













Menu





	 maison
	 Ajouter le document
	 Signe
	 Créer un compte







































Notes on Log-Linearization

The system of dynamic equations that characterizes the equilibrium of a model ... The log-linearization of the model amounts to take a first order approximation of ... 

















 Télécharger le PDF 






 210KB taille
 166 téléchargements
 649 vues






 commentaire





 Report
























Notes on Log-Linearization



The system of dynamic equations that characterizes the equilibrium of a model can be written as a function, ϕ(·), that collects all equations of the system: Et [ϕ(X)] = 0 where X denotes the vector of variables dated either t or t + 1. Let us denote X ? the value of X in the deterministic steady state. Note that by definition of the steady state, the ϕ(·) function satisfies: ϕ(X ? ) = 0 The log-linearization of the model amounts to take a first order approximation of the ϕ(·) function around the deterministic steady. But, instead of taking the approximation with respect to the variables themselves, we take it with respect to a logarithmic transformation of these variables. More precisely, we define x = log(X), such that the model rewrites Et [ϕ(exp(x))] = 0



(1)



Taking a log approximation of this equation amounts to take a first order Taylor expansion of the preceding equation with respect to x (rather than X).



Definition The first order Taylor expansion of the model around the deterministic steady state x? is given by: 



Et [ϕ(exp(x))] = Et ϕ(exp(x? )) +



X  ∂ϕ(exp(x)) i



∂Xi



 exp(xi ) 







(xi − x?i ) + O(kxk2 )



x=x?



where O(kxk2 ) is infinitely small in probability.



bi = xi − x?i . This last quantity corresponds to the percentage deviation of xi Let us denote x



from its deterministic steady state value,1 and the coefficient in front of each of them can be given an interpretation in terms of elasticity. 1



This can be seen by noting that xi − x?i = log(Xi ) − log(Xi? ) '



1



Xi − Xi? Xi?



With a slight abuse of notations, the expansion can be rewritten as " ?



Et [ϕ(exp(x))] = Et ϕ(exp(x )) +



X  ∂ϕ(exp(x? ))



∂Xi



i



#







exp(x?i )
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bi + O(kxk ) x



By definition of the log-transformation, we have that exp(x?i ) = Xi? for any i, such that this rewrites



" ?



Et [ϕ(X)] = Et ϕ(X ) +



X  ∂ϕ(X ? )



∂Xi



i



Xi?



#







2



bi + O(kxk ) x



Since by definition of the deterministic steady state, we have ϕ(X ? ) = 0, this further reduces to "



Et [ϕ(X)] = Et



X  ∂ϕ(X ? )



∂Xi



i



Xi?



#







2



bi + O(kxk ) x



Finally, neglecting higher order terms, we end up with the log-linear approximation



Result The Log-linear approximation of the model is given by: "



Et ϕ(X) ' Et



X  ∂ϕ(X ? )



∂Xi



i



Xi?



#



 bi x



Note that, as a simple cookbook recipe, the log-linearization of an equation with respect to a particular variable x amounts to apply the following steps: 1. Take the derivative with respect to x and evaluate it at the deterministic steady state; 2. Multiply the result by the variable x evaluated at the deterministic steady state; b. 3. Multiply the last object by the percentage deviation x



Example 1:



Let us consider the standard Euler equation: c−σ = βrt Et c−σ t t+1



To rewrite it in a way which is directly comparable to the ϕ(·) function, we just shift the right hand side of the equation to the left of the equality sign: −σ c−σ t − βrt Et ct+1 = 0



Then, define −σ ϕ(ct , rt , ct+1 ) ≡ c−σ t − βrt ct+1



such that this equation can be read as Et [ϕ(ct , rt , ct+1 )] = 0 2



Denoting by ϕi the derivative of ϕ with respect to its i–th argument, the log-linearization is given by Et [ϕ1 c? cbt + ϕ2 r? rbt + ϕ3 c? cbt+1 ] = 0 where ϕ1 = −σc? −σ−1 , ϕ2 = −βc? −σ , ϕ3 = σβr? c? −σ−1 Plugging this in the preceding equation, we have h



i



Et −σc? −σ cbt − βc? −σ r? rbt + σβr? c? −σ cbt+1 = 0 Given that c? is deterministic (it can be taken out of the expectation term), and strictly positive, the equation can be simplified to Et [−σ cbt − βr? rbt + σβr? cbt+1 ] = 0 Furthermore, in a deterministic steady state, the Euler equation reduces to βr? = 1, such that Et [−σ cbt − rbt + σ cbt+1 ] = 0 Finally, since cbt and rbt are known in period t, they are not random variables with respect to the information set of period t, and can therefore be taken out of the expectation. Hence, the log-linear representation of the Euler equation is given by −σ cbt − rbt + σEt [cbt+1 ] = 0 Example 2:



Let us now consider the following resource constraint yt = ct + gt



In this case, there is not expectation, and the ϕ(·) function is simply given by ϕ(yt , ct , gt ) = yt − ct − gt The log-linear representation is then ϕ1 y ? ybt + ϕ2 c? cbt + ϕ3 g ? gbt = 0 where ϕ1 = 1 and ϕ2 = ϕ3 = −1, such that this reduces to y ? ybt − c? cbt − g ? gbt = 0 Let us divide throughout by y ? to get ybt − In a steady state, we have



c? y?



=1−



g? y? .



c? g? b c − gbt = 0 t y? y?



Denoting sg =



g? y? ,



the log-linear representation of the



resource constraint is simply given by ybt − (1 − sg )cbt − sg gbt = 0



3



Is this a legitimate procedure? It is important to understand what we are doing when we take a log–linear approximation to a model. Indeed, getting rid of higher order terms is not innocuous. This amounts to assume that the approximation satisfies a certainty equivalence property: Higher order moments, and in particular volatility, do not affect the behavior of the agents. In other words, this assumes that risk does not exert any effect on the behavior of the agents. An important implication (among others), from an economic point of view, is that this amounts to assume that agents do not form any precautionary savings in this model. Are we making a big mistake? There actually exists a literature that shows that the approximation error is “small” as long as the volatility of the shocks hitting the economy is “small” enough. This therefore precludes the use of such techniques to study big shocks, like wars, big financial shocks, or structural changes (other techniques are available).
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