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On the Birch and Swinnerton-Dyer conjecture

This result was suggested to us by some calculations of Gross and Zagier [10]. ..... We want to define here a certain element of A r which will play a crucial. 
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On the Birch and Swinnerton-Dyer Conjecture Ralph Greenberg* Department of Mathematics, University of Washington, Seattle, Washington 98195/USA



Introduction Let F be a finite extension of the rational field Q. If E is an elliptic curve defined over F, then the Mordell-Weil group E(F) of points on E with coordinates in F is a finitely generated abelian group. Let L(E/F, s) be the HasseWeil zeta function of E over F which, at least in the case where E has complex multiplication, is known to be an analytic function on the entire complex plane. Birch and Swinnerton-Dyer have conjectured that L(E/F,s) has a zero at s = l of order precisely equal to the rank of E(F) over Z. The strongest result known in support of this conjecture is the following theorem of Coates and Wiles [4].



Theorem. Assume E has complex multiplication by the ring of integers of an imaginary quadratic field K and that F=O~ or K. I f E(F) has rank> 1, then L(E/F, s) vanishes at s = 1. Generalizations of this theorem have been proved by Arthaud [1] and by Rubin [203. In this paper, we will prove the following partial converse to the CoatesWiles theorem.



Theorem 1. Assume that E is an elliptic curve defined over O~ with complex multiplication by the ring of integers of an imaginary quadratic field K. If L(E/~, s) has an odd order zero at s = 1, then either E(O~) has rank > 1 or the pprimary subgroup of the Tate-Shafarevich group III(E,O~) is infinite for all primes p where E has good, ordinary reduction (except possibly p = 2 or 3). The function L(E/Q, s) can be identified with a Hecke L-series L ( ~ , s), where is a certain grossencharacter of K associated with the elliptic curve E, which we define in Sect. 1. F r o m this, one can obtain the analytic continuation and also the following functional equation:



A(E/~, 2 - s) = w A(E/~, s), *



Supported in part by a National Science Foundation grant



242



R. Greenberg



where A(E/II~,s)=(2n/V'N)-~F(s)L(E/ff),s). Here N denotes the conductor of the elliptic curve E over ~ and the "root number" w is + 1. Obviously, w = - 1 precisely when L(E/II~, s) has an odd order zero and so our theorem could be stated as follows: If w = - 1, then the p~ group Sp~ (E, I1~) is infinite for all p where E has good, ordinary reduction (p 4=2, 3). We will define the Selmer groups later, but will just mention here the fundamental exact sequence:



0-~ E(F)|



S,~(E, F)---,ill(E, g)p_primary--+ 0.



(Here E is any elliptic curve defined over a number field F. Also ll~p is the field of p-adic numbers, 2gp the p-adic integers.) The main reason we are able to prove a result of this kind is that the odd order zero reveals itself in a rather dramatic way. To explain what we mean, let K2o denote the so-called anti-cyclotomic 2gp-extension of K. Thus, K2~ = U K2 where K~- is a cyclic extension of K of degree p" and is Galois over n>0



I1~ with a dihedral Galois group. We assume (as we almost always will throughout this paper) that E is again defined over Q, has complex multiplication by the ring of integers (9 of the imaginary quadratic field K, and that E has good, ordinary reduction at p(p4:2, 3). Then p must split in K, p C = p p * . Let p =(n), rc~(9. (Under our assumptions, K must have class number one.) We will prove the following theorem. Theorem 2. If w = - 1 ,



then S~(E, K2) contains a subgroup isomorphic to



(ff~p/Zp)p" for n = O, 1, 2..... In particular, S~(E, K) is infinite. As we will explain in section 5, this implies that Sp~(E, ~) is also infinite and hence theorem 1 is a consequence of theorem 2. The n~176 groups that occur here are contained in the exact sequences:



0--. E(K2) | e(Ko/(gp) - . Sn~(E, K2) -* IB(E, K2 )n-primary ~ 0, where K 0 and (9~ denote the completions of K and (9 at p (so that Kp/(9~ ~-ff~v/Zp, but is also an (9-module). We have that E(K, )@r , where r, is the rank of E(K2) as a module over 60 (or equivalently, r,= 89 rankz(E(K~-))). N o w assume t h a t / / / ( E , F) is finite (or at least its n-primary subgroup) for F = K 2 , n>O. It would then follow from Mazur's results in [17] that r,=ap"+O(1) as n ~ o e for some integer a, which from Theorem 2 must clearly be positive. We can actually prove however that a = 1, if we make this assumption a b o u t / / / f o r a somewhat larger collection of fields F (e.g. all subfields of K(Ep)K~, where K(Ev) is the field generated by points of order p on E). The assertion that a > l is predicted by the Birch and Swinnerton-Dyer conjecture. The zeta function for E over K~- is given by L(E/K2,s) = H L(Tp, s) 2, where p varies over all characters of Gal(K2/K), considered (by --



~



rn



p



class field theory) as Dirichlet characters for K. Now the functional equation for L(~p, s) will relate it to L(~U(~o c), s), where c is complex conjugation (in Gal(K/Q)). But, since Gal(Ks /Q) is dihedral, we can see that ~oc=p. Thus the root number w(Tp) will be +1, depending o n the parity of
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ords=l(L(gJp, s)). However, as we explain in Sect. 1, w(~p)=w(7~)=w for all such p. Hence, if w = - 1, L(E/K2, s) must have a zero of order at least 2p" at s = 1. Furthermore, if in fact a = 1, then the Birch and Swinnerton-Dyer conjecture would imply that L ( ~ p , s ) has just a simple zero at s = l for all but possibly finitely many complex characters p of Gal(KL/K). If w = +1, we will actually be able to prove that L(7~p, 1)4:0 for all but finitely many such p's. Using a theorem of K. Rubin, we can then immediately prove the following result (with the assumptions stated before Theorem 2). Theorem 3. If w= + 1, then rankr



is bounded as n--~ ~ .



This result together with some similar but easier results concerning certain other Zp-extensions of K will be proved in Sect. 6. We also show that E(KL) is finitely generated as a consequence of the above result. To prove our theorems, we consider the functions L(Tt2k+ l, s) for k = 0, 1, 2,.... These satisfy the functional equations: A(7j2k+ 1, 2k + 2 - s) = waA (~y2k+ 1 S), where A(TtZk + 1, S) = ( 2 ~ / 1 / ~ ) - ' r ( S )



L('e 2k + 1, S).



Here



N, = [disc(K)[ ~ArK/~(f~,~+d, where f~,2k+, is the conductor of the grossencharacter 7' 2k+1 of K. Let m denote the number of roots of unity in K. We will show that the root numbers wk, which clearly must be + 1, have the following properties: (i) wk depends only on the residue class of k modulo m, and (ii) if k 1 + k : - - - 1 (modm), then Wk, Wk2=--l. Since wk determines the parity of the order of vanishing of L ( T 2k+ ~, s) at s = k + 1, we find that L ( T 2k+ 1, k + 1)=0 for half of the integers k__>0 simply because of the sign in the functional equation. Our next theorem concerns the other k's. Theorem 4. There are only finitely many values of k with Wk= + 1 such that L(~2k+ 1 k + 1) vanishes. This result was suggested to us by some calculations of Gross and Zagier [10]. They consider the above L-values where T is the grossencharacter attached to several elliptic curves with complex multiplication by the ring of integers of K =l/~(]fL-7) and for a number of values of k. They find just one zero (when wk = + 1), namely L(7~, 1) for a certain elliptic curve E such that E(Q) has rank 2. In addition, among some unpublished calculations of Swinnerton-Dyer, Nelson Stephens found two cases where L(7~s, 2) vanishes with + 1 as the corresponding root number. The elliptic curves were defined by y Z = x 3 - D x for D = 2 . 7 3 2 and 793, which have complex multiplication by 2g [i]. It would be very interesting to understand the meaning of such zeros, even conjecturally. A crucial role in the proof of T h e o r e m 4 is played by the two-variable padic L-functions constructed by Katz in [13] and by Manin and Vishik in [15-]. The L-values being considered are essentially the values of the onevariable p-adic L-functions obtained by specializing Katz's functions to a
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certain "critical line". Theorem 4 is equivalent to the non-triviality of one of these specializations and this in turn implies that only finitely many of the L(Tp, 1)'s mentioned above can vanish when w(~P)= + 1. As for the proof of Theorem 2, we will just say here that it involves a more subtle use of Theor e m 4 together with a recent theorem of Yager [28] which gives an interpretation of the two-variable p-adic L-functions in terms of a certain Iwasawa module constructed from elliptic units. The conclusion of Theorem 1 is undoubtedly true even when L(E/~, s) has an even order zero at s = l . Although our approach here hasn't provided a proof, we will have some remarks to make about this case later. One can go further in other directions though. We can prove a more general nonvanishing result by the method used in proving Theorem4. As a consequence, we can show that rankz(E(K2) ) will be bounded as n-~ oe, if E is any elliptic curve defined over K (and with complex multiplication by (9) but not isomorphic over K to an elliptic curve defined over ~. We also want to remark that our results are valid for elliptic curves defined over (1~ with complex multiplication by a non-maximal order in K, because such elliptic curves are known to be II~isogenous to ones with (9 as an endomorphism ring. In a subsequent paper [9], we will study a certain new type of root number, defined purely algebraically, and its relationship to the root number of complex L-functions. This topic is closely related and in fact led us to the results in this paper. The algebraic root number, although defined as the sign in a certain functional equation for a characteristic power series, turns out to be ( - 1 ) e where e is the power to which the critical divisor O defined in Sect. 2 divides this characteristic power series. In conclusion, we want to thank Barry Mazur and Dick Gross for some very helpful discussions concerning the topics in this paper.



1. L-functions and R o o t N u m b e r s



Let E be an elliptic curve defined over II~. If E has good reduction at a prime l, the reduced elliptic curve has a zeta function of the form



~(t) (1 - t) (1 - h ) ' where P~(t)= (1 - a t t) (1 - ~t t) has integral coefficients and complex conjugate roots such that c~tgt=l. The zeta function of E over Q is defined by an Euler product L(E/ff2, s)=IIP~(l-S) -1 for Re(s)>~, where the polynomials Pt(t) are t



defined as in Tate [25'] when E has bad reduction at l. Assume that E has complex multiplication by the ring of integers (9 of the imaginary quadratic field K. If E has good, ordinary reduction at l, then I splits in K. In this case, ~ and ~z are in ~) and generate the prime ideals of (9 dividing l: l=(~t), 1=(~1), I I = 1(9. We define 7J(1)= ez and 7J(l)= ~z. If E has good, supersingular reduction at l, then l remains prime in K, and Pt(t)=l+h 2. We define ~ u ( l ) = - / for l = 1(9. If E has bad reduction at l, then it must be of additive type (integrality of
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the j-invariant of E) and so Pz(t)= 1. Define 7/(I)=0 for any prime ideal 1 dividing such I. We can then define 7J(a) for any ideal a of (9 so that 7' is multiplicative. Clearly, with these definitions, L(E/~, s)= I-I(1 - 7J(I) .A/'(I)-~)-' = ~ 7J(a) dV(a)-s= L(T, s) 1



a



for Re(s) >2. It is known that 7j is a grossencharacter of type A o for K (Deuring [6]) of infinity type (1, 0). In general, a multiplicative complex-valued function cg on the ideals of K is a grossencharacter of type A o with infinity type (a, b) if there is an ideal f~,, the conductor of (g, such that cg(c~(9)=aa~ ~ for all cr such that a-=l(modfe), where a, beZ. There is a standard way (which is described in Weil [26] and which we will take for granted in what follows) to associate with such c6 a continuous character off: IK~II2 ' where I K denotes the idele group for K, such that c~ is trivial on the principal ideles K xc_I K. No confusion should result from using the same letter c~. In fact, it is for such continuous idele class group characters cg that one can attach an L-function L(Cg, s) which can be analytically continued and satisfies a functional equation (see Tate [25], for example). If cg is of type A o and has infinity type (a, b), then the functional equation will relate L(C~,s) to L(C~,d-s), where d = a + b + 1. However, since complex conjugation c simply permutes the ideals of (9, L(~, s) is identical to L(C~oc, s) and, if ~ o c = ~ , the functional equation relates the function L(Cff,s) to itself and the root number w(C~) that occurs in this functional equation must be + 1. Our definition of 7~ makes it clear that 77(~)= 7~(a) for all ideals a of (9 and so 7j and its powers have the property just mentioned. As in the introduction, let wk=w(7s2k+ l) for k = 0 , 1, 2, .... We should say here that we will only consider primitive grossencharacters. Thus, for example, Tt is the primitive grossencharacter of K such that 7Jr(a)= ~(a) t for all a prime to f~,, where t~7/. The proof of the following proposition was essentially shown to us by B. Gross. A special case is mentioned in [10]. Proposition 1. Let m denote the number of roots of unity of K. Then w k depends only on the residue class of k modulo m. Also, if kl + k 2 - ~ - l ( m o d m ) , then W k l ~)k2 z



- - 1.



Proof. The crucial observation is that, since ~(a) is in K for all ideals, tpm is precisely the grossencharacter of K defined by a=c~(9---,c~m for any c~E(9, which has trivial conductor. If ~ is a continuous idele class character, let c~| be its component at the infinite prime vow, a character of C x of the form z--*z"lz] ~~ for some n=n(C6)eZ, s0~r We will also need the following useful fact (which can he found in Weil [27], page 161): Assume ~ and c~, are idele class characters of absolute value 1 and relatively prime conductors such that n(C6)nffg')>0. Then w ( ~ ' ) = w(~) w(C~') c~(f~,) c~,(f~). (1) I f j - k ( m o d m ) , j>k>=O, then T 2 j + l = ~ 2 k + l Itltm for some even integer t>0. Let ~ = 1t12k+l/llt12k+l I and ~ ' = qJt"/lqP"l, where [tllV[(fl)-~',/V~(a)v/2 o n ideals.
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Then W((~)=W(IIJ2k+I)=w k and ~(f~,)= l , b l , b ~ 0 , then ~p(c~) is "essentially" equal to L ( ~ l f f b, 1 ) = L ( ~ o-b yl/b, 1)=L(~W,s) where r = a - b, s = 1 - b satisfy the inequalities r > 1, 1 < s < r. Damarell's theorem states that, up to a certain transcendental factor (which is part of Ao~(~)), these Lvalues are algebraic [5]. For k > 0 , L ( ~ 2 k + l , k + l ) = 0 if and only if ~p(~#k) = 0. This will allow us to prove the following result. We assume p is odd. Proposition 3. Let 0__ 0 , k - k o ( m o d p - 1 ) are zero, or only finitely many of them are zero. All will



be zero if and only if the critical divisor 0 divides the power series fa~,r



T).



Proof. Up to an invertible factor in At, 19 is of the form S - e with ~ of absolute value 0, u(T) is an invertible power series over d , and ~ko(T) is a so-called distinguished polynomial. Since a polynomial can have only finitely many zeros, we see that if ~p(qjq0k)=0 for infinitely many k = k o (mod p - 1), then (r is the zero power series. Proposition 3 follows. Now if k o is such that Wko=--l, then we will have Wk=--I for all k = k o ( m o d p - 1 ) , since m clearly divides p - 1 . (Recall that p is odd and splits in K.) Thus L(~u2k+ 1, k + 1) vanishes trivially for such k, and hence we have the following result. Corollary. Let 0 < k o < p - 2. Assume



Wko =



--



1. Then 0 divides f#o oko(S, T).



We also state the following very similar proposition. Here 4), which was defined as a certain character of A with values in the ( p - 1)st roots of unity in 7Zp, will also be regarded as a complex-valued Dirichlet character for K via



(Too 0"~- 1. Proposition 4. Let 0 < k o < p - 2 . Then either all of the values L(~4)k~ 1) are zero or only finitely many are zero, where p varies over all complex-valued characters of G a l ( K ~ / K ) regarded as Dirichlet characters of K. All will be zero if and only if 0 divides f~q,o~o(S, T).



Proof The proof is virtually identical to that of the previous proposition. Considering 7~, 4), and p as f2,-valued via % a L 1, we have ~o(~ 4)kop) = ( ~ 4)kOp)r(~O4~ko(S' r)) = qJrp(f#ko(r))= f~ko(p(z)v -- 1), since p(a)= 1 and so, as before, 7Jrp(O)=O. Since as p varies, p(z) takes on all p-power roots of unity as values, the proof can be finished as before. Yager's theorem relates the module ~9~ defined in Sect. 2 to Katz's function ~,(cg). Recall that, for each character Z of A, Gx(S, T) is a characteristic power series of the Ar-module (~)~)x" We assume now, as Yager does, that p4:2 or 3. Theorem (Yager). For each character Z of A, (9~(S, T)=ux(S, T)Gx(S, T) where ux(S, T) is invertible in ~r T]]. Furthermore, there is an injective Ar-homomorphism of (~)~)x to Ar/(Gx(S, T)) such that the cokernel is a finitely generated 7lp-module. Thus (~o~)x is pseudo-isomorphic to a cyclic At-module. Actually, for most Z, the Ar-isomorphism in Yager's theorem is surjective. (See Chap. 10 of [28] for more details.) We also remark that the critical divisor O divides f#z(S, T) (over ~') if and only if O divides Gx(S, T) in A r, as is easy to show. Hence our Propositions 3 and 4 could be stated in terms of the G's, if p 4: 3. Actually, the above result is exactly what is proved in [28] only when the prime-to-p part of the conductor of ~ is f~,, which is sufficient for proving the results described in the introduction. Yager considers the powers of ~ and 7~
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as characters defined modulo f~, and so his L-values may be non-primitive. As a result, the power series constructed in [28] may be only a multiple of fgz(S, T); the quotient will be a product of Iwasawa functions constructed from the missing Euler factors. Correspondingly, the elliptic units considered in [28] are defined by evaluating certain elliptic functions (of Robert) at division points whose annihilator is divisible by f~. By including the elliptic units constructed from "non-primitive" division points also, one gets a larger group of units g,. This group will be of finite index in E, and will make the above theorem valid. We are grateful to J. Coates for pointing this difference out to us and to R. Yager for explaining how to modify his arguments to prove the result stated above. Finally, we want to mention the so-called "two-variable main conjecture".



Conjecture. For each character Z of A, Fz(S,T)=Gz(S, T), up to an invertible factor in A r. The exact sequences (2) and (3) show that this conjecture is equivalent to the statement that Hz(S, T) and Jz(S, T) differ just by a factor in A~. For a discussion of the above conjecture and the related one-variable conjectures, see



[83. 4. The Non-Vanishing Theorem Our approach to proving Theorem 4 is to show that, for 0 < k o < m , the numbers L k= L(7~2k+ 1, k + 1) for k - k 0 (mod m) have Abel mean value equal to (l+Wko)L(r where ~ is a certain non-principal Dirichlet character. Since this is nonzero for Wko= + 1, we will then have that L k # 0 for infinitely many k=ko(modm ). From this, we can prove that only finitely many of these Lvalues will be zero by a rather novel argument using p-adic L-functions for two different primes p. First, we need an expression for L k by a convergent series. Now L(7-'2k+ 1,s)



= ~ a,n -s, where the a,'s depend on k. Let f ( z ) = ~ a,q" with n=l



q=e



2~iz



and



n=l



let g(t)=f(it/]/~)= ~ a,e -a"', where A=Ak=Zn/]/~. It is known that f(z) n=l



is a cusp form for Fo(Nk). (See Shimura [24] and Ogg [18].) As in Ogg, we obtain: OO



A( ~2k+ 1, s) = S (t~- 1 g(t)+wktd-s- 1g(t) dt. 1



Here d = 2 k + 2 . For s=k+ 1, this becomes Oo



A -(k+ X)k! Lk=(1 +Wk) ~ tkg(t)dt=(1 +Wk) ~. a, ~ tke -a"' at. 1



n=l



1



Now ~ tke-a"tdt=(An) -tk+l) ~ tke-tdt and it is easy to show that 1



An



oo



k



xj



tke-tdt=k! e-~ ~ j! --~



x



j=O
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This gives us the convergent series Lk=( 1 +Wk) ~ a.n-(k+l) e-a. ,,=l j=o



=(I



(An)~ J!



(A dV(a));



+Wk)~ ~2k+ '(a) JV(a)-(k+ ') e-AX(") ~



~=o



J!



=(1 +wk) Gk, with G~ denoting the sum over all ideals a of (9. We will assume throughout most of this section that 7~2k+ l(a)= 7J(a) 2k+ 1 for all k>0, which is true except possibly if K = Q ( ] / - 3 ) . We will describe later how to handle this slightly awkward case. Assume (a,f~,)= 1. Then I//2k+ 1(0 ) ,/~/'(a)--(k+ 1)___~(0)-I ~(a)k where 4 = t/,/~ as before. If a =6, then a =nO for some integer n > l (since, as we explained in Section 1, fv is divisible by the ramified prime in K/~) and we have ~(a)= 1, T(a)= ~(n)n, where ~ is the Dirichlet character with defining modulus N such that, for primes l not dividing N, ~(l)= +1 if l splits in K and ~(l)-- - 1 if l remains prime in K. Thus ~ is a (usually non-primitive) Dirichlet character for Q equivalent to the character associated with the extension K/Q. If a # 5, ~(a) has absolute value 1, but cannot be equal to 1 (or even a root of unity). We can write G k = G'k q-G'k' where , ~ ~(n)e A.2 ~ (An2) j Gk=n- 1 n j=O J! (4)



G;= ~ ~(a)-' 4)(a)ke-Aw(") ,*a



j=0



(AY(a))~ J!



(5)



The sum for Gk' is over ideals a of (9 prime to an integer M ( = N in the above case). We will study the sums Gk, G~' in greater generality. We let A be any positive constant, ~ any non-principal Dirichlet character for Q, and ~ any function defined and nonzero for all ideals a # ~ relatively prime to some fixed integer M > t and having the property that 5u(a) is a generator of the ideal a. Consider the generating functions F'(x)= ~ G'kxk and F"(x)= calculation k= o



k=o



Gk''xk. The k= o



( ~ e -AX(') ~ (AJV'(a))i] ((AY(a)) ~ ) i=o J! ] [x]k=Ze-A'`")~ ~Ixlk ~



j=o\



J}



1



k=j



(m ~(a)



- l - - I x I ~. e - a w ( " , j=O ~



Ixl) j



j,



1



1 -Ixl x~+e-(t-lxl) Aw(a)



shows that the series defining F'(x), F'(x) are absolutely convergent for Ix{ < 1 and also justifies various changes in order of summation in similar sums in the rest of our argument. The following lemma is the heart of our proof.
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Lemma. Let ~ be an m-th root of unity. Then (i) lim (1 - x ) F'(x)=L(~, 1) X~I



(ii) lim(1 - x ) F ' ( ~ x ) = 0 / f ~4:1 X~I



(iii) lim (1 - x ) F"(~x)=0 for all (



Proof The series for L(~, 1) is convergent, since ~ is non-principal9 If ~, c, is any convergent series, consider C(X) = k =



.



1



,= 1



c,e- A.



g=o



J!



--



]



1-x.=x



c.u"



where u=u(x)=e -A(1-x). As x ~ l from below, so will u(x), and a well-known theorem of Abel implies that l i m ( 1 - x ) C(x)= ~ c.. If ~ is a root of unity, x~l



n=l



(4: 1, then ]u((x)[ < 1 and is bounded away from 1 as x ~ 1 from below (through real values). This makes it clear that lim ( 1 - x ) C ( ( x ) = 0 for such (. We obtain x~l



(i) and (ii) by letting c, = ~(r)r-1 if n = r 2, c, = 0 otherwise. To prove (iii), we have for 0 < x < 1, F"((X)=k=O ~ (~*a ~(a)-1



*(a)ke-AW(")j=0 ~ (AY(a))J]J! ] ((X)k



= Z ~(a)-' e -Ax(~ ~, (AJV(a))J ~ (~(a)~x) k o,~



j=o



jt9 eAW(a) ~(a) ~x



= Z ~(a)-i o*a



k=j



e-AW(a)



1 - 4)(0) ( x



e - (1 --ff~(a) gx) A M:(a)



=.,~



~(a,~,x)



'



where 6(a,(,x)=~(a)-~(a)~x. We can write (=q/F/ for some q~(9 (by Hilbert's Theorem 90), and then (a, ~, x) = rt- ~(~ ~(a) - ~ q'(a) x) = q - '(~ - ~ x),



where ee(9, ~ = ~ (since they generate different ideals of (_9). Since IIm(8)l is bounded below for such ct, we see that 16(a,~,x)l>6>0 for some fixed 6, independent of a (#~) and x ( 0 < x < 1). As for the exponent, we have ! Ct \ Re((1 - ~(a) ~x) A ~U(a))= Re (1 - ~ x ) Ba~= B R e ( ~ -



0~2 X),



where B=A/tlFI>O. We may write ~(e(9) as ~=sa+tbi, where s, t~Z, and a,b are fixed nonzero real constants depending only on (9. Then Re(~ ~ - (x2 X) ~---S2a2(1 -- x) + t 2 b2(1 + x).
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Thus the final series we obtained for F"(~x) is dominated in absolute value by 1



+~ E



+~ E e--Bs2a2(1-x)e-B,2b2(1+x) 0. For this hypothesis together with Proposition 8 implies S,oo(E,F,-)r has bounded /~p-rank as n ~ o o (or, what amounts to the same S~(E,Fs is cotorsion as a Ar_-module ) when Wk=+l. By Proposition 7, this in turn is equivalent to the assertion that, if wk= + 1, then For 7")is not divisible by O. Finally, another equivalent statement is that O does not divide H,r T) for any k. This follows from the exact sequences (2) and (3), Propositions 2 and 6.
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If one assumes a n y of the s t a t e m e n t s in the last p a r a g r a p h , then one could d e t e r m i n e the ax's referred to in P r o p o s i t i o n 7. This is because (91oo)x is always p s e u d o - i s o m o r p h i c to a cyclic A r - m o d u l e . W e w o u l d have the result t h a t a x = 0 o r 1 for Z = ~ b k d e p e n d i n g j u s t o n the value of wk. These c o m m e n t s s h o u l d e x p l a i n the r e m a r k s we m a d e in the i n t r o d u c t i o n a b o u t M a z u r ' s invariant. W e can also see that, if one assumes the h y p o t h e s i s a b o u t / / / stated above, then M a z u r ' s i n v a r i a n t for the tower Fg/Fo is exactly ( p - 1)/2. C a n one p r o v e a result similar to T h e o r e m 1 when L(E/~,s) has an even o r d e r zero at s = 1? W e can only m a k e the following remark. A s s u m e L ( 7j, 1) = 0 , b u t w = + 1. T h e n ~ p ( ~ ) vanishes a n d hence the p o w e r series Go(S, T) will h a v e at least one irreducible factor P(S, T) in A r such that 7Sr(P(S, T))=0. By P r o p o s i t i o n 6, P(S,T) is distinct from O. It w o u l d be e n o u g h to show that P(S, T) divides F~,(S,T). F o r then one c o u l d use the results from Sect. 5 to p r o v e t h a t Sty(E, Q) is infinite. If P(S, T) divides the characteristic p o w e r series for ( ~ ) ~ , , we w o u l d clearly have w h a t we want. If not, then P(S, T) m u s t d i v i d e J,(S, T). Therefore Pc(S, T) w o u l d divide J,,(S, T) a n d hence Go,(S, T). Since O also divides Go,(S, T), a n d since b o t h O a n d Pc(S, T) vanish at 7st*, we w o u l d find t h a t !~((g) has at least a s e c o n d o r d e r zero at cg = hu, as a n a n a l y t i c function in two variables. T h a t is, its p o w e r series e x p a n s i o n a b o u t kg* w o u l d have to begin with at least q u a d r a t i c terms. Thus we are led to a q u e s t i o n a b o u t the b e h a v i o r of !~(cg) at a g r o s s e n c h a r a c t e r of type A 0 o u t s i d e o f the r a n g e of i n t e r p o l a t i o n .
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