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ABSTRACT: The stochastic finite element method allows to solve stochastic boundary value problems where material and loads are random. The method is based on the expansion of the mechanical response onto the so-called polynomial chaos. In this paper, a non intrusive method based on a leastsquare minimization procedure is presented. This method is illustrated by the analysis of a crack in a pipe in the context of non linear fracture mechanics.



1 INTRODUCTION



multiplied by the number of coefficients retained in the response expansion. In this paper, a collocation scheme is proposed for computing these coefficients with a succession of deterministic analysis. The collocation method is illustrated by the analysis of a crack in a pipe in the context of non linear fracture mechanics.



The Stochastic Finite Element Method (SFEM) developed by Ghanem and Spanos (1991) allows to solve stochastic boundary value problems involving spatially randomly varying materials properties usually described as Gaussian or lognormal random fields. The method is based on the discretization of the input random fields and the expansion of the mechanical response onto the so-called polynomial chaos. A similar procedure allowing to model random material properties and loading by means of any number of random variables of any type has been recently proposed (Sudret et al., 2004). In both cases, the coefficients of the response expansion are computed using a Galerkin procedure, which leads to a linear system whose size is equal to the number of degrees of freedom of the finite element model
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GALERKIN STOCHASTIC FINITE ELEMENT METHOD IN LINEAR ELASTICITY



Using classical notations (Zienkiewicz and Taylor, 2000), the finite element method for static problems in linear elasticity yields a linear system of size Nddl × Nddl where Nddl denotes the number of degrees of freedom of the structure : K ·U =F 1



(1)



where K is the global stiffness matrix, U is the basic response quantity (vector of nodal displacement) and F is the vector of nodal forces. In the stochastic finite element method (Ghanem and Spanos, 1991), due to the introduction of input random variables for material properties and loading, the matrix K and the vector F become random. Thus the basic response quantity becomes a random vector of nodal displacements U (θ). Each component is a random variable expanded onto the so-called polynomial chaos : U (θ) =



P −1 X



the Xi ’s. Suppose now that we want to approximate the random nodal displacement vector by the truncated series expansion: ˜ = U ≈U



U j Ψj {ξk (θ)}M k=1



j=0



U j Ψj (ξ)



(4)



j=0



where {Ψj , j = 0, · · · , P − 1} are P multidimensional Hermite polynomial of ξ whose degree is less or equal than p. Note that the following relationship holds: P =







P −1 X



(2)



(M + p)! M ! p!



(5)



Let us denote by {ξ (k) , k = 1, · · · , n} n outcomes of the standard normal random vector ξ. For each outcome ξ (k) , the isoprobabilistic transform yields a vector of input random variables X (k) (Eq.(3)). Using a classical finite element code, the response vector U (k) can be computed. Let us denote by {u(k),i , i = 1, · · · , Nddl } its components. Using Eq.(4) for the i-th component, we get: P −1 X i u ˜ (ξ) = uij Ψj (ξ) (6)



where {ξk (θ)}M k=1 denotes the set of standard normal variables appearing in the discretization of all  input random variables and {Ψj {ξk (θ)}M k=1 } are multidimensional Hermite polynomials that form an orthogonal basis of L2 (Θ, F, P ), which is the Hilbert space of random variables with finite variance. Coefficients {U 0 , · · · , U P −1 } are computed using the Galerkin method. This resolution implies that the equilibrium equation must be modified with a specific implementation in the code. New methods have been recently developed for computing these coefficients using deterministic finite element analysis and analytical computations. They are called in the sequel non-intrusive methods.



j=0



(uij )



where are coefficients to be computed. The response collocation method consists in finding for each degree of freedom i = 1, · · · , Nddl the set of coefficients that minimizes the difference: n h i2 X i (7) ∆u = u(k),i − u ˜i (ξ (k) ) k=1



3 NON-INTRUSIVE METHOD The non intrusive method presented in this com- These coefficients are solution of the following linear system: munication is based on a least square minimiza-  n n X X tion between the exact solution and the solution (k) (k) Ψ (ξ )Ψ (ξ ) · · · Ψ0 (ξ (k) )ΨP −1 (ξ (k) )  0 0  approximated using the polynomial chaos (Ma-  k=1 k=1 .. . . hadevan et al., 2003; Isukapalli, 1999; Berveiller  . .  . . . et al., 2004). First the input random variables  n n  X X ΨP −1 (ξ (k) )Ψ0 (ξ (k) ) · · · ΨP −1 (ξ (k) )ΨP −1 (ξ (k) ) (gathered in a random vector X whose joint PDF  k=1 k=1   is prescribed) are transformed into a standard norn X mal vector ξ. If these M variables are indepen-  u(k),i Ψ0 (ξ (k) )    i   u dent, the one-to-one mapping reads : 0  k=1  ξi = Φ−1 (Fi (Xi ))



 



(3)



where Φ is the standard normal CDF and {Fi (Xi ), i = 1, · · · , M } are the marginal CDF of



.. .



uiP −1



  .. = .  n  X  u(k),i ΨP −1 (ξ (k) ) k=1
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(8)



        



Note that the P × P matrix on the left hand size may be evaluated once and for all. Moreover it is independent on the mechanical problem under consideration. Then the coefficients of the expansion of each nodal displacement ui are obtained by the resolution of the system (8). The crucial point in this approach is to properly select the collocation points, i.e. the outcomes {ξ (k) , k = 1, · · · , n}. Note that n ≥ P is required so that a solution of (8) exist. Webster et al. (1996) and Isukapalli (1999) choose for each input variable the (p + 1) roots of the (p + 1)-th order Hermite polynomial, and then built (p + 1)M vectors of length M using all possible combinations. Then they select n outcomes {ξ (k) , k = 1, · · · , n} out of these (p + 1)M possible combinations:



to the scheme (leading to P additional finite element runs). The procedure is followed up until convergence. 4 POST-PROCESSING It is easy to show that any response quantity (e.g. strain or stress component) may be also expanded onto the polynomial chaos. Thus the mechanical response of the system S (i.e. the set of all nodal displacements, strain or stress components) may be written as : S=



P −1 X



Sj Ψj



(10)



j=0



4.1



Computation of the statistical moments of the response quantities • Webster et al. (1996) selected n = P + 1 and From Eq.(10), all statistical moments of the response can be easily computed. The mean of a the (P + 1) outcomes which  maximize 



2  response quantity S is : 



ϕn (ξ (k) ) = (2π)−M/2 exp −1/2 ξ (k) E[S] = s0 (11) • Isukapalli (1999) selected by the same method 2(P + 1) outcomes. The null vector The variance of S is : ξ = 0 was also added if not already included P −1 X 2 in the set. E[Ψ2 ]s2 (12) Var[S] = σ = i



S



i



i=1



No indication of the reasons of these choices for n could be found in the literature. In the sequel, a parametric study is carried out to investigate the influence of n onto the accuracy of the results. Indeed, using the selection method mentioned above, it is easy to increase the accuracy by taking more collocation points, without losing previous computations. It is also possible to define an error estimator for any response quantity S. Suppose that we have n = kP collocation points, where k = 1, 2, · · · , and that the minimal k for a given accuracy is looked after. For each k ≥ 1, an estimation of the response quantity S (supposed non zero) is computed together with a convergence rate εk : Sk+1 − Sk (9) εk = Sk



The skewness and the kurtosis coefficients of S are : P −1 P −1 P −1



δS =



1 XXX E[Ψi Ψj Ψk ]si sj sk σS3 i=1 j=1



(13)



k=1



P −1 P −1 P −1 P −1



1 XXXX E[Ψi Ψj Ψk Ψl ]si sj sk sl κS = 4 σS i=1 j=1 k=1 l=1



(14) Note that the expectation of products of 3 or 4 Ψj ’s are known analytically.



4.2 Reliability analysis In reliability analysis, the failure criterion of a structure is defined in terms of a limit state function g(X, S(X), which may depend both on basic If this rate is smaller than a tolerance, say 1%, the random variables X and response quantities S. collocation scheme is said to be accurate. Other- When using the polynomial representation of the wise P new points collocation points are added response (Eq.(10)), it is clear that any limit state 3



The material is steel, whose constitutive law is the Ramberg-Osgood law, which gives a relationship between strain and stress:   σ σy σ n ε = +α (15) E E σy



function is analytical and defined in terms of standard normal variables. Thus the reliability problem, which is already formulated in the standard normal space, may be solved by any method including Monte-Carlo simulation, FORM/SORM, Importance Sampling, etc. (Ditlevsen and Madsen, 1996).



where E denotes the Young’s modulus, σy the yield strength, n the strain hardening exponent and α the Ramberg-Osgood coefficient. We are interested in the evaluation of the crack driving force J as a function of the applied tensile stress σt , which can be computed by a finite element analysis. Figure 2 shows the mesh used for solving the problem.



5 APPLICATION EXAMPLE 5.1 Description In nuclear plants, pipes undergo thermal and mechanical cycles which can lead to initiation and propagation of cracks. When a crack is observed, it is important to know whether the structure has to be repaired or if it can be justified that an acciL -  dent will not occur. Therefore, reliability analy σt + σ0 sis can provide the probability of failure knowing σt + σ0 66666666666666666666666 that there is a crack and that the load can reach acP cidental values defined in a particular range. Figcircumferential crack ure 1 shows an axisymmetrically cracked pipe un der internal pressure and axial tension. Due to ???????????  ????????????  the boundary conditions at the pipe ends, the ap σt + σ0 σt + σ0 plied hydraulic pressure induces, besides the radial pressure, longitudinal tension forces. Figure 1: Axisymmetrically cracked pipe The system variables are described as follows: • a, the crack length (15 mm)
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• P , the internal pressure (15.5 MPa)



150 σ (MPa)



• L, the pipe length (1000 mm)



• Ri , the inner radius (393.5 mm)



100



• t, the thickness (62.5 mm)



50



• σt , the applied tensile stress (varying from 0 up to 200 MPa). This load is taken as a deFigure 3: Traction curve of the steel terministic parameter in the reliability analysis. Indeed we are interested in obtaining In this problem, four random variables are the failure probability as a function of the tensile stress in order to be able to decide considered (see Table 1), namely the Young’s if pipe repairing has to be done for a given modulus E, the yield strength σy , the strain hardening exponent n and the Ramberg-Osgood coefcrack length and loading effect. ficient α. These random variables are assumed to • σ0 , the stress due to the end effects, given by be statistically independent. A polynomial chaos of third degree is used. Eq.(5) shows that P = 35 Ri2 σ0 = P 2 2 response coefficients are to be computed. (Ri + t) − Ri 0
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Figure 2: Mesh of the cracked pipe Table 1: Description of the input random variables Parameter Young’s modulus Ramberg-Osgood coefficient Strain hardening exponent Yield strength



5.2



Notation E α n σy



Distribution Lognormal Normal Normal Lognormal



Mean 175500 MPa 1.15 3.5 259.5 MPa



Coef. of Var. 5% 13% 3% 3.8%
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Computation of the statistical moments of the response



10



In this section, statistical moments of the response are computed for σt = 200 MPa with the collocation method. The convergence of the method as a function of the number of collocation points is investigated. Figure 4 represents the evolution of the first four moments of J versus the number of collocation points. Each curve is normalized by the converged result obtained using 256 collocation points. It is clear that 105 collocation points (i.e. 3 times the size of the polynomial chaos), are sufficient to get accurate values of the moments. Table 2 collects the error estimator obtained by Eq. (9) for the four first statistical moments of J. The same results as those presented in Figure 4 are obtained : convergence is attained as soon as n ≥ 3P .
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Figure 4: Moments of J for σt = 200 MPa 0.06
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Figure 5 presents the PDF for σt = 200 MPa of J computed with 256 collocation points. Is is rather close to a lognormal PDF with mean 71.64 and standard deviation 7.81.
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Reliability analysis
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Figure 5: PDF of J for σt = 200 MPa



In order to evaluate the structural integrity, the The limit state function is written as: probability that the crack driving force J exceeds the ductile tearing resistance J0.2 is to be comg = J0.2 − J(E, σy , n, α) (17) puted : Consider that J0.2 is modeled as a lognormal ranPf = Prob(J ≥ J0.2 ) (16) dom variable with mean 52 MPa.mm and coeffi5



Table 2: Converged values and error estimator εk (%) for the four first moments of J Parameter k Mean Std. dev. Skewness Kurtosis



1 29.8593 45.2423 67.7792 141.8689



2 7.7583 70.4084 -106.5442 93.0224



Collocation 3 4 0.0008 0.0003 0.0027 0.0013 0.3497 0.0775 0.0338 0.0234



6 0.0035 0.0063 0.5044 0.0953



Converged Value 71.64 7.81 0.32 3.21



1



cient of variation 18.27%. A reference solution of (16) is obtained by a direct coupling between the finite element code Code Asterr1 and the reliability code Proban (Det Norske Veritas, 2000) using the First Order Reliability Method (FORM). On the other hand, P the stochastic finite element approximation J˜ = Jk Ψk (ξ) is post-processed in order to evaluate (16). FORM is first applied (as explained above, the approximation limit state function in this case is polynomial in standard normal variable making this solving scheme inexpensive). Then importance sampling aroung the design point is used in order to get accurate values of Pf (a coefficient of variation of 5% is obtained using 1000 simulations). Figure 6 (resp. 7) shows the evolution of the probability of failure (resp. its logarithm) as a function of the applied tensile stress. Each curve corresponds to a particular collocation scheme. Here again, using 105 points (i.e. 3 times the size of the polynomial chaos) allows to get accurate results in the range Pf ∈ [10−8 , 1]. The curves obtained using more than 105 points are one and the same whatever the load parameter σt . Table 3 shows the computer processing time for the whole resolution for different methods (the time unit is the CPT of a deterministic finite element run). It is observed that the direct coupling requires 542 calls to the finite element code, that is more than 5 times the CPT required by the collocation method using 105 points. It should be noted that the direct coupling is started from scratch at each value of σt , since the runs used for FORM analysis at a lower value of σt are of no use for a new analysis. 1
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Figure 6: Failure probability vs. tensile stress 0
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Figure 7: Log of the failure probability vs. tensile stress 6



CONCLUSION



The paper presents a non intrusive method for computing coefficients of the polynomial series expansion of the response in non linear stochastic finite element analysis. This method is based on a least square minimization of the distance between the exact solution and the polynomial expansion. The result is interpreted as a stochastic polynomial response surface. The collocation points are selected among M -uplets of roots of
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Table 3: Computer processing time required by the direct coupling and the collocation method Parameter Number of Points Time



Direct Coupling 542



35 35



70 70



105 105



Collocation 140 175 140 175



210 210



256 256



Ditlevsen, O. and H. Madsen (1996). Structural reliability methods. J. Wiley and Sons, Chichester.



Hermite polynomials. Moreover, once the number M of input variables and the polynomial degree p of the output is set, successive approximations of the coefficients may be built up using P, 2P, 3P, · · · collocation points respectively. At each step, the previous (k − 1)P calculations are fully reused and completed by P new finite elements runs. The method is illustrated by the analysis of a crack in a pipe in the context of non linear fracture mechanics. A parametric study is carried out as a function of the applied axial stress σt and the number of collocation points used in the least square minimization. Based on the selection scheme, it appears that a number of points equal to 3 times the size of the polynomial chaos (i.e. 105 points in the application example) provides excellent accuracy both in the mean region (moments of the response) and in the tail (probability of exceedance of a threshold). The great advantage of the non intrusive approach compared to the classical Galerkin approach is that only deterministic finite element models are run. Hence the full non linear capabilities of the code may be used without additional implementation. Note that if several output quantities are of interest, the marginal cost to estimate the response coefficients is low. Indeed the deterministic finite element analysis are usually the expensive part of the evaluation.
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