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Abstract When looking at the satellite measurements of the geoid and topography over the oceanic island chains and seamounts, a noticeable topographic elevation is observed, with a dome shape centered on the plume, which can reach a maximum of 1000 meters at the center, and also a positive geoid, with observed values typically varying between 0 and 10 meters in the vicinity of the plume. To explain these features, there were several attempts to produce numerical plumes in order to finally compute the geoid and topography above them and compare the results with the observations. There are a lot of ways how to proceed, but whatever the followed procedure is, it always results in too high predicted geoid and topography. We proposed here to explain these excesses by the absence in previous models of a top elastic layer, which would work as a filter. Its influence depends on its thickness; the bigger it is, the lower the geoid, topography and free-air gravity will be; and on the shear modulus. First of all, we solved the visco-dynamical equations using spectral method and assuming an incompressible, newtonian viscous flow. Secondly, we modeled the plume, the latter was defined as a certain radial density distribution. Then, we added a top elastic layer by solving the elastic equations, still using spectral method, and finally computed the resulting surface geoid, topography and free-air gravity. As it depends on the viscosity model, we made an inversion, by exploring the model space, to find those which best fit the data. We considered a four-layer viscosity profile, namely representing the lithosphere, asthenosphere, upper and lower mantle. Finally, it appeared that the results are quite dependent on the plume model, in particular on its shape in the lower mantle, but the elastic layer always works decreasing the predicted values. Moreover, we also found out that finally the dynamic processes in the mantle do explain only a small part of the observed geoid, topography and free-air gravity.
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1



Introduction



To explain the age-evolution of the oceanic island chains that stretch on the Pacific plate, J.T. Wilson proposed in 1963 [16] the existence of "stationary" hotspots under the moving plate. Stationary meaning that the motion of the hotspot is much smaller than the motion of the overlapping plate. This first step was soon completed by Morgan [8], who realized that hotspots would be the surface expression of a mantle plume, the term plume refereing to an upwelling driven by self-buoyancy, originating from a deep thermal layer, perhaps the core-mantle boundary (CMB). Even if the whole theory was first too simplistic, the basic concepts of the "hotspots theory" were rapidly widely accepted within the geologist community. In particular since the recent results from tomography which provided a proof for their existence. But, anyway, to test the theory, it was attempted to produce experimental and numerical plumes. In laboratory experiments, the simplest model of plume is an upward flow of a less dense material than the surrounding one. In this case, we observe a "spherical pocket fed from the bottom by a pipe" [15]. In numerical modeling, plumes are generally obtained as a feature of the thermal mantle convection, even if it begins to be more complicated when you must deal with their stability. However, the resolution of the equations of the thermal convection, using relevant boundary conditions, leads to the formation of plumes. Moreover, it was recently introduced the idea of a potential chemical-buoyancy. Indeed, thanks to works on the chemical composition of the mantle and P-T behavior of the major identified mineral phases, it was proposed that the latter must have a significant effect on the shape and evolution of the plume because of their P-T-dependent properties. So, we should take into account the body force due to phase transitions occurring while the mineral phases ascend within the plume : it is simply needed to transform the thermal anomalies into pressure thanks to the Clapeyron slope and then into a body force. However, we did not consider this chemical effect. So, in this work, we were principally interested in producing the response functions for the dynamic geoid, topography and free-air gravity over a plume. We did a 2D axesymmetric cylindrical model so that we defined plumes as a certain radial distribution of loads, each of them following an exponential law of this shape : " !m # 1 θ  ρ (θ, r) = ρ0 exp − . 2 ∆ (r) rr0 Then, we solved in a first step the viscous problem, using a spectral method. It means that the parameters are expressed thanks to spherical harmonic expansions. To end up with a linear spectral problem, we must assume a viscosity only dependent on the radius, without any lateral variations. Then, we put an elastic layer on the top, and solved the elastic equations still using a spectral method. As the problem depends on the viscosity model, we proceeded an inversion, by a simple, but time-consuming, exploration of the model space in order to find the best combinations explaining the observations. In this report, I will first clarify the method used to solve the problem. Secondly, I will present the results for the viscous case and also when adding the elastic layer. Finally, I will discuss them and conclude about this work.
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Model and method step by step



2.1



The viscous case



First of all, let us consider the viscous part of the model. It consists in a viscous medium, described in cylindrical coordinates, which is composed of n layers, separated by n + 1 interfaces. Let us define the density ρ (r, θ) in the layers and the viscosity η (r) on the interfaces. Concerning the viscosity model, we considered that it is only radius-dependent and we limited it to four principal layers : the lithosphere, asthenosphere, upper and lower mantle. However, as we do not know exactly the values of the viscosity for each of them, we did an inversion. Thus, we tested different models considering : • a lithosphere of 100 km thick with ηlitho ∈ [1; 1000]; • an asthenosphere of 100 km thick too with ηasth ∈ [0.01; 1]; • the upper mantle until 660 km depth where we fixed the viscosity to 1; • and, finally, the lower mantle until the CMB at 2900 km depth, ηLM ∈ [1; 100]; where, for each interval, we used a logarithmic exploration so that it reduced the number of models from 107 , which is unreasonable, to 1684. I shall make clear here that we implicitly deal with viscosity contrasts and not absolute value of the viscosity. Now, let us write the equations of the viscous problem. They consist in : • the Stoke equation, considering the stationary case, ∇·τ +f =0



(1)



where τ is the stress tensor and f the body forces; • the continuity equation, ∇·v =0



(2)



where v is the velocity of the flow; • the rheology for a Newtonian viscous fluid, τ = −pI + η ∇v + ∇T v







(3)



where p is the pressure and I the identity matrix. We also must precise the boundary conditions. There are basically two possibilities, either no-slip or free-slip boundary condition. The first means that the velocity is zero at the interface (see equation (4)) and the second, only the radial component of the velocity is null and, in addition, the tangent component of the stress is null (see equations (5)). v=0



(4)



v · er = 0, (τ · er ) − [(τ · er ) · er ] er = 0



(5)



We will see later the boundary condition used for different models. We solved this set of equations using a spectral method, it means that each parameter of the problem were 5 Stéphanie Durand
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expressed using a spherical harmonic expansion. For instance, a scalar parameter X can be written as : j ∞ X X j X (r, θ, φ) = Xm (r) Ymj (θ, φ) , j=0 m=−j j where Xm are the spectral coefficients of X, Ymj the scalar spherical harmonics, (j, m) their order and degree and (r, θ, φ) the spherical coordinates (see appendix A for much details). The infinity ∞ in the first sum is in practice replaced by a finite limit jmax, the degree up to which you want to evaluate the parameter. The larger, the more accurate the parameter will be but it is also rapidly time-consuming, so for our problem we did not go farther than 100. Here we can stress again the advantage of taking a radiusdependent viscosity. Indeed, it permits to end up with a linear problem even after the spectral transformation. However, it is possible to introduce lateral variation of the viscosity and use some tricks to solve the new equations, but we did not include it. For much details about the method, the reader is to refer to appendix B.



2.2



The plumes



We have already seen that the usual way how to define a plume is to define the shape of the thermal anomalies. But, as we did not include the thermal part into the problem, we defined the plume as a certain density contrast so that it is actually defined as a given distribution of loads within the mantle. Of course, it is easy to convert them into thermal anomalies thanks to the following relationship : δρ = −ρ0 α∆T, where ρ0 is a reference density, α the thermal expansivity and ∆T the thermal anomaly. But, let us come back to the definition of the plume. We considered the density to follow an exponential law :   m  1 θ r0 ρ (θ, r) = ρ0 exp − and q = , (6) 2 q ∆ (r) r where r is the depth, θ the angular position, r0 a reference radius, ρ0 a density scaling factor that we defined as ρ0 = ρP REM α∆T , ∆ (r) the angular radius of the plume, and m a parameter of the problem. To clarify the meaning of this definition, let us consider the case m = 2, with ∆ = cst and the radius ratio q = 1. Consequently, the density will not depend on the depth anymore and will have a Gaussian shape identical on each layer. More generally, the higher m is , the steeper the edges of the density profile will be. Moreover, the term q permits to compensate the geometrical deformation due to the cylindrical description, and to produce "tube" plumes. Indeed, if you take ∆ = cst without any correction, you will end up with a conical plume, instead of a tube.



2.3



The elastic top layer



First of all, from a geological point of view, it is realistic to add such a layer since it is known that the top part of the lithosphere mostly behaves as an elastic medium. Let us also explain why this elastic layer is expected to reduce the predicted values of the geoid, topography and free-air gravity. Indeed, it plays the role of a filter since the elasticity would absorb a part a the signal. Of course, the thinner it is, the less its influence will 6 Stéphanie Durand



Numerical modeling of the geoid, topography and free-air gravity above Earth’s mantle plumes



be. Moreover, its effect only depends on its thickness and shear modulus and not at all on the plume, which simplifies the computation. Secondly, from the view point of the method, we added on the top of the previous viscous medium an elastic layer. When doing this step, it is important to apply noslip boundary condition at the top interface of the viscous part. I will not detail the following too much as it is basically the same procedure as before but now solving the elastic equations. Consequently, the new rheology is :  τ = −pI + µ ∇u + ∇T u , (7) where µ is the shear modulus and u the surface displacement. This equation is simplified by the fact that we considered an incompressible material so that we did not have to deal with the incompressible modulus. We also must rewrite the continuity equation : ∇ · u = 0.



(8)



To solve this new set of equations, we still proceeded by spectral decomposition. We finally ended up with the spectral coefficients of the stress tensor and the velocity at the surface, which were used to compute the geoid, topography and free-air gravity.



2.4



The different models



First of all, let us consider a viscous medium and deal with the boundary conditions. There are two alternatives for the top and bottom boundaries : either no-slip or free-slip. At the CMB, it is reasonable to assume free-slip while at the surface both of them are interesting. Indeed, even if the free-slip option appears to be the most realistic, the no-slip case would be interesting for the following because when adding the elastic layer we must apply no-slip condition at the top of the viscous medium. Moreover, these various cases were useful to test the code, I mean to see if it gave reasonable results before including the plume, this was done thanks to the Kernel’s functions. Then, we computed the geoid, topography and free-air gravity above a plume crossing the viscous medium. For this aim, as I said before, we explored a large number of viscosity models but considered two kinds of density structures for the plume. The first was too simple but useful to have an idea of the general trend, let us call it model A. In this one, we arbitrarily fixed the angular radius of the plume in each viscosity layers considering that : • we know from tomography [7] that the radius in the upper mantle does not exceed 200 km and is likely to be rather around 100 km, consequently we took ∆ = 1.5◦ in the upper mantle; • then we assumed that an increase of the viscosity is linked to an increase of the radius, so we must have a larger plume in the lower mantle and thinner in the asthenosphere. Finally, we fixed ∆ = 3◦ in the lower mantle while ∆ = 1◦ in the asthenosphere. Moreover, we first did not include the radial correction factor q in the definition of the density (see equation (6)) so that we had only three different density models describing the plume : namely one for the lower mantle, one for the upper mantle and a last one for the asthenosphere. 7 Stéphanie Durand
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But then, we considered a much realistic plume density model, let us denote it model B. First of all, we included the fact that the radius of the plume should depend on the viscosity, so we considered the following law : s   ηLM rLM = rU M ln , (9) ηU M where rLM , respectively rU M , is the radius of the plume in the lower mantle, respectively in the upper mantle, and, idem, ηLM , respectively ηU M , the viscosity in the lower mantle, respectively in the upper mantle. This is an adaptation from an empiric law confirmed by Ricard et al. [1993] for a 1D dynamic model of a subducting slab, but to fit it to our model we added the square root. Indeed, this relationship can be deduced from the flux conservation within the plume and as we work on an axe-symmetric 2D model the cross section of the plume is proportional to the square of the radius. However, I would like to stress now that this law does not work for low viscosity contrasts as it would give a smaller radius in the lower mantle than in the upper mantle. So, we only considered the cases where ηLM ≥ 5. Moreover, we did not used a similar law for the asthenospheric part of the plume, but as it is a small layer the plume shape within it should not influence the results too much. Secondly, we included the radial dependence of the density by including q in (6). The latter is a correction due to the cylindrical geometry, as I mentioned before, and consequently it results in "tube" plumes. This is of course a better model than the previous but the computation begins to be time-consuming. We then used these two plume models for a viscous medium overlapping by an elastic layer. We still considered the 1684 viscosity models so that it was easy to compare the results with the previous ones from the viscous case and quantify the effect of the elastic layer. Finally, we also looked at different wavelengths. We first considered the spherical harmonic expansion from degree 2 to 100 and then, as the elastic layer is expected to have a bigger influence on the shorter wavelengths, we reduced the spectrum from degree 10 to 100. Moreover, a complete spectrum principally put into relief the long wavelength features of the medium, so from the point of view of the data such a spectrum generally brings out the presence of subduction zones in the vicinity of the plume, since the latter mainly control the mantle flow at long wavelengths. So, in order to take into account the features linked to the plumes only, the data are often filtered such as the degrees range from 10 to 100. Consequently, as we need to compare our results with the observations, we also looked at a reduced spectrum.



3



Green’s functions for a viscous medium



The Green’s functions are the response functions generated when putting a unit load on each layer of the medium and then plotting the curves of the topography or geoid against the position of this unit load within the medium. This is a good way how to control the code before going farther as we know their theoretical shape for different cases, I mean for different boundary conditions and viscosity models. The topography curves obtained for an iso-viscous medium considering free-slip boundary condition, both at the surface and the CMB, are in the figure 1. We can also check the geoid Green’s functions considering the same conditions as before, they are presented in the figure 2. Once, this step is done we can begin with the plume, which means doing the same as 8 Stéphanie Durand
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Figure 1:



Figure 2:
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before but this time the load will have the appropriate shape to define a plume, as we saw in the previous section.
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Results for the geoid, dynamic topography and free-air gravity above a plume



4.1



The arbitrarily fixed plume model (model A)



As I have already said, we first looked at the results for a simple plume. The latter was characterized by q = 1 and : • ∆ = 3◦ in the mower mantle, • ∆ = 1.5◦ in the upper mantle, • ∆ = 1◦ in the asthenosphere. We explore the whole space mentioned previously for the viscosity models and computed for each of them the geoid, topography and free-air gravity maximal amplitudes, it corresponds to the amplitude over the center of the plume. For the moment let us consider the whole spherical harmonic expansion, from degree 2 to 100. The results are presented in the figures 3, 4 and 5. We took, for the viscous case, a lithosphere of viscosity 100 and of thickness 100 km, while for the elastic one we added within the 100 km thick lithosphere a top elastic layer of 60 km thick with a shear modulus µ = 4.1010 Pa. As we expected, we get too hight predicted geoid, topography and freeair gravity when considering the viscous medium only. For instance, the topography is always greater than 1500 m within the whole viscosity space. But, with the top elastic layer, we get reasonable values for reasonable viscosity models. Indeed, still looking at the topography, it is always within 1000 m to 2000 m. Moreover, these figures also allow us to select some viscosity models which gave predicted values in agreement with the observations. For example, as we have a better idea of the topography of the volcanic islands, one could look in much details at the models along the isoline 1000 m. However, I mentioned that it should be also interesting to consider shorter wavelengths. So let us now focus on a smaller spectrum window, from degree 10 to 100. This should emphasize the role of the elastic layer. The results are in the figures 6, 7 and 8.
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Topography at the surface considering a viscous medium with lithosphere of viscosity 100 from degree 2 to 100
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Figure 4:



Free-air gravity at the surface considering a viscous medium with lithosphere of viscosity 100 from degree 2 to 100
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Figure 5: The geoid, topography and free-air gravity have even better values, in good agreement with the observations when considering reasonable viscosity models.



4.2



For a better plume model (model B)



The previous results were interesting since they give a good idea of the amplitude of the geoid, topography and free-air gravity, above a plume and considering a particular viscosity model, but still the plume model must be improved. There are two principal drawbacks : first it is defined by a certain constant angle within the different viscous layers so that it results in a plume with a conical shape, and, secondly, its shape does not depend on the viscosity. This is obviously non-realistic and we consequently modified the model according to what was mentioned in the section devoted to the models. After such a modification, the plume has a much consistent shape. Moreover, we took for the elastic case, an elastic layer of 30 km, included in a lithosphere of 100 km thick and viscosity 100, and we still used a shear modulus µ = 4.1010 Pa. Before computing the plume model B, we first still considered a quite simplified model, let us denote it model C, which is a tube of a same radius within the whole medium. It means that the plume does not change of radius with the viscosity. I will not show the results, but just mention that the geoid, topography and free-air gravity were too small, even in the viscous case. For instance, the topography did not exceed 600 m hight, the geoid was always smaller than 10 m and the free-air gravity smaller than 30 mGal. 11 Stéphanie Durand
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Geoid at the surface considering a viscous medium with lithosphere of viscosity 100 from degree 10 to 100



geoid at the surface considering a top elastic layer with lithosphere of viscosity 100 from degree 10 to 100 10-2
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Figure 6:



Topography at the surface considering a viscous medium with lithosphere of viscosity 100 from degree 10 to 100



Topography at the surface considering a top elastic layer with lithosphere of viscosity 100 from degree 10 to 100 10-2
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Figure 7: In a second step, we looked at the model B. It is the most realistic model we have done and the results, considering the whole spherical harmonic series, are in the figures 9, 10 and 11. We note that the trends are quite different from those obtained for the model A. Moreover, the results are better than those from model C. I would like to highlight the fact that the only difference between this model B and the model C is that we took into account the viscosity dependence of the plume radius in the lower mantle. Therefore, it means that the results are quite dependent on the shape of the plume in the lower mantle. However, the predicted values are still too small. Indeed, if we look at a common viscosity model, like ηLM = 30 and ηasth = 0.01, then we get a geoid and free-air gravity which are negative and a topography which does not exceed 500 m. But, let us also have a look to the results when the degrees range from 10 to 100. They are presented in the figures 12, 13 and 14. Obviously, the predictions are even lower so that they are not in very good agreement with the observations. So, these results either means that we should change our idea of the common viscosity profile within the mantle and consider smaller viscosity jump between the upper mantle and the asthenosphere, or that we are forgetting any loads constituting the plume which would increase the predictions.
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Free-air gravity at the surface considering a viscous medium with lithosphere of viscosity 100 from degree 10 to 100



Free-air gravity at the surface considering a top elastic layer with lithosphere of viscosity 100 from degree 10 to 100 10-2
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Figure 8:
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Discussion



The very first results were encouraging since they gave the good order for the geoid, topography and free-air gravity after adding a top elastic layer. However, it is difficult to draw any conclusions on these ones because of the simpleness of the plume model. But, then when we improved it, the predicted geoid, topography and free-air gravity, were too small, even if it could perhaps agree with the observations over some particular plumes. There are many possibilities to explain this. First, we must remind that we did not take into account any radial evolution of the thermal expansivity α and this could increase the predictions. Besides, we also considered a lithosphere of viscosity 100, but by increasing it to 1000 for instance, it is possible to get higher values. Otherwise, an other explanation could be the fact that we did not take into account the surface load linked to the surface volcanic construction. But, it is not easy to include it since it demands to have an idea of the volume of the volcanic rocks constituting the oceanic volcanic islands, and, of course, it is not supposed to be the same for each of them. So, we finally faced the problem of the data. Actually, we also did not dispose of precise synthetic data for the geoid, topography and free-air gravity for some given oceanic islands and I did not have time to make them. Indeed, we only had global maps of the geoid, topography and free-air gravity but on such tools the plumes are only points so that it is difficult to have idea of the real trend above them. However, it would be possible to create such a
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Topography at the surface considering a viscous medium with lithosphere of viscosity 100 from degree 2 to 100



Topography at the surface considering a top elastic layer with lithosphere of viscosity 100 from degree 2 to 100 10-2
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Figure 10:



Free-air gravity at the surface considering a viscous medium with lithosphere of viscosity 100 from degree 2 to 100
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Figure 11: file and the most rigorous way, so that we could compared them with the predictions we did, would be to look at each plume, find the symmetry axis, and there can be several possibilities for one plume, and then write the data centered on this axis. Finally, I must also mention that we did not take into account any density contrasts between the MOHO and the lithosphere, this basically means that the MOHO was not deformed by the presence of the plume. It can be seen as a limit of our model, but it was also difficult to include it since it would depend on the plume model, I mean that the MOHO could move either upward or downward. For instance, if you do not take into account any surface loads it should move downward, while when adding the volcanic structure it could move upward. Finally, whatever the explanation is, the small values also mean that the dynamic processes in the mantle generate only a very small part of the geoid, topography an free-air gravity. But still, we had interesting results since they gave an idea of the general trend within the viscosity space.Moreover, it gave an idea of the geoid, topography and free-air gravity signal amplitude produced by a plume, so that it can be used to select in the data the part of the signal which is purely linked to the plume. Indeed, the data signal are quite complex and the problem is that we do not know how much of them is due to the plume or its surrounding medium. Thus, this work provide a constraint to get ride of the nonplume part. Moreover, as we did not take into account neither the surface load nor the MOHO deformation, and more generally any heterogeneity within the lithosphere, then
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Geoid at the surface considering a viscous medium with lithosphere of viscosity 100 from degree 10 to 100
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Figure 12:



Topography at the surface considering a viscous medium with lithosphere of viscosity 100 from degree 10 to 100



Topography at the surface considering a top elastic layer with lithosphere of viscosity 100 from degree 10 to 100 10-2
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Figure 13:



Free-air gravity at the surface considering a viscous medium with lithosphere of viscosity 100 from degree 10 to 100
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Figure 14: by substracting from the data the plume part, we would get a signal only due to the heterogeneities within the lithosphere. Finally, concerning the plume model, we faced the problem of the viscosity dependence of the plume radius. Indeed, even if we finally followed Ricard et al. [1993], we still lack of knowledge about their structure, in particular in the lower mantle, which seems to play a singular role in the geoid, topography and free-air gravity signal.
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6



Conclusion



This is a very simple model but one of the rare to include the elasticity of the lithosphere in the prediction of the geoid, topography and free-air gravity. These first results are interesting, but this work definitely need to be continued. First, by improving the model, like including the thermal convection and the lateral variation of the viscosity. Secondly, concerning the plume, we need a more realistic model but for this we also need to be provided with much accurate information about their structure and viscosity dependence. A last aspect which should be included is the chemical buoyancy due to the phase transitions occurring within the plume. Actually, all these changes impose to use spherical finite differences method to solve the equations, which is much difficult than the axe-symmetric case we did. Moreover, this improvement would allow us to put some markers in the model, which would be interesting when looking at the plume evolution in much details, and in particular when including the geochemistry. The plumes are a very interesting modeling task but it demands a lot of work and also good observation data. I would say that the remaining problem is that all the plumes are different so it is impossible to find a universal model.
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Here is presented the finite differences scheme used to solve the equations. We define the stress tensor on the R interfaces, while the velocity is defined on the S interfaces. RH denotes the rheological equation, CE the continuation equation, EM the equation of motion and Bc boundary conditions.
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APPENDIX A THE SPHERICAL HARMONICS The spherical harmonics are a very good tool to describe some geophysical problems so I will devote this part to some basics definitions and formulae useful to solve the equations. • For a scalar quantity Let us begin with the definition of the canonical basis Yjm , named the scalar spherical harmonics and where j ∈ k1, ∞k and m ∈ k−j, jk, by : Yjm (θ, φ) = (−1)m Njm Pjm (cos θ) expimφ for m ≥ 0, m



Yjm (θ, φ) = (−1)



∗ Yj|m|



otherwise,



(10) (11)



where ∗ denotes the complex conjugate, Pjm (cosθ) the Legendre’s functions and Njm normalization factors defined by : 



Njm



(2j + 1) (j − m)! = 4π (j + m)!



1



2



.



Thus, following such a definition, the scalar spherical harmonics satisfy the orthonormality condition : Z 2π Z π Yj1 m1 (θ, φ) Yj∗2 m2 (θ, φ) sin θdφdθ = δj1 j2 δm1 m2 . 0



0



Finally, a complex scalar function f (r, θ, φ) can be written as : f (r, θ, φ) =



j ∞ X X



fjm (r) Yjm (θ, φ) ,



j=0 m=−j



where Z



π



Z



fjm (r) = 0



2π



∗ f (r, θ, φ) Yjm (θ, φ) sin θdθdφ.



0



Let us note that if f (r, θ, φ) is real, then we have the following symmetry : ∗ fj,−m (r) = (−1)m fjm (r) .



To summarize these first considerations, provided with a complex scalar function f (r, θ, φ) we can expand it into the series : f (r, θ, φ) =



j ∞ X X



fjm (r) Yjm (θ, φ) .



(12)



j=0 m=−j



• Concerning a vector quantity Let us define the new canonical basis made of the vector spherical harmonics l (θ, φ), where j ∈ k0, ∞k, m ∈ k−j, jk and l ∈ k|j − 1| , j + 1k, by : Yjm p



j−1 j (2j + 1)Yjm (θ, φ) = jYjm (θ, φ) er +
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∂Yjm (θ,φ) eθ ∂θ



+



1 ∂Yjm (θ,φ) eφ , sin θ ∂φ



(13)
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j+1 (j + 1) (2j + 1)Yjm (θ, φ) = − (j + 1) Yjm (θ, φ) er +



p



(14) ∂Y (θ,φ) + jm∂θ eθ



+



1 ∂Yjm (θ,φ) eφ , sin θ ∂φ



p ∂Y (θ,φ) ∂Y (θ,φ) j eθ + i jm∂θ eφ , j (j + 1)Yjm = i sin1 θ jm ∂φ



(15)



l (θ, φ) again satisfy where er , eθ and eφ are the spherical basis vectors. Such Yjm the othonormality condition : Z 2π Z π ∗ (θ, φ) sin φdθdφ = δj1 j2 δl1 l2 δm1 m2 . Yjl11 m1 (θ, φ) · Yjl22 m 2 0



0



Moreover, in an analogical way as before, a complex vector function can be written as : j j+1 ∞ X X X l l f (r, θ, φ) = (θ, φ) , (16) fjm (r) Yjm j=0 m=−j l=|j−1|



where, still as similar as before, we have : Z π Z 2π l l∗ (θ, φ) sin θdθdφ. fjm (r) = f (r, θ, φ) · Yjm 0



0



To finish this item, let us clarify the meaning of the exponents l. If l = j ± 1, then you will get the spheroidal part of the complex vector function f . While, if l = j, then you will describe its toroidal part. Fianlly, I will end this item noting that, if f is real then : l l∗ fj,−m (r) = (−1)j+m+1+l fjm (r) .



• For a tensor quantity We must define the tensor spherical harmonics in such a way that we can expand a tensor quantity in a spherical harmonic series. I will not detail their definition since it begins to be tricky, but let us accept the fact that such a basis exists and denote lk (θ, φ), where k ∈ k0, 2k. Again, they satisfy the orthonormality them as Yjm condition, which is written as: Z 2π Z π k1 k2 Yjl11 m (θ, φ) : Yjl22 m (θ, φ) sin θdθdφ = δj1 j2 δl1 l2 δm1 m2 δk1 k2 , 1 2 0



0



where : denotes the double-dot product of two tensors. Then, following the same idea as in the previous items, we can expand a complex tensor function F (r, θ, φ) into a series: F (r, θ, φ) =



j ∞ X X



j+k X



2 X



lk lk Fjm (r) Yjm (θ, φ) .



(17)



j=0 m=−j l=|j−k| k=0



The different values of k allow us to distinguish the different parts of the tensor, namely : 20 Stéphanie Durand
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– if k = 0, then you will get the trace of the tensor which means its isotropic part, – if k = 1, its antisymmetric deviatoric part which is its toroidal part, – and if k = 2, its symmetric deviatoric part which is its spheroidal part. Concerning the formulas about some operations with the spherical harmonic , I let the reader to look at [6]. B SPECTRAL METHOD AND RESOLUTION OF THE EQUATIONS The spectral methods represent a group of technics used in numerical modeling to solve a set of differential equations. It is based on the use of spherical harmonics series to expand the parameters of one problem to be solved. There is nothing really difficult in applying such a method, it basically consists in using known formulas about some operations with the spherical harmonics, so let us directly apply this method to our problem. For instance, let us have a look to the visco-dynamical equations (see equations (1), (2) and (3)) and expand the parameters of the problem into spherical harmonics series. They namely are the density, the body forces, the velocity and the stress tensor, and it gives :  P∞ Pj  ρ =  j=1 m=−j ρjm Yjm          P    ∞ Pj  f = ρg = ρ Y  j=1 m=−j jm jm g.er    (18)    P Pj Pj+1  l l  v= ∞  j=1 m=−j l=|j−1| vjm Yjm           Pj+n P2  ln ln  τ = P∞ Pj n=0 j=1 m=−j l=|j−n| Tjm Yjm As we said in the previous appendix, we can retain only the relevant part of a vector or tensor according to one problem by selecting the proper values of l and k. For instance, as we made an axe-symmetry model and because there is no toroidal flow in the mantle when considering a radial viscosity structure, we need not keep neither the toroidal part of the velocity and body forces vector, nor of the stress tensor. Following these considerations, let us rewrite visco-dynamical equations : • The mass conservation : s s     j d j−1 j+1 d j+2 j−1 j+1 − vjm (r) − + vjm (r) = 0, (19) ∇·v = 2j + 1 dr r 2j + 1 dr r • The rheology : j−2,2 Tjm (r) − 2η j,2 Tjm (r) + 2η



q



(j+1)(2j+3) 6(2j−1)(2j+1)







d dr



−



j−1 r



j+2,2 Tjm (r) + 2η



q







j−1 2j−1







d dr



+



j−1 vjm (r) − 2η



q



j+2 2j+3







d dr



−



j r







q



j+1 r



j−1 vjm (r) = 0



j(2j−1) 6(2j+3)(2j+1)











d dr



+



j+2 r







j+1 vjm (r) = 0



j+1 vjm (r) = 0,
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• The momentum conservation : q    q j,0 j j−1 j+1 d d − 3(2j+1) + T (r) + jm dr r 2j−1 dr − q  (j+1)(2j+3) d − 6(2j−1)(2j+1) dr +



j+1 r







j−2 r







j−2,2 Tjm (r) −



j,2 j−1 Tjm (r) = −fjm (r)



. q



j+1 3(2j+1)







d dr



−



j r







j,0 Tjm (r)



−



q



j+2 2j+3







d dr



+



j+3 r







(21)



j+2,2 Tjm (r) +



q   (j)(2j−1) j,2 j+1 j d + 6(2j+1)(2j+3) − dr r Tjm (r) = −fjm (r) Then, concerning the boundary conditions, we end up with : j−1 vjm (r) = 0 j+1 vjm (r) = 0,



(22)



for the no-slip case. While, for the free-slip case we have : √ √ j−1 j+1 jvjm (r) − j + 1vjm (r) = 0 j+1 2j+1



q



j−1 j−2,2 (r) 2j−1 Tjm



−



1 2j+1



q



j(j+1)(j+2) j+2,2 Tjm (r) 2j+3



−



q



3(j+1) j,2 2(2j−1)(2j+1)(2j+3) Tjm (r)



= 0. (23) Let us now explain the basic principles of the numerical resolution of this set of equations, we used the finite differences method and thus define an appropriate finite differences scheme (see figure 15). We considered a layered medium, with n layers, and consequently n + 1 interfaces. Let us denote these interfaces R and described their position by r (i). Now, let us put additional interfaces in the middle of each previous layer, beginning from the very bottom and ending at the very top of the medium. We will denote them S and describe them by s (i). In such a model, the derivation of a parameter on a given interface i is defined by the ratio of the difference of the values of this parameter on the above and below interfaces with the distance which separates these two interfaces ∆i : Xi+1 − Xi−1 . ∆i In the same idea, we will define the value of a parameter on an interface i by the average of the values of this parameter on the above and below interfaces : Xi+1 + Xi−1 . 2 But, we must be careful when dealing with the first and last interfaces, where these definitions must be modified. For example, the derivation we would be : dX X2 − X1 (1) = , ∆i dr 2 while the value of a parameter on these interfaces would simply be the value at the interface. Then, let us see which parameters are defined on which interfaces. We put the j−1 j+1 j−1 spherical coefficients of the velocity, vjm and vjm , and of the body forces, fjm and 22 Stéphanie Durand
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Figure 15:



Here is presented the finite differences scheme used to solve the equations. We define the stress tensor on the R interfaces, while the velocity is defined on the S interfaces. RH denotes the rheological equation, CE the continuation equation, EM the equation of motion and Bc boundary conditions. j+1 j,0 j−2,2 j,2 j+2 fjm , on the S interfaces. While, η, Tjm , Tjm , Tjm and Tjm are defined on the R ones. Consequently, we can write the continuation and rheological equations only on the R interfaces and the motion equations on the S interfaces. By doing this for each layer we finally had to solve a linear problem of the shape Ax = y, where x is the vector of the spherical coefficientsx and y is formed by the body forces coefficients. It is therefore easy to get x, by a simple Gaussian pivot for instance. I presented here only the application to the viscous problem, but we did the same procedure for the elastic ones. C TOPOGRAPHY, GEOID, FREE-AIR GRAVITY AND PLUME I will now devote this part to clarify the definition of the dynamic geoid, topography and free-air gravity and also of the plume. I will express the harmonic coefficients the latter quantities so that then it is easy to return to the absolute value of them (see appendix A).



• The dynamic topography First of all, let us define the dynamic topography and consider a viscous medium. The dynamic topography denotes the topography created by the flow in the mantle; more specifically it corresponds to the radial part of the traction vector (τ · er ) · er . So, using a spectral decomposition as seen before, it can be written as : q j(j−1) j−2,2 −1 j0 (r) + tjm (r) = √ τ (r) + (2j+1)(2j−1) τjm 3 jm (24) q q +



(j+1)(j+2) j+2,2 (r) (2j+1)(2j+3) τjm



−



2j(j+1) j2 3(2j−1)(2j+2) τjm (r)



In (24) you can theoretically choose whatever r you want, but of course the most relevant and meaningful are the surface and CMB radius, so that it is possible to compute the surface and CMB dynamic topography. 23 Stéphanie Durand
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Then, when adding the top elastic layer, the things are a bit different. To compute the topography, we now used the output of the code solving the elastic problem. The latter calculates some coefficients C j−1 and C j+1 which scale the traction harmonic coefficients obtained at the top of the viscous medium. So, the surface topography is finally simply written as : j+1 j−1 j−1 tsurf Tjm (rsurf ) + C j+1 Tjm (rsurf ) , jm = C



(25)



j−1 j+1 where tsurf jm denotes the surface topography spectral coefficients and Tjm and Tjm the traction harmonic coefficients computed at the top of the viscous medium. So, we needed to compute the traction, defined by (er · τ ), which can be written, after applying the spectral transformation, as : q q q (j+1)(2j+3) j−1 j0 j2 j j−1 j−2,2 Tjm = − 3(2j+1) Tjm + 2j−1 Tjm Tjm − 6(2j+1)(2j−1)



(26) j+1 Tjm



=



q



j0 j+1 3(2j+1) Tjm



+



q



j(2j−1) j2 6(2j+1)(2j+3) Tjm



−



q



j+2 j+2,2 2j+3 Tjm



• The dynamic geoid Again, let us first look at the viscous case. For the geoid computation it is important to take into account all the contributions. I mean, the geoid generated by the load on the CMB, by the loads present in the mantle and by the surface load : hjm =



CM B + V mantle + V surf Vjm Vjm jm jm = , gsurf gsurf



where hjm are the geoid harmonic coefficients, Vjm the gravity potential harmonic coefficients and gsurf the mean surface gravity acceleration. So, we need to know the general expression of the gravity potential harmonic coefficients (see equation (27)) and then make the assessment of all the contributions (see equation (28)).   Z r0  r0 j+2 0 4πGr 0 Vjm (r) = ρjm r dr (27) (2j + 1) g r r     j+2  P 4πGrsurf rlayer j+2 surf rCM B CM B Vjm = (2j+1)gsurf tjm + layers ρlayer rsurf ∆r + tjm , rsurf (28) where G is the gravity constant, rsurf , respectively rCM B and rlayer , the surface, respectively the CMB and considered layer, radius, ∆r the layer thicknesses and ρlayer the layer density. Concerning the geoid considering a top elastic layer, we simply must add in (28) the contribution from the elastic layer which was written in (25). • The free-air gravity It is defined as the gravity due to a certain elevation of a given point, without taking into account any mass between a reference level and the height of the considered point. Then , it is possible to deduce the following general definition : a gjm (r) =



j−1 Vjm (r) , r
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a are the free-air gravity harmonic coefficients. Ones must replace r by where gjm rsurf in order to get the surface free-air gravity and, similarly, in this case you must surf substitute Vjm in (29). The only difference between the viscous and elastic case is that you must be careful to substitute into (29) the gravity potential harmonic coefficients of the correct case.



• The plume From what we said about the spherical harmonics in the appendix A and the definition of the plume density (6), it is easy to express the spherical harmonic coefficients of the density : Z 2π Z π ρ (r, θ, φ) Yjm (θ, φ) sin θdθdφ. (30) ρjm (r) = 0



0
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