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ON QUATERNIONIC FUNCTIONS: I. LOCAL THEORY PIERRE DOLBEAULT Abstract. Several sets of quaternionic functions are described and studied with respect to hyperholomorphy, addition and (non commutative) multiplication, on open sets of H. The aim is to get a local function theory.
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1. Introduction We first recall the definition of the non commutative field H of quaternions using pairs of complex numbers and a modified Cauchy-Fueter operator (section 2) that have been introduced in [2]. We will only use right multiplication; the (right) inverse of a nonzero quaternion being defined. We will consider C ∞ H-valued quaternionic functions defined on an open set U of H, whose behavior mimics the behavior of holomorphic functions near their zeroes on an open set of C. If such a function does not identically vanish over U , it has an (algebraic) inverse which is defined almost everywhere on U . Finally, we describe properties of hyperholomorphic functions with respect to addition and multiplication. In section 3, we characterize the quaternionic functions which are, almost everywhere, hyperholomorphic and whose inverses are hyperholomorphic almost everywhere, on U , as the solutions of a system of two non linear PDE. We find non trivial examples of a solution, showing that the considered space of functions is significant: we will call these functions hypermeromorphic. There is a preliminary announcement in [4] Date: 28.02.2014. 2010 Mathematics Subject Classification. Primary 30G35; Secondary 30D30. Key words and phrases. quaternions, holomorphic, hypermeromorphic functions.
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In section 4, we describe a subspace HU of hyperholomorphic and hypermeromorphic functions defined almost everywhere on U , having “good properties for addition and multiplication”; we obtain again systems of non linear PDE, and we give first results on spaces of functions of strictly positive dimension as vector spaces. In the next paper II. Global theory, we will consider globalization of the introduced notions, define Hamilton 4-manifolds analogous to Riemann manifolds for H instead of C, and give examples of such manifolds; our ultimate aim is to describe a class of four dimensional manifolds.



2. Quaternions. H-valued functions. Hyperholomorphic functions Quaternions, H-valued functions have been defined in [2]. 2.1. Quaternions. If q ∈ H, then q = z1 + z2 j where z1 , z2 ∈ C, hence H ∼ = C2 ∼ = R4 as complex or real vector space. We have: z1 j = jz 1 (by computation in real coordinates); by definition, the modulus of q is || q ||= 1 (|z1 |2 + |z2 |2 ) 2 . Let * denote the (right) multiplication in H: Recall the noncommutativity of the multiplication: qq 0 = (z1 + z2 j) ∗ (z10 + z20 j) = (z1 z10 − z2 z 02 ) + (z1 z20 + z2 z 01 )j = a + bj q 0 q = (z1 z10 − z2 z 02 ) + (z10 z2 + z20 z 1 )j = a + b0 j, where b = z1 z20 + z2 z 01 ) and b0 = z10 z2 + z20 z 1 . Commutativity when q and q 0 ∈ R. The conjugate of q is q = z 1 − z2 j. q ∗ q = (z1 + z2 j) ∗ (z 1 − z2 j) = |z1 |2 − z1 z2 j + z2 jz 1 − z2 jz2 j = |z1 |2 + |z2 |2 = |q|, then: the (right) inverse of q = z1 + z2 j is: q −1 = (|z1 |2 + |z2 |2 )−1 q = (|z1 |2 + |z2 |2 )−1 (z 1 − z2 j) = |q|−1 q. Moreover: (|z1 |2 + |z2 |2 )−1 (z 1 − z2 j) ∗ (z1 + z2 j) = 1, so the right inverse of q −1 is q. 2.2. Quaternionic functions. Let U be an open set of H ∼ = C2 and f ∈ C ∞ (U, H), then f = f1 + f2 j, where f1 , f2 ∈ C ∞ (U, C). The complex valued functions f1 , f2 will be called the components of f . Remark that H is a real vector space in which real analysis is valid, in particular differential forms, distributions and currents are defined in H. ∂f1 ∂f j = j 1 and analogous relations. Remark that ∂z 1 ∂z1
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2.3. Definitions. Let U be an open neighborhood of 0 in H ∼ = C2 . (a) From now on, we will consider the quaternionic functions f = f1 + f2 j having the following properties: (i) when f1 and f2 are not holomorphic, the set Z(f1 )∩Z(f2 ) is discrete on U ; (ii) for every q ∈ Z(f1 ) ∩ Z(f2 ), Jqα (.) denoting the jet of order α at q [6], let mi = sup Jqαi (fi ) = 0; mi , i = 1, 2, is finite. αi



Define: mq = inf mi as the order of the zeroe q of f . i



(b) We will also consider the quaternionic functions defined almost everywhere on U (i.e. outside of a subset of U of Lebesgue measure 0, more precisely outside a finite set of C ∞ hypersurfaces). 2.4. Modified Cauchy-Fueter operator D. Hyperholomorphic functions. The modified Cauchy-Fueter operator D and hyperholomorphic functions have been defined in [2, 5]. For f ∈ C ∞ (U, H), with f = f1 + f2 j, where f1 , f2 ∈ C ∞ (U, C), ∂  1 ∂f1 ∂f 2  1 ∂f1 ∂f 2  1 ∂ +j f (q) = − (q) + j + (q). 2 ∂z 1 ∂z 2 2 ∂z 1 ∂z2 2 ∂z 2 ∂z1 A function f ∈ C ∞ (U, H) is said to be hyperholomorphic if Df = 0. Characterization of the hyperholomorphic function f on U :



Df (q) =



∂f1 ∂f 2 ∂f1 ∂f 2 − = 0; + = 0, on U. ∂z 1 ∂z2 ∂z 2 ∂z1 The conditions: f1 is holomorphic and f2 is holomorphic are equivalent. So holomorphic functions with values in C will be identified with hyperholomorphic functions f such that f2 = 0. (1)



Proposition 2.1. The set H of hyperholomorphic functions such that the sum of two of them satisfies the above conditions (i), (ii) is an H-right vector space. Proof. Let f 0 = f10 + f20 j, f 00 = f100 + f200 j be two hyperholomorphic functions satisfying the above conditions (i), (ii), then, for λ0 , λ00 ∈ H, λ0 f 0 + λ00 f 00 has the same properties.  Proposition 2.2. The set H0 of almost everywhere defined hyperholomorphic functions is an H-right vector space. Proposition 2.3. Let f 0 , f 00 be two almost everywhere defined hyperholomorphic functions. Then, their product f 0 ∗ f 00 satisfies: ∂ 0 ∂  00 D(f 0 ∗ f 00 ) = Df 0 ∗ jf 00 + f 0 ( )+f j f ∂z 1 ∂z 2
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Proof. f 0 = f10 + f20 j, f 00 = f100 + f200 j be two hyperholomorphic functions. 00



00



We have: f 0 ∗ f 00 = (f10 + f20 j)(f100 + f200 j) = f10 f100 − f20 f 2 + (f10 f200 + f20 f 1 )j Compute ∂  0 00 1 ∂ 00 00  +j f1 f1 − f20 f 2 + (f10 f200 + f20 f 1 )j 2 ∂z 1 ∂z 2 By derivation of the first factors of the sum f 0 ∗ f 00 , we get the first term: 1 ∂f10 ∂f 0  1 ∂f20 ∂f 0  00 00 + j 1 (f100 + f200 j) + + j 2 jj(f 2 − f 1 j) 2 ∂z 1 ∂z 2 2 ∂z 1 ∂z 2 1 ∂f20 j 1 ∂f10 ∂f 0  ∂f 0 j  = + j 1 (f100 + f200 j) + + j 2 j(f200 j + f100 ) = Df 0 ∗ jf 00 2 ∂z 1 ∂z 2 2 ∂z 1 ∂z 2 By derivation in  1 ∂ ∂  0 00 f1 f1 + f20 jf200 j + (f10 f200 j + f20 jf100 ) +j 2 ∂z 1 ∂z 2 of the second factors of the sum f 0 ∗ f 00 , we get the second term (up to factor 12 ): f10



00 00 ∂f 00 ∂f100 0 ∂f 0 ∂f + f 1 j 1 + f10 2 j + f 1 j 2 j ∂z 1 ∂z 2 ∂z 1 ∂z 2 00 00 00 ∂f ∂f 00 0 ∂f 0 ∂f + f20 j 2 j + f 2 j 2 + f20 j 1 + f 2 jj 1 ∂z 1 ∂z 2 ∂z 1 ∂z 2 ∂ ∂ 0 0 )(f100 + f200 j) + (f 1 + f 2 j)j (f100 + f200 j) = (f10 + f20 j)( ∂z 1 ∂z 2  ∂ ∂ 0 0 = (f10 + f20 j)( ) + (f 1 + f 2 j)j (f 00 + f200 j) ∂z 1 ∂z 2 1 ∂ 0 ∂  00 )+f j f . = f 0( ∂z 1 ∂z 2



 If the components of f 0 and f 00 are real, the second term is: 1 0 ∂ ∂ (f1 + f20 j)( +j )(f 00 + f200 j) = f 0 ∗ Df 00 2 ∂z 1 ∂z 2 1 i.e. Corollary 2.4. The set HR of almost everywhere defined hyperholomorphic functions whose components are real is an R-right algebra. 2.5. Remark. The hyperholomorphic functions f = f1 + f2 j such that f2 = 0 satisfy: 1 ∂ ∂  1 ∂f1 1 ∂f1 Df (q) = +j f (q) = (q) + j (q) i.e. are holomorphic 2 ∂z 1 ∂z 2 2 ∂z 1 2 ∂z 2 in (z1 , z2 ) with values in C. More generally, we will consider their product with a quaternion. Their set is the H-right algebra of holomorphic functions.
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3. Almost everywhere hyperholomorphic functions whose inverses are almost everywhere hyperholomorphic 3.1. Null set and inverse of a quaternionic function. Let f = f1 + f2 j be a quaternionic function on U . The null set Z(f ) satisfies: f1 = 0; f2 = 0, then Z(f ) is of measure 0 in U . Ex.: f1 = z 1 ; f2 = z 2 , then Z(f ) = {0}. Note that if f is holomorphic, then, f2 ≡ 0 and Z(f ) is a complex hypersurface in C2 . We call inverse of a function f : q 7→ f (q), the function, defined almost everywhere on U : f −1 : q 7→ f (q)−1 ; then: f −1 = |f |−1 f , where f is the (quaternionic) conjugate of f , and f −1 = (|f1 |2 + |f2 |2 )−1 (f 1 − f2 j). 3.2. Inversion and hyperholomorphy. Assume f to be hyperholomor1 is not necessarily hyperholomorphic outphic and Z(f ) = {0}, then f side {0}. Ex.: f = z 1 + z 2 j, then 1 1 = (z1 z 1 + z2 z 2 )−1 (z1 − z 2 j); D( ) 6= 0, f f 3.2.1. Definition. Behavior of f −1 at q ∈ Z(f ) = Z(f1 ) ∩ Z(f2 ). Denoting −1 Jqα (.) the jet of order α at q [6], let n1 = sup Jqα (|f |f 1 ); n2 = sup Jqα (|f |f2−1 ) Define: nq = sup ni , i = 1, 2 as the order of the pole q of f −1 . i



3.2.2. Inverse of a holomorphic function. Let f = f1 + 0j be a hyperholomorphic function. Then f −1 = f1−1 + 0j and f −1 is hyperholomorphic outside of the complex hypersurface Z(f ). Remark that Z(f ) is a subvariety of complex dimension 1, then of measure zero, in U . We will consider almost everywhere defined hyperholomorphic functions on U . Ex.: holomorphic, meromorphic functions. Let f = f1 + f2 j be a hyperholomorphic function and g = g1 + g2 j = −1 |f | (f 1 − f2 j) its inverse; so g1 = |f |−1 f 1 ; g2 = −|f |−1 f2 , where |f | = (f1 f 1 + f2 f 2 ). 3.2.3. A chacracterisation. Proposition 3.1. The following conditions are equivalent (i) the function f = f1 + f2 j and its right inverse are hyperholomorphic, when they are defined: (ii) we have the equations: (f 1 − f1 )



∂f 1 ∂f2 ∂f − f2 − f2 1 = 0, ∂z1 ∂z1 ∂z 2
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f2



∂f1 ∂f 2 ∂f + (f 1 − f1 ) − f2 2 = 0. ∂z1 ∂z1 ∂z 2



Proof. Let f = f1 + f2 j be a hyperholomorphic function and g = g1 + g2 j = |f |−1 (f 1 − f2 j) its inverse; so g1 = |f |−1 f 1 ; g2 = −|f |−1 f2 , where |f | = (f1 f 1 + f2 f 2 ). 1 ∂ ∂  1 ∂g1 ∂g 2  1 ∂g1 ∂g 2  Dg(q) = +j g(q) = − (q) + j + (q) 2 ∂z 1 ∂z 2 2 ∂z 1 ∂z2 2 ∂z 2 ∂z1 ∂g1 ∂f ∂f1 ∂f ∂f2 ∂f  = |f |−1 1 − |f |−2 f 1 f 1 + f1 1 + f 2 + f2 2 ∂z 1 ∂z 1 ∂z 1 ∂z 1 ∂z 1 ∂z 1 ∂f ∂g ∂f1 ∂f ∂f2 ∂f  − 2 = |f |−1 2 − |f |−2 f 2 f 1 + f1 1 + f 2 + f2 2 ∂z2 ∂z2 ∂z2 ∂z2 ∂z2 ∂z2 ∂g1 ∂f ∂f1 ∂f ∂f2 ∂f  = |f |−1 1 − |f |−2 f 1 f 1 + f1 1 + f 2 + f2 2 ∂z 2 ∂z 2 ∂z 2 ∂z 2 ∂z 2 ∂z 2 ∂g 2 ∂f1 ∂f2 ∂f ∂f ∂f  = −|f |−1 2 + |f |−2 f 2 f 1 + f1 1 + f 2 + f2 2 ∂z1 ∂z1 ∂z1 ∂z1 ∂z1 ∂z1 2|f |2 Dg ∂f 1 ∂f 2 ∂f1 ∂f2 ∂f ∂f + ) − f 1 f1 1 − f 1 f 1 − f 1 f2 2 − f 1 f 2 ∂z 1 ∂z2 ∂z 1 ∂z 1 ∂z 1 ∂z 1 ∂f1 ∂f ∂f2 ∂f −f 1 f 2 − f1 f 2 1 − f 2 f 2 − f2 f 2 2 ∂z2 ∂z2 ∂z2 ∂z2  ∂f ∂f1 ∂f ∂f2 ∂f ∂f +j (f1 f 1 + f2 f 2 )( 1 − 2 ) − f 1 f 1 − f 1 f1 1 − f 1 f 2 − f 1 f2 2 ∂z 2 ∂z1 ∂z 2 ∂z 2 ∂z 2 ∂z 2  ∂f1 ∂f ∂f2 ∂f + f1 f 2 1 + f 2 f 2 + f2 f 2 2 +f 1 f 2 ∂z1 ∂z1 ∂z1 ∂z1 Use the fact: f is hyperholomorphic: = (f1 f 1 + f2 f 2 )(



∂f1 ∂f 2 ∂f1 ∂f 2 − = 0; + =0 ∂z 1 ∂z2 ∂z 2 ∂z1



(1)



∂f 2 ∂f ∂f1 ∂f ∂f1 ∂f2 ∂f2 +f2 f 2 1 −f 1 f 1 −f 1 f2 2 −f 1 f 2 −f 2 f 2 +f 2 (f1 −f 1 )+ ∂z2 ∂z 1 ∂z 1 ∂z 1 ∂z2 ∂z2 ∂z 1  ∂f ∂f2 ∂f ∂f1 ∂f1 ∂f ∂f2  +j +f2 f 2 1 −f 1 f 2 −f 1 f2 2 +f 1 (f1 −f 1 )+f 1 f 2 +f1 f 2 1 +f 2 f 2 ∂z 2 ∂z 2 ∂z 2 ∂z 2 ∂z1 ∂z1 ∂z1 f being hyperholomorphic, g hyperholomorphic is equivalent to the system of two equations: 2|f |2 Dg = f1 f 1



+f1 f 1



∂f 2 ∂f ∂f1 ∂f ∂f1 ∂f2 ∂f2 +f2 f 2 1 −f 1 f 1 −f 1 f2 2 −f 1 f 2 −f 2 f 2 +f 2 (f1 −f 1 ) = 0 ∂z2 ∂z 1 ∂z 1 ∂z 1 ∂z2 ∂z2 ∂z 1



+f2 f 2



∂f 1 ∂f2 ∂f ∂f1 ∂f1 ∂f ∂f2 −f 1 f 2 −f 1 f2 2 +f 1 (f1 −f 1 )+f 1 f 2 +f1 f 2 1 +f 2 f 2 =0 ∂z 2 ∂z 2 ∂z 2 ∂z 2 ∂z1 ∂z1 ∂z1
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f1 and f2 satisfy, by conjugation of the second equation: +f2 f 2



∂f ∂f ∂f ∂f ∂f1 ∂f2 ∂f2 −f1 f1 1 −f1 f 2 +f2 2 (f 1 −f1 )+f1 f 1 −f1 f2 1 −f2 f2 2 = 0 ∂z1 ∂z1 ∂z1 ∂z1 ∂z 2 ∂z 2 ∂z 2



∂f1 ∂f ∂f2 ∂f ∂f2 ∂f ∂f1 +f1 f 2 1 .+f 2 f 2 +f2 f 2 1 −f 1 f 2 −f 1 f2 2 +f 1 (f1 −f 1 ) = 0 ∂z1 ∂z1 ∂z1 ∂z 2 ∂z 2 ∂z 2 ∂z 2 Using (1), we get:



+f 1 f 2



+f2 f 2



∂f1 ∂f ∂f2 ∂f ∂f ∂f +f1 (f 1 −f1 ) 1 −f1 f 2 +f2 2 (f 1 −f1 )−f1 f2 1 −f2 f2 2 = 0 ∂z1 ∂z1 ∂z1 ∂z1 ∂z 2 ∂z 2



∂f1 ∂f ∂f2 ∂f1 ∂f ∂f +(f1 −f 1 )f 2 1 +f 2 f 2 +f 1 (f1 −f 1 )+f2 f 2 1 .−f 1 f2 2 = 0 ∂z1 ∂z1 ∂z1 ∂z 2 ∂z 2 ∂z 2 Assume f1 6= 0, f2 6= 0



+f 1 f 2



∂f1 ∂f ∂f2 ∂f ∂f ∂f  +f1 (f 1 −f1 ) 1 −f1 f 2 +f2 2 (f 1 −f1 )−f1 f2 1 −f2 f2 2 = 0 ∂z1 ∂z1 ∂z1 ∂z1 ∂z 2 ∂z 2 ∂f1 ∂f ∂f2 ∂f ∂f ∂f  −f2 +f 1 f 2 +(f1 −f 1 )f 2 1 +f 2 f 2 −f 1 2 (f1 −f 1 )+f2 f 2 1 −f 1 f2 2 = 0 ∂z1 ∂z1 ∂z1 ∂z1 ∂z 2 ∂z 2 By sum: ∂f ∂f2 ∂f ∂f  + f2 2 (f 1 − f1 ) − f1 f2 1 f 1 f1 (f 1 − f1 ) 1 − f1 f 2 ∂z1 ∂z1 ∂z1 ∂z 2 ∂f ∂f2 ∂f ∂f  −f2 (f1 − f 1 )f 2 1 + f 2 f 2 − f 1 2 (f1 − f 1 ) + f2 f 2 1 = 0 ∂z1 ∂z1 ∂z1 ∂z 2 i.e. ∂f ∂f2 ∂f  − f2 1 = 0 (f 1 f1 + f2 f 2 ) (f 1 − f1 ) 1 − f 2 ∂z1 ∂z1 ∂z 2



f 1 f2 f 2



∂f1 ∂f ∂f2 ∂f ∂f ∂f  +f1 (f 1 −f1 ) 1 −f1 f 2 +f2 2 (f 1 −f1 )−f1 f2 1 −f2 f2 2 = 0 ∂z1 ∂z1 ∂z1 ∂z1 ∂z 2 ∂z 2 ∂f1 ∂f ∂f2 ∂f ∂f ∂f  f1 +f 1 f 2 +(f1 −f 1 )f 2 1 +f 2 f 2 −f 1 2 (f1 −f 1 )+f2 f 2 1 −f 1 f2 2 = 0 ∂z1 ∂z1 ∂z1 ∂z1 ∂z 2 ∂z 2 By sum ∂f1 ∂f ∂f  f 2 f2 f 2 + f2 2 (f 1 − f1 ) − f2 f2 2 ∂z1 ∂z1 ∂z 2 ∂f1 ∂f ∂f  +f1 f 1 f 2 − f 1 2 (f1 − f 1 ) − f 1 f2 2 = 0 ∂z1 ∂z1 ∂z 2 i.e. ∂f1 ∂f 2 ∂f f2 + (f 1 − f1 ) − f2 2 = 0 ∂z1 ∂z1 ∂z 2 



f 2 f2 f 2



Corollary 3.2. If f satisfies the conditions of the Proposition, the same is true for αf with α ∈ R.
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3.2.4. Let f = f1 + 0j be an almost everywhere holomorphic function, then the condition (ii) of Proposition 3.1 is satisfied. Proposition 3.3. Let f = f1 + f2 j be a quaternionic function such that f1 and f2 are real. Then, the following conditions are equivalent: (i) the function f = f1 + f2 j and its right inverse are hyperholomorphic, when they are defined; (ii) f1 , f2 satisfy the equations: ∂f2 ∂f1 + =0 ∂z1 ∂z 2 ∂f1 ∂f2 − =0 ∂z1 ∂z 2 Proof. Assume f1 and f2 real: condition (ii) of Proposition 3.1 reduces to: f2



∂f2 ∂f1 ∂f1 ∂f2 + f2 = 0; f2 − f2 =0 ∂z1 ∂z 2 ∂z1 ∂z 2



i.e.: f2 = 0 and the linear system: ∂f2 ∂f1 + = 0; ∂z1 ∂z 2 ∂f1 ∂f2 − =0 ∂z1 ∂z 2 The solution f2 = 0 means f = f1 =real; since f1 is holomorphic and real, then f1 = real constant: no interest.  Numerical example. Let f1 = z1 +z 1 +z2 +z 2 +A, f2 = −z1 −z 1 +z2 +z 2 +B, A, B ∈ R, then: f and f −1 outside the zero set of f , are hyperholomorphic. The the null set of f = f1 + f2 j, for f1 , f2 as above, for A = B = 0, is: z1 + z 1 + z2 + z 2 = 0 −z1 − z 1 + z2 + z 2 = 0 i.e, by difference and sum: z 1 + z1 = 0; z2 + z 2 = 0, i.e. x1 = 0; x2 = 0 in R4 .
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3.3. Definition. We will call w-hypermeromorphic function (w- for weak) any almost everywhere defined hyperholomorphic function whose right inverse is hyperholomorphic almost everywhere. Recall: the conjugate (in the sense of quaternions) of f = f1 + f2 j is f = f 1 − f2 j, and f −1 = |f |−1 f . 4. On the spaces of hypermeromorphic functions. 4.1. Sum of two w-hypermeromorphic functions. Let f, g be two almost everywhere hyperholomorphic functions whose inverses have the same property, then: 1) f + g is almost everywhere hyperholomorphic; 2) the inverse of f + g, (f + g)−1 has to be almost everywhere hyperholomorphic. ∂  1 ∂ +j . Recall D = 2 ∂z 1 ∂z 2 (f + g)−1 = |f + g|−1 (f + g); |f + g|−1 , being real, is transparent with respect to D because z1 j = jz 1 for z1 ∈ C; D((f + g)−1 ) = −|f + g|−2 D(|f + g)|)(f + g) + |f + g|−1 D(f + g) We must have: |f + g|2 D((f + g)−1 ) = −D(|f + g)|)(f + g) + |f + g|D(f + g) = 0 Proposition 4.1. If f and g are two w-hypermeromorphic functions, then the following conditions are equivalent: (i) the sum h = f + g is w-hypermeromorphic; (ii) h satisfies the following PDE: −



∂|h| ∂|h|  ∂ ∂  +j (h1 − h2 j) + |h| +j (h1 − h2 j) = 0 ∂z 1 ∂z 2 ∂z 1 ∂z 2



If f and g are holomorphic, the condition (i) is trivially satisfied. Proof. Explicit the condition: |h|2 D(h−1 ) = −D(|h)|)(h) + |h|D(h) = 0 ; with h = h1 − h2 j



2Dh =



∂ ∂  ∂h1 ∂h2 ∂h2 ∂h1  +j (h1 − h2 j) = + − − j ∂z 1 ∂z 2 ∂z 1 ∂z2 ∂z 1 ∂z2
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∂  1 ∂ +j (h1 h1 + h2 h2 ) 2 ∂z 1 ∂z 2 1 ∂h1 ∂h2 ∂h1 ∂h2  = h1 + h2 + h1 + h2 2 ∂z 1 ∂z 1 ∂z 1 ∂z 1 ∂h1 ∂h2  1 ∂h1 ∂h2 + h2 + h1 + h2 j = 0. + h1 2 ∂z2 ∂z2 ∂z2 ∂z2



D(|h|) = D(h1 h1 + h2 h2 ) =



 Remark on functions of complex variables z,z with real values. We assume ∞,∞ X akl z k z l . From f = such a function f (z, z) a convergente series in (z, z), 0,0



∂f ∂f = lakl z k z l−1 ; = f , we get: akl = alk . ∂z ∂z ∞ The result remains valid if f is C . X



X



kakl z k−1 z l ; i.e.



∂f ∂f = . ∂z ∂z



Proposition 4.2. If f and g are two w-hypermeromorphic functions whose components are real, then the following propeeties are equivalent: (i) the sum h = f + g is w-hypermeromorphic; (ii) f and g satisfy the following condition: h1 = A1 (z2 , z 2 ); h2 = A2 (z1 , z 1 ) and A1 + A2 = B, const. Consider the full condition: |h|2 D(h−1 ) = −D(|h|)h + |h|Dh = 0 Proof. From Proposition 3.3, we have ∂f2 ∂f1 + =0 ∂z1 ∂z 2 ∂f1 ∂f2 − =0 ∂z1 ∂z 2 Recall:



∂f1 ∂f j=j 1 ∂z 1 ∂z1



2Dh =



∂ ∂  ∂h1 ∂h2 ∂h2 ∂h1  +j (h1 − h2 j) = + − − j ∂z 1 ∂z 2 ∂z 1 ∂z2 ∂z 1 ∂z2



D(|h|) = D(h21 +h22 ) =



1 ∂ ∂  2 2 ∂h1 ∂h2 ∂h1 ∂h2  +j (h1 +h2 ) = h1 +h2 + h1 +h2 j, 2 ∂z 1 ∂z 2 ∂z 1 ∂z 1 ∂z2 ∂z2



∂h1 ∂h2 ∂h1 ∂h2   +h2 + h1 +h2 j (h1 −h2 j) ∂z 1 ∂z 1 ∂z2 ∂z2 1 ∂h1 ∂h2 ∂h2 ∂h1   +(h21 + h22 ) + − − j =0 2 ∂z 1 ∂z2 ∂z 1 ∂z2



|h|2 D(h−1 ) = −D(|h)|)h+|h|D(h) = − h1
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∂h1 ∂h2  ∂h2 ∂h1  ∼ + 3h22 + − h21 + h22 j=0 = − h21 ∂z 1 ∂z2 ∂z2 ∂z 1



(2) From (2)



∂h1 ∂h2 ∂h1 ∂h2 + 3h22 = 0; h22 − h21 =0 ∂z 1 ∂z2 ∂z 1 ∂z2 Then: either h41 − 3h42 = 0, or: ∂h1 ∂h2 = 0; =0 ∂z 1 ∂z2 and, previously ∂h1 ∂h2 =− ∂z2 ∂z 1 Then: h1 = A1 (z2 , z 2 ); h2 = A2 (z1 , z 1 ) and A1 + A2 = B, const. −h21







4.2. Product of two w-hypermeromorphic functions. Proposition 4.3. Let f , g be two w-hypermeromorphic functions on U , then the following conditions are equivalent: (i) the product f ∗ g is w-hypermeremorphic; (ii) f and g satisfy the system of PDE:



g1 (



∂f1 ∂f 2 ∂g1 ∂g1 ∂g + ) + (f1 − f 1 ) + f2 − f2 2 = 0 ∂z 1 ∂z2 ∂z 1 ∂z2 ∂z 1



g1 (



∂f1 ∂f 2 ∂g1 ∂g1 ∂g − ) + (f1 − f 1 ) − f2 − f2 2 = 0 ∂z 2 ∂z1 ∂z 2 ∂z1 ∂z 2



Proof. Let f = f1 + f2 j and g = g1 + g2 j two hypermeromorphic functions and f ∗ g = f1 g1 − f2 g 2 + (f1 g2 − f2 g 1 )j their product, then ∂f1 ∂f 2 − = 0; ∂z 1 ∂z2 ∂(f1 g1 − f2 g 2 ) ∂(f 1 g 2 − f 2 g1 ) − ∂z 1 ∂z2 ∂f ∂f2 ∂f1 ∂f 2 ∂g1 ∂g ∂g1 ∂g = g1 ( + ) − g2( 1 + ) + f1 − f1 2 + f2 − f2 2 = 0 ∂z 1 ∂z2 ∂z2 ∂z 1 ∂z 1 ∂z2 ∂z2 ∂z 1 ∂f1 ∂f 2 ∂g1 ∂g ∂g1 ∂g g1 ( + ) + f1 − f1 2 + f2 − f2 2 = 0. ∂z 1 ∂z2 ∂z 1 ∂z2 ∂z2 ∂z 1 ∂(f1 g1 − f2 g 2 ) ∂(f 1 g 2 − f 2 g1 ) + ∂z 2 ∂z1 ∂f1 ∂f 2 ∂f ∂g ∂g1 ∂f2 ∂g1 ∂g = g1 ( − ) + g2( 1 − ) + f1 − f1 2 + f2 − f2 2 = 0 ∂z 2 ∂z1 ∂z1 ∂z 2 ∂z 2 ∂z1 ∂z1 ∂z 2 ∂f1 ∂f 2 ∂g1 ∂g ∂g1 ∂g g1 ( − ) + f1 + f1 2 − f2 − f2 2 = 0 ∂z 2 ∂z1 ∂z 2 ∂z1 ∂z1 ∂z 2
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 Remark. If f and g are holomorphic, or meromorphic, the condition (ii) is trivially satisfied. Proposition 4.4. Let f , g be two w-hypermeromorphic functions on U , whose component are real, then the following conditions are equivalent: (i) the product f ∗ g is w-hypermeremorphic; (ii) f and g satisfy the PDE: ∂f1 ∂g2 ∂f1 ∂g2 + =0 ∂z1 ∂z2 ∂z2 ∂z1 Proof. Assume that f1 , f2 , g1 , g2 are real, then:  ∂f1 ∂f2 ∂g1   g( + ) + f2 ( −   1 ∂z 1 ∂z2 ∂z2 (3)   ∂f ∂f ∂g   g1 ( 1 − 2 ) − f2 ( 1 + ∂z 2 ∂z1 ∂z1



∂g2 )=0 ∂z 1 ∂g2 )=0 ∂z 2



f being w-hypermeromorphic satisfies:  ∂f2 ∂f1   + = 0;   ∂z1 ∂z 2 (4)   ∂f1 ∂f2   − =0 ∂z1 ∂z 2 the same for g. Using (4), we get, from (3)  ∂f ∂g   g1 1 + f2 2 = 0   ∂z1 ∂z1   ∂f ∂g   g1 1 − f2 2 = 0 ∂z2 ∂z2 To get f2 , g1 not both 0, , we need the relation: ∂f1 ∂g2 ∂f1 ∂g2 + =0 ∂z1 ∂z2 ∂z2 ∂z1  4.3. Definition. We will call hypermeromorphic the w-hypermeromorphic functions whose sum and product are w-hypermeromorphic. Their space is nonempty, since the product 1 of a w-hypermeromorphic and its inverse is w-hypermeromorphic; moreover this space contains the right H-algebra of the meromorphic functions.



ON QUATERNIONIC FUNCTIONS: I.
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4.4. Hypermeromorphic functions whose two components are real. Let f, g be two hypermeromorphic functions on U . From Proposition 3.3, they satisfy: ∂f2 ∂f1 ∂f1 ∂f2 + = 0; − =0 ∂z1 ∂z 2 ∂z1 ∂z 2 ∂g2 ∂g1 ∂g1 ∂g2 + = 0; − =0 ∂z1 ∂z 2 ∂z1 ∂z 2 The properties: the sum h = f + g is hypermeromorphic, is equivalent to: h1 = A1 (z2 , z 2 ); h2 = A2 (z1 , z 1 ) and A1 + A2 = B, const.; the product f ∗ g is hypermeremorphic, is equivalent to: ∂f1 ∂g2 ∂f1 ∂g2 + =0 ∂z1 ∂z2 ∂z2 ∂z1 Proposition 4.5. Let f and g be quaternionic functions such that their components be real. The following conditions are equivalent: (i) f, g, their sum and their product are w-hypermeromorphic; (ii) f, g satisfy the following relations: ∂f1 ∂f2 ∂f2 ∂f1 + = 0; − =0 ∂z1 ∂z2 ∂z1 ∂z2 ∂g2 ∂g1 ∂g1 ∂g2 + = 0; − =0 ∂z1 ∂z2 ∂z1 ∂z2 ∂f1 ∂g1 ∂f1 ∂g1 − =0 ∂z1 ∂z1 ∂z2 ∂z2 f1 + g1 = A1 (z2 , z 2 ); f2 + g2 = A2 (z1 , z 1 ) where A1 and A2 are given and satisfy A1 + A2 = B, const. Altogether we have 10 variables and 8 relations. Proposition 4.6. The set of hypermeromorphic functions whose two components are real is an R-right algebra. Proposition 4.7. The set M of hypermeromorphic functions on U is a subalgebra of the algebra of quaternionic functions. Proposition 4.8. The set A of hypermeromorphic functions on U is a “field” with only associativity of the multiplication. 4.5. Meromorphic functions and Hypermeromorphic functions.
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4.5.1. Motivation. Meromorphic functions satisfy all PDE satisfied by hypermeromorphic functions. Meromorphic functions have, classically, behavior on their domain of definition U compatible with the behavior of hypermeromorphic functions on U . In the same way the sum and the product of a hypermeromorphic function and a meromorphic function is a hypermeromorphic function 4.5.2. Conclusion. The H-algebra and the field of meromorphic functions are substructures of the set of hypermeromorphic functions. In particular the union of the set of meromorphic functions and the set of hypermeromorphic functions whose components are real give a large number of examples of hypermeromorphic functions. 4.6. Acknowledgement. Guy Roos pointed out to me that quaternions whose components are real are complex numbers. References [1] F. Colombo, I. Sabadini, F. Sommen, D.C. Struppa, Analysis of Dirac Systems and Computational Algebra, Progress in Math. Physics 39, Birkh¨auser (2004). 82ANA04 [2] F. Colombo, E. Luna-Elizarrar´as, I. Sabadini, M.V. Shapiro, D.C. Struppa, A new characterization of pseudoconvex domains in C2 , Comptes Rendus Math. Acad. Sci. Paris, 344 (2007), 677-680. [3] P. Dolbeault, Analyse complexe, Collection Maˆıtrise de math´ematiques pures, Masson Paris 1990; open access digitalized version available at http://pierre.dolbeault.free.fr/Book/P Dolbeault Analyse Complexe.pdf



[4] P. Dolbeault, On quaternionic functions, arXiv:1301.1320. ¨ [5] R. Fueter, Uber einen Hartogs’schen Satz, Comm. Math. Helv. 12 (1939), 75-80. [6] B. Malgrange, Ideals of differentiable functions, Oxford Univ. Press (1966). ´matiques de Jussieu, UPMC, 4, place Jussieu 75005 Institut de Mathe Paris, France E-mail address: [email protected]



























des documents recommandant







[image: alt]





ON QUATERNIONIC FUNCTIONS 1 ... - Pierre DOLBEAULT 

[CSSS 04] F. Colombo, I. Sabadini, F. Sommen, D.C. Struppa, Analysis of. Dirac Systems and Computational Algebra, Progress in Math. Physics. 39, BirkhÃ¤user ...










 


[image: alt]





Analyse complexe - Pierre DOLBEAULT 

h, on dÃ©signe par dxl9 dxn les Ã©lÃ©ments de T*(X) de reprÃ©sentants xl9 xn ; .... x(i U, (dxj)(x) ; j = 1, /7, est une base de T*(X) ; on dit que dxl9 dxn forment.










 


[image: alt]





on a noncommutative algebraic geometry - Pierre DOLBEAULT 

Introduction. We first recall the definition of the field H of quaternions using pairs of complex numbers and a modified Cauchy-Fueter operator (section 2) that ...










 


[image: alt]





BOUNDARIES OF LEVI-FLAT HYPERSURFACES - Pierre DOLBEAULT 

Jan 7, 2013 - point: sphere with two horns; elementary models and their gluing. The ..... From the orbit K0, construct the differential equation defining it, and.










 


[image: alt]





BOUNDARIES OF LEVI-FLAT HYPERSURFACES - Pierre DOLBEAULT 

Feb 11, 2012 - 1-hyperbolic points, and to gluing of elemetary smooth models (section ...... Characteristic classes of real manifolds immersed in complex man-.










 


[image: alt]





On belief functions implementations 

Jul 8, 2017 - General belief functions framework works for power set and hyper power set ... General framework. Order. DST. Framework bbas. In test.m. Description of ..... Intelligence 6, P.P. Bonissone, M. Henrion, L.N. Kanal, J.F.. Lemmer ...










 


[image: alt]





February 13, 2010 About the characterization of ... - Pierre DOLBEAULT 

Feb 13, 2010 - )2sâˆ’1. Dsh, for s â‰¥ 1, where Ds = s. âˆ‘ Î±=1 Î²s Î±. âˆ‚Î±. âˆ‚zÎ±. 1. , Î²s Î± is a holomorphic function determined by Ï�k and D0 = (âˆ‚Ï�k. âˆ‚z1. )âˆ’1 . Let g.










 


[image: alt]





cohomology Pierre Dolbeault Abstract. We recall results, by Hodge 

meromorphic differential forms of degree 1 on a compact KÃ¤hler manifold V : ... Lp,1. |Uj. ,then. {u jk. } = {gj. âˆ’ g k. } is a 1-cocycle with u jk holomorphic [Do 51]. 7 ...










 


[image: alt]





The complex Plateau problem Pierre Dolbeault Abstract. The classical 

Plateau problem is analogous in a Hermitian complex manifold; it comes from a ..... in some real line in C, i.e. there exists a complex number Î» âˆˆ C such that âˆ‘ ...










 


[image: alt]





May 18, 2011 Complex Plateau problem: old ... - Pierre DOLBEAULT 

May 18, 2011 - Complex Plateau problem: old and new results and prospects ...... Local intersection numbers of H and t(S) when all complex points are flat.










 


[image: alt]





Pierre SCHWEITZER .fr 

studies in communication and economics at the university in Marseilles, France. Another ... Thank you for reading my resume. If you think ... Guitar and drums.










 


[image: alt]





Pierre Chevalier .fr 

GNU/Linux: use of a variety of distributions (Debian, Red Hat, Linux From Scratch, Mandrake, ... MS-DOS and Windows systems: daily maintenance of computing ... 1989 â€“ 1992: IGAL (Geological Institute Albert de Lapparent, Paris, France) ..... 1989: 










 


[image: alt]





FUNCTIONS 

Besides reading Section 2.1, it might help to get out your calculus textbook and ... The â€œVertical Line Testâ€� from calculus says that a curve in the xy-plane is.










 


[image: alt]





Pierre Lothe, Ph.D. .fr 

2007 - 2010 ... Visual Studio 2005 to 2010, gcc/g++, cmake, Eclipse, Xcode. ... STL, Boost, OpenMP, Qt, OpenCV, OpenNI/NITE (Kinect), Ogre3D, 3DS Max.










 


[image: alt]





On the impact of interaction functions on foodchain stability 

formation of chaos. Using the methods of qualitative analysis we show how this stabilization occurs in tri-trophic foodchains. Furthermore we demonstrate that ...










 


[image: alt]





BRDFLIB - software library for reflectance functions .fr 

Dec 30, 2011 - 4.2 BRDFs performance tests results. .... variables used in Eq. 1.5 and in the rest of this thesis, see Table 1.2. BRDFs can have several ...... other words, PDF should resemble BSDF function as close as it possible. There is.










 


[image: alt]





On the impact of interaction functions on foodchain stability References 

Foodchain models with constant boundary conditions are often found to ... Many conceptional foodchain models have been proposed [1]. ... the top predator.










 


[image: alt]





MULTIPLIERS ON SPACES OF FUNCTIONS ON A LOCALLY 

Let Cc(G) be the space of the continuous functions from G into C with compact .... Since the Bochner integral commutes with continuous linear maps, we have for ...










 


[image: alt]





Parameter-Dependent Lyapunov Functions for Real ... - Pierre Apkarian 

1 . each parameter Q is real and ranges bet ( eenÐ—I no ( n extremal values Q and S Q : ... but the coefficients of a convex decomposition of over the set {3 Ð¦254 &6 &7 & 4 ...... robustness measures such as the Î¼ structured singular value or the .










 


[image: alt]





MULTIPLIERS ON A HILBERT SPACE OF FUNCTIONS ON R 

212. Violeta Petkova. (ii) Î» /âˆˆ Ïƒ(A). In the case (i) we have Î» âˆˆ Ïƒp(A)âˆªÏƒc(A)âˆªÏƒr(A), where Ïƒp(A) is the point spectrum, Ïƒc(A) is the continuous spectrum and ...










 


[image: alt]





Pierre-GrÃ©gory ANTOINE .fr 

Sql, Uml, VXML, WML, xhtml, xHTML MP, XML. Design Tools: C++ Builder, ... Certified MySQL, Postfix, Proftpd, SQL server. Equipments: 3COM, Audiocode ...










 


[image: alt]





Curriculum vitae - Pierre Hoffmann .fr 

Database knowledge: SQL â€“ PL/SQL, Oracle, SQL server, PostgreSQL, Access, MySQL. âœ“ Management: AGILE method, MARP, Gantt, Pert, MS Project, PMI, ...










 


[image: alt]





Mcadams (1999) Effects of attention on orientation-tuning functions of 

something in both task modes, we define an attention difference with respect to ...... which the dotted line represents the asymptote of the tuning function. The.










 


[image: alt]





Marx on Money .fr 

quantity of money can exchange for in a period is proportional to the average number ...... every capitalist who starts a business and has to buy productive commodities ..... disorder in the exposition, and Marx's plan often seems confused. lt is ...










 














×
Report ON QUATERNIONIC FUNCTIONS - Pierre DOLBEAULT .fr





Your name




Email




Reason
-Select Reason-
Pornographic
Defamatory
Illegal/Unlawful
Spam
Other Terms Of Service Violation
File a copyright complaint





Description















Close
Save changes















×
Signe






Email




Mot de passe







 Se souvenir de moi

Vous avez oublié votre mot de passe?




Signe




 Connexion avec Facebook












 

Information

	A propos de nous
	Règles de confidentialité
	TERMES ET CONDITIONS
	AIDE
	DROIT D'AUTEUR
	CONTACT
	Cookie Policy





Droit d'auteur © 2024 P.PDFHALL.COM. Tous droits réservés.








MON COMPTE



	
Ajouter le document

	
de gestion des documents

	
Ajouter le document

	
Signe









BULLETIN



















Follow us

	

Facebook


	

Twitter



















Our partners will collect data and use cookies for ad personalization and measurement. Learn how we and our ad partner Google, collect and use data. Agree & Close



