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Abstract: The complexity of financial products significantly increased in the past ten years. In this paper we investigate the pricing of basket options and more generally of complex exotic contracts depending on multiple indices. Our approach assumes that the underlying assets evolve as dependent GARCH(1,1) processes. The dependence among the assets is modeled using a copula based on pair-copula constructions. Unlike most previous studies on this topic, we do not assume that the dependence observed between historical asset prices is similar to the dependence under the risk-neutral probability. The method is illustrated with US market data on basket options written on two or three international indices. Keywords: Pair-copula construction, basket options, multivariate derivatives, pricing.



∗



University of Waterloo, Canada. [email protected]. Technische Universit¨ at M¨ unchen. [email protected]. ‡ Thanks to Carlos Almeida, Aleksey Min and Anastasios Panagiotelis and comments from participants to the workshop “dynamic copula methods in finance” in Bologna in September 2010. C. Bernard thanks the Natural Sciences and Engineering Research Council of Canada and C. Czado the German Science Foundation (Deutsche Forschungsgemeinschaft) for their research support. †



1



Introduction



There has been significant innovation in the financial industry in the past ten years. More and more basket options and complex exotic contracts depending on multiple indices are issued. This paper proposes to evaluate multivariate derivatives. Our approach assumes that each underlying asset evolves as a GARCH(1,1) process. Unlike most previous studies on this topic, we do not assume that the dependence observed between historical prices is necessarily similar to the dependence under the risk-neutral probability. The method is implemented with market data from the New York Stock Exchange on basket options written on three international indices. There exist several approaches to price options written on dependent assets. The first approach is to consider a multivariate Black-Scholes model. The setting consists of n assets modeled by multivariate geometric Brownian motions with constant volatility and constant interest rates. Another approach was proposed by Galichon [2006] who extends the idea of the local volatility model developed by Dupire [1994] to build a stochastic correlation model (see also Langnau [2009]). Rosenberg [2003] and Cherubini and Luciano [2002] propose a non-parametric estimation of the marginal risk-neutral densities (using option prices written on each asset). Van den Goorbergh et al. [2005] adopt a parametric approach. They estimate a GARCH(1,1) for each asset under the physical measure, and then use the transformation by Duan [1995] to obtain the risk-neutral distribution. Cherubini and Luciano [2002] and Van den Goorbergh et al. [2005] model the dependence between the different underlying assets using historical data on the joint distribution. The same dependence is then assumed under the risk-neutral probability. Cherubini and Luciano [2002] study digital binary options and Van den Goorbergh et al. [2005] apply their techniques on some hypothetical contracts written on the maximum or the minimum of two assets. Both papers study financial derivatives written on only two indices and have no empirical examples. In this paper, we extend the paper of Van den Goorbergh et al. [2005] in several directions. First, we consider contracts with possibly more than two underlying indices and evaluate then using a pair-copula construction (Aas et al. [2009]). Second, we examine a dataset of basket options prices and investigate whether the multivariate copula of the underlying assets is the same under the objective measure P and under the risk-neutral measure Q. As far as we know all the previous studies using copulae make this assumption, except Galichon [2006] and Langnau [2009]. The latter authors model the dynamics of the assets directly under the risk-neutral probability, 2



and their model fits perfectly the market prices by construction. Finally, we study the sensitivity of basket option prices to the choice of the parameters for the GARCH(1,1) processes, the copula family and of its parameters to understand the impact of dependence misspecification. There are arguments to believe that the copula under the objective measure P is similar to the copula under the risk-neutral measure Q. For example, in the multivariate Black-Scholes model, the change of measure between P and Q does not influence the dependence. The covariance matrix stays the same, only the drift terms change. Rosenberg [2003] and Cherubini and Luciano [2002] argue that the dependence structure under Q will be the same as under P when the risk-neutral returns are increasing functions of the objective returns. Galichon [2006] argues in a very different way. To him, “it is an extreme assumption to make only in the extreme hypothesis where the market does not provide any supplemental information on the dependence structure, which is usually not the case (the price of basket options, for instance, contains information on the market price of the dependence structure)”. However in his study, he does not explore this direction. Our setting is different from Rosenberg [2003] and Cherubini and Luciano [2002] in that we model assets with GARCH(1,1) processes and make use of Duan [1995]’s transformation. The change of measure of Duan [1995] has a particular effect on the GARCH(1,1) process. After this change, not only the drift is changed but also the volatilities. This transformation is not monotonic which suggests that the dependence may be different in the historical world and the risk-neutral world. In this paper, we price an option written on more than two assets in a dynamic-copula setting. Dependence problems with more than two assets are significantly more difficult. However using pair-copula constructions, the problem comes back to study the dependence between two variables at a time. We illustrate the study with a concrete example using data from the North American financial market. This set of data is used to show how to implement our techniques and to discuss how the dependence structure under the objective measure and the risk-neutral world may be different. Our conclusions are preliminary as the dataset is limited. Section 2 presents the pricing of a bivariate option. Section 3 extends the study to an option written on more than two indices. Section 4 illustrates the techniques presented in the paper using quotes from the financial market for trivariate options. Finally, Section 5 shows that prices of multivariate options are very sensitive to the dependence structure and that a pair-copula construction can capture sensitivities that a standard trivariate Gaussian copula is not able to. We further illustrate that modelling dependence appropriately is not only important 3



when pricing multivariate derivatives but also when hedging them.
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Bivariate Option Pricing



In this section, we first recall how to price a European option that depends on the final value at maturity of two assets using a similar approach as Van den Goorbergh et al. [2005].



2.1



Distribution of the underlying assets under P



Denote by Si (t) the closing price of index i for the trading day t, and define the log-return on asset i for the tth trading day as ri,t+1 = log (Si (t + 1)/Si (t))



(1)



where i = 1 or i = 2. Let Ft = σ (r1,s , r2,s , s 6 t) denote all returns information available at time t. Similar to Van den Goorbergh et al. [2005], we assume that the marginal distributions of S1 (.) and S2 (.) respectively follow GARCH(1,1) processes with Gaussian innovations. The dependence structure between the standardized innovations up to time t is given by a copula CtP (., .) that may depend on time t and is defined under the physical probability measure P . This model is quite general and allows for time-varying dependence as well as time-varying volatilities in a non-deterministic way. Indeed the dependence can change with the volatility in the financial market (see Van den Goorbergh et al. [2005] for an example). Under the objective measure P , the log-returns of each asset Si for i = 1 and i = 2 evolve as follows:   ri,t+1 = µi + ηi,t+1 , 2 σ2 = wi + βi σi,t + αi (ri,t+1 − µi )2 , (2)  i,t+1 2 ηi,t+1 |Ft ∼P N(0, σi,t )



where wi > 0, αi > 0, βi > 0 and αi + βi < 1, and where ∼P refers to the distribution under P . µi is the expected daily log-return for Si . The GARCH parameters for each margin are estimated by maximum likelihood separately, 2 using the unconditional variance level 1−βwii−αi as starting value σi,0 . Denote the standardized innovations by   η1,s η2,s , (Z1,s , Z2,s )s6t := σ1,s σ2,s 4



The standardized innovations (Z1,s )s and (Z2,s )s are respectively i.i.d. with a standard normal distribution N(0, 1), but in general the process Z1 is not independent of the process Z2 . Let F1P be the cdf of Z1,s and F2P be the cdf of Z2,s under the objective measure P . Note that F1P and F2P are N(0, 1)-distributed in our specific case. In general, using Sklar [1959]’s theorem, the joint distribution F P of Z1 and Z2 can be written as a function of its marginals. Precisely there exists a unique copula C P , such that F P (z1 , z2 ) = C P (F1P (z1 ), F2P (z2 ))



(3)



for all zi ∈ R, i = 1, 2. We then assume that the copula C P (., .) is a parametric copula and θP corresponds to the parameter(s) of this copula. We propose to look at a wide class of parametric copulae, the Gaussian, T -Student, Clayton, Gumbel, Frank, Joe, BB1, BB6, BB7 and BB8 copulae as well as their respective rotated versions (by 90◦ , 180◦ or 270◦ ) (see Joe [1997] and Brechmann and Schepsmeier [2011]) but it is straightforward to extend our study to other families of copulae.



2.2



Pricing of a bivariate option



Assume the financial market is arbitrage-free and denote by Q the chosen risk-neutral probability to perform the pricing of derivatives. Consider an option whose payoff depends only on the terminal values of two indices S1 and S2 . Let us denote by g(S1 (T ), S2 (T )) its payoff. The price at time t of this derivative is given by pt = e−rf (T −t) EQ [g(S1 (T ), S2 (T ))|Ft ]



(4)



where EQ denotes the expectation taken under the risk-neutral probability Q. Here rf denotes the constant daily risk-free rate and T − t corresponds to the time to maturity calculated in number of trading days. The price (4) can also be expressed as a double integral Z +∞ Z +∞ −rf (T −t) pt = e g(s1 , s2 )f Q (s1 , s2 )ds1 ds2 0



0



where f Q denotes the joint density of S1 (T ) and S2 (T ) under the risk-neutral probability Q. Similar to (3), it is possible to express the joint density using the marginal densities f1 and f2 of respectively S1 (T ) and S2 (T ) as follows: Q Q Q Q f Q (x1 , x2 ) = cQ 12 (F1 (x1 ), F2 (x2 ))f1 (x1 )f2 (x2 ).
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2



Q



∂ C (y1 ,y2 ) where C Q (., .) is the copula between S1 (T ) and S2 (T ) Here cQ 12 = ∂y1 ∂y2 under Q. To value the option and calculate its price (4), one needs the joint distribution of S1 (T ) and S2 (T ) under Q, that is their respective marginal distributions F1Q and F2Q , as well as the copula C Q .



Following Duan [1995] and Van den Goorbergh et al. [2005], and assuming that the conditions needed for the change of measure of Duan [1995] are satisfied, the log-returns under the risk-neutral probability measure Q are given as follows  2 ∗ + ηi,t+1 ,  ri,t+1 = rf − 12 σi,t 2 2 σ = wi + βi σi,t + αi (ri,t+1 − µi )2 , (5)  ∗i,t+1 2 ηi,t+1 |Ft ∼Q N(0, σi,t )



where rf is the daily constant risk-free rate. We assume that this change of measure is valid 1 . Note that the daily risk-free rate rf plays a critical role in the simulation of the process in the risk-neutral world, and therefore in the pricing of the security. We need to control for the influence of significant changes in the level of the risk-free rate over the last years (see discussion in Section 4).



Dependence Modelling To model the dependence under Q, there are two possible approaches. The first approach consists of assuming that it is similar to the dependence under P . As far as we know, this has been a standard assumption in the literature, see Cherubini and Luciano [2002], Chiou and Tsay [2008], Rosenberg [2003], and Van den Goorbergh et al. [2005]. Our approach is quite different. We would like to infer from market prices of bivariate options the joint distribution of assets under Q, and therefore the copula under Q. We assume that the copula under Q belongs to the same family as the copula used under P but we do not impose that they have the same parameters. Our approach is therefore parametric. Assume for example that the copula under P is a parametric copula with one parameter θP . We investigate if the same copula with a possibly different parameter θQ could better reflect market movements in options’ prices. Suppose that we observe pM t the market price of the option at time t. For 1



To apply Duan [1995]’s change of measure, we restrict ourselves to Gaussian innovations. In addition we assume that the conditional distribution of each asset to the entire information Ft at time t is similar to the conditional distribution to the information generated solely by this asset up to time t. Duan [1995] shows that, under certain conditions, the change of measure comes down to a change in the drift.
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any parameter θQ we can also calculate a Monte Carlo estimate pˆmc t (θQ ) of this price using formula (4). We then solve for the parameter θQ (t) of the copula such that the estimated price pˆmc t (θQ (t)) is as close as possible to the M market price pt . We can then compare θP with θQ to see whether they are significantly different. Extension to time-varying dependence In practice the dependence changes over time, in particular with the level of volatility on the market. When the volatility is high, the dependence is usually higher. It is possible to extend our approach to the case when the parameters of the copula are time-varying, precisely are function of the volatility observed in the market. For example, Van den Goorbergh et al. [2005] assume that θP (t) = f (γ0 + γ1 log (max(σ1,t , σ2,t ))



(6)



where f is a given function. Then there are two additional parameters γ0 and γ1 to fit and a specific study is needed each time to determine the best relationship (6) to assume between the volatilities in the market at time t and the copula parameter. Other time-varying copula models might involve GARCH components as in Ausin and Lopes [2010] or stochastic volatility components as in Hafner and Manner [2008] or Almeida and Czado [2012]. While Ausin and Lopes [2010] and Almeida and Czado [2012] use a Bayesian approach for estimation, the approach taken by Hafner and Manner [2008] involves efficient importance sampling. For the ease of exposition, we restrict ourselves to the case when the dependence is not time-varying. Our model could easily be extended to time-varying copulae by adding more parameters to the model. We now extend the idea developed in this section to trivariate options in Section 3, and illustrate the study in Sections 4 and 5 with examples of basket options written on three indices.



3



Multivariate option pricing when there are more than two indices



We first describe pair-copula construction in the case of three indices. It is then illustrated with an example of a trivariate option.
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3.1



Multivariate Dependence Modeling



There are many different approaches to model multivariate dependence. In this paper we continue to follow a copula approach. While there are many bivariate copulae the choice for multivariate copulae tended to be limited, especially with regard to asymmetric tail dependence among pairs of variables. Joe [1996] gave a construction method for multivariate copulae in terms of bivariate copulae. The bivariate building blocks represent bivariate margins as well as bivariate conditional distributions. Graphical methods to identify the necessary building blocks were subsequently developed by Bedford and Cooke [2001, 2002]. Their full potential to model different dependence structures for different pairs of variables is recognized by Aas et al. [2009] and applied to financial return data. This construction approach is called the pair-copula construction method for multivariate copulae. For three dimensions the construction method is simple and proceeds as follows. Let f (x1 , x2 , x3 ) denote the joint density, which is decomposed for example by conditioning as f (x1 , x2 , x3 ) = f (x3 |x1 , x2 ) × f2|1 (x2 |x1 ) × f1 (x1 ).



(7)



Now by Sklar’s theorem we have f (x1 , x2 ) = c12 (F1 (x1 ), F2 (x2 ))f1 (x1 )f2 (x2 ) and therefore f2|1 (x2 |x1 ) = c12 (F1 (x1 ), F2 (x2 ))f2 (x2 ). Similarly we have f3|1 (x3 |x1 ) = c13 (F1 (x1 ), F3 (x3 ))f3 (x3 ). Finally, we use Sklar’s theorem for the conditional bivariate density f (x2 , x3 |x1 ) = c23|1 (F2|1 (x2 |x1 ), F3|1 (x3 |x1 ))f2|1 (x2 |x1 )f3|1 (x3 |x1 ) and therefore f (x3 |x1 , x2 ) = c23|1 (F2|1 (x2 |x1 ), F3|1 (x3 |x1 ))f3|1 (x3 |x1 ). Putting these expressions into (7) it follows that f (x1 , x2 , x3 ) = c12 (F1 (x1 ), F2 (x2 ))c13 (F1 (x1 ), F3 (x3 )) × c23|1 (F2|1 (x2 |x1 ), F3|1 (x3 |x1 ))f1 (x1 )f2 (x2 )f3 (x3 ).



(8) (9)



Denote by ui = Fi (xi ) for i = 1, i = 2 and i = 3. The corresponding copula density is therefore given by c123 (u1 , u2 , u3 ) = c12 (u1 , u2 ).c13 (u1 , u3 ).c23|1 (F2|1 (u2 |u1 ), F3|1 (u3 |u1 )) 8



(10)



The copula with density given by (10) is called a D-vine in three dimensions and involves only bivariate copulae. More general pair-copula constructions are contained in Aas et al. [2009] and a recent survey on such constructions is given by Czado [2010]. Further extensions and applications are also provided in Kurowicka and Joe [2011]. We now show how to apply this technique to the valuation of options linked to three market indices.



3.2



Modelling of the underlying (S1 , S2 , S3 )



In this section, we describe each step needed to simulate the underlying (S1 , S2 , S3 ) under P and infer the dependence structure under P . This dependence structure will then be used in the option pricing in Section 3.3. The first step consists of fitting a GARCH(1,1) process on each marginal using historical data. Step 1: Calibration of the GARCH(1,1) processes. At time t (valuation date of the option, say 3rd of November 2009), we calibrate a GARCH process using ∆ past informations, corresponding to the ∆ trading days prior to t. For each underlying asset Si , i = 1, 2, 3, we find µ ˆi , wˆi , α ˆ i and βˆi as well as the daily volatilities σ ˆi,s for each time t − ∆ < s 6 t. The ∆ estimated standardized innovations are then obtained as   ηˆ1,s ηˆ2,s ηˆ3,s . , , (Z1,s , Z2,s , Z3,s )s∈]t−∆,t] := σ ˆ1,s σ ˆ2,s σ ˆ3,s (Zi,s )s denotes the stochastic process Zi as a function of s. In the GARCH(1,1) model used to calibrate the marginals, the standardized innovations are N (0, 1). We obtained the corresponding estimated standardized innovations in the interval (0, 1) by applying Φ, the cdf of the standard normal distribution N(0, 1). Let us denote by U the corresponding variables        ηˆ1,s ηˆ2,s ηˆ3,s (U1,s , U2,s , U3,s )s := Φ ,Φ ,Φ . (11) σ ˆ1,s σ ˆ2,s σ ˆ3,s s The dependence structure between (Z1,s )s , (Z2,s )s and (Z3,s )s is the same as between (U1,s )s , (U2,s )s and (U3,s )s because a copula is invariant by a change by an increasing function (see Joe [1997] for instance). Step 2: Dependence under P . 9



At time t, we fit a copula on the joint distribution of (U1,s , U2,s , U3,s )t−∆ 0



4



Gumbel for τ1,2 > 0



5



SClayton for τ1,2 > 0



6



SGumbel for τ1,2 > 0



S1 − S3 Gauss, τ12 > 0 τ13 = 0.7 T -Student df = 3, τ13 = 0.7 Clayton τ13 = 0.7 Gumbel τ13 = 0.7 SClayton τ13 = 0.7 SGumbel τ13 = 0.7



S2 , S3 |S1 Gauss τ23|1 T -Student df = 3, τ23|1 Clayton τ23|1 Gumbel τ23|1 SClayton τ23|1 SGumbel τ23|1



Pair-Copula Constructions In scenario 2 of Table 6, we assume that the dependence between Z1 and Z2 , between Z2 and Z3 and between Z2 and Z3 conditional on Z1 are all T -Student copulae with d = 3 degrees of freedom. In this scenario one has τ12 = π2 arcsin(ρ12 ), τ13 = π2 arcsin(ρ13 ) and τ23|1 = π2 arcsin(ρ23|1 ). In scenarios 3, 4, 5 and 6 we investigate the Clayton and survival Clayton, as well as the Gumbel and the survival Gumbel. They are one-parameter copulae and there is a bijection between the parameter of the copula and Kendall’s tau (see for example Brechmann and Schepsmeier (2011)).
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5.2



Multivariate Options Pricing



In this section we consider several multivariate contracts. Consider two derivatives linked to the maximum of 3 assets. Let X1 (T ) and X2 (T ) denote their respective payoffs paid at maturity T X1 (T ) = max (max{S1 (T ), S2 (T ), S3 (T )} − 100, 0)



(22)



or X2 (T ) = max{S1 (T ), S2 (T ), S3 (T )} − min{S1 (T ), S2 (T ), S3 (T )}



(23)



It is clear from Figures 3 and 4 that the use of the Gaussian copula or the T -Student copula tend to underestimate the price of the derivatives (22) and (23) written on the maximum when the market does not follow a multivariate Gaussian distribution. Note that for these derivatives the Clayton dependence tend to give much higher prices than the Gaussian dependence. This is consistent with the findings of Van den Goorbergh et al. (2005) for bivariate derivatives. If the market follows a multivariate Gaussian dependence, then the Clayton copula would overestimate the prices of the multivariate derivatives X1 and X2 studied in this section. Insert here Figures 3 and 4 with prices for X1 and X2 . For a given Kendall’s tau in the market (or for a given Pearson correlation), the different scenarios give different prices. Using pair-copula construction may therefore explain prices in the market that are higher than the ones obtained with the Gaussian dependence structure. It is therefore of utmost importance to use a flexible and accurate dependence structure for that type of options.



5.3



Multivariate Options Hedging



Practitioners are not only interested in pricing derivatives but also in hedging them. Hedging is a very important issue. Indeed it is not enough for banks to sell derivatives at the “right” price, then they need to hedge the payoff of these derivatives using the premium they receive at time 0. Here, we propose to delta-hedge the derivatives X1 and X2 . Delta-hedging is a dynamic strategy. Theoretically it has to be implemented continuously. In practice, one decides of a rebalancing frequency for the hedging portfolio. 25



At each rebalancing date, it requires to compute the delta ∆t of the option (or sensitivity of the option price to the underlying price). This consists of differentiating with respect to Si (t) the price pt of the derivative at time 0 calculated earlier in (4). For example at time 0, we compute ∆i,t :=



∂pt (S1 (t),S2 (t),S3 (t)) ∂Si (t)



where pt (S1 (t), S2 (t), S3 (t)) gives the price at time t as a function of the underlying prices S1 (t), S2 (t) and S3 (t). Practically ∆i,t is approximated by finite difference. For example ∆1,0 is approximated by p0 (S1 (0) + ε, S2 (0), S3 (0)) − p0 (S1 (0), S2 (0), S3 (0)) ε for a small value of ε > 0. The efficiency of the delta-hedging strategy is related to the accuracy in the estimation for ∆i,t . A mistake in the estimation of the hedge ratio will therefore give rise to errors in the hedging and potential losses for the seller of the option. The following example stresses the importance of using the right dependence structure not only for the pricing but also in order to get an appropriate hedge. In Figure 5 and Figure 6 we report Monte Carlo estimates of ∆1,0 for the payoffs X1 and X2 under the different assumptions on dependence listed in Table 6. Insert here Figure 5 and Figure 6 with hedge ratios for X1 and X2 . From the graphs in Figures 5 and 6, it appears clearly that the hedge ratios depend on the dependence assumptions. Surprisingly the relative values for ∆1,0 under the 5 scenarios are not always ordered the same. For example, assuming the the financial market behaves as in Scenario 3 (Clayton dependence for each pair), then the deltas obtained with the trivariate Gaussian multivariate distribution can either underestimate or overestimate the hedge ratios ∆1,0 .
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Conclusion



In a dynamic copula setting, it is not clear why the dependence under the objective measure (in the actual world) should be the same as the dependence under the risk-neutral measure. We describe the steps to price a multivariate derivative in this setting and illustrate the study with a dataset of multivariate derivatives prices sold in the US. It is hard to draw firm conclusions 26



from the only data example of this paper. It however provides an illustration of how the pair-copula construction methodology can be applied to model dependence and price multivariate derivatives. We further illustrate that the choice of the dependence has important effects on the pricing of multivariate derivatives and that the Gaussian or the T -Student copula may underprice such derivatives. Finally, note that the empirical analysis also highlights important changes in volatility in the past ten years and therefore the presence of regimes. The price of basket options is very sensitive to the modeling of volatility as well as shifts of regimes. Therefore regime switching models may be more appropriate for pricing long-term derivatives as the ones studied in the paper.
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Figure 3: Price of the payoff (22) with maturity 1 year (252 days) when S1 , S2 and S3 are GARCH(1,1) with the parameters as in Table 2, third period, the dependence is as in Table 6 and the annual risk-free rate is 4%. Panel A corresponds to τ23|1 = 0.1 and Panel B to τ23|1 = 0.7. Prices are calculated in the 6 scenarios presented in Table 6. Panel A τ1,3=0.7 and τ2,3|1=0.1 28
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Figure 4: Price of the payoff (23) with maturity 1 year (252 days) when S1 , S2 and S3 are GARCH(1,1) with the parameters as in Table 2, third period, the dependence is as in the table 6 and the annual risk-free rate is 4%. Panel A corresponds to τ23|1 = 0.1 and Panel B to τ23|1 = 0.7. Prices are calculated in the 6 scenarios presented in Table 6. Panel A τ1,3=0.7 and τ2,3|1=0.1 44 Scenario1 Scenario2 Scenario3 Scenario4 Scenario5 Scenario6
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Figure 5: Delta at time 0 with respect to S1 of the payoff (22) with maturity 1 year (252 days) when S1 , S2 and S3 are GARCH(1,1) with the parameters as in Table 2, third period, the dependence is as in Table 6 and the annual risk-free rate is 4%. Panel A corresponds to τ23|1 = 0.1 and Panel B to τ23|1 = 0.7. Prices are calculated in the 6 scenarios presented in Table 6. Panel A τ1,3=0.7 and τ2,3|1=0.1 0.5 Scenario1 Scenario2 Scenario3 Scenario4 Scenario5 Scenario6
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Figure 6: Delta at time 0 with respect to S1 of the payoff (23) with maturity 1 year (252 days) when S1 , S2 and S3 are GARCH(1,1) with the parameters as in Table 2, third period, the dependence is as in the table 6 and the annual risk-free rate is 4%. Panel A corresponds to τ23|1 = 0.1 and Panel B to τ23|1 = 0.7. Prices are calculated in the 6 scenarios presented in Table 6. Panel A τ1,3=0.7 and τ2,3|1=0.1 0.5 Scenario1 Scenario2 Scenario3 Scenario4 Scenario5 Scenario6
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0.7 τ



0.75



0.8



0.85



0.9



1,2



Panel B τ



=0.7 and τ



1,3



=0.7



2,3|1



0.5 Scenario1 Scenario2 Scenario3 Scenario4 Scenario5 Scenario6



0.45



Delta



0.4 0.35 0.3 0.25 0.2 0.5



0.55



0.6



0.65



0.7 τ 12



31



0.75



0.8



0.85



0.9
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