following system of conservation laws ∂v ∑ ∂F j (v) =S, + ∂t ∂xj d



(3.5)



j=1



where in practice d = 2 or 3, S = S(x1 , . . . , xd ), v(x, t) ∈ Rm and F j maps some open set G into Rm . We assume that (3.5) is smoothly-hyperbolic in the following sense. For every ω ∈ Sd (i.e. ω ∈ Rd with ω12 + . . . + ωd2 = 1) the jacobian matrix j ∑ A(ω, v) ≡ dj=1 ωj ∂F∂v(v) admits a complete set of real eigenvectors rk (ω, v) which varies continuously with v and ω. Let us assume that Ω (the volume in Rd where the computations of solutions are to be done) is decomposed into triangles (d = 2) or tetrahedra (d = 3) with the classical requirements for finite element unstructured meshes. This is by no means necessary for what follows and any decomposition of Ω into ﬁnite volumes can be considered. We make the choice of considering a ﬁnite element triangulation of Ω only for the sake of simplicity in the exposition. So we have Ω∫ = ∪K∈T K and wish to approximate the mean value of v on K at time tn : 1 K v(x, tn )dx, where |K| denotes the d-dimensional measure of K |K| and later |K ∩ L| will denote the (d − 1)-dimensional measure of |K ∩ L| where K and L belong to T . As shown in [4], the analog of (2.3) is : (3.6)



n+1 n vK = vK −



∆tn ∑ n |K ∩ L|gK,L (vK , vLn ) + ∆tn ΣnK , |K| L∈T



and (3.7)



{ gK,L (v, w) =



F (v) + F (w) · ν − UK,L 2



(



F (w) − F (v) ·ν 2



)} ,



where ν = νK,L is the unitary normal on K ∩ L pointing from K into L and UK,L is a m × m matrix which depends on K, L, v, w and F . Our purpose is to discuss the expression of the discretized form ΣnK of the forcing term S in equation (3.6). ∑d ∂Φj Let Φ = Φ(x) be such that S(x) = divΦ(x) ≡ j=1 ∂xj (x). It is always possible to construct such a Φ, e.g. we can take Φ = ∇q with ∆q = S. The n enhanced consistency in this case will amount to say that if at some time step, vK ∫ n+1 n) = 1 is such that F (vK |K| K Φ(x) dx for all K, then vK , given by (3.6), has to n be equal to vK .
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Next by mimicking what we did in the Section 2, we obtain that the enhanced consistency will be satisﬁed if the source term is discretized as (3.8) ( ) 1 ∑ ΦK + Φ L 1 ∑ ΦL − ΦK ΣnK = |K ∩ L| · νK,L − |K ∩ L|UK,L · νK,L , |K| 2 |K| 2 L∈T



L∈T



and (3.9)



ΦK



Remark. Since (3.10)



1 ≡ |K|



∫ Φ(x) dx. K



∑



ΣnK



|K ∩ L|νK,L ≡ 0, one can also rewrite (3.8) as : ( ) 1 ∑ ΦL − ΦK = |K ∩ L|(I − UK,L ) · νK,L . |K| 2 L∈T



L∈T



As before, if moreover the source term is constant on each triangle (tetraedron) of the mesh, it can be shown that ΦL − ΦK |K|SK + |L|SL · νK,L = , 2 3 ∫ 1 which makes formula (3.10) only depend on SK = |K| K S and not on Φ. Formula (3.8) is the generalization to the d-dimensional case of formula (2.12). However the implementation of the discretization of the source term does ∫ not show an improvement with respect to the centred formula ΣnK = SK ≡ 1 K S(x)dx. |K| We believe that even when S ≡ 0, the ﬁnite volume approximation is too poor in order to see the eﬀect of enhancing the consistency of the discretization of the source term. Hence this problem is still open for the multidimensional case. (3.11)



|K ∩ L|
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