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A NUMERICAL ALGORITHM FOR FITTERING AND STATE OBSERVATIONT Sar,rvrIBRIR.



This paper deals with a numerical method for data fitting and estimation of continuous higher-order derivatives of a given signal from its non-exact sampled data. The proposed algorithm is a generalization of the algorithm proposed by Reinsch (1967). This algorithm is conceived as a key element in the structure of the numerical observer discussed in our recent papers. Satisfactory results are obtained rvhich prove the efficiency of the proposed approach. Keywords:
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1. fntroduction The problem of filtering and estimation of higher derivatives of measurable signals in the presence of noise becomes one of the principal ways to achieve control oÉ1..tives, construct nonlinear observers and fulfil other physical requirements (Diop et al., L993; Diop and Ibrir,1997; Heiss 1994; Ibrir, 1999; Ibrir and Diop, lggg; Khalil and Esfandiari, L992; Teel and Praly, 1994;1995). This problem has not been fully exploited yet in control and observation theory and thus it necessitatessome refinements. The numerical differentiation problem for non-exact data has received widespread attention in the literature of numerical analysis and statistics. Many algorithms were based on the regularization methods to solve ill-posed problems of numerically differentiating a signal from its discrete, potentially uncertain samples (Anderson and Bloomfield, 1974; De Boor, 1978; Craven and \Mahba, 197ga; 1g79b; Kimeldorf and Wahba, L970; Reinsch, 1967; LgTl; Rice and Rosenblatt 19gJ; Wahba, LSTS;1gg1; Wahba and Wold, 1975). Other approaches like kernel estimators have been considered by many researchers to estimate robust derivatives from noisy measurements. We refer the reader to the monograph (Eubank, 1988) for a survey on nonparametric regressionand smoothing, and especiallyto works (Gasser et al.,1g8b; Georgiev, 1984;Hârdle, 1984;1985;Mùller, 1gS4). T A part of this work was published in the proceedings of the IEEE Int. Conf. Acoustics, Speech and Signal Processing, Seattle, Washington, May 19gg. * Laboratoire des Signaux & Systèmes, CNRS, Supélec, Univ. paris Sud, plateau de Moulon 91192 Gif-sur-Yvette cedex, France, e-mail: [email protected]
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Fig. 1. A simplified schemeof the scalar numericalobserver. Recall that a numerical observer aims at reconstructing the system states from the measurement data using numerical differentiation techniques. Preliminary discussions of this type of observation were presentedin (Diop et a1.,1993;Diop and lbrir, 1997). The structure of the numerical observer possessestwo main blocks: The first block contains a procedure which aims at smoothing noisy data with a-priori information about statistical properties of the noise. In the other one, an inverting procedure is implemented that takes the model equations of the system as a basis to express the remaining states in terms of the input, output, and their derivatives. The main subject of this paper is to conceive a general smoothing algorithm to be implemented in the structure of a numerical observer. Detailed steps of the computational method will be given to evaluate continuous approximations to higherorder derivatives of a signal given by its noisy discrete values together with the filtered continuous signal. This work is related to the previous work on smoothing data by cubic spline functions developed by Reinsch (1967). In comparison with Reinsch's algorithm this paper offers a fast solution to the optimization problem with a simple discrete criterion. The solution turns out to be a spline function of an arbitrary order, fixed a priori by the user. Higher derivatives are then approximated by differentiating the obtained spline function. The presented algorithm seemsto be flexible becauseof the introduction of equivalent smoothness conditions derived from finite-difference methods. Moreover, the minimum of the functional to be considered is unique and fast convergenceof Newton methods is expected. We divided our work as follows: Section 2 is devoted to the formulation of the minimization problem. In Section 3, a detailed solution to the problem is studied. Section 4 presentsthe approximation error analysis. Finally, the paper concludes with simulation results and further remarks. Notation: o IR stands for the set of real numbers. IR?lis the real vector space of real n-vectors. Rrùxn' is the real space of real n x n-matrices. . Mn is the set of n x n complex matrices. o If u is a vecto., llrll denotes the Euclidean norm of u. o If A is a matrix, llAll : maxlu 1:1 llA*ll.
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o If A is a matrix, ll,all, is the spectralmatrix norm on M,. o If A is a matrix, lllll- : ûrâX1 
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