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MONTE CARLO METOODS IN 6INANCE

The numerical and computational power once reserved for the ...... so, you are offering some arbitrager another free lunch at your expense. ...... accurate measure of time, or in the amount of background cosmic radiation as ..... Cauchy(0,0.8) p.d.f ...... Within a stratified random sample we may also introduce antithetic variates. 
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6 Yduldqfh Uhgxfwlrq Whfkqltxhv1
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466 467 468 468 468 469 46; 46; 46< 46
 5> 6 +l1h1 elg '45/'46/'47 zlwk suredelolwlhv s4> s5> s6 uhvshfwlyho| dqg wkh suredelolwlhv ri wkh frpshwlwru*v vwudwhjlhvSduh6 tS m > m @ 4> 5> 6> wkhq zh fdq zulwh wkh h{shfwhg sd|r wr |rx lq wkh irup l@4 6m@4 slDlm tm => zklfk/ zkhq zulwwhq dv d yhfwru0pdwul{ surgxfw/ wdnhv wkh irup sW Dt= Wklv fdq eh wkrxjkw ri dv wkh dyhudjh uhwxuq wr |rxu up lq wkh orqj uxq li wklv jdph zhuh uhshdwhg pdq| wlphv1 Lq wklv fdvh |rx zrxog fohduo| fkrrvh sl @ 4 iru wkh urz l fruuhvsrqglqj wr wkh pd{lpxp frpsrqhqw ri Dt> li wkh yhfwru t zhuh nqrzq wr |rx1 Vlploduo| |rxu frpshwlwru zrxog fkrrvh tm @ 4 iru wkh froxpq m fruuhvsrqglqj wr wkh pd{lpxp frpsrqhqw ri sW E= Ryhu wkh orqj kdxo/ li wklv jdph zhuh lqghhg uhshdwhg pd| wlphv/ |rx zrxog olnho| nhhs wudfn ri |rxu rssrqhqw*v iuhtxhqflhv dqg uhsodfh wkh xqnqrzq suredelolwlhv e| wkh iuhtxhqflhv1 Wklv zrxog vhhp wr eh d uhdvrqdeoh dssurdfk wr exloglqj d vlpxodwlrq prgho iru wklv jdph1 Sod| wkh jdph uhshdwhgo| zlwk hdfk ri wkh wzr sod|huv xsgdwlqj wkh hvwlpdwhg suredelolwlhv zlwk zklfk wkhlu rssrqhqw xvhv wkhlu dydlodeoh vwudwhjlhv dqg uhfrug wkh qxpehu ri wlphv hdfk vwudwhj| lv xvhg1 Lq wklv fdvh zh uxq wkh ixqfwlrq ixqfwlrq ^s/t`@qrq}hurvxp+D/E/qvlp, ( D dqg E duh sd|r pdwulfhv wr wkh wzr sduwlflsdqwv lq d jdph1 Rxwsxwv (pl{hg vwudwhjlhv s dqg t ghwhuplqhg e| vlpxodwlrq frqgxfwhg qvlp wlphv
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q@vl}h+D,> ( D dqg E kdyh wkh vdph vl}h s@rqhv+4/q+4,,> t@rqhv+q+5,/4,> ( lqlwldol}h zlwk srvlwlyh zhljkwv rq doo vwudwhjlhv iru l@4=qvlp ^p/v`@pd{+D-t,> s+v,@s+v,.4> ^p/v`@pd{+s-E,> t+v,@t+v,.4> hqg s@s0rqhv+4/q+4,,> s@s2vxp+s,> t@t0rqhv+q+5,/4,> t@t2vxp+t,> Wkh iroorzlqj rxwsxw uhvxowv iurp uxqqlqj wklv ixqfwlrq iru 83/333 vlpxod0 wlrqv1 ^s/t`@qrq}hurvxp+D/E/83333, s @ 31999: 315555 314444 t @ 3 318333 318333 dqg wklv vhhpv wr lqglfdwh wkdw wkh vwudwhjlhv zloo eh _pl{hg% ru udqgrp1 \rx vkrxog fkrrvh d elg ri '45133 zlwk suredelolw| durxqg 526/ '46133 zlwk sure0 delolw| derxw 52< dqg '47133 zlwk suredelolw| 42 Li X ? 5@6 5@6  X ? ;@< ;@<  X ? 4 Elg 45 46 47



yll Wkh zd| lq zklfk X lv jhqhudwhg rq d frpsxwhu zloo eh glvfxvvhg lq pruh ghwdlo lq fkdswhu 5/ exw iru wkh suhvhqw qrwh wkdw hdfk ri wkh wkuhh dowhuqdwlyh elgv kdyh wkh fruuhfw suredelolw|1
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Ohw xv ehjlq zlwk d yhu| vlpsoh h{dpsoh ghvljqhg wr looxvwudwh wkh qr0duelwudjh dssurdfk wr sulflqj ghulydwlyhv1 Frqvlghu d vwrfn zkrvh sulfh dw suhvhqw lv 'v1 Ryhu d jlyhq shulrg/ wkh vwrfn pd| pryh hlwkhu xs ru grzq/ xs wr d ydoxh vx zkhuh x A 4 zlwk suredelolw| s ru grzq wr wkh ydoxh vg zkhuh g ? 4 zlwk suredelolw| 4  s= Lq wklv prgho/ wkhvh duh wkh rqo| pryhv srvvleoh iru wkh vwrfn lq d vlqjoh shulrg1 Ryhu d orqjhu shulrg/ ri frxuvh/ pdq| rwkhu ydoxhv duh srvvleoh1 Lq wklv pdunhw/ zh dovr dvvxph wkdw wkhuh lv d vr0fdoohg ulvn0iuhh erqg dydlodeoh uhwxuqlqj d jxdudqwhhg udwh ri u( shu shulrg1 Vxfk d erqg fdqqrw ghidxow> wkhuh lv qr udqgrp phfkdqlvp jryhuqlqj lwv uhwxuq zklfk lv nqrzq xsrq sxufkdvh1 Dq lqyhvwphqw ri '4 dw wkh ehjlqqlqj ri wkh shulrg uhwxuqv d jxdudqwhhg '+4 . u, dw wkh hqg1 Wkhq d sruwirolr sxufkdvhg dw wkh ehjlqqlqj ri d shulrg frqvlvwlqj ri | vwrfnv dqg { erqgv zloo uhwxuq dw wkh hqg ri wkh shulrg dq dprxqw '{+4 . u, . |v] zkhuh ] lv d udqgrp yduldeoh wdnlqj ydoxhv x ru g zlwk suredelolwlhv s dqg 4  s uhvshfwlyho|1 Zh shuplw rzqlqj d qhjdwlyh dprxqw ri d vwrfn ru erqg/ fruuhvsrqglqj wr vkruwlqj ru eruurzlqj wkh fruuhvsrqg dvvhw iru lpphgldwh vdoh1 Dq dpelwlrxv lqyhvwru pljkw vhhn d sruwirolr zkrvh lqlwldo frvw lv }hur +l1h1 { . |v @ 3, vxfk wkdw wkh uhwxuq lv juhdwhu wkdq ru htxdo wr }hur zlwk srvlwlyh suredelolw|1 Vxfk d vwudwhj| lv fdoohg dq duelwudjh vlqfh zlwk d qhw lqyhvwphqw ri '3/ zh duh deoh wr dfklhyh qrq0qhjdwlyh uhwxuq +l1h1 wkh srvvlelolw| ri ixwxuh surwv zlwk qr grzq0vlgh ulvn,1 Lq pdwkhpdwlfdo whupv/ wkh lqyhvwru vhhnv d srlqw +{> |, vxfk wkdw { . |v @ 3 +qhw frvw ri wkh sruwirolr lv }hur, dqg {+4 . u, . |vx  3> {+4 . u, . |vg  3 4
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VRPH EDVLF WKHRU\ RI ILQDQFH1



zlwk dw ohdvw rqh ri wkh wzr lqhtxdolwlhv vwulfw +vr wkhuh lv qhyhu d orvv dqg d qrq0}hur fkdqfh ri d srvlwlyh uhwxuq,1 Dowhuqdwlyho|/ lv wkhuh d srlqw rq wkh olqh | @  4v { zklfk olhv deryh erwk ri wkh wzr olqhv 4 . u{ | @  vx 4 . u{ | @  vg



dqg vwulfwo| deryh rqh ri wkhpB Vlqfh doo wkuhh olqhv sdvv wkurxjk wkh ruljlq/ zh qhhg rqo| frpsduh wkh vorshv> dq duelwudjh zloo QRW eh srvvleoh li +414, 4 . u  4  4 . u



vg dqg rwkhuzlvh wkhuh lv d srlqw +{> |, qr duelwudjh BB uhgxfhv wr



v



vx



shuplwwlqj dq duelwudjh1 Wkh frqglwlrq iru



x g +415, 4.u ?4? 4.u Vr wkh frqglwlrq iru qr duelwudjh ghpdqgv wkdw +4 . u  x, dqg +4 . u  g, kdyh rssrvlwh vljq ru g  +4 . u,  x1 Xqohvv wklv rffxuv/ wkh vwrfn dozd|v kdv hlwkhu ehwwhu ru zruvh uhwxuqv wkdq wkh erqg/ zklfk pdnhv qr vhqvh lq d iuhh pdunhw zkhuh erwk duh wudghg zlwkrxw frpsxovlrq1 Xqghu d qr duelwudjh dvvxpswlrq vlqfh g  +4 . u,  x/ wkh erqg sd|r lv d frqyh{ frpelqdwlrq ru d zhljkwhg dyhudjh ri wkh wzr srvvleoh vwrfn sd|rv> l1h1 wkhuh duh suredelolwlhv 3  t  4 dqg +4  t, vxfk wkdw +4 . u, @ tx . +4  t,g1 Lq idfw lw lv hdv| wr vroyh wklv htxdwlrq wr ghwhuplqh wkh ydoxhv ri t dqg 4  t= +4 . u,  g > dqg 4  t @ x  +4 . u, = t@ xg



xg Ghqrwh wkh suredelolw| phdvxuh zklfk sxwv suredelolwlhv t dqg 4  t rq wkh vdph srlqwv vx/ vg e| T= Wkhq qrwh wkdw li V4 lv wkh ydoxh ri wkh vwrfn dw wkh



hqg ri wkh shulrg/ 4 4 4 T 4 . u H +V4, @ 4 . u +tvx . +4  t,vg, @ 4 . u v+4 . u, @ v zkhuh HT ghqrwhv wkh h{shfwdwlrq dvvxplqj wkdw T ghvfulehv wkh suredelolwlhv ri wkh wzr rxwfrphv1 Lq rwkhu zrugv/ li wkhuh lv wr eh qr duelwudjh/ wkhuh h{lvwv d suredelolw| phdvxuh



T vxfk wkdw wkh h{shfwhg sulfh ri ixwxuh ydoxh ri wkh vwrfn V4 glvfrxqwhg wr wkh suhvhqw xvlqj wkh uhwxuq iurp d ulvn0iuhh erqg lv h{dfwo| wkh suhvhqw ydoxh ri wkh vwrfn1 Wkh phdvxuh T lv fdoohg wkh ulvn0qhxwudo phdvxuh dqg wkh suredelolwlhv



wkdw lw dvvljqv wr wkh srvvleoh rxwfrphv ri V duh qrw qhfhvvdulo| wkrvh wkdw ghwhuplqh wkh ixwxuh ehkdylrxu ri wkh vwrfn1 Wkh ulvn qhxwudo phdvxuh hperglhv erwk wkh fxuuhqw frqvhqvxv eholhiv lq wkh ixwxuh ydoxh ri wkh vwrfn dqg wkh
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frqvhqvxv lqyhvwruv* dwwlwxgh wr ulvn dyrlgdqfh1 Lw lv qrw qhfhvvdulo| wuxh wkdw 4 H S +V4, @ v zlwk S ghqrwlqj wkh dfwxdo suredelolw| glvwulexwlrq ghvfulelqj 4.u wkh ixwxuh suredelolwlhv ri wkh vwrfn1 Lqghhg lw lv kljko| xqolnho| wkdw dq lqyhvwru zrxog zlvk wr sxufkdvh d ulvn| vwrfn li kh ru vkh frxog dfklhyh h{dfwo| wkh vdph h{shfwhg uhwxuq zlwk qr ulvn dw doo xvlqj d erqg1 Zh jhqhudoo| h{shfw wkdw wr pdnh d ulvn| lqyhvwphqw dwwudfwlyh/ lwv h{shfwhg uhwxuq vkrxog eh juhdwhu wkdq wkdw ri d ulvn0iuhh lqyhvwphqw1 Qrwlfh lq wklv h{dpsoh wkdw wkh ulvn0qhxwudo phdvxuh T glg qrw xvh wkh suredelolwlhv s> dqg 4  s wkdw wkh vwrfn zrxog jr xs ru grzq dqg wklv vhhpv frqwudu| wr lqwxlwlrq1 Vxuho| li d vwrfn lv pruh olnho| wr jr xs/ wkhq d fdoo rswlrq rq wkh vwrfn vkrxog eh ydoxhg kljkhu$ Ohw xv vxssrvh iru h{dpsoh wkdw zh kdyh d iulhqg zloolqj wr ydoxh d vwrfn xvlqj wkh dfwxdo glvwulexwlrq S glhuhqw iurp T= Wkhq glvfrxqwhg wr wkh suhvhqw/ wkh iulhqg eholhyhv wkdw wkh vwrfn lv zruwk svx . +4  s,vg 4 S 9@ v vlqfh s 9@ t= 4 . u H V4 @ 4.u Vxfk d iulhqg rhuv wkhlu dvvhwv dv d vdfulfh wr dq| lqyhvwru1 Li wkh iulhqg*v dvvhvvhg sulfh lv juhdwhu wkdq wkh fxuuhqw pdunhw sulfh/ ex| rq wkh pdunhw dqg vhoo wr wkh iulhqg1 Rwkhuzlvh/ gr wkh uhyhuvh1 Lq dq| fdvh/ |rx duh ulfkhu +h{fhsw ri frxuvh e| wkh orvv ri rqh iulhqg,$ Vr zk| vkrxog zh xvh wkh T phdvxuh wr ghwhuplqh wkh sulfh ri d jlyhq dvvhw lq d pdunhw +dvvxplqj/ ri frxuvh/ wkhuh lv d ulvn0qhxwudo T phdvxuh dqg zh duh deoh wr ghwhuplqh lw,B Qrw ehfdxvh lw suhflvho| ghvfulehv wkh ixwxuh ehkdylrxu ri wkh vwrfn/ exw ehfdxvh li zh xvh dq| rwkhu glvwulexwlrq/ zh rhu dq lqwhooljhqw lqyhvwru +wkhuh duh pdq|$, dq duelwudjh rssruwxqlw|/ ru dq rssruwxqlw| wr pdnh prqh| dw qr ulvn dqg dw rxu h{shqvh1 Ghulydwlyhv duh lqyhvwphqwv zklfk ghulyh wkhlu ydoxh iurp wkdw ri d fruuh0 vsrqglqj dvvhw/ vxfk dv d vwrfn1 D Hxurshdq fdoo rswlrq lv dq rswlrq zklfk shuplwv |rx +exw grhv qrw frpsho |rx, wr sxufkdvh wkh vwrfn dw d ixwxuh wlph iru d jlyhq suhghwhuplqhg sulfh/ wkh h{huflvh sulfh ri wkh rswlrq,1 Iru h{dpsoh d fdoo rswlrq zlwk h{huflvh sulfh '43 rq d vwrfn zkrvh ixwxuh ydoxh lv ghqrwhg V4 > lv zruwk rq h{slu| V4  43 li V4 A 43 1 Wklv lv wkh glhuhqfh ehwzhhq wkh ydoxh ri wkh vwrfn rq h{slu| dqg wkh h{huflvh sulfh ri wkh rswlrq ru |rxu surw rq sxufkdvlqj wkh vwrfn iru '43 dqg vhoolqj lw rq wkh rshq pdunhw dw 'V41 Krzhyhu/ li V4 ? 43> wkhuh lv qr srlqw zkdwhyhu lq h{huflvlqj |rxu rswlrq dv |rx duh qrw frpshoohg wr gr vr dqg |rxu uhwxuq lv '3= Lq jhqhudo/ |rxu sd|r iurp sxufkdvlqj wkh rswlrq lv d vlpsoh ixqfwlrq ri wkh ixwxuh sulfh ri wkh vwrfn/ vxfk dv Y +V4, @ pd{+V4  43> 3,= Wkh ixwxuh ydoxh ri wkh rswlrq lv lwvhoi d udqgrp yduldeoh exw lw ghulyhv lwv ydoxh iurp wkdw ri wkh vwrfn/ khqfh lw lv fdoohg d ghulydwlyh1 Qrz frqvlghu dq duelwudu| ixqfwlrq ri wkh vwrfn/ [ @ Y +V4, uhsuhvhqwlqj wkh sd|r wr dq lqyhvwru iurp d fhuwdlq qdqfldo lqvwuxphqw +ghulydwlyh, zkhq wkh vwrfn sulfh dw wkh hqg ri wkh shulrg lv V4= Dq| ixqfwlrq ri wkh vwrfn sulfh lv fdoohg d frqwlqjhqw fodlp1 Lq rxu h{dpsoh deryh/ wkh udqgrp yduldeoh wdnhv rqo| wzr srvvleoh ydoxhv Y +vx, dqg Y +vg,= Zh zloo vkrz wkdw wkhuh lv d sruwirolr/ fdoohg d uhsolfdwlqj sruwirolr/ frqvlvwlqj ri dq lqyhvwphqw vroho| lq wkh deryh
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VRPH EDVLF WKHRU\ RI ILQDQFH1



vwrfn dqg erqg zklfk uhsurgxfhv wkhvh ydoxhv Y +vx, dqg Y +vg, h{dfwo|1 Zh fdq ghwhuplqh wkh fruuhvsrqglqj zhljkwv rq wkh erqg dqg vwrfnv +{> |, vlpso| e| vroylqj wkh wzr htxdwlrqv lq wzr xqnqrzqv {+4 . u, . |vx {+4 . u, . |vg



@ @



Y +vx, Y +vg,



Vroylqj= | @ Y +vxvx,Yvg+vg, dqg { @ Y +vx4.,u|vx = Xsrq vroylqj wkhvh wzr htxd0 wlrqv zh duh deoh wruhsolfdwh wkh frqwlqjhqw fodlp Y +V4, h{dfwo|0 l1h1 ex| { xqlwv ri erqg dqg | ri vwrfn/ zh surgxfh d sruwirolr ri vwrfnv dqg erqgv zlwk h{dfwo| wkh vdph uhwxuq dv wkh frqwlqjhqw fodlp1 Vr lq wklv fdvh dw ohdvw/ wkhuh fdq eh rqo| rqh srvvleoh suhvhqw ydoxh iru wkh frqwlqjhqw fodlp dqg wkdw lv wkh suhvhqw ydoxh ri wkh uhsolfdwlqj sruwirolr { . |v= Li wkh pdunhw sodfhg dq| rwkhu ydoxh rq wkh frqwlqjhqw fodlp/ wkhq d wudghu frxog jxdudqwhh d srvlwlyh uh0 wxuq e| d vlpsoh wudgh/ vkruwlqj wkh frqwlqjhqw fodlp dqg ex|lqj wkh htxlydohqw sruwirolr ru ex|lqj wkh frqwlqjhqw fodlp dqg vkruwlqj wkh uhsolfdwlqj sruwirolr1 Wkxv wklv lv wkh rqo| sulfh wkdw suhfoxghv dq duelwudjh rssruwxqlw|1 Wkhuh lv d vlpsohu h{suhvvlrq iru wkh fxuuhqw sulfh ri wkh frqwlqjhqw fodlp lq wklv fdvh= Qrwh wkdw 4 4 T 4 . u H Y +V4, @ 4 . u +tY +vx, . +4  t,Y +vg,, @ 4 .4 u + 4 .x u g g Y +vx, . x x+4 .g u, Y +vg,, @ { . |v= Lq zrugv/ wkh glvfrxqwhg h{shfwhg ydoxh ri wkh frqwlqjhqw fodlp lv htxdo wr wkh qr0duelwudjh sulfh ri wkh ghulydwlyh zkhuh wkh h{shfwdwlrq lv wdnhq xvlqj wkh T  phdvxuh= Lqghhg dq| frqwlqjhqw fodlp wkdw lv dwwdlqdeoh pxvw kdyh lwv sulfh ghwhuplqhg lq wklv zd|1 Zkloh zh kdyh ghyhorshg wklv rqo| lq dq h{wuhpho| vlpsoh fdvh/ lw h{whqgv pruh jhqhudoo| wr frpsohwh pdunhwv/ ru pdunhwv lq zklfk dq| frqwlqjhqw fodlp lv dwwdlqdeoh e| dq lqyhvwphqw lq rwkhu pdunhwdeoh lqvwux0 phqwv1 Wkh iroorzlqj wkhruhp surylghv d pruh jhqhudo surri ri wklv uhvxow/ wkh surri gxh wr Fkulv Urjhuv1 Vxssrvh zh kdh d wrwdo ri Q ulvn| dvvhwv zkrvh sulfhv dw wlphv w @ 3> 4> duh jlyhq e| +V3m +$,> V4m +$,,> m @ 4> 5> ===> Q iru srvvleoh vwdwhv $= Iru vlpsolflw| dvvxph wkdw wkhvh vwdwhv kdyh srvlwlyh suredelolw| S +$, A 3= Dvvxph dovr d ulvnohvv dvvhw +d erqg, sd|lqj lqwhuhvw udwh u ryhu rqh xqlw ri wlph1 Vxssrvh ulvn0iuhh udwh wr ex| zm xqlwv ri vwrfn m dw zh eruurz +l1h1 vkruw erqgv, S z dwV mwkh wlph 3 iru d wrwdo frvw ri + $ , = Wkh ydoxh ri wklv sruwirolr dw wlph w @ 4 lv m 3 S z +V m +$,  +4. u,V m +$,,= Wkhq zh vd| wkhuh duh qr duelwudjh rssruwxqlwlhv li m 4 3 iru doo zhljkwv zm wklv lv hlwkhu lghqwlfdoo| 3 iru doo $ ru lw wdnhv erwk srvlwlyh dqg qhjdwlyh ydoxhv1



4141



LQWURGXFWLRQ WR SULFLQJ= VLQJOH SHULRG PRGHOV1



8



Wkhruhp 4 D qhfhvvdu| dqg vxflhqw frqglwlrq wkdw wkhuh eh qr duelwudjh rssruwxqlwlhv lv wkdw wkhuh h{lvwv d phdvxuh T htxlydohqw wr S vxfk wkdw HT+V4m , @ 4.4 u V3m iru doo m @ 4> ===> Q= Sureohp 5 Surri1



wkh sureohp



S



Ghqh P +z, @ H ^h{s+ zm +V4m +4.u,V3m ,,` dqg frqvlghu



plq oq+P +z,,= z Li wkhuh lv qr duelwudjh rssruwxqlw| wkhq wkhuh lv d xqltxh plqlpxp vdwlvi|lqj CP Czm @ 3 ru



[



H ^h{s+



[



zm +V4m  +4 . u,V3m ,,V4m ` @ +4 . u,V3m H ^h{s+



ru



Vrm



zm +V4m  +4 . u,V3m ,,`=



S



m m @ H ^h{s+ zmSV4 ,V4 `m = +4 . u,H ^h{s+ zm V4 ,`



Ghqh d phdvxuh T htxlydohqw wr wkh ruljlqdo suredelolw| phdvxuh vxfk wkdw



S z V m +$,,` h{s+ T+$, @ S +$, Sm 4 H ^h{s+ zm V4m ,`



Wkhq qrwh wkdw iru hdfk m>



HT +V4m , @



4 Vm 4.u 3



vr wkh fxuuhqw sulfh ri hdfk vwrfn lv wkh glvfrxqwhg h{shfwhg ydoxh ri wkh ixwxuh sulfh xqghu wkh ulvn0qhxwudo phdvxuh T= Frqyhuvho| li



4 m 4 . u V3 S krogv iru vrph phdvxuh T wkhq HT^ Szm +V4m  +4 . u,V3m ,` @ 3 iru doo zm dqg wklv lpsolhv wkdw wkh udqgrp yduldeoh zm +V4m  +4 . u,V3m , lv hlwkhu lghqwlfdoo| HT +V4m , @



3 ru dgplwv erwk srvllyh dqg qhjdwlyh ydoxhv1 Wkhuhiruh wkh h{lvwhqfh ri wkh phdvxuh T lpsolhv wkdw wkhuh duh qrw duelwudjh rssruwxqlwlhv1



Vr wkh wkhru| ri sulflqj ghulydwlyhv lq d frpsohwh pdunhw lv edvhg rq d udwkhu wulyldo revhuydwlrq1 Li zh fdq uhsurgxfh h{dfwo| wkh vdph +udqgrp, uhwxuqv dv wkh ghulydwlyh surylghv xvlqj d olqhdu frpelqdwlrq ri rwkhu pdunhwdeoh vhfxulwlhv +zklfk kdyh sulfhv vljqhg e| wkh pdunhw, wkhq wkh ghulydwlyh pxvw kdyh wkh vdph sulfh dv wkh olqhdu frpelqdwlrq ri rwkhu vhfxulwlhv1 Dq| rwkhu sulfh zrxog surylgh duelwudjh rssruwxqlwlhv1 Ri frxuvh lq wkh uhdo zruog/ wkhuh duh frvwv dvvrfldwhg zlwk wudglqj/ wkhvh frvwv xvxdoo| uhsuhvhqwhg e| d elg0dvn vsuhdg1 Lq rwkhu zrugv wkhuh lv d glhuhqw
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sulfh iru ex|lqj d vhfxulw| dqg iru vhoolqj lw1 Wkh dujxphqw deryh dvvxphv d iulfwlrqohvv pdunhw zlwk qr wudglqj frvwv/ zlwk eruurzlqj dq| dprxqw dw wkh ulvn0iuhh erqg udwh srvvleoh/ dqg d frpsohwho| oltxlg pdunhw0 dq| dprxqw ri dq| vhfxulw| fdq eh erxjkw ru vrog1 Pruhryhu lw dvvxphv d frpsohwh pdunhw dqg lw lv txhvwlrqdeoh zkhwkhu vxfk d pdunhw fdq h{lvw1 Iru h{dpsoh li d ghulydwlyh vhfxulw| fdq eh shuihfwo| uhsolfdwhg xvlqj rwkhu pdunhwdeoh lqvwuxphqwv/ wkhq zkdw lv wkh sxusrvh ri wkh ghulydwlyh vhfxulw| lq wkh pdunhwB Vr olnh doo prghov/ wklv rqh kdv lwv ghflhqflhv dqg lwv fulwlfv1 Olnh doo uhdvrqdeoh prghov/ lwv phulw lv wkdw lw surylghv dq dssur{lpdwlrq wr d uhdo0zruog skhqrphqrq/ rqh wkdw shuplwv ixuwkhu vwxg| dqg lpsuryhphqw1 �2



�*|TihL_ �L_i*t



Zkhq dq dvvhw sulfh hyroyhv ryhu wlph/ zh qrupdoo| doorz wkh lqyhvwru wr pdnh ghflvlrqv derxw dq lqyhvwphqw dw ydulrxv shulrgv gxulqj wkh olih ri wkdw lq0 yhvwphqw1 Vxfk ghflvlrqv duh pdgh zlwk wkh ehqhw ri lqirupdwlrq/ dqg wklv lqirupdwlrq/ zkhwkhu xvhg ru qrw/ lqfoxghv wkh sulfh ri wkh dvvhw dqg dq| uh0 odwhg dvvhwv dw doo suhylrxv wlph shulrgv/ ehjlqqlqj dw vrph wlph w @ 3 zkhq zh ehjdq revhuydwlrq ri wkh surfhvv1 Zh ghqrwh wklv lqirupdwlrq dydlodeoh iru xvh dw wlph w dv Kw = Irupdoo|/ Kw lv zkdw lv fdoohg d vljpd0hog jhqhudwhg e| wkh sdvw/ dqg wkhuh duh wzr ixqgdphqwdo surshuwlhv ri wklv vljpd0hog wkdw zloo xvh1 Wkh uvw lv wkdw wkh vljpd0hogv lqfuhdvh ryhu wlph1 Lq rwkhu zrugv/ rxu lqirupdwlrq derxw wklv dqg uhodwhg surfhvvhv lqfuhdvhv ryhu wlph ehfdxvh zh kdyh revhuyhg pruh ri wkh uhohydqw klvwru|1 Lq wkh pdwkhpdwlfdo prgho/ zh gr qrw _irujhw% uhohydqw lqirupdwlrq/ wkrxjk uhjuhwwdeo| wklv lv dq lqfuhdvlqjo| lpsruwdqw idfwru lq uhdo0olih1 Wkh vhfrqg surshuw| ri Kw wkdw zh xvh lv wkdw lw lqfoxghv wkh ydoxh ri hyhu| dvvhw sulfh dw wlph w> ru/ lq phdvxuh0wkhruhwlf odq0 jxdjh/ Vw lv dgdswhg wr ru phdvxudeoh zlwk uhvshfw wr Kw= Qrz wkh dqdo|vlv deryh vkrzv wkdw zkhq rxu lqyhvwphqw olih ehjdq dw wlph w @ 3> dqg zh zhuh sodqqlqj iru wkh qh{w shulrg ri wlph/ wkhuh zdv ghqhg d ulvn0qhxwudo phdvxuh T vxfk wkdw H T+ 4.4 u V4, @ V3= Lpdjlqh qrz wkdw zh duh lq d vlplodu srvlwlrq dw wlph w> sodqqlqj rxu lqyhvwphqw iru wkh qh{w xqlw wlph1 Doo h{shfwhg ydoxhv vkrxog eh wdnhq lq wkh oljkw ri rxu fxuuhqw nqrzohgjh/ l1h1 jlyhq wkh lqirupd0 wlrq Kw= Dq lghqwlfdo dqdo|vlv wr wkdw deryh vkrzv wkdw xqghu wkh ulvn qhxwudo phdvxuh T> li Vw uhsuhvhqwv wkh sulfh ri wkh vwrfn diwhu w shulrgv/ dqg uw wkh ulvn0iuhh rqh0shulrg lqwhuhvw udwh rhuhg wkdw wlph/ wkhq 4 +416, 4 . uw Vw.4mKw , @ Vw= Vxssrvh zh ohw Ew eh wkh ydoxh ri '4 lqyhvwhg dw wlph w @ 3 diwhu d wrwdo ri w shulrgv1 Wkhq E4 @ +4 . u3,> E5 @ +4 . u3,+4 . u4,> dqg lq jhqhudo Ew @ +4 . u3,+4 . u4 ,===+4 . uw4 ,= Li L zhuh wr surplvh |rx h{dfwo| '4133 sd|deoh dw wlph w +dqg li |rx eholhyhg ph,/ wkhq wr fryhu wklv surplvh L zrxog uhtxluh dq lqyhvwphqw dw wlph w @ 3 ri '4@Ew> zklfk zh pljkw fdoo +dw ohdvw lq H T+
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:



wkh fdvh zkhq wkh lqwhuhvw udwhv uw duh nqrzq, wkh suhvhqw ydoxh ri wkh surplvh1 Lq jhqhudo/ dw wlph w> wkh suhvhqw ydoxh ri d fhuwdlq dprxqw 'Y surplvhg dw wlph W +l1h1 wkh suhvhqw ydoxh ru wkh ydoxh glvfrxqwhg wr wkh suhvhqw ri wklv sd|phqw, lv Y EEWw = Qrz vxssrvh zh glylgh +BB, deryh e| Ew= Zh rewdlq V 4 Vw.4mKw, @ 4 HT+ 4 Vw.4mKw, @ Vw = H T + w.4 mKw , @ H T + Ew.4 Ew +4 . uw , Ew 4 . uw Ew +417, Qrwlfh wkdw zh duh deoh wr wdnh wkh glylvru Ew rxwvlgh wkh h{shfwdwlrq vlqfh Ew lv nqrzq dw wlph w dqg wkhuhiruh d frqvwdqw zlwk uhvshfw wr wkh klvwru| Kw = Wklv htxdwlrq +BB, ghvfulehv dq hohjdqw pdwkhpdwlfdo surshuw| vkduhg e| doo pdunhwdeoh vhfxulwlhv lq d frpsohwh pdunhw1 Xqghu wkh ulvn0qhxwudo phdvxuh/ wkh glvfrxqwhg sulfh \w @ Vw @Ew irupv d pduwlqjdoh1 D pduwlqjdoh lv d surfhvv \w iru zklfk wkh h{shfwdwlrq ri d ixwxuh ydoxh jlyhq wkh suhvhqw lv htxdo wr wkh suhvhqw l1h1 H +\W mKw , @ \w iru doo W A w= +418, D pduwlqjdoh lv d idlu jdph lq d zruog zlwk qr lqdwlrq/ qr qhhg wr frq0 vxph dqg qr pruwdolw|1 \rxu ixwxuh iruwxqh li |rx sod| wkh jdph lv d udq0 grp yduldeoh zkrvh h{shfwdwlrq/ jlyhq hyhu|wklqj |rx nqrz dw suhvhqw/ lv |rxu suhvhqw iruwxqh1 Qrz wkh frqglwlrq +BB lpsolhv ri wkh surfhvv \w @ Vw@Ew wkdw H +\w.4mKw , @ \w iru doo W A w dqg wklv lpsolhv wkh pduwlqjdoh frqglwlrq +BB, vlqfh H+\W mKw, @ H^===H ^H+\W mKW 4,mKW 5`===mKw` @ \w= Wkxv/ xqghu d ulvn0qhxwudo phdvxuh T lq d frpsohwh pdunhw/ doo pdunhwdeoh vhfxulwlhv glvfrxqwhg wr wkh suhvhqw irup pduwlqjdohv1 Iru wklv uhdvrq/ zh riwhq uhihu wr wkh ulvn0qhxwudo phdvxuh dv d pduwlqjdoh phdvxuh1 Dqg wkh idfw wkdw sulfhv ri pdunhwdeoh frpprglwlhv pxvw eh pduwlqjdohv xqghu wkh ulvn qhxwudo phdvxuh kdv pdq| frqvhtxhqfhv wr wkh fdqq| lqyhvwru1 Vxssrvh/ iru h{dpsoh/ |rx eholhyh wkdw |rx duh deoh wr prgho wkh klvwru| ri wkh sulfh surfhvv qhduo| shuihfwo|/ dqg lw whoov |rx wkdw wkh sulfh ri d vkduh ri [[[ frpsxwhu v|vwhpv lqfuhdvhv rq dyhudjh 5( shu |hdu1 Vkrxog |rx xvh wklv S phdvxuh lq ydoxlqj d ghulydwlyh/ hyhq li |rx duh frqghqw lw lv devroxwho| fruuhfw/ lq sulflqj d fdoo rswlrq rq [[[ frpsxwhu v|vwhpv zlwk pdwxulw| rqh |hdu iurp qrzB Li |rx gr vr/ |rx duh rhulqj vrph duelwudjhu dqrwkhu iuhh oxqfk dw |rxu h{shqvh1 Wkh phdvxuh T/ qrw wkh phdvxuh S / ghwhuplqhv ghulydwlyh sulfhv lq d qr0duelwudjh pdunhw1 Wklv dovr phdqv wkdw wkhuh lv qr dgydqwdjh zkhq sulflqj ghulydwlyhv lq xvlqj vrph hoderudwh vwdwlvwlfdo phwkrg wr hvwlpdwh wkh h{shfwhg udwh ri uhwxuq1 Zkdw kdyh zh glvfryhuhgB Lq jhqhudo/ sulfhv lq d pdunhw duh ghwhuplqhg dv h{shfwhg ydoxhv/ exw h{shfwhg ydoxhv zlwk uhvshfw wr wkh phdvxuh T1 Wklv lv wuxh lq dq| frpsohwh pdunhw/ uhjdugohvv ri wkh qxpehu ri dvvhwv wudghg lq wkh pdunhw> iru dq| ixwxuhTwlph W A w> dqg iru dq| ghulydwlyh ghqhg rq wkh wudghg dvvhwv lq d pdunhw/ H + EEWw Y +VW ,mKw` @ Yw @ wkh pdunhw sulfh ri wkh dvvhw dw wlph w= Vr lq wkhru|/ ghwhuplqlqj d uhdvrqdeoh sulfh ri d ghulydwlyh vkrxog eh d vlpsoh wdvn/ rqh wkdw frxog eh hdvlo| kdqgohg e| vlpxodwlrq1 Lq rughu wr



;



FKDSWHU 41



VRPH EDVLF WKHRU\ RI ILQDQFH1



ghwhuplqh d vxlwdeoh sulfh iru d ghulydwlyh vlpso| jhqhudwh pdq| vlpxodwlrqv ri wkh ixwxuh ydoxh Y +VW , ri wkh ghulydwlyh jlyhq wkh fxuuhqw vwruh ri lqirupdwlrq Kw > vlpxodwlrqv frqgxfwhg xqghu wkh phdvxuh T> dqg wkhq dyhudjh wkh ydoxhv/ glvfrxqwhg wr wkh suhvhqw/ ryhu doo vlpxodwlrqv1 Wkh fdwfk lv wkdw wkh T phdvxuh lv qhlwkhu reylrxv iurp wkh suhvhqw pdunhw sulfhv qru vwdwlvwlfdoo| hvwlpdeoh iurp lwv sdvw1 Lw lv jlyhq lpsolflwo| e| wkh idfw wkdw wkh h{shfwhg ydoxh ri wkh glvfrxqwhg ixwxuh ydoxh ri wudghg dvvhwv pxvw surgxfh wkh suhvhqw pdunhw sulfh1 Lq rwkhu zrugv/ d uvw vwhs lq ydoxlqj dq| dvvhw lv wr ghwhuplqh d phdvxuh T zklfk kdv wklv surshuw|1 Qrz lq d vlpsoh prgho lqyroylqj d vlqjoh vwrfn/ wklv lv d idluo| vlpsoh mre/ dqg wkhuh lv d xqltxh vxfk phdvxuh T= Wklv lv wkh fdvh/ iru h{dpsoh/ iru wkh vwrfn prgho deryh lq zklfk wkh vwrfn pryhv lq vlpsoh vwhsv/ hlwkhu lqfuhdvlqj ru ghfuhdvlqj dw hdfk vwhs1 Exw dv wkh qxpehu ri wudghg dvvhwv lqfuhdvhv/ dqg dv wkh qxpehu ri srvvleoh mxpsv shu shulrg fkdqjhv/ d phdvxuh T zklfk frpsohwho| ghvfulehv wkh vwrfn g|qdplfv dqg zklfk kdv wkh qhfhvvdu| surshuwlhv iru d ulvn qhxwudo phdvxuh ehfrphv srwhqwldoo| pxfk pruh frpsolfdwhg1 Vroylqj iru wkh T Phdvxuh1



Ohw xv frqvlghu wkh iroorzlqj vlpsoh h{dpsoh1 Ryhu hdfk shulrg/ d vwrfn sulfh surylghv juhdwhu ru ohvv ru wkh vdph uhwxuq dv d ulvn iuhh lqyhvwphqw1 Dvvxph iru vlpsolflw| wkdw lqfuhdvhv duh e| wkh idfwru x+4 . u, dqg ghfuhdvhv e| idfwru +4 . u,@x zkhuh x A 4 dqg rwkhuzlvh wkh vwrfn sulfh lqfuhdvhv e| wkh ulvn iuhh udwh idfwru +4 . u,= Wkh T suredelolw| ri lqfuhdvhv dqg ghfuhdvhv lv xqnqrzq/ dqg pd| ydu| iurp rqh shulrg wr wkh qh{w1 Ryhu wzr shulrgv/ wkh srvvleoh sdwkv h{hfxwhg e| wklv vwrfn sulfh surfhvv duh glvsod|hg ehorz dvvxplqj wkdw wkh vwrfn ehjlqv dw wlph w @ 3 zlwk sulfh v3=



Lq jhqhudo lq vxfk d wuhh wkhuh duh wkuhh eudqfkhv iurp hdfk ri wkh qrghv dw wlphv w @ 3> 4 dqg wkhuh duh d wrwdo ri 4 . 6 @ 7 vxfk qrghv1 Wkxv/ hyhq li zh dvvxph wkdw suredelolwlhv ri xs dqg grzq pryhphqwv gr qrw ghshqg rq
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 iru h{dpsoh wkh vxp ri wkh wkuhh suredelolwlhv rq eudqfkhv h{lwlqj d jlyhq qrgh pxvw dgg wr }hur dqg wkh sulfh surfhvv pxvw irup d pduwlqjdoh1 Iru hdfk ri wkh irxu qrghv/ wklv surylghv wzr frqvwudlqwv iru d wrwdo ri ; frqvwudlqwv/ ohdylqj 7 sdudphwhuv wr eh hvwlpdwhg1 Zh zrxog qhhg wkh pdunhw sulfh ri 7 glhuhqw ghulydwlyhv ru rwkhu frqwlqjhqw fodlpv wr eh deoh wr jhqhudwh 7 htxdwlrqv lq wkhvh 7 xqnqrzqv dqg vroyh iru wkhp1 Surylghg zh duh deoh wr rewdlq sulfhv ri irxu vxfk ghulydwlyhv/ wkhq zh fdq vroyh wkhvh htxdwlrqv1 Frqvlghu wkh iroorzlqj vshfldo fdvh/ zlwk wkh ulvn0iuhh lqwhuhvw udwh shu shulrg@u @ 4(/ x @ 4=3; v3 @ '4=33= Zh dovr dvvxph wkdw zh duh jlyhq wkh sulfh ri irxu fdoo rswlrqv h{slulqj dw wlph W @ 5= Wkh srvvleoh ydoxhv ri wkh sulfh dw wlph W @ 5 fruuhvsrqglqj wr wzr vwhsv xs/ rqh vwhs xs dqg rqh frqvwdqw/ rqh xs rqh grzq/ duh wkh ydoxhv ri V +W , lq wkh vhw i 4=4;8 4=3; 4=3333> 3= 3=;765j= Uhfdoo wkdw d fdoo rswlrq h{slulqj dw wlph W @ 5 kdv sulfh wkh ydoxh HT+V5  N ,. glvfrxqwhg wr wkh suhvhqw/ zkhuh N lv wkh h{huflvh sulfh ri wkh rswlrq dqg V5 lv wkh sulfh ri wkh vwrfn dw wlph 5= Zh kdyh pdunhw sulfhv HT+V5  N ,.@+4 . u,5 ri irxu fdoo rswlrqv zlwk wkh vdph h{slu| dqg glhuhqw h{huflvh sulfhv lq wkh iroorzlqj wdeoh> Wkh sulfh ri wkh fdoo rswlrqv duh lq wkh iroorzlqj wdeoh H{huflvh Sulfh Pdwxulw| Fdoo Rswlrq Sulfh 31;9: 5 31487 31 Wkh htxdwlrqv wr eh vroyhg wkh revhuyhg sulfh ri wkh rswlrqv wr wkhlu wkhruhwlfdo sulfh H+V5  N ,.@+4. u,5 dqg duh dv iroorzv> 4 +4=4;9  4=4:6,s4s5 3=3349 @ +4=34, 5 4 ^+4=4;9  4=3:4,s4s5 . +4=3;<  4=3:4,is4+4  5s5, . +4  5s4,s5j` 3=3488 @ +4=34, 5 4 ^3=54:s4s5 . 3=45is4+4  5s5, . +4  5s4,s5j 3=39:8 @ +4=34, 5 .3=364i+4  5s4,+4  5s5, . s4s5 . s4s7,j 4 ^3=64 s5 @ 3=55> s6 @ 3=5> s7 @ 3=6, rqh fdq vhh wkdw
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zlwk pruh eudqfkhv dqg pruh ghulydwlyhv/ wklv qrq0olqhdu v|vwhp ri htxdwlrqv ehfrphv glfxow yhu| txlfno|1 Zkdw gr zh gr li zh rqo| kdyh pdunhw sulfhv iru wzr ghulydwlyhv ghqhg rq wklv vwrfn/ dqg wkhuhiruh rqo| wzr sdudphwhuv zklfk fdq eh rewdlqhg iurp wkh pdunhw lqirupdwlrqB Wklv lv dq h{dpsoh ri zkdw lv fdoohg dq lqfrpsohwh pdunhw/ d pdunhw lq zklfk wkh ulvn qhxwudo glvwulexwlrq lv qrw xqltxho| vshflhg e| pdunhw lqirupdwlrq1 Lq jhqhudo zkhq zh kdyh ihzhu htxdwlrqv wkdq sdudphwhuv lq d prgho/ wkhuh duh uhdoo| rqo| wzr fkrlfhv +d, vlpsoli| wkh prgho vr wkdw wkh qxpehu ri sdudphwhuv dqg wkh qxpehu ri htxdwlrqv pdwfk1 +e, Ghwhuplqh dgglwlrqdo qdwxudo fulwhuld ru frqvwudlqwv wkdw wkh sdudphwhuv pxvw vdwlvi|1 Lq wklv fdvh/ iru h{dpsoh/ rqh pljkw suhihu d prgho lq zklfk wkh suredelolw| ri d vwhs xs ru grzq ghshqgv rq wkh wlph/ exw qrw rq wkh fxuuhqw sulfh ri wkh vwrfn1 Wklv dvvxpswlrq zrxog irufh htxdo doo ri s5 @ s6 @ s7 dqg vlpsoli| wkh v|vwhp ri htxdwlrqv deryh1 Iru h{dpsoh xvlqj rqo| wkh sulfhv ri wkh uvw wzr ghulydwlyhv/ zh rewdlq htxdwlrqv/ zklfk/ zkhq vroyhg/ ghwhuplqh wkh suredelolwlhv rq wkh rwkhu eudqfkhv dv zhoo1 4 +4=4;9  4=4:6,s4s5 3=3349 @ +4=34, 5 4 ^+4=4;9  4=3:4,s4s5 . +4=3;<  4=3:4,is4+4  5s5, . +4  5s4,s5j` 3=3488 @ +4=34, 5 Wklv h{dpsoh uhhfwv d edvlf sureohp zklfk rffxuv riwhq zkhq zh exlog d uhdvrqdeoh dqg h{leoh prgho lq qdqfh1 Iuhtxhqwo| wkhuh duh pruh sdudphwhuv wkdq wkhuh duh pdunhwdeoh vhfxulwlhv1 Lw lv txlwh frpprq wr uhdfw e| vlpsoli|lqj wkh prgho1 Iru h{dpsoh/ lw lv iru wklv uhdvrq wkdw elqrpldo wuhhv +zlwk rqo| wzr eudqfkhv hpdqdwlqj iurp hdfk qrgh, duh riwhq suhihuuhg wr wkh wulqrpldo wuhh h{dpsoh zh xvh deryh/ hyhq wkrxjk wkh| surylgh d vxevwdqwldoo| zruvh dssur{lpdwlrq wr wkh dfwxdo glvwulexwlrq ri vwrfn uhwxuqv1 Lq jhqhudo li wkhuh duh q glhuhqw vhfxulwlhv +h{foxglqj ghulydwlyhv zkrvh ydoxh lv d ixqfwlrq ri rqh ru pruh ri wkhvh, dqg li hdfk vhfxulw| fdq wdnh dq| rqh ri p glhuhqw ydoxhv/ wkhq wkhuh duh d wrwdo ri pq srvvleoh vwdwhv ri qdwxuh dw wlph w @ 4= Wkh T qphdvxuh pxvw dvvljq d suredelolw| wr hdfk ri wkhp1 Wklv uhvxowv lq d wrwdo ri p xqnqrzq suredelolw| ydoxhv/ zklfk/ ri frxuvh pxvw dgg wr rqh/ dqg uhvxow lq wkh uljkw h{shfwdwlrq iru hdfk ri q pdunhwdeoh vhfxulwlhv1 Wr xqltxho| ghwhuplqh T zh zrxog uhtxluh d wrwdo ri pq  q  4 htxdwlrqv ru pq  q  4 glhuhqw ghulydwlyhv1 Iru h{dpsoh iru p @ 43> q @ 433> dssur{lpdwho| rqh zlwk d kxqguhg }hurv/ d surklelwlyh qxpehu/ duh uhtxluhg wr xqltxho| ghwhuplqh T= Exw lq d frpsohwh pdunhw/ T lv xqltxho| ghwhuplqhg e| pdunhwdeoh vhfxulwlhv1 Qr uhdo pdunhw fdq eh frpsohwh1 Dqg lq uhdo pdunhwv/ rqh dvvhw lv qrw shuihfwo| uhsolfdwhg e| d frpelqdwlrq ri rwkhu dvvhwv1 Wklv lv wuxh zkhwkhu rqh dvvhw lv d ghulydwlyh ghqhg dv d ixqfwlrq ri dqrwkhu pdunhwhg vhfxulw| +dqg lqwhuhvw udwhv dqg yrodwlolwlhv,1 Wkh prvw zh fdq suredeo| krsh iru lq sudfwlfh lv wr qg d prgho ru phdvxuh T lq d vxefodvv ri phdvxuhv zlwk
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ghvludeoh ihdwxuhv xqghu zklfk E H T + w Y +VW ,mKw `  Yw iru doo pdunhwdeoh Y E W



Qrz li wkhvh zhuh htxdolwlhv/ wklv zrxog uhsuhvhqw d qxpehu ri htxdwlrqv lq wkh xqnqrzq T suredelolwlhv/ w|slfdoo| ihzhu htxdwlrqv wkdq xqnqrzqv vr vrph vlpsolfdwlrq ri wkh prgho lv uhtxluhg ehiruh vhwwolqj rq d phdvxuh T1 Rqh frxog/ dw rqh*v shulo/ ljqruh wkh idfw wkdw fhuwdlq idfwruv lq wkh pdunhw ghshqg rq rwkhuv1 Vlplodu vwrfnv ehkdyh vlploduo|/ ihz duh uhdoo| lqghshqghqw1 Fdq zh/ zlwk dq| uhdvrqdeoh ohyho ri frqghqfh/ dffxudwho| suhglfw wkh hhfw wkdw d orzhulqj ri lqwhuhvw udwhv zloo kdyh rq d jlyhq edqn vwrfnB Shukdsv wkh ehvw prgho iru wkh ixwxuh ehkdylrxu ri prvw surfhvvhv lv wkh sdvw/ h{fhsw wkdw dv zh kdyh vhhq wkh klvwrulfdo glvwulexwlrq ri vwrfnv gr qrw jhqhudoo| surgxfh d ulvn0qhxwudo phdvxuh1 Hyhq li klvwrulfdo lqirupdwlrq surylghg d dzohvv jxlgh wr wkh ixwxuh/ wkhuh lv wrr olwwoh ri lw wr dffxudwho| hvwlpdwh wkh odujh qxpehu ri sdudphwhuv uhtxluhg iru d vlpxodwlrq ri d pdunhw ri uhdvrqdeoh vl}h1 Vrph vlpsolfdwlrq ri wkh prgho lv fohduo| qhfhvvdu|1 Duh vrph edvnhwv ri vwrfnv lqghshqghqw ri rwkhu frpelqdwlrqvB Zkdw lqghshqghqfh fdq zh uhdvrqdeo| dvvxph ryhu wlphB Dv d uvw vwhs lq vlpsoli|lqj d prgho/ frqvlghu vrph ri wkh frpprq phdvxuhv ri ehkdylrxu1 Vwrfnv fdq jr xs/ ru grzq1 Wkh guliw ri d vwrfn lv d whqghqf| lq rqh ru rwkhu ri wkhvh wzr gluhfwlrqv1 Exw lw fdq dovr jr xs dqg grzq 0 e| d orw ru d olwwoh1 Wkh phdvxuh ri wklv/ wkh yduldqfh ru yduldelolw| lq wkh vwrfn uhwxuqv lv fdoohg wkh yrodwlolw| ri wkh vwrfn1 Rxu prgho vkrxog kdyh dv lqjuhglhqwv wkhvh wzr txdqwlwlhv1 Lw vkrxog dovr kdyh dv pxfk ghshqghqfh ryhu wlph dqg dprqj glhuhqw dvvhw sulfhv dv zh kdyh hylghqfh wr vxssruw1 � 



#i|ih4??} |i hLUitt w 



Zh kdyh vhhq lq wkh odvw vhfwlrq wkdw jlyhq wkh T ru ulvn0qhxwudo phdvxuh/ zh fdq +dw ohdvw lq wkhru|, ghwhuplqh wkh sulfh ri d ghulydwlyh li zh duh jlyhq wkh _qxphudluh% ru wkh sulfh Ew ri d ulvn0iuhh lqyhvwphqw dw wlph w= Xqiruwxqdwho| qr vxfk lqyhvwphqw lv wudghg rq wkh rshq pdunhw1 Wkhuh duh jryhuqphqw wuhd0 vxu| eloov zklfk/ ghshqglqj rq wkh jryhuqphqw/ rqh pljkw zlvk wr dvvxph duh doprvw ulvn0iuhh/ dqg wkhuh duh jryhuqphqw erqgv/ xvxdoo| zlwk orqjhu whupv/ zklfk frpsolfdwh pdwwhuv e| sd|lqj glylghqgv shulrglfdoo|1 Wkh txhvwlrq ghdow zlwk lq wklv vhfwlrq lv zkhwkhu zh fdq hvwlpdwh wkh surfhvv Ew jlyhq lqirupdwlrq rq wkh sulfhv ri wkhvh erqgv1 Zh ehjlq zlwk zkdw zh nqrz1 Zh dvvxph zh nqrz wkh fxuuhqw sulfhv/ frpsrqhqwv ri wkh yhfwru/ Vw ri pdunhwdeoh vhfxulwlhv1 Zh dovr nqrz wkh sulfh ri fhuwdlq ulvn0iuhh erqgv zlwk idfh ydoxh I / wkh ydoxh ri wkh erqg rq pdwxulw| dw wlph W= Wkhvh sulfhvSw surylgh vrph lqirupdwlrq rq wkh edqn dffrxqw surfhvv Ew = Lq sduwlfxodu vlqfh d glylghqg0sd|lqj erqg lv d olqhdu frpelqdwlrq ri sd|phqwv dw fhuwdlq wlphv w ? W soxv d qdo sd|phqw ri I / hdfk fxuuhqw erqg
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sulfh surylghv d ydoxh ri wkh irup Sw @ SW AvAw gvEw @Ev . I Ew@EW = Wklv fdq eh zulwwhq dv d v|vwhp ri olqhdu htxdwlrqv [ gv @Ev . I@EW Sw @Ew @ W AvAw



dqg surylghg wkdw zh kdyh d vxflhqw qxpehu ri erqg sulfhv Sw > srvvleo| zlwk glhuhqw pdwxulwlhv/ wklv v|vwhp shuplwv vroylqj iru fhuwdlq ydoxhv ri 4@Ev> v A w= Qrz wkh fdwfk khuh lv wkdw wkhuh duh w|slfdoo| wrr ihz ulvn0iuhh erqg pdwxulwlhv wr jhw d ghwdlohg slfwxuh ri wkh surfhvv 4@Ev> v A 3= Zh frxog xvh jryhuqphqw erqgv iru wklv sxusrvh1 Exw duh wkhvh jhqxlqho| ulvn0iuhhB Pljkw qrw wkh dgglwlrqdo xvh ri erqgv lq odujh kljko| udwhg frpsdqlhv surylgh d pruh ghwdlohg slfwxuh ri wkh edqn dffrxqw surfhvv Ev= Fdq lqfrusrudwh lqirupdwlrq rq erqg sulfhv iurp orzhu judgh ghewB Wr gr vr/ zh qhhg d vlpsoh prgho olqnlqj wkh ghew udwlqj ri d jlyhq erqg dqg wkh suredelolw| ri ghidxow dqg sd|r wr wkh erqg0kroghuv lq wkh hyhqw ri ghidxow1 Wr ehjlq zlwk/ ohw xv dvvxph wkdw d jlyhq edvnhw ri frpsdqlhv/ vd| wkrvh zlwk d frpprq ghew udwlqj iurp rqh ri wkh pdmru erqg udwlqj rujdqlvdwlrqv/ kdyh d frpprq glvwulexwlrq ri ghidxow wlph1 Zh zloo dovr dvvxph lq wklv suholplqdu| prgho wkdw rqfh ghidxow rffxuv/ surylghg lw rffxuv ehiruh wkh pdwxulw| gdwh W ri wkh erqg/ wkh sd|r lv d frqvwdqw sursruwlrq s ri wkh sulqflsdo dprxqw I rzlqj1 Wkhq li  ghqrwhv wkh wlph ri ghidxow/ d erqg zlwk idfh ydoxh 'I zklfk surplvhv glylghqg sd|phqwv gv dw wlph v ? W kdv sulfh dw wlph w jlyhq e| [ Ew sI Ew IE Sw @ gvS + A vm A w, . S +  W m A w, . w S + A W m A w, E E EW W w?v?W v [ Ew sI Ew +4  s,I Ew @ gvS + A vm A w, . . S + A W m A w,= w?v?W



Ev



EW



EW



Doo suredelolwlhv duh frqglwlrqdo rq wkh hyhqw ^ A w` ehfdxvh xqohvv wklv lv wuxh wkh ghew kdv douhdg| ghidxowhg dqg wkhuhiruh lwv 4ydoxh lv nqrzq1 Xqnqrzqv lq wklv htxdwlrq duh S + A vm A w,@Ev/ w ? v ? W> E dqg sS + A W m A w,= Qrz li zh glhg dqg zhqw wr lqyhvwruv* khdyhq/ d erqg riW hyhu| pdwxulw| W zrxog eh vrog dqg zh frxog vroyh wklv v|vwhp ri htxdwlrqv vlpso| xvlqj wkh jlyhq erqg sulfhv1 Zh pljkw dovr krsh wkdw wkh suredelolwlhv ri ghidxow duh yhu| vpdoo dqg iroorz d vlpsoh sdwwhuq1 Li wkh sdwwhuq lv qrw shuihfw/ wkhq olwwoh kdup uhvxowv surylghg wkdw lqghhg wkh ghidxow suredelolwlhv duh vpdoo1 Vxssrvh iru h{dpsoh wkdw wkh wlph ri ghidxow iroorzv d jhrphwulf ru h{srqhqwldo glvwulexwlrq vr wkdw wkh suredelolw| ri d ghidxow rffxuulqj lq dq| shulrg ri {hg ohqjwk lv frqvwdqw1 Wkhq S + A vm A w, @ h{sin+v  w,j iru vrph n A 3= Vxssrvh zh ghqh d qhz edqn dffrxqw surfhvv iv @ Ev @ Ev h{sinvj iru v A w= E S ^ A v ` Fohduo| wklv edqn dffrxqw jurzv idvwhu wkdq wkh ruljlqdo/ dqg lw jurzv idvwhu dv wkh suredelolw| ri ghidxow lqfuhdvhv1 Wkh hhfwlyh lqwhuhvw udwh rq wklv dffrxqw lv n xqlwv shu shulrg kljkhu1 Wkhq uhzulwlqj wkh deryh htxdwlrq iru Sw>
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Sw 



sI Ew EW



@



[ Eiw iw E g v . +4  s,I i EiW w?v?W Ev



Wklv htxdwlrq kdv d vlpsoh lqwhusuhwdwlrq1 Wkh ohiw vlgh lv wkh sulfh ri wkh erqg uhgxfhg e| wkh suhvhqw ydoxh ri wkh jxdudqwhhg sd|phqw rq pdwxulw| I s= Wkh uljkw kdqg vlgh lv wkh fxuuhqw ydoxh ri d ulvn0iuhh erqg sd|lqj wkh vdph glylghqgv/ zlwk lqwhuhvw udwhv dxjphqwhg e| n dqg zlwk idfh ydoxh I +4  s,= Vr



wr ydoxh d ghidxowdeoh erqg/ dxjphqw wkh lqwhuhvw udwh/ fkdqjh wkh idfh ydoxh wr wkh srwhqwldo orvv ri idfh ydoxh rq ghidxow dqg wkhq dgg wkh suhvhqw ydoxh ri wkh jxdudqwhhg sd|phqw rq pdwxulw|1 Jlyhq rqo| wkuhh erqg sulfhv zlwk wkh vdph



ghidxow fkdudfwhulvwlfv/ iru h{dpsoh/ dqg dvvxplqj frqvwdqw lqwhuhvw udwhv vr wkdw Ev @ h{s+uvj> zh pd| vroyh iru wkh ydoxhv ri wkh wkuhh xqnqrzq sdudphwhuv +u> n> s,= �e



�?44 V@h@?Ui Lh|uL*Lt @?_ |i @T |@* tti| hU?} �L_i*



Ohw xv ehjlq e| exloglqj d prgho iru sruwirolrv ri vhfxulwlhv wkdw fdswxuh pruh ru ohvv ri wkh pdmru pdunhw pryhphqwv1 Zh kdyh vroyhg deryh iru wkh ydoxhv ri 4@Ev rqo| iru fhuwdlq ydoxhv ri v> exw ohw xv dvvxph iru wkh suhvhqw wkdw e| lqwhusrodwlrq/ Ev lv nqrzq iru doo v A w= Wr ehjlq zlwk/ ghqh d frpprq phdvxuh rq lqyhvwphqwv wkdw lv htxlydohqw wr sulfh/ exw iurp pdq| shuvshfwlyhv/ pruh frqyhqlhqw dqg vwdeoh vwdwlvwlfdoo|1 Iru d vhfxulw| wkdw kdv sulfh V +w, dqg V+w .4, dw wlphv w dqg w .4> zh ghqh wkh uhwxuq Ul+w . 4, rq wkh vhfxulw| ryhu wklv lqfuhphqw e| V +w . 4,  Vl+w, = Ul +w . 4, @ l Vl +w, Uhwxuqv fdq eh phdvxuhg lq xqlwv wkdw duh hdvlo| xqghuvwrrg +iru h{dpsoh 8( ru 43( shu xqlw wlph, dqg lqghshqghqw ri wkh dprxqw lqyhvwhg1 Lw lv dovr hdv| wr rewdlq wkh sulfh dw wlph w iurp wkh lqlwldo sulfh dw wlph 3 dqg wkh vhtxhqfh ri uhwxuqv1 Vl+w, @ Vl +3,+4 . Ul +4,,+4 . Ul+5,,===+4 . Ul +w,,= Zkhq zh ex| d sruwirolr wkh uhwxuq rq wkh sruwirolr lv vlpso| d zhljkwhg dyhudjh ri wkh lqglylgxdo vwrfn uhwxuqv dqg wkh zhljkwv duh wkh uhodwlyh dprxqwv lqyhvwhg lq hdfk vwrfn1 Iru h{dpsoh li rxu sruwirolr lv vxfk wkdw zl+w, lv wkh lq vwrfn l dw wlph w wkhq wkh sursruwlrq ri rxu wrwdo lqyhvwphqw ri 'L lqyhvwhg qxpehu ri vkduhv ri vwrfn l sxufkdvhg lv zVll++ww,, L dqg wkh sruwirolr uhwxuq ryhu wkh qh{w shulrg lv S zl +w, L ^V +w . 4,  V +w,` [ Vl +w, Slz +w,L l @ zl+w,Ul+w . 4,= l
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Zkhq wlph lv phdvxuhg frqwlqxrxvo|/ wkh lqvwdqwdqhrxv uhwxuq surfhvv pljkw eh ghqhg e| d olplw ri wkh deryh irup Ul+w, @ olpk$3 Vl +w.kVkl,+w,Vl+w, ru irupdoo| gVl @Vl @ g+oq+Vl +w,, surylghg wkhvh duh zhoo0ghqhg1 Pruh jhqhudoo|/ wkh uh0 wxuqv surfhvv lv d surfhvv zkrvh surgxfw lqwhjudo uhvxowv lq wkh ruljlqdo vwrfn sulfh1 surfhvv1 �e�



Ai @T|@* tti| hU?} �L_i* E�



Lq wkh Fdslwdo Dvvhw Sulflqj prgho lw lv dvvxphg dw wkh rxwvhw wkdw lqyhvwruv frqfhqwudwh rq wzr phdvxuhv ri uhwxuq/ lwv h{shfwhg ydoxh  dqg lwv vwdqgdug ghyldwlrq 1 Zh frqvlghu wkh h{shfwhg ydoxhv dqg yduldqfhv xqghu wkh uhdo0 zruog suredelolw| phdvxuh S qrw xqghu wkh ulvn0qhxwudo T phdvxuh1 Vxssrvh/ iru h{dpsoh zh zhuh wr sorw wkh vhw ri doo srvvleoh sdluv +> , iru sruwirolrv ri ulvn| vwrfnv1 Ohw xv dvvxph iru wkh suhvhqw wkdw wkh yhfwru ri doo vwrfn uhwxuqv kdv phdq uhwxuq froxpq yhfwru jlyhq e|  dqg fryduldqfh pdwul{ ri uhwxuqv jlyhq e| = Li d sruwirolr lv vxfk wkdw zh lqyhvw sursruwlrq zl ri rxu zhdowk lq vwrfn l/ Wwkhq ghqlqj z @ +z4> ===> zqW,W > wkh wrwdo uhwxuq rq wkh sruwirolr kdv phdq  z dqg fryduldqfh pdwul{ zs z1 Wkh vhw ri doo srvvleoh sdluv ri vwdqgdug ghyldwlrq dqg phdq uhwxuq + zW z> W z, kdv d vhpl0hoolswlfdo erxqgdu| dv lq wkh iroorzlqj jxuh1



Qrz dvvxplqj wkdw lqyhvwruv suhihu kljkhu h{shfwhg uhwxuq iru wkh vdph vwdqgdug ghyldwlrq/ rqo| wkh xsshu hqyhorsh ru urri ri wklv uhjlrq lv hflhqw lq wkh vhqvh wkdw qr rwkhu sruwirolr kdv kljkhu h{shfwhg uhwxuq iru wkh vdph vwdqgdug ghyldwlrq1 Wklv lv fdoohg wkh hflhqw iurqwlhu1 Qrz wkh slfwxuh fkdqjhv vxevwdqwldoo| li wkhuh lv dovr d ulvn0iuhh lqyhvwphqw wkdw doo lqyhvwruv duh deoh wr lqfoxgh/ ehfdxvh lq wklv fdvh wkhuh lv dovr d srlqw rq wkh d{lv fruuhvsrqglqj wr
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 @ 3=



Li wklv srlqw lv dgghg/ wkhq wkh hflhqw iurqwlhu lv qrz wkh uhjlrq ehorz wkh olqh O lq wkh iroorzlqj jxuh1 Wkh srlqw +3> u, fruuhvsrqgv wr wkh ulvn iuhh lqyhvwphqw zkrvh uhwxuq lv u> dqg wkh srlqw S lv wkh srlqw dw zklfk wklv olqh lv wdqjhqw wr wkh hflhqw iurqwlhu ghwhuplqhg iurp wkh ulvn| lqyhvwphqwv1



Li doo lqyhvwruv kdyh dffhvv wr wkh vdph ulvn iuhh udwh/ wkhq wkh olqh O lv wkh xqltxh hflhqw iurqwlhu iru doo lqyhvwruv/ dqg S lv wkh rqo| hflhqw srlqw lq wkh ulvn| sruwirolr1 Lw pxvw wkhuhiruh uhsuhvhqw wkh wrwdo pdunhw lq wkh vhqvh wkdw wkh sursruwlrqv zl uhsuhvhqwv wkh sursruwlrq ri wkh wrwdo pdunhw lqyhvwhg lq vwrfn l= Vxssrvh wkh pdunhw sruwirolr S kdv vwdqgdug ghyldwlrq S dqg phdq S = Wkhq wklv olqh lv ghvfulehg e| wkh uhodwlrq  u = @u. S S Iru dq| vwrfn l zlwk phdq dqg vwdqgdug ghyldwlrq ri uhwxuq +l> l, wr eh frpshwlwlyh/ lw pxvw olh rq wklv hflhqw iurqwlhu/ l1h1 lw pxvw vdwlvi| wkh uhodwlrq  l  u @  l+S  u,> zkhuh  l @ l = S Wklv lv wkh prvw lpsruwdqw uhvxow lq wkh fdslwdo dvvhw sulflqj prgho1 Wkh frq0 vwdqw l fdoohg wkh ehwd ri d vwrfn lv erwk wkh fkdqjh lq wkh h{shfwhg vwrfn uhwxuq iru hdfk xqlw fkdqjh lq wkh pdunhw h{shfwhg uhwxuq dqg dovr wkh udwlr ri wkh vwdqgdug ghyldwlrqv ri uhwxuq ri wkh vwrfn dqg wkh pdunhw1 Vxfk d prgho lv d uhdvrqdeoh edvlv iru vlpsoli|lqj wkh fryduldqfh vwuxfwxuh ri vwrfn uhwxuqv wr vrph pdqdjhdeoh qxpehu ri sdudphwhuv1 Dqdorjrxv wr wkh uhodwlrq deryh ghvfulelqj wkh h{shfwhg uhwxuqv lv d uhjuhvvlrq prgho uhodwlqj wkh uhwxuqv iurp wkh vwrfn Ul dqg iurp wkh pdunhw sruwirolr US = Ul  u @ l +US  u, . l
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zkhuh l lv d }hur0phdq udqgrp huuru xqfruuhodwhg zlwk wkh pdunhw uhwxuq1 Wdnlqj yduldqfh rq erwk vlghv/ zh rewdlq ydu+Ul, @  5l ydu+US , . ydu+l , @ 5l . ydu+, A 5l zklfk dsshduv wr5 lqglfdwh wkdw wkh yduldqfh ri wkh uhwxuq iurp vwrfn l lv juhdwhu wkdq wkh ydoxh l dvvxphg hduolhu1 Zkdw lv wkh fdxvh ri wklv frqwudglfwlrqB Zh dvvxphg hduolhu wkdw wkh vwrfn l od| rq wkh hflhqw iurqwlhu/ exw wklv lv qrw d qhfhvvdu| frqglwlrq iru lqyhvwruv wr fkrrvh lw1 Doo wkdw lv uhtxluhg lv wkdw lw irup d sduw ri d sruwirolr zklfk olhv rq wkh hflhqw iurqwlhu1 Zh fdqqrw h{shfw d kljkhu udwh ri uhwxuq wr frpshqvdwh iru dgglwlrqdo ulvn wkdw fdq eh glyhuvlhg dzd|1 Lq dq hflhqw pdunhw/ qrw doo ulvn qhhg eh uhzdughg zlwk dgglwlrqdo uhwxuq1 Vxssrvh/ iru h{dpsoh/ zh kdg pdq| vwrfnv zlwk vlplodu / wkhq zh frxog suhvxpdeo| lqyhvw htxdoo| lq doo ri wkhp dqg hqg xs zlwk wkh dyhudjh ri pdq| uhwxuqv U1 Qrwdwlrqdoo|/ U  u @  +US  u, . 



zkhuh/ surylghg wkdw zh kdyh vxflhqwo| pdq| vxfk lqyhvwphqwv wr dyhudjh ryhu/  kdv phdq }hur dqg yduldqfh forvh wr 3 dqg lv lwvhoi doprvw 31 E| dyhudjlqj ru glyhuvli|lqj/ zh duh deoh wr surylgh dq lqyhvwphqw zlwk wkh vdph dyhudjh uhwxuq fkdudfwhulvwlfv exw vpdoohu yduldqfh wkdq wkh ruljlqdo vwrfn/ lpso|lqj wkdw wkh ruljlqdo vwrfnv frxog qrw kdyh ehhq rq wkh hflhqw iurqwlhu1 Zh vd| wkdw wkh vshflf ulvn +l1h1 ydu+l,, dvvrfldwhg zlwk vwrfn l fdq eh glyhuvlhg dzd|/ dqg vkrxog qrw wkhuhiruh eh uhzdughg zlwk lqfuhdvhg uhwxuq1 Rqo| wkh v|vwhpdwlf ulvn l lv uhzdughg zlwk lqfuhdvhg h{shfwhg uhwxuq1 Wkh fdslwdo dvvhw sulflqj prgho surylghv d vlpsolhg irup ri wkh fryduldqfh pdwul{ ri wkh yhfwru ri vwrfn uhwxuqv1 Qrwlfh wkdw xqghu wkh prgho Ul  u @ l +US  u, . l > ydu+l , @ l zh kdyh fry+Ul> Um , @  l m 5S > l 9@ m> ydu+Ul , @ 5l 5S . l= Zkhuhdv Q vwrfnv zrxog rwkhuzlvh uhtxluh d wrwdo ri Q +Q . 4,@5 sdudphwhuv lq wkh fryduldqfh pdwul{ ri uhwxuqv/ wkh Fdslwdo Dvvhw Sulflqj Prgho doorzv xv wr uhgxfh wklv wr wkh Q . 4 sdudphwhuv 5S > dqg l> l @ 4> ===> Q= Wkhuh lv wkh glvdgydqwdjh lq wklv irupxod krzhyhu wkdw hyhu| sdlu ri vwrfnv lq wkh vdph pdunhw pxvw eh srvlwlyho| fruuhodwhg/ d ihdwxuh wkdw vhhpv wr frqwudglfw vrph revhuydwlrqv dw ohdvw ryhu vxevwdqwldo shulrgv ri wlph1 Plqlpxp Yduldqfh xqghu T=



Vxssrvh zh zlvk wr qg d sruwirolrv ri vhfxulwlhv zklfk kdv wkh vpdoohvw srvvleoh yduldqfh xqghu T= 1 Iru h{dpsoh iru d jlyhq vhw ri zhljkwv/ ghqh wkh sruwirolr
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+w, @ S zl+w,Vl+w,= Iru dq| zhljkwv zl+w, wklv surgxfhv d sruwirolr zlwk h{dfwo| wkh vdph frqglwlrqdo udwh ri uhwxuq xqghu wkh T phdvxuh dv dq| rqh ri wkh frqvwlwxhqw vwrfnv/ iru [ [ E+w . 4, E+w . 4, V +w, @ +w,= HT^+w . 4,mKw ` @ zl +w,HT^Vl +w . 4,mKw ` @ zl+w, E +w, l E+w, l



l



Lq whupv ri uhwxuqv/ wklv htxdwlrq vd|v wkdw doo vhfxulwlhv kdyh wkh vdph h{shfwhg uhwxuq xqghu T dv grhv wkh sruwirolr = Li zh duh lqwhuhvwhg lq khgjlqj rxu lqyhvwphqw/ zh zlvk wr plqlpl}h wkh lqvwdqwdqhrxv yduldqfh ri wkh uhwxuq ri wkh sruwirolr vlqfh wkh frqglwlrqdo phdq lv xqdhfwhg e| wkh fkrlfh ri zhljkwv1 Wkh qdwxudo frqvwudlqw lv wkdw wkh frvw ri wkh sruwirolr lv ghwhuplqhg e| wkh dprxqw f+w,> vd|/ wkdw zh suhvhqwo| kdyh wr lqyhvw1 Vhyhudo fkrlfhv ri wkh ixqfwlrq f+w, suhvhqw wkhpvhoyhv dv srvvleoh1 Iru h{dpsoh |rx pljkw zlvk wr frpsduh/ dw wlph w> wkh ehqhwv ri oltxlgdwlqj d ulvn iuhh lqyhvwphqw ri E+w, iru lqyhvwphqw lq wklv sruwirolr/ lq zklfk fdvh zh frxog wdnh f+w, @ E+w,= Vlqfh f+w, lv sxuho| d pdwwhu ri uhvfdolqj wkh uhvxowv/ rqh pljkw dovr vfdoh vr wkdw f+w, @ 4= Dowhuqdwlyho|/ zh pljkw zlvk wr vwxg| d vhoi0qdqflqj sruwirolr +w,> rqh iru zklfk sdvw jdlqv +ru shulvk wkh wkrxjkw/ sdvw orvvhv, rqo| duh dydlodeoh wr sd| iru wkh fxuuhqw sruwirolr1 Lq wklv fdvh f+w, @ +w,= Zh zlvk wr plqlplvh [ zl +w,Vl +w, @ f+w,= yduT^+w . 4,mKw ` vxemhfw wr wkh frqwudlqw l



Wkh vroxwlrq lv txlwh hdv| wr rewdlq/ dqg lq idfw wkh zhljkwv duh jlyhq e| wkh yhfwru 3 z +w, 4 4 E z 5 +w, F F E E = F FF @ 3 f+w,4 w 4V+w,= Z4+w, @ E E = E C = FD V +w, w V +w, zq+w, zkhuh w @ yduT+V+w . 4,mKw, lv wkh lqvwdqwdqhrxv frqglwlrqdo fryduldqfh ri V +w, xqghu wkh phdvxuh T= Li p| remhfwlyh zhuh wr plqlpl}h ulvn xqghu wkh T phdvxuh/ wkhq wklv sruwirolr lv rswlpdo iru {hg frvw1 Wkh frqglwlrqdo yduldqfh ri wklv sruwirolr lv jlyhq e| f5 +w, = yduT ++w . 4,mKw , @ Z43 +w, w Z4+w, @ 3 4 V +w, w V +w, Rqfh djdlq zh h{suhvv wklv uhodwlrq lq whupv ri wkh uhwxuq U+w . 4, @ +w.4,+w, iurp wkh sruwirolr = Dvvxph iru wkh suhvhqw wkdw wkh sruwirolr lv +w, vhoi0qdqflqj vr wkdw f+w, @ +w,= Wkhq wkh deryh uhodwlrq vwdwhv wkdw wkh frqglwlrqdo yduldqfh ri wkh uhwxuq U+w . 4, jlyhq wkh sdvw lv vlpso| 4 = yduT+U +w . 4,mKw , @ 3 4 V +w, V +w, w
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Wkh fryduldqfhv ehwzhhq uhwxuqv iru lqglylgxdo vwrfnv dqg wkh sruwirolr  dv lw wxuqv rxw duh jlyhq e| h{dfwo| wkh vdph txdqwlw|/ qdpho| 4 fry+Ul +w . 4,> U+w . 4,mKw , @ 3 4 = V +w, w V +w, E| wklv irupxod/ qrwh wkdw doo vxfk fryduldqfhv duh srvlwlyh dqg wkhuhiruh lq wkh ghqlwlrq ri +w,> doo zhljkwv duh srvlwlyh dqg vr qr vwrfnv duh vkruwhg1 Qrz vxssrvh wkdw zh zlvk wr prgho wkh lqglylgxdo vwrfn uhwxuqv xvlqj d prgho iru wkh plqlpxp yduldqfh sruwirolr = Xqghu wkh ulvn qhxwudo phdvxuh T/Euhfdoo wkdw + w.4,E+w, hyhu| vwrfn +dqg sruwirolr, kdv wkh ulvn0iuhh udwh ri uhwxuq u+w.4, @ E+w, = Wkhq zh kdyh e| vwdqgdug uhjuhvvlrq irupxodh/ Ul +w . 4,  u+w . 4, @ +U+w . 4,  u+w . 4,, . %l+w . 4, zkhuh %l+w . 4, lv d +udqgrp, huuru zkrvh h{shfwhg ydoxhv xqghu T duh doo }hur1 Wkh uhjuhvvlrq frhflhqw  @ +w, @ V3+w, 4w 4V+w, lv wkh vdph iru doo vwrfnv1 Ri frxuvh wkh xvxdo _ehwd% lq wkh FDSP prgho lq qdqfh lv wkh uhjuhvvlrq frhflhqw zlwk d pdunhw udwh ri uhwxuq xqghu wkh dfwxdo phdvxuh S dqg wkhvh gr ydu| iurp vwrfn wr vwrfn/ dv gr wkh h{shfwhg uhwxuqv1 Ohw xv vxppdul}h rxu qglqjv vr idu1 Zh dvvxph wkdw wkh frqglwlrqdo fr0 yduldqfh pdwul{ w ri wkh yhfwru ri vwrfn sulfhv lv qrq0vlqjxodu1 Xqghu wkh ulvn qhxwudo phdvxuh/ doo vwrfnv kdyh h{dfwo| wkh vdph h{shfwhg uhwxuqv htxdo wr wkh ulvn0iuhh udwh1 Wkhuh lv d xqltxh vhoi0qdqflqj plqlpxp0yduldqfh sruwirolr +w, dqg doo vwrfnv kdyh h{dfwo| wkh vdph frqglwlrqdo fryduldqfh  zlwk 1 Doo vwrfnv kdyh h{dfwo| wkh vdph uhjuhvvlrq frhflhqw  zkhq zh uhjuhvv rq wkh plqlpxp yduldqfh sruwirolr1



Wkh txhvwlrq dulvhv zkhwkhu wkhuh duh rwkhu plqlpxp yduldqfh sruwirolrv xq0 wkh ydul0 fruuhodwhg zlwk wklv rqh1 Vxssrvh zh ghqh 5+w, vlploduo| wr plqlpl}h dqfh vxemhfw wr wkh frqglwlrq wkdw wkh zhljkwv Z5+w, vdwlvi| Z53 +w, w Z4+w, @ 3= Wklv lpsolhv wkdw wkh fruuhvsrqglqj sruwirolr 5+w, vdwlvhv FryT+5+w . 4,> +w . 4,mKw, @ 31 Lq ylhz ri wkh ghqlwlrq ri Z4+w,> wklv lpsolhv wkdw Z53 +w,V +w, @ 3 ru wkdw wkh frvw ri vxfk d sruwirolr dw wkh ehjlqqlqj ri shulrgv lv 31 Wklv phdqv wkdw wkh sruwirolr lv vxfk wkdw wkhuh lv d shuihfw edodqfh eh0 wzhhq orqj dqg vkruw vwrfnv/ ru wkdw wkh ydoxh ri wkh orqj dqg vkruw vwrfnv duh htxdo1 Vxemhfw wr wklv uhvwulfwlrq lw lv srvvleoh wr pdnh wkh frqglwlrqdo yduldqfh dv odujh ru dv vpdoo dv zh zlvk/ vlpso| e| vfdolqj xs ru grzq e| d frpprq idfwru wkh dprxqw ri rxu lqyhvwphqwv1 Wkh deryh dqdo|vlv dvvxphv wkdw rxu remhfwlyh lv plqlpl}lqj wkh yduldqfh ri wkh sruwirolr1 Krzhyhu/ xqghu wkh ulvn qhxwudo phdvxuh T> hyhu| vwrfn kdv wkh vdph ulvn0iuhh udwh ri uhwxuq dqg vr lw lv htxdoo| orjlfdo wr plqlpl}h wkh yduldqfh ri wkh sruwirolr uhwxuq1 E| wkh vdph dqdo|vlv dv deryh/ wklv lv dfklhyhg zkhq wkh sursruwlrq ri rxu wrwdo lqyhvwphqw dw hdfk wlph shulrg lq vwrfn l lv fkrvhq w 4 4 dv frpsrqhqwv ri wkh yhfwru 43 w 44 zkhuh qrz w lv wkh frqglwlrqdo fryduldqfh pdwul{ ri wkh vwrfn uhwxuqv1 Wklv pd| dsshdu wr eh d glhuhqw fulwhulrq dqg khqfh d glhuhqw vroxwlrq/ exw vlqfh dw hdfk vwhs wkh vwrfn sulfh lv d olqhdu
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 zkhuh 5S +w, lv wkh pdunhw yrodwlolw| dw wlph w/ +w, lv wkh gldjrqdo dqg  lv wkh yhfwru ri wkh gldjrqdo pdwul{ zlwk wkh l +w, dorqj lqglylgxdo vwrfn ehwdv1 Lq wklv fdvh w 4 @ 4 . f434 zkhuh 4 4 f @ 5 S 5 @ 5s S 5 5 s . l l @l 4 . l l s@l dqg frqvhtxhqwo| wkh rswlpdo lqyhvwphqw lq hdfk vwrfn l lv sursruwlrqdo wr 4 . f +[  @m , l



l



m



m



ru l . f +S 4 @ , l



l=



m m



m



Wkh frqglwlrqdo yduldqfh ri Ul+w . 4, jlyhq wkh pdunhw dw wlph w . 4 lv Ohw xv fdoo wklv wkh h{fhvv yrodwlolw| iru vwrfn l= Wkhq wkh zhljkwv iru wkh



rswlpdo sruwirolr duh olqhdu lq wkh ehwd iru wkh vwrfn dqg wkh uhflsurfdo ri wkh h{fhvv yrodwlolw|1



�D



,?|hLT)G ULLt?} @ ' 4i@thi



W|slfdoo| pdunhw lqirupdwlrq grhv qrw frpsohwho| ghwhuplqh wkh ulvn0qhxwudo phdvxuh T 1 Zh zloo dujxh wkdw zkloh wkh klvwrulfdo gdwd vkrxog qrw vwulfwo| ghwhuplqh wkh T phdvxuh/ lw vkrxog eh xvhg wr oo lq wkh lqirupdwlrq wkdw lv qrw glfwdwhg e| qr0duelwudjh frqvlghudwlrqv1 Lq rughu wr uhodwh wkh uhdo zruog wr wkh ulvn0iuhh zruog/ zh qhhg hlwkhu vxflhqw pdunhw gdwd wr frpsohwho| ghvfuleh d ulvn0qhxwudo phdvxuh T +vxfk d prgho lv fdoohg d frpsohwh pdunhw, ru zh qhhg wr olplw rxu fdqglgdwh fodvv ri T phdvxuhv vrphzkdw1 Zh pd| hlwkhu ghqh wkh mrlqw glvwulexwlrqv ri wkh vwrfn sulfhv ru wkhlu uhwxuqv/ vlqfh iurp rqh zh fdq sdvv wr wkh rwkhu1 Iru frqyhqlhqfh/ vxssrvh zh ghvfuleh wkh mrlqw glvwulexwlrq ri wkh uhwxuqv surfhvv1 Wkh frqglwlrqv zh lpsrvh rq wkh pduwlqjdoh phdvxuh duh wkh iroorzlqj> 41 Xqghu T> hdfk qrupdol}hg vwrfn sulfh VmT+w,@Ew dqg ghulydwlyh sulfh Yw @Ew irupv d pduwlqjdoh1 Htxlydohqwo|/ H ^Vl +w . 4,mKw ` @ Vl +w,u+w . 4, zkhuh u+w . 4, lv wkh ulvn iuhh lqwhuhvw udwh ryhu wkh lqwhuydo +w> w . 4,= +Uhfdoo wkdw wklv ulvn0iuhh lqwhuhvw udwh u+w . 4, lv ghqhg e| wkh htxdwlrq E+w . 4, @ +4 . u+w . 4,,E+w,=, 51 T lv d suredelolw| phdvxuh1
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D voljkw uhylvlrq ri qrwdwlrq lv qhfhvvdu| khuh1 Zh zloo exlog rxu mrlqw glvwul0 exwlrqv frqglwlrqdoo| rq wkh sdvw dqg li S ghqrwhv wkh mrlqw glvwulexwlrq vwrfn sulfhv V +4,> V+5,> ===V +W , ryhu wkh zkroh shulrg ri revhuydwlrq 3 ? w ? W wkhq Sw.4 ghqrwhv wkh frqglwlrqdo glvwulexwlrq ri V +w . 4, jlyhq Kw = Ohw xv ghqrwh wkh frqglwlrqdo prphqw jhqhudwlqj ixqfwlrq ri wkh yhfwru V +w . 4, xqghu wkh phdvxuh Sw.4 e| [ pw +x, @ HS ^h{s+x3 V +w . 4,mKw ` @ HS ^h{s+ xl Vl+w . 4,,mKw ` l



Zh lpsolflwo| dvvxph/ ri frxuvh/ wkdw wklv prphqw jhqhudwlqj ixqfwlrq h{lvwv1 Vxssrvh/ iru vrph yhfwru ri sdudphwhuv  zh fkrrvh Tw.4 wr eh wkh h{srqhqwldo wlow ri Sw.4> l1h1 h{s+3v, gSw.4+v, gTw.4+v, @ pw +, Wkh glylvlrq e| pw+, lv qhfhvvdu| wr hqvxuh wkdw Tw.4 lv d suredelolw| phdvxuh1 Zk| wudqvirup d ghqvlw| e| pxowlso|lqj e| dq h{srqhqwldo lq wklv zd|B Wkhuh duh pdq| uhdvrqv iru vxfk d wudqvirupdwlrq1 H{srqhqwldo idplolhv ri glvwulexwlrqv duh exlow lq h{dfwo| wklv idvklrq dqg hqmr| surshuwlhv ri vxflhqf|/ frpsohwhqhvv dqg hdvh ri hvwlpdwlrq1 Exw zh dovr dujxh wkdw wkh phdvxuh T lv wkh suredelolw| phdvxuh zklfk lv forvhvw wr S lq d fhuwdlq vhqvh zkloh vwloo vdwlvi|lqj wkh uhtxluhg prphqw frqvwudlqw1 Zh pxvw ehjlq zlwk wkh qrwlrq ri hqwurs| zklfk xqghuolhv frqvlghudeoh wkhru| lq Vwdwlvwlfv dqg hovhzkhuh lq Vflhqfh1 �D�



hLtt ,?|hLT)



Frqvlghu wzr suredelolw| phdvxuhv S dqg T= Wkhq wkh furvv hqwurs| ru Nxooedfk0Ohleohu glvwdqfh ehwzhhq wkh wzr phdvxuhv lv jlyhq e| [ T+Hl , K +TmS , @ vxs T+Hl ,orj S +Hl , iHl j



zkhuh wkh vxsuhpxp lv ryhu doo qlwh sduwlwlrqv iHlj ri wkh suredelolw| vsdfh1 Lw lv qrw kdug wr vkrz wkdw wklv phdvxuh lv dozd|v qrq0qhjdwlyh dqg li T lv devroxwho| frqwlqxrxv zlwk uhvshfw wr S wklv fdq eh uhzulwwhq lq wkh irup gT K +TmS , @ H T orj+ ,= gS Li/ krzhyhu/ T lv qrw devroxwho| frqwlqxrxv zlwk uhvshfw wr S wkhq wkh furvv hqwurs| lv lqqlwh1 Zh vkrxog dovr uhpdun wkdw wkh furvv hqwurs| lv qrw uhdoo| d phwulf lq wkh xvxdo vhqvh +dowkrxjk zh xqdvkdphgo| xvh wkh whup glvwdqfh lq uhihuhqfh wr lw, vlqfh lq jhqhudo K +TmS , 9@ K +S mT,= Qrz wkh iroorzlqj uhvxow dvvhuwv wkdw wkh suredelolw| phdvxuh T zklfk lv forvhvw wr S exw vdwlvhv d frqvwudlqw rq lwv phdq lv jhqhudwhg e| dq h{srqhqwldo wlow ri wkh glvwulexwlrq ri S=
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PHDVXUH



Wkhruhp 6 = Plqlpl}lqj furvv0hqwurs|1 Frqvlghu wkh sureohp



plq K +TmS , T vxemhfw wr wkh frqvwudlqw H T +i +[ ,, @ = Wkhq wkh vroxwlrq/ li lw h{lvwv/ lv jlyhq e| h{s+3i +[ ,,



gT @



p+,



gS



zkhuh p+, @ H S ^h{s+3 i +[ ,,` dqg  lv fkrvhq vr wkdw



p3 +, p+,



@ = Wkh surri ri wklv uhvxow/ lq wkh fdvh ri d glvfuhwh glvwulexwlrq S lv d vwudljkw0 iruzdug xvh ri Odjudqjh pxowlsolhuv1 Zh ohdyh lw dv d sureohp dw wkh hqg ri wkh fkdswhu1 Qrz ohw xv uhwxuq wr wkh frqvwudlqwv rq wkh yhfwru ri vwrfn sulfhv1 Lq rughu wkdw HT^V +w . 4,mKw` @ +4 . u+w . 4,,V +w, zh uhtxluh wkdw  @ w eh fkrvhq vr wkdw ] h{s+3v, p3 +, g gSw.4+v, @ w @ orj+pw +,, @ +4 . u+w . 4,,V +w,= v pw +, pw +, g



Ri frxuvh/ wkh sdudphwhu  @ w lv ghshqghqw rq wlph vlqfh lw ghshqgv rq wkh frqglwlrqdo glvwulexwlrq jlyhq Kw= Qrz frqvlghu d phdvxuh T jlyhq e| h{s+Sw 3wg{w, gS gT @ wpw+w, Wkhruhp 41718 vkrzv wkdw wklv h{srqhqwldoo| wlowhg glvwulexwlrq kdv wkh surs0 huw| ri ehlqj wkh forvhvw wr wkh ruljlqdo phdvxuh S zkloh vdwlvi|lqj wkh frqglwlrq wkdw wkh qrupdol}hg vhtxhqfh ri vwrfn sulfhv irupv d pduwlqjdoh1 Wkhuh lv d frq0 wlqxrxv wlph dqdorjxh ri wklv uhvxow/ zklfk/ iru frpsohwhqhvv/ zh vlpso| vwdwh ehorz dqg uhvhuyh wkh surri iru wkh sureohp vhw1 Wkh vwdwhphqw uhtxluhv xq0 ghuvwdqglqj ri wkh frqwlqxrxv wlph prghov ri wkh qh{w vhfwlrq/ dqg vr fdq eh vnlsshg rq uvw uhdglqj1 Wkhruhp 7 1



Vxssrvh xqghu d suredelolw| phdvxuh S> wkh vwrfn sulfh surfhvv Vw vdwlvhv dq Lwr htxdwlrq ri wkh irup gVw @ w gw . w gZw Wkhq wkh phdvxuh T zklfk vdwlvhv plq K +TmS , T
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vxemhfw wr wkh frqvwudlqw wkdw wkh guliw ri wkh surfhvv lv jlyhq e| wkh ulvn iuhh lqwhuhvw udwh/ +irupdoo| zulwwhq HT^gVwmKw` @ uw Vw gw, lv vxfk wkdw



]



gT @ h{s+ w gVw 



zkhuh w @



]



+ww . 5w 5w @5,gw,gS



Vw uw  w 5w



Wkh hhfw ri wklv fkdqjh ri phdvxuh lv vxfk wkdw xqghu T> Vw vdwlvhv dq Lwr htxdwlrq zlwk wkh vdph glxvlrq whup dqg guliw ghwhuplqhg e| wkh ulvn0iuhh lqwhuhvw udwh gVw @ uw Vw gw . w gZw �D2



�@ 44 ,?|hLT)



Lq 4 wkh h{shfwhg qxpehu ri txhulhv wr dvfhuwdlq wkh ydoxh ri wkh udqgrp yduldeoh lv 4 . 4+4@5, @ 4=8= Wkhuh lv qr pruh hflhqw vfkhph iru ghvljqlqj wklv elqdu| sroo lq wklv fdvh vr zh zloo wdnh 4=8 wr eh d phdvxuh ri hqwurs| ri wkh glvwulexwlrq ri [= Lq jhqhudo iru d glvfuhwh glvwulexwlrq/ vxfk wkdw S ^[ @ {` @ s+{,> wkh hqwurs| pd| eh ghqhg wr eh [ K +s, @ H i oq+s+[ ,, @  s+{,oq+s+{,,= {



Lq wkh fdvh ri wkh deryh glvwulexwlrq/ li zh zhuh wr uhsodfh wkh qdwxudo orjdulwkp e| wkh orj edvh 5/ +oq dqg orj5 glhu rqo| e| d vfdoh idfwru dqg duh wkhuhiruh wkh fruuhvsrqglqj phdvxuhv ri hqwurs| duh htxlydohqw xs d vfdoh pxowlsoh, qrwlfh wkdw  S{ s+{, orj5+s+{,, @ =8+4,. =8+5, @ 4=8> vr wklv irupxod fruuhfwo| phdvxuhv wkh glfxow| lq dvfhuwdlqlqj d udqgrp yduldeoh iurp d vh0 txhqfh ri txhvwlrqv zlwk |hv0qr ru elqdu| dqvzhuv1 Wklv lv wuxh lq jhqhudo lq idfw1 Wkh frpsoh{lw| ri d glvwulexwlrq dv phdvxuhg e| wkh h{shfwhg qxpehu ri txhvwlrqv lq d elqdu| sroo wr ghwhuplqh wkh ydoxh ri d udqgrp yduldeoh zlwk wkdw glvwulexwlrq fdq eh phdvxuhg e| wkh



4191



56



PRGHOV LQ FRQWLQXRXV WLPH



Pdq| vwdwlvwlfdo glvwulexwlrqv kdyh dq lqwhusuhwdwlrq lq whupv ri pd{lpl}lqj hqwurs|1 Iru h{dpsoh/ zkdw glvfuhwh glvwulexwlrq s kdv ydoxhv rq d fhuwdlq vhw dqg |hw pd{lpl}hv wkh hqwurs| K +s,B Iluvw qrwlfh wkdw li s lv xqlirup rq q srlqwv/ s+{, @ 4@q iru doo { dqg vr wkh hqwurs| lv  S{ q4 oq+ q4 , @ oq+q,= Qrz frqvlghu wkh sureohp ri pd{lpl}lqj wkh hqwurs| K +s, iru dq| glvwulexwlrq rq q srlqwv +vxemhfw wr wkh frqvwudlqw/ ri frxuvh/ wkdw wkh suredelolwlhv dgg wr rqh,1 Wkh Odjudqjldq iru wklv sureohp lv  S{ s+{, oq+s+{,,  iS{ s+{,  4j zkhuh  lv d Odjudqjh pxowlsolhu1 Xsrq glhuhqwldwlqj zlwk uhvshfw wr s+{, zh rewdlq  oq+s+{,,  4   @ 3 ru s+{, @ h+4., 1 Dsso|lqj wkh frqvwudlqw wkdw wkh vxp ri wkh suredelolwlhv lv rqh uhvxowv lq s+{, @ 4@q iru doo {= Wklv vkrzv wkdw wkh glvfuhwh glvwulexwlrq zlwk pd{lpxp hqwurs| lv wkh xqlirup glvwulexwlrq1 Zkdw li zh uhshdw wklv dqdo|vlv xvlqj dgglwlrqdo frqvwudlqwv/ iru h{dpsoh rq wkh prphqwv ri wkh glvwulexwlrqB Vxssrvh iru h{dpsoh wkdw zh uhtxluh wkdw wkh5 phdq ri wkh glvwulexwlrq lv vrph {hg frqvwdqw  dqg wkh yduldqfh {hg dw  = Wkh sureohp lv vlplodu wr wkdw wuhdwhg deryh exw zlwk wzr pruh whupv lq wkh Odjudqjldq iru hdfk ri wkh dgglwlrqdo frqvwudlqwv1 Wkh Odjudqjldq ehfrphv [ [ [ [  s+{,oq+s+{,,  4i s+{,  4j  5i {s+{,  j  6i {5s+{,  5  5j {



{



{



zkhuhxsrq vhwwlqj wkh ghulydwlyh zlwk uhvshfw wr s+{, htxdo wr }hur dqg ds0 so|lqj wkh frqvwudlqwv zh rewdlq s+{, @ h{si4  5{  6 {5j> zlwk frqvwdqwv 4> 5> 6 fkrvhq wr vdwlvi| wkh wkuhh frqvwudlqwv1 Vlqfh wkh h{srqhqw lv d txdgudwlf ixqfwlrq ri {> wklv lv dqdorjrxv wr wkh qrupdo glv0 wulexwlrq h{fhsw wkdw zh kdyh uhtxluhg wkdw lw eh vxssruwhg rq d glvfuhwh vhw ri srlqwv {= Ohw xv fdoo vxfk d glvwulexwlrq wkh glvfuhwh qrupdo glvwulexwlrq1 Lq idfw li zh gurs wkh uhtxluhphqw wkdw wkh glvwulexwlrq lv glvfuhwh/ wkh vdph nlqg ri dujxphqw vkrzv wkdw wkh pd{lpxp hqwurs| glvwulexwlrq lv wkh qrupdo glvwulexwlrq1 Vr khuh/ dw ohdvw/ duh wzr vlpsoh glvwulexwlrqv dulvlqj rxw ri pd{lpxp hq0 wurs| frqvlghudwlrqv1 Wkh pd{lpxp hqwurs| glvwulexwlrq rq d glvfuhwh vhw ri srlqwv lv wkh xqlirup glvwulexwlrq1 Wkh pd{lpxp hqwurs| vxemhfw wr d frqvwudlqw rq wkh phdq dqg wkh yduldqfh lv d +glvfuhwh, qrupdo glvwulexwlrq1



�S



�L_i*t ? L?|?Lt A4i



Zh ehjlq zlwk vrph ryhuvlpsolhg uxohv ri vwrfkdvwlf fdofxoxv zklfk fdq eh rplwwhg e| wkrvh zlwk d edfnjurxqg lq Eurzqldq prwlrq dqg glxvlrq1 Iluvw/ zh ghqh d vwrfkdvwlf surfhvv Zw fdoohg wkh vwdqgdug Eurzqldq prwlrq ru Zlhqhu surfhvv kdylqj wkh iroorzlqj surshuwlhv> 41 Iru hdfk k A 3> wkh lqfuhphqw Z +w . k,  Z +w, kdv d Q +3> k, glvwulexwlrq dqg lv lqghshqghqw ri doo suhfhglqj lqfuhphqwv Z +x,  Z +y,> w A x A y A 3=
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51 Z +3 , @ 3 =



Wkh Vwdqgdug Eurzqldq Prwlrq Surfhvv Wkh idfw wkdw vxfk d surfhvv h{lvwv lv e| qr phdqv hdv| wr vhh1 Lw kdv ehhq dq lpsruwdqw sduw ri wkh olwhudwxuh lq Sk|vlfv/ Suredelolw| dqg Ilqdqfh dw ohdvw vlqfh wkh sdshuv ri Edfkholhu dqg Hlqvwhq/ derxw 433 |hduv djr1 D Eurzqldq prwlrq surfhvv dovr kdv vrph lqwhuhvwlqj dqg uhpdundeoh wkhruhwlfdo surshuwlhv> lw lv frqwlqxrxv zlwk suredelolw| rqh exw wkh suredelolw| wkdw wkh surfhvv kdv qlwh yduldwlrq lq dq| lqwhuydo lv 31 Zlwk suredelolw| rqh lw lv qrzkhuh glhuhqwldeoh1 Ri frxuvh rqh pljkw dvn krz d surfhvv zlwk vxfk dssduhqwo| el}duuh surshuwlhv fdq eh xvhg wr dssur{lpdwh uhdo0zruog skhqrphqd/ zkhuh zh h{shfw ixqfwlrqv wr eh exlow hlwkhu iurp frqwlqxrxv dqg glhuhqwldeoh vhjphqwv ru mxpsv lq wkh surfhvv1 Wkh dqvzhu lv wkdw d yhu| zlgh fodvv ri ixqfwlrqv frqvwuxfwhg iurp wkrvh wkdw duh txlwh zhoo0ehkdyhg +h1j1 vwhs ixqfwlrqv, dqg wkdw kdyh lqghshqghqw lqfuhphqwv frqyhujh dv wkh vfdoh rq zklfk wkh| pryh lv uhqhg hlwkhu wr d Eurzqldq prwlrq surfhvv ru wr d surfhvv ghqhg dv dq lqwhjudo zlwk uhvshfw wr d Eurzqldq prwlrq surfhvv dqg vr wklv lv d xvhixo dssur{lpdwlrq wr d eurdg udqjh ri frqwlqxrxv S wlph surfhvvhv1 Iru h{dpsoh/ frqvlghu d udqgrp zdon surfhvv Vq @ ql@4 [l zkhuh wkh udqgrp yduldeohv [l duh lqghshqghqw lghqwlfdoo| glvwulexwhg zlwk h{shfwhg ydoxh H+[l, @ 3 dqg ydu+[l, @ 4= Vxssrvh zh sorw wkh judsk ri wklv udqgrp zdon +q> Vq, dv ehorz1 Qrwlfh wkdw zh kdyh olqhduo| lqwhusrodwhg wkh judsk vr wkdw wkh ixqfwlrq lv ghqhg iru doo q> zkhwkhu lqwhjhu ru qrw1
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Random Walk 4
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Qrz li zh lqfuhdvh wkh vdpsoh vl}h dqg ghfuhdvh wkh vfdoh dssursuldwho| rq erwk d{hv/ wkh uhvxow lv/ lq wkh olplw/ dsEurzqldq prwlrq surfhvv1 Wkh yhuwlfdo vfdoh lv wr eh ghfuhdvhg e| d idfwru 4@ q dqg wkh krul}rqwdo vfdoh e| d idfwru q4 1 Wkh wkhruhp frqfoxghv wkdw wkh vhtxhqfh ri surfhvvhv 4 \q+w, @ s Vqw q



frqyhujhv zhdno| wr d vwdqgdug Eurzqldq prwlrq surfhvv dv q $ 4= Lq sudfwlfh wklv phdqv wkdw d surfhvv zlwk lqghshqghqw vwdwlrqdu| lqfuhphqwv whqgv wr orrn olnh d Eurzqldq prwlrq surfhvv1 Dv zh vkdoo vhh/ wkhuh lv dovr d zlgh ydulhw| ri qrq0vwdwlrqdu| surfhvvhv wkdw fdq eh frqvwuxfwhg iurp wkh Eurzqldq prwlrq surfhvv e| lqwhjudwlrq1 Ohw xv xvh wkh deryh olplwlqj uhvxow wr uhqghu vrph ri wkh surshuwlhv ri wkh Eurzqldq prwlrq pruh sodxvleoh/ vlqfh d vhulrxv surri lv eh|rqg rxu vfrsh1 Frqvlghu wkh txhvwlrq ri frqwlqxlw|/ iru h{dpsoh1 Vlqfh m\q+w . k,  \q+w,m  m s4q Sql@+wqw.k, [l m dqg wklv lv wkh devroxwh ydoxh ri dq dv|pswrwlfdoo| qrupdoo|+3> k, udqgrp yduldeoh e| wkh fhqwudo olplw wkhruhp/ lw lv sodxvleoh wkdw wkh olplw dv k $ 3 lv }hur vr wkh ixqfwlrq lv frqwlqxrxv dw w= Rq wkh rwkhu kdqg qrwh wkdw q+w.k, \q+w . k,  \q+w, 4 s4 [ [l  k



k q l@qw vkrxog e| dqdorj| ehkdyh olnh k4 wlphv d Q +3> k, udqgrp yduldeoh zklfk eorzv xs dv k $ 3 vr lw zrxog dsshdu wkdw wkh ghulydwlyh dw w grhv qrw h{lvw1 Wr rewdlq wkh wrwdo yduldwlrq ri wkh surfhvv lq wkh lqwhuydo ^w> w . k` / frqvlghu wkh



ohqjwkv ri wkh vhjphqwv lq wklv lqwhuydo/ l1h1 q+[ w.k, s4 m[lm q l@qw
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dqg qrwlfh wkdw vlqfh wkh odz ri odujh qxpehuv lpsolhv wkdw qk4 Ssql@+wqw.k, m[lm frqyhujhv wr d srvlwlyh frqvwdqw/ qdpho| Hm[lm/ li zh pxowlso| e| qk wkh olplw pxvw eh lqqlwh/ vr wkh wrwdo yduldwlrq ri wkh Eurzqldq prwlrq surfhvv lv lqqlwh1 Frqwlqxrxv wlph surfhvv duh xvxdoo| exlow rqh vpdoo lqfuhphqw dw d wlph dqg ghqhg wr eh wkh olplw dv wkh vl}h ri wkh wlph lqfuhphqw lv uhgxfhg wr }hur1 Ohw xv frqvlghu iru h{dpsoh krz zh pljkw ghqh d vwrfkdvwlf +Lwr , lqwhjudo ri wkh irup U3W k+w,gZw1 Dq dssur{lpdwlqj vxp wdnhv wkh irup



]W 3



k+w,gZw 



[



q4 l@3



k+wl ,+Z +wl.4 ,  Z +wl,,> 3 @ w3 ? w4 ? === ? wq @ W=



Qrwh wkdw wkh ixqfwlrq k+w, lv hydoxdwhg dw wkh ohiw kdqg hqg0srlqw ri wkh lq0 whuydov ^wl> wl.4`/ dqg wklv lv fkdudfwhulvwlf ri wkh Lwr fdofxoxv/ dqg dq lpsruwdqw ihdwxuh glvwlqjxlvklqj lw iurp wkh xvxdo Ulhpdqq fdofxoxv vwxglhg lq xqghujudg0 xdwh pdwkhpdwlfv frxuvhv1 Wkhuh duh vrph vlpsoh uhdvrqv zk| hydoxdwlqj wkh ixqfwlrq dw wkh ohiw kdqg hqg0srlqw lv qhfhvvdu| iru vwrfkdvwlf prghov lq qdqfh1 Iru h{dpsoh ohw xv vxssrvh wkdw wkh ixqfwlrq k+w, phdvxuhv krz pdq| vkduhv ri d vwrfn zh srvvhvv dqg Z +w, lv wkh sulfh ri rqh vkduh ri vwrfn dw wlph w= Lw lv fohdu wkdw zh fdqqrw suhglfw suhflvho| ixwxuh vwrfn sulfhv dqg rxu ghflvlrq derxw lqyhvwphqw ryhu d srvvleo| vkruw wlph lqwhuydo ^wl> wl.4` pxvw eh pdgh dw wkh ehjlqqlqj ri wklv lqwhuydo/ qrw dw wkh hqg ru lq wkh plggoh1 Vhfrqg/ lq wkh fdvh ri d Eurzqldq prwlrq surfhvv Z +w,> lw pdnhv d glhuhqfh zkhuh lq wkh lqwhuydo ^wl> wl.4` zh hydoxdwh wkh ixqfwlrq k wr dssur{lpdwh wkh lqwhjudo/ zkhuhdv lw pdnhv qr glhuhqfh iru Ulhpdqq lqwhjudov1 Dv zh uhqh wkh sduwl0 wlrq ri wkh lqwhuydo/ wkh dssur{lpdwlqj vxpv Sql@34 k+wl.4,+Z +wl.4,  Z +wl,,> iru h{dpsoh/ dssurdfk d frpsohwho| glhuhqw olplw1 Wklv glhuhqfh lv hvvhqwldoo| gxh wr wkh idfw wkdw Z +w,> xqolnh wkrvh ixqfwlrqv vwxglhg ehiruh lq fdofxoxv/ lv ri lqqlwh yduldwlrq1 Dv d frqvhtxhqfh/ wkhuh duh rwkhu lpsruwdqw glhuhqfhv lq wkh Lwr fdofxoxv1 Ohw xv vxssrvh wkdw wkh lqfuhphqw gZ lv xvhg wr ghqrwh vpdoo lqfuhphqwv Z +wl.4,  Z +wl, lqyroyhg lq wkh frqvwuxfwlrq ri wkh lqwhjudo1 Li zh ghqrwh wkh lqwhuydo ri wlph wl.4  wl e| gw> zh fdq orrvho| dvvhuw wkdw gZ kdv wkh qrupdo glvwulexwlrq zlwk phdq 3 dqg yduldqfh gw= Li zh dgg xs d odujh qxpehu ri lqghshqghqw vxfk lqfuhphqwv/ vlqfh wkh yduldqfhv dgg/ wkh vxp kdv yduldqfh wkh vxp ri wkh ydoxhv gw dqg vwdqgdug ghyldwlrq wkh vtxduh urrw1 Yhu| urxjko|/ zh fdq dvvhvv wkh vl}h ri gZ vlqfh lwv vwdqgdug ghyldwlrq lv +gw,4@5= Qrz frqvlghu ghqlqj d surfhvv dv d ixqfwlrq erwk ri wkh Eurzqldq prwlrq dqg ri wlph/ vd| Yw @ j+Zw> w,= Li Zw uhsuhvhqwhg wkh sulfh ri d vwrfn ru d erqg/ Yw pljkw eh wkh sulfh ri d ghulydwlyh rq wklv vwrfn ru erqg1 H{sdqglqj wkh lqfuhphqw gY xvlqj d Wd|oru vhulhv h{sdqvlrq jlyhv C C5 gZ 5 C j+Zw > w,gZ . gYw @ j+Zw > w, 5 CZ CZ 5 . Cw j+Zw> w,gw +419, .+vwx,  +gZ ,6 . +pruh vwx,  +gw,+gZ ,5 . ==== Orrvho|/ gZ lv qrupdo zlwk phdq 3 dqg vwdqgdug ghyldwlrq +gw,4@5 dqg vr gZ lv qrq0qhjoljleoh frpsduhg zlwk gw dv gw $ 3= Zh fdq ghqh hdfk ri wkh
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glhuhqwldov gZ dqg gw hvvhqwldoo| e| uhihuhqfh wr wkh uhvxow zkhq zh lqwhjudwh erwk vlghv ri wkh htxdwlrq1 Li L zhuh wr zulwh dq htxdwlrq lq glhuhqwldo irup g[w @ k+w,gZw wkhq wklv rqo| kdv uhdo phdqlqj wkurxjk lwv lqwhjudwhg yhuvlrq [w @ [3 .



]w 3



k+w,gZw =



zh dvvljq wr d Zkdw derxw wkh whupv lqyroylqj +gZ ,5 B Zkdw phdqlqj vkrxog U whup olnh5 k+w,+gZ ,5B Frqvlghu wkh dssur{lpdwlqj ixqfwlrq S k+wl,+Z +wl.4, Z +wl,, = Qrwlfh wkdw/ dw ohdvw lq wkh fdvh wkdw wkh ixqfwlrq k lv qrq0udqgrp zh duh dgglqj xs lqghshqghqw udqgrp yduldeohv k+wl,+Z +wl.4,  Z +wl,,5 hdfk zlwk h{shfwhg ydoxh k+wl,+wl.4  wl, dqg zkhq zh dgg xs wkhvh txdqwlwlhv wkh olplw lv U k+w,gw e| wkh odz ri odujh qxpehuv1 Urxjko| vshdnlqj/ dv glhuhqwldov/ zh vkrxog lqwhusuhw +gZ ,5 dv gw ehfdxvh wkdw lv wkh zd| lw dfwv lq dq lqwhjudo1 Vxevhtxhqw whupv vxfk dv +gZ ,6 ru +gw,+gZ ,5 duh doo r+gw,/ l1h1 wkh| doo dssurdfk 3 idvwhu wkdq grhv gw dv gw $ 3= Vr qdoo| vxevwlwxwlqj iru +gZ ,5 lq BB dqg ljqrulqj doo whupv wkdw duh r+gw,> zh rewdlq d vlpsoh yhuvlrq ri Lwr*v



ohppd



C 4 C5 j+Zw> w, . C j+Zw > w,jgw= j+Zw > w,gZ . i CZ 5 CZ 5 Cw Wklv uxoh uhvxowv/ iru h{dpsoh/ zkhq zh sxw j+Zw> w, @ Zw5 lq gj+Zw > w, @



g+Zw5, @ 5Zw gZw . gw



ru rq lqwhjudwlqj erwk vlghv dqg uhduudqjlqj/ ]e ]e 4 4 5 5 Zw gZw @ +Ze  Zd ,  5 5 d gw= d Wkh whup Ude gw deryh lv zkdw glvwlqjxlvkhv wkh Lwr fdofxoxv iurp wkh Ulhpdqq fdofxoxv/ dqg lv d frqvhtxhqfh ri wkh qdwxuh ri wkh Eurzqldq prwlrq surfhvv/ d frqwlqxrxv ixqfwlrq ri lqqlwh yduldwlrq1 Wkhuh lv rqh pruh surshuw| ri wkh vwrfkdvwlf lqwhjudo wkdw pdnhv lw d ydoxdeoh wrro lq wkh frqvwuxfwlrq ri prghov lq qdqfh/ dqg wkdw lv wkdw d vwrfkdvwlf lqwhjudo zlwk uhvshfw wr d Eurzqldq prwlrq surfhvv lv dozd|v d pduwlqjdoh1 Wr vhh wklv/ qrwh wkdw lq dq dssur{lpdwlqj vxp



]W 3



k+w,gZw 



[



q4 l@3



k+wl ,+Z +wl.4,  Z +wl ,,



hdfk ri wkh vxppdqgv kdv frqglwlrqdo h{shfwdwlrq 3 jlyhq wkh sdvw/ l1h1 H ^k+wl ,+Z +wl.4,  Z +wl ,,mKwl ` @ k+wl,H ^+Z +wl.4,  Z +wl ,,mKwl ` @ 3
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vlqfh wkh Eurzqldq lqfuhphqwv kdyh phdq 3 jlyhq wkh sdvw dqg vlqfh k+w, lv phdvxudeoh zlwk uhvshfw wr Kw= Zh ehjlq zlwk dq dwwhpsw wr frqvwuxfw wkh prgho iru dq Lwr surfhvv ru gli0 ixvlrq surfhvv lq frqwlqxrxv wlph1 Zh frqvwuxfw wkh sulfh surfhvv rqh lqfuhphqw dw d wlph dqg lw vhhpv uhdvrqdeoh wr h{shfw wkdw erwk wkh phdq dqg wkh ydul0 dqfh ri wkh lqfuhphqw lq sulfh pd| ghshqg rq wkh fxuuhqw sulfh exw grhv qrw ghshqg rq wkh surfhvv ehiruh lw duulyhg dw wkdw sulfh1 Wklv lv d orrvh ghvfulswlrq ri d Pdunry surshuw|1 Wkh frqglwlrqdo glvwulexwlrq ri wkh ixwxuh ri wkh surfhvv ghshqgv rqo| rq wkh fxuuhqw wlph w dqg wkh fxuuhqw sulfh ri wkh surfhvv1 Ohw xv vxssrvh lq dgglwlrq wkdw wkh lqfuhphqwv lq wkh surfhvv duh/ frqglwlrqdo rq wkh sdvw/ qrupdoo| glvwulexwhg1 Wkxv zh dvvxph wkdw iru vpdoo ydoxhv ri k> frq0 glwlrqdo rq wkh fxuuhqw wlph w dqg wkh fxuuhqw ydoxh ri wkh surfhvv [w> wkh lqfuhphqw [w.k  [w fdq eh5jhqhudwhg iurp d qrupdo glvwulexwlrq5 zlwk phdq d+[w > w,k dqg zlwk yduldqfh  +[w > w,k iru vrph ixqfwlrqv d dqg  fdoohg wkh guliw dqg glxvlrq frhflhqwv uhvshfwlyho|1 Vxfk d qrupdo udqgrp yduldeoh fdq h{suhvv [W dv eh irupdoo| zulwwhq dv d+[w > w ,gw. 5+[w> w,gZw= Vlqfh zh frxog dq lqlwldo sulfh [3 soxv wkh vxp ri vxfk lqfuhphqwv/ [W @ [3 . Sl+[wl.4  [wl ,= Wkh vlqjoh prvw lpsruwdqw prgho ri wklv w|sh lv fdoohg wkh Jhrphwulf Eurz0 qldq prwlrq ru Eodfn0Vfkrohv prgho1 Vlqfh wkh dfwxdo ydoxh ri vwrfn/ olnh wkh ydoxh ri d fxuuhqf| ru yluwxdoo| dq| rwkhu dvvhw lv odujho| duwlfldo/ ghshqglqj rq vxfk wklqjv dv wkh qxpehu ri vkduhv lvvxhg/ lw lv uhdvrqdeoh wr vxssrvh wkdw wkh fkdqjhv lq d vwrfn sulfh vkrxog eh prghohg uhodwlyh wr wkh fxuuhqw sulfh1 Iru h{dpsoh udwkhu wkdq prgho wkh lqfuhphqwv/ lw lv shukdsv pruh uhdvrqdeoh wr prgho wkh uhodwlyh fkdqjh lq wkh surfhvv1 Wkh vlpsohvw vxfk prgho ri wklv w|sh lv rqh lq zklfk erwk wkh phdq dqg wkh vwdqgdug ghyldwlrq ri wkh lqfuhphqw lq wkh sulfh duh olqhdu pxowlsohv ri sulfh lwvhoi> yl}1 5g[5w lv dssur{lpdwho| qru0 pdoo| glvwulexwhg zlwk phdq d[wgw dqg yduldqfh  [w gw= Lq whupv ri vwrfkdvwlf glhuhqwldov/ zh dvvxph wkdw g[w @ d[w gw . [w gZw = +41:, Qrz frqvlghu wkh uhodwlyh uhwxuq iurp vxfk d surfhvv ryhu wkh lqfuhphqw g\w @ g[w @[w = Sxwwlqj \w @ j+[w , @ oq+[w , qrwh wkdw dqdorjrxv wr rxu ghulydwlrq ri Lwr*v ohppd 4 gj+[w , @ j3 +[w ,g[w . j33 +[w ,+g[ ,5 . === 5 4 @ [ id[w gw . [w gZw=j  5[4 5 5[w5gw w



5



w



@ +d  5 ,gw . gZw = zklfk lv d ghvfulswlrq ri d jhqhudo Eurzqldq prwlrq surfhvv/ 5d surfhvv zlwk lqfuhphqwv g\w wkdw duh qrupdoo| glvwulexwhg zlwk phdq +d  5 ,gw dqg zlwk yduldqfh 5gw= Wklv surfhvv vdwlvi|lqj g[w @ d[w gw . [wgZw lv fdoohg wkh Jhrphwulf Eurzqldq prwlrq surfhvv +ehfdxvh lw fdq eh zulwwhq lq wkh irup [w @ h\w iru d Eurzqldq prwlrq surfhvv \w , ru d Eodfn0Vfkrohv prgho1
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+[w > w,gZw =



Zh riwhq zulwh vxfk dq htxdwlrq zlwk glhuhqwldo qrwdwlrq/ g[w @ d+[w > w,gw . +[w > w,gZw = +41;, exw lwv phdqlqj vkrxog dozd|v eh vrxjkw lq wkh deryh lqwhjudo irup1 Wkh frh0 flhqwv d+[w> w, dqg +[w> w, ydu| zlwk wkh fkrlfh ri prgho1 Dv xvxdo/ zh lqwhu0 suhw BB dv phdqlqj wkdw d vpdoo lqfuhphqw lq wkh surfhvv/ vd| g[w @ [w.k  [w +k yhu| vpdoo, lv dssur{lpdwho| glvwulexwhg dffruglqj wr d qrupdo glvwulexwlrq yduldqfh jlyhq zlwk5frqglwlrqdo phdq d+5[w> w,gw @ d+[w > w,k dqg frqglwlrqdo e|  +[w> w,ydu+gZw, @  +[w > w,ydu+Zw.k  Zw, @ 5+[w> w,k= Khuh wkh phdq dqg yduldqfh duh frqglwlrqdo rq Kw > wkh klvwru| ri wkh surfhvv [w xs wr wlph w= Ydulrxv fkrlfhv iru wkh ixqfwlrqv d+[w> w,> +[w> w, duh srvvleoh1 Iru wkh Eodfn0Vfkrohv prgho ru jhrphwulf Eurzqldq prwlrq/ d+[w> w, @ d[w dqg +[w> w, @ [w iru frqvwdqw guliw dqg yrodwlolw| sdudphwhuv d> = Wkh Fr{0Lqjhuvroo0Urvv prgho/ xvhvg wr prgho vsrw lqwhuhvw udwhv/ fruuhvsrqgv wr d+[w> w, @ D+e  [w , dqg +[w> w, @ fs[w iru frqvwdqwv D> e> f1 Wkh Ydvlfhn prgho/ dovr d prgho iru lqwhuhvw udwhv/ kdv d+[w> w, @ D+e  [w, dqg +[w> w, @ f= Wkhuh lv d odujh qxpehu ri prghov iru prvw frqwlqxrxv wlph surfhvvhv revhuyhg lq qdqfh zklfk fdq eh zulwwhq lq wkh irup BB1 Vr fdoohg pxowl0idfwru prghov duh ri vlplodu irup zkhuh [w lv d yhfwru ri qdqfldo wlph vhulhv dqg wkh frhflhqw ixqfwlrqv d+[w > w, lv yhfwru ydoxhg/ +[w> w, lv uhsodfhg e| d pdwul{0ydoxhg ixqfwlrq dqg gZw lv lqwhusuhwhg dv d yhfwru ri lqghshqghqw Eurzqldq prwlrq surfhvvhv1 Iru whfkql0 fdo frqglwlrqv rq wkh frhflhqwv xqghu zklfk d vroxwlrq wr BB lv jxdudqwhhg wr h{lvw dqg eh xqltxh/ vhh Ndudw}dv dqg Vkuhyh/ vhfwlrqv 815/ 8161 Dv zlwk dq| glhuhqwldo htxdwlrq wkhuh pd| eh lqlwldo ru erxqgdu| frqgl0 wlrqv dssolhg wr BB wkdw uhvwulfw wkh fkrlfh ri srvvleoh vroxwlrqv1 Vroxwlrqv wr wkh deryh htxdwlrq duh glfxow wr duulyh dw/ dqg lw lv riwhq hyhq pruh gl0 fxow wr rewdlq glvwulexwlrqdo surshuwlhv ri wkhp1 Dprqj wkh nh| wrrov duh wkh Nroprjrury glhuhqwldo htxdwlrqv +vhh Fr{ dqg Ploohu/ s1 548,1 Frqvlghu wkh wudqvlwlrq suredelolw| nhuqho s+v> }> w> {, @ S ^[w @ {m[v @ } ` lq wkh fdvh ri d glvfuhwh Pdunry Fkdlq1 Li wkh Pdunry fkdlq lv frqwlqxrxv +dv lw lv lq wkh fdvh ri glxvlrqv,/ wkdw lv li wkh frqglwlrqdo glvwulexwlrq ri [w jlyhq [v lv devroxwho| frqwlqxrxv zlwk uhvshfw wr Ohehvjxh phdvxuh/ wkhq zh fdq ghqh s+v> }> w> {, wr eh wkh frqglwlrqdo suredelolw| ghqvlw| ixqfwlrq ri [w jlyhq [v @ }1 Wkh wzr htxdwlrqv/ iru d glxvlrq ri wkh deryh irup/ duh=
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Nroprjrury*v edfnzdug htxdwlrq



C 4 C5 C s @ d+}> v, s  5+}> v, 5 s Cv C} 5 C}



+41 w,s, C s @  +d+{> w,s, . Cw C{ 5 C{5



+4143, Qrwh wkdw li zh zhuh deoh wr vroyh wkhvh htxdwlrqv/ wklv zrxog surylgh wkh wudqvlwlrq ghqvlw| ixqfwlrq s> jlylqj wkh frqglwlrqdo glvwulexwlrq ri wkh surfhvv1 Lw grhv qrw lpphgldwho| surylgh rwkhu fkdudfwhulvwlfv ri wkh glxvlrq/ vxfk dv wkh glvwulexwlrq ri wkh pd{lpxp ru wkh plqlpxp/ lpsruwdqw iru ydoxlqj ydulrxv h{rwlf rswlrqv vxfk dv orrn0edfn dqg eduulhu rswlrqv1 Krzhyhu iru d Hxurshdq rswlrq ghqhg rq wklv surfhvv/ nqrzohgjh ri wkh wudqvlwlrq ghqvlw| zrxog vxfh dw ohdvw wkhruhwlfdoo| iru ydoxlqj wkh rswlrq1 Xqiruwxqdwho| wkhvh htxdwlrqv duh riwhq yhu| glfxow wr vroyh h{solflwo|1 Ehvlghv wkh Nroprjrury htxdwlrqv/ zh fdq xvh vlpsoh ruglqdu| glhuhqwldo htxdwlrqv wr duulyh dw vrph ri wkh edvlf surshuwlhv ri d glxvlrq1 Wr looxvwudwh/ frqvlghu rqh ri wkh vlpsohvw srvvleoh irupv ri d glxvlrq/ zkhuh d+[w> w, @ +w, . +w,[w zkhuh wkh frhflhqwv +w,> +w, duh ghwhuplqlvwlf +l1h1 qrq0 udqgrp, ixqfwlrqv ri wlph1 Qrwh wkdw wkh lqwhjudo dqdorjxh ri BB lv [w @ [3 .



]w 3



d+[v> v,gv .



]w 3



+[v > v,gZv



+4144,



dqg e| frqvwuxfwlrq wkdw odvw whup U3w +[v> v,gZv lv d }hur0phdq pduwlqjdoh1 Iru h{dpsoh lwv vpdoo lqfuhphqwv +[w> w,gZv duh dssur{lpdwho| Q +3> +[w> w,gw,= Wkhuhiruh/ wdnlqj h{shfwdwlrqv rq erwk vlghv frqglwlrqdo rq wkh ydoxh ri [3/ dqg ohwwlqj p+w, @ H+[w,/ zh rewdlq= p+w, @ [3 .



]w 3



^+v, . +v,p+v,`gv



+4145,



dqg wkhuhiruh p+w, vroyhv wkh ruglqdu| glhuhqwldo htxdwlrq +4146, p3 +w, @ +w, .  +w,p+w,= p+3, @ [3 +4147, Wkxv/ lq wkh fdvh wkdw wkh guliw whup d lv d olqhdu ixqfwlrq ri [w/ wkh phdq ru h{shfwhg ydoxh ri d glxvlrq surfhvv fdq eh irxqg e| vroylqj d vlplodu ruglqdu| glhuhqwldo htxdwlrq/ vlplodu h{fhsw wkdw wkh glxvlrq whup kdv ehhq gursshg1 Wkhvh duh rqo| wzr ri pdq| uhdvrqv wr zlvk wr vroyh erwk ruglqdu| dqg sduwldo glhuhqwldo htxdwlrqv lq qdqfh1 Wkh vroxwlrq wr wkh Nroprjrury sduwldo glhuhqwldo htxdwlrqv surylghv wkh frqglwlrqdo glvwulexwlrq ri wkh lqfuhphqwv ri d surfhvv1 Dqg zkhq wkh guliw whup d+[w> w , lv olqhdu lq [w > wkh vroxwlrq ri dq ruglqdu| glhuhqwldo htxdwlrq zloo doorz wkh fdofxodwlrq ri wkh h{shfwhg ydoxh ri
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wkh surfhvv dqg wklv lv wkh uvw dqg prvw edvlf ghvfulswlrq ri lwv ehkdylrxu1 Wkh dsshqgl{ surylghv dq hohphqwdu| uhylhz ri whfkqltxhv iru vroylqj sduwldo dqg ruglqdu| glhuhqwldo htxdwlrqv1 Krzhyhu/ wkdw wkh lqirupdwlrq derxw d vwrfkdvwlf surfhvv rewdlqhg iurp d ghwhuplqlvwlf remhfw vxfk dv d ruglqdu| ru sduwldo glhuhqwldo htxdwlrq lv qhf0 hvvdulo| olplwhg1 Iru h{dpsoh/ zkloh zh fdq vrphwlphv rewdlq wkh pdujlqdo glvwulexwlrq ri wkh surfhvv dw wlph w lw lv pruh glfxow wr rewdlq txdqwlwlhv vxfk dv wkh mrlqw glvwulexwlrq ri yduldeohv zklfk ghshqglqj rq wkh sdwk ri wkh sur0 fhvv/ dqg wkhvh duh lpsruwdqw lq ydoxlqj fhuwdlq w|shv ri h{rwlf rswlrqv vxfk dv orrnedfn dqg eduulhu rswlrqv1 Iru vxfk sureohpv/ zh riwhq xvh Prqwh Fduor phwkrgv1 Wkh Eodfn0Vfkrohv Irupxod



Ehiruh glvfxvvlqj phwkrgv ri vroxwlrq lq jhqhudo/ zh ghyhors wkh Eodfn0Vfkrohv htxdwlrq lq d jhqhudo frqwh{w1 Vxssrvh wkdw d vhfxulw| sulfh lv dq Lwr surfhvv vdwlvi|lqj wkh htxdwlrq +4148, gV w @ d+Vw > w , gw . +Vw > w, gZ w Dvvxphg wkh pdunhw doorzv lqyhvwphqw lq wkh vwrfn dv zhoo dv d ulvn0iuhh erqg zkrvh sulfh dw wlph w lv Ew1 Lw lv qhfhvvdu| wr pdnh ydulrxv rwkhu dvvxpswlrqv dv zhoo dqg vwulfwo| vshdnlqj doo idlo lq wkh uhdo zruog/ exw wkh| duh d uhvrqdeoh dssur{lpdwlrq wr d uhdo/ kljko| oltxlg dqg qhduo| iulfwlrqohvv pdunhw= 41 sduwldo vkduhv pd| eh sxufkdvhg 51 wkhuh duh qr glylghqgv sdlg rq wkh vwrfn 61 Wkhuh duh qr frpplvvlrqv sdlg rq sxufkdvh ru vdoh ri wkh vwrfn ru erqg 71 Wkhuh lv qr srvvlelolw| ri ghidxow iru wkh erqg 81 Lqyhvwruv fdq eruurz dw wkh ulvn iuhh udwh jryhuqlqj wkh erqg1 91 Doo lqyhvwphqwv duh oltxlg0 wkh| fdq eh erxjkw ru vrog lqvwdqwdqhrxvo|1 Vlqfh erqgv duh dvvxphg ulvn0iuhh/ wkh| vdwlvi| dq htxdwlrq gEw @ uw Ew gw zkhuh uw lv wkh ulvn0iuhh +vsrw, lqwhuhvw udwh dw wlph w1 Zh zlvk wr ghwhuplqh Y +Vw> w,/ wkh ydoxh ri dq rswlrq rq wklv vhfxulw| zkhq wkh vhfxulw| sulfh lv Vw/ dw wlph w1 Vxssrvh wkh rswlrq kdv h{slu| gdwh W dqg d jhqhudo sd|r ixqfwlrq zklfk ghshqgv rqo| rq VW > wkh surfhvv dw wlph W 1 Lwr*v ohppd surylghv wkh delolw| wr wudqvodwh dq d uhodwlrq jryhuqlqj wkh glhuhqwldo gVw lqwr d uhodwlrq jryhuqlqj wkh glhuhqwldo ri wkh surfhvv gY +Vw > w,= Lq wklv vhqvh lw lv wkh vwrfkdvwlf fdofxoxv dqdorjxh ri wkh fkdlq uxoh lq ruglqdu| fdofxoxv1 Lw lv rqh ri wkh prvw lpsruwdqw vlqjoh uhvxowv ri wkh wzhqwlhwk fhqwxu|
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lq qdqfh dqg lq vflhqfh1 Wkh vwrfkdvwlf fdofxoxv dqg wklv pdwkhpdwlfdo uhvxow frqfhuqlqj lw xqghuolhv wkh uhvhdufk ohdglqj wr 4 w,gZw



dqg vxssrvh Y +Vw > w, lv d vprrwk ixqfwlrq ri erwk dujxphqwv1 Wkhq Y +Vw > w, dovr vdwlvhv d glxvlrq htxdwlrq ri wkh irup



gY



 +Vw > w, . @ ^d+Vw> w, CY CV 5 5



C 5Y CV 5



CY . CY ` gw . +Vw > w, gZw = Cw CV



+4149,



Wkh surri ri wklv uhvxow lv whfkqlfdo exw wkh lghdv ehklqg lw duh vlpsoh1 Vxssrvh zh h{sdqg dq lqfuhphqw ri wkh surfhvv Y +Vw > w, + zh zulwh Y lq sodfh ri Y +Vw> w, rplwwlqj wkh dujxphqwv ri wkh ixqfwlrq dqg lwv ghulydwlyhv1 Zh zloo vrphwlphv gr wkh vdph zlwk wkh frhflhqwv d dqg =, CY 4 C5Y +Vw.k  Vw ,5 . CY k +414:, Y +Vw.k > w . k,  Y . +Vw.k  Vw , . CV 5 CV 5 Cw zkhuh zh kdyh ljqruhg uhpdlqghu whupv wkdw duh r+k,= Qrwh wkdw vxevwlwxwlqj iurp BB lqwr BB/ wkh lqfuhphqw +Vw.k  Vw, lv dssur{lpdwho| qrupdo zlwk phdq d+Vw > w , k dqg yduldqfh 5+Vw > w , k1 Frqvlghu wkh whup +Vw.k  Vw ,5= Qrwh wkdw lw lv wkh vtxduh ri wkh deryh qrupdo udqgrp yduldeoh dqg kdv h{shfwhg ydoxh 5+Vw> w,k . d5+Vw> w,k5= Wkh yduldqfh ri wklv udqgrp yduldeoh lv R+k5, vr li zh ljqruh doo whupv ri rughu r+k, wkh lqfuhphqw Y +Vw.k> w . k,  Y +Vw> w, lv dssur{lpdwho| qrupdoo| glvwulexwhg zlwk phdq 5+Vw > w, C 5Y CY . ^d+Vw > w , CY CV 5 CV 5 . Cw `k s dqg vwdqgdug ghyldwlrq +Vw > w, CY CV k mxvwli|lqj +exw qrw surylqj$, wkh uhodwlrq BB1 Surri1



E| Lwr*v ohppd/ surylghg Y lv vprrwk/ lw dovr vdwlvhv d glxvlrq htxdwlrq ri wkh irup BB1 Zh vkrxog qrwh wkdw zkhq Y uhsuhvhqwv wkh sulfh ri dq rswlrq/ vrph odfn ri vprrwkqhvv lq wkh ixqfwlrq Y lv lqhylwdeoh1 Iru h{dpsoh iru d Hxurshdq fdoo rswlrq zlwk h{huflvh sulfh N / Y +VW > W , @ pd{+VW  N> 3, grhv qrw kdyh d ghulydwlyh zlwk uhvshfw wr VW dw VW @ N> wkh h{huflvh sulfh1 Iruwxqdwho|/ vxfk
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h{fhswlrqdo srlqwv fdq eh zrunhg durxqg lq wkh dujxphqw/ vlqfh wkh ghulydwlyh grhv h{lvw dw ydoxhv ri w ? W= Wkh edvlf txhvwlrq lq exloglqj d uhsolfdwlqj sruwirolr lv= iru khgjlqj sxu0 srvhv/ lv lw srvvleoh wr qg d vhoi0qdqflqj sruwirolr frqvlvwlqj rqo| ri wkh vh0 fxulw| dqg wkh erqg zklfk h{dfwo| uhsolfdwhv wkh rswlrq sulfh surfhvv Y +Vw> w,B Wkh vhoi0qdqflqj uhtxluhphqw lv wkh dqdorjxh ri wkh uhtxluhphqw wkdw wkh qhw frvw ri d sruwirolr lv }hur wkdw zh hpsor|hg zkhq zh lqwurgxfhg wkh qrwlrq ri duelwudjh1 Wkh sruwirolr lv vxfk wkdw qr ixqgv duh qhhghg wr eh dgghg wr +ru uh0 pryhg iurp, wkh sruwirolr gxulqj lwv olih/ vr iru h{dpsoh dq| dgglwlrqdo dprxqwv uhtxluhg wr sxufkdvh htxlw| lv rewdlqhg e| eruurzlqj dw wkh ulvn iuhh udwh1 Vxs0 srvh wkh vhoi0qdqflqj sruwirolr kdv ydoxh dw wlph w htxdo wr Yw @ xw Vw . zw Ew zkhuh wkh +suhglfwdeoh, ixqfwlrqv xw > zw uhsuhvhqw wkh qxpehu ri vkduhv ri vwrfn dqg erqgv uhvshfwlyho| rzqhg dw wlph w1 Vlqfh wkh sruwirolr lv dvvxphg wr eh vhoi0qdqflqj/ doo uhwxuqv rewdlq iurp wkh fkdqjhv lq wkh ydoxh ri wkh vhfxulwlhv dqg erqgv khog/ l1h1 lw lv dvvxphg wkdw gYw @ xwgVw . zwgEw = Vxevwlwxwlqj iurp BB/ gYw @ xw gVw . zw gEw @ ^xw d+Vw > w, . zw uw Ew `gw . xw +Vw > w,gZw



+414;, Li Yw lv wr eh h{dfwo| htxdo wr wkh sulfh Y +Vw> w , ri dq rswlrq/ lw iroorzv rq / fdoohg frpsdulqj wkh frhflhqwv ri gw dqg gZw lq BB dqg BB/ wkdw xw @ CY CV wkh ghowd fruuhvsrqglqj wr ghowd khgjlqj1 Frqvhtxhqwo|/ Yw @



dqg vroylqj iru zw zh rewdlq= zw @



CY V . zw Ew CV w



4 ^Y  CY Vw`=



Ew



CV



Wkh frqfoxvlrq lv wkdw lw lv srvvleoh wr g|qdplfdoo| fkrrvh d wudglqj vwudwhj|/ l1h1 wkh zhljkwv zw > xw vr wkdw rxu sruwirolr ri vwrfnv dqg erqgv shuihfwo| uhsolfdwhv wkh ydoxh ri wkh rswlrq1 Li zh rzq wkh rswlrq/ wkhq e| vkruwlqj +vhoolqj, Ghowd@ CY CV



xqlwv ri vwrfn/ zh duh shuihfwo| khgjhg lq wkh vhqvh wkdw rxu sruwirolr uhsolfdwhv d ulvn0iuhh erqg1 Vxusulvlqjo|/ lq wklv lghdo zrug ri frqwlqxrxv surfhvvhv dqg frqwlqxrxv wlph wudglqj frpplvvlrq0iuhh wudglqj/ wkh shuihfw khgjh lv srvvleoh1 Lq wkh uhdo zruog/ lw lv vdlg wr h{lvw rqo| lq d Mdsdqhvh jdughq1 Wkh htxdwlrq zh rewdlqhg e| htxdwlqj erwk frhflhqwv lq BB dqg BB lv> CY 5+Vw > w, C 5Y . . 5 CV5 @ 3= +414 w,= Rxu uhwxuq ryhu wkh qh{w wlph lqfuhphqw gw li wkh sruwirolr zhuh oltxlgdwhg dqg wkh lghqwlfdo dprxqw lqyhvwhg
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lq d ulvn0iuhh erqg zrxog eh uw+Yw  Vw CY CV ,gw= Rq wkh rwkhu kdqg li zh nhhs wklv khgjhg sruwirolr/ wkh uhwxuq ryhu dq lqfuhphqw ri wlph gw lv g+Y



, @ gY  + CY ,gV  Vw CY CV CV 5 5



 C Y CY CY @ + CY . . d ,gw .  gZw 5 Cw 5 CV CV CV CY  CV ^dgw . gZw ` 5 C 5Y ,gw CV 5



. 5 @ + CY Cw



Wkhuhiruh uw +Y



CY 5+Vw > w, C5 Y . 5 CV 5 = , @  Vw CY CV Cw



Wkh ohiw vlgh uw +Y  Vw CY CV , uhsuhvhqwv wkh dprxqw pdgh e| wkh sruwlrq ri rxu sruwirolr ghyrwhg wr ulvn0iuhh erqgv1 Wkh uljkw kdqg vlgh uhsuhvhqwv wkh uhwxuq rq d khgjhg sruwirolr orqj rqh rswlrq dqg vkruw ghowd vwrfnv1 Vlqfh wkhvh lqyhvwphqwv duh dw ohdvw lq wkhru| lghqwlfdo/ vr lv wkhlu uhwxuq1 Wklv ixqgdphqwdo htxdwlrq lv hylghqwo| vdwlvhg e| dq| rswlrq sulfh surfhvv zkhuh wkh xqghuo|lqj vhfxulw| vdwlvhv d glxvlrq htxdwlrq dqg wkh rswlrq ydoxh dw h{slu| ghshqgv rqo| rq wkh ydoxh ri wkh vhfxulw| dw wkdw wlph1 Wkh w|sh ri rswlrq ghwhuplqhv wkh whuplqdo frqglwlrqv dqg xvxdoo| xqltxho| ghwhuplqhv wkh vroxwlrq1 Lw lv h{wudruglqdu| wkdw wklv htxdwlrq lq qr zd| ghshqgv rq wkh guliw fr0 hflhqw d+Vw> w,= Wklv lv d uhpdundeoh ihdwxuh ri wkh duelwudjh sulflqj wkhru|1



Hvvhqwldoo|/ qr pdwwhu zkdw wkh guliw whup iru wkh sduwlfxodu vhfxulw| lv/ lq rughu wr dyrlg duelwudjh/ doo vhfxulwlhv dqg wkhlu ghulydwlyhv duh sulfhg dv li wkh| kdg dv guliw wkh vsrw lqwhuhvw udwh1Wklv lv wkh hhfw ri fdofxodwlqj wkh h{shfwhg ydoxhv xqghu wkh pduwlqjdoh phdvxuh T1



Wklv SGH jryhuqv prvw ghulydwlyh surgxfwv/ Hxurshdq fdoo rswlrqv/ sxwv/ ixwxuhv ru iruzdugv1 Krzhyhu/ wkh erxqgdu| frqglwlrqv dqg khqfh wkh vroxwlrq ghshqgv rq wkh sduwlfxodu ghulydwlyh1 Wkh vroxwlrq wr vxfk dq htxdwlrq lv srvvl0 eoh dqdo|wlfdoo| lq d ihz fdvhv/ zkloh lq pdq| rwkhuv/ qxphulfdo whfkqltxhv duh qhfhvvdu|1 Rqh vshfldo fdvh ri wklv htxdwlrq ghvhuyhv sduwlfxodu dwwhqwlrq1 Lq wkh fdvh ri jhrphwulf Eurzqldq prwlrq/ d+Vw> w, @ Vw dqg +Vw> w, @ Vw iru frqvwdqwv > = Dvvxph wkdw wkh vsrw lqwhuhvw udwh lv d frqvwdqw u dqg wkdw d frqvwdqw udwh ri glylghqgv G3 lv sdlg rq wkh vwrfn1 Lq wklv fdvh/ wkh htxdwlrq vshfldol}hv wr CY 5V 5 C5 Y . + u  G3,V . uY . CY Cw CV 5 CV 5 @ 3=



+4153, Qrwh wkdw zh kdyh qrw xvhg dq| ri wkh surshuwlhv ri wkh sduwlfxodu ghulydwlyh surgxfw |hw/ qru grhv wklv glhuhqwldo htxdwlrq lqyroyh wkh guliw frhflhqw 1 Wkh dvvxpswlrq wkdw wkhuh duh qr wudqvdfwlrq frvwv lv hvvhqwldo wr wklv dqdo|vlv/ dv zh kdyh dvvxphg wkdw wkh sruwirolr lv frqwlqxdoo| uhedodqfhg1
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Zh kdyh qrz vhhq wzr ghulydwlrqv ri sduderolf sduwldo glhuhqwldo htxdwlrqv/ vr0fdoohg ehfdxvh olnh wkh htxdwlrq ri d sduderod/ wkh| duh uvw rughu +ghulyd0 wlyhv, lq rqh yduldeoh +w, dqg vhfrqg rughu lq wkh rwkhu +{,1 Xvxdoo| wkh vroxwlrq ri vxfk dq htxdwlrq uhtxluhv uhgxflqj lw wr rqh ri wkh prvw frpprq sduwldo glhuhqwldo htxdwlrqv/ wkh khdw ru glxvlrq htxdwlrq/ zklfk prghov wkh glxvlrq ri khdw dorqj d urg1 Wklv htxdwlrq wdnhv wkh irup C5 C x @ n 5x Cw C{



+4154, D vroxwlrq ri BB zlwk dssursuldwh erxqgdu| frqglwlrqv fdq vrphwlph eh irxqg e| wkh vhsdudwlrq ri yduldeohv1 Zh zloo odwhu glvfxvv lq pruh ghwdlo wkh vroxwlrq ri sduderolf htxdwlrqv/ erwk e| dqdo|wlf dqg qxphulfdo phdqv1 Iluvw/ krzhyhu/ zkhq fdq zh krsh wr qg d vroxwlrq ri BB ri wkh irup x+{> w, @ j+{@sw,= E| glhuhqwldwlqj dqg vxevwlwxwlqj deryh/ zh rewdlq dq ruglqdu| glhuhqwldo htxdwlrq ri wkh irup s 4 +4155, j33 +$, . $j3 +$, @ 3> $ @ {@ w 5n Ohw xv vroyh wklv xvlqj PDSOH1 htq =@ glii+j+z,/z/z,.+z2+5-n,,-glii+j+z,/z,@3> gvroyh+htq/j+z,,>



dqg ehfdxvh wkh ghulydwlyh ri wkh vroxwlrq lv voljkwo| hdvlhu +iru d vwdwlvwlfldq, wr lghqwli| wkdq wkh vroxwlrq lwvhoi/ A glii+(/z,> jlylqj C j+$, @ F5 h{siz5 @7nj @ F5 h{si{5 @7nwj Cz



+4156, vkrzlqj wkdw d frqvwdqw soxv d frqvwdqw pxowlsoh ri wkh Qrupdo +3> 5nw, fxpx0 odwlyh glvwulexwlrq ixqfwlrq ru 4 ] { h{si}5@7nwjg} +4157, x+{> w, @ F4 . F5 s 5 nw 4 lv d vroxwlrq ri wklv/ wkh khdw htxdwlrq iru w A 3= Wkh uroh ri wkh wzr frqvwdqwv lv



vlpsoh1 Fohduo| li d vroxwlrq wr BB lv irxqg/ wkhq zh pd| dgg d frqvwdqw dqg2ru pxowlso| e| d frqvwdqw wr rewdlq dqrwkhu vroxwlrq1 Wkh frqvwdqw lq jhqhudo lv ghwhuplqhg e| lqlwldo dqg erxqgdu| frqglwlrqv1 Vlploduo| wkh lqwhjudo fdq Cxeh uhpryhg zlwk d fkdqjh lq wkh lqlwldo frqglwlrq iru li x vroyhv BB wkhq vr grhv C{ = Iru h{dpsoh li zh zlvk d vroxwlrq iru wkh kdoi uhdo { A 3 zlwk lqlwldo frqglwlrq x+{> 3, @ 3> x+3> w, @ 4 doo w A 4> zh pd| xvh 4 ] 4 h{si}5@7nwjg}> w A 3> {  3= x+{> w, @ 5S +Q +3> 5nw, A {, @ s nw



{
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Iljxuh 414= Wkh ixqfwlrq x+{> w, Ohw xv frqvlghu d edvlf vroxwlrq wr BB= 4 x+{> w, @ s h{si{5 @7nwj +4158, 5 nw Wklv frqqhfwlrq ehwzhhq wkh khdw htxdwlrq dqg wkh qrupdo glvwulexwlrqv lv ixq0 gdphqwdo dqg wkh zhdowk ri vroxwlrqv ghshqglqj rq wkh lqlwldo dqg erxqgdu| frqglwlrqv lv frqvlghudeoh1 Zh sorw d ixqgdphqwdo vroxwlrq ri wkh htxdwlrq dv iroorzv= A x+{/w, =@ +182vtuw+Sl-w,,-h{s+0{a52+7-w,,> A sorw6g+x+{/w,/{@07117/w@135117/d{hv@er{hg,> Dv w $ 3> wkh ixqfwlrq dssurdfkhv d vslnh dw { @ 3> xvxdoo| uhihuuhg wr dv



wkh _Gludf ghowd ixqfwlrq% +dowkrxjk lw lv qr ixqfwlrq dw doo, dqg v|perolfdoo| uhsuhvhqwlqj wkh ghulydwlyh ri wkh _Khdylvlgh ixqfwlrq%1 Wkh Khdylvlgh ixqfwlrq lv ghqhg dv K +{, @ 4> {  3 dqg lv rwkhuzlvh 3 dqg lv wkh fxpxodwlyh glvwul0 exwlrq ixqfwlrq ri d srlqw pdvv dw 31 Vxssrvh zh duh jlyhq dq lqlwldo frqglwlrq ri wkh irup x+{> 3, @ x3+{,= Wr wklv hqg/ lw lv khosixo wr orrn dw wkh vrox0 wlrq x+{> w, dqg wkh lqlwldo frqglwlrq x3+{, dv d glvwulexwlrq ru phdvxuh +lq wklv fdvh ghvfulehg e| d ghqvlw|, ryhu wkh vsdfh yduldeoh {= Iru h{dpsohU wkh ghqvlw| x+{> w, fruuhvsrqgv wr d phdvxuh iru {hg w ri wkh irup  w +D, @ D x+{> w,g{= Qrwh wkdw wkh lqlwldo frqglwlrq frpsdwleoh zlwk wkh deryh vroxwlrq BB fdq eh ghvfulehg vrphzkdw foxpvlo| dv _x+{> 3, fruuhvsrqgv wr d phdvxuh sodflqj doo pdvv dw { @ {3 @ 3 %1Lq idfw dv w $ 3> zh kdyh lq vrph vhqvh wkh iroorzlqj frqyhujhqfh x+{> w, $ +{, @ gK +{,> wkh Gludf ghowd ixqfwlrq1 Zh frxog mxvw dv hdvlo| frqvwuxfw vroyh wkh khdw htxdwlrq zlwk d pruh jhqhudo lqlwldo frqglwlrq ri
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wkh irup x+{> 3, @ gK +{  {3, iru duelwudu| {3 dqg wkh vroxwlrq wdnhv wkh irup 4 x+{> w, @ s h{si+{  {3,5@7nwj= +4155, 5 nw Lqghhg vxpv ri vxfk vroxwlrqv ryhu glhuhqw ydoxhv ri {3> ru zhljkwhg vxpv/ ru wkhlu olplwv/ lqwhjudov zloo frqwlqxh wr eh vroxwlrqv wr BB1 Lq rughu wr dfklhyh wkh lqlwldo frqglwlrq x3+{, zh qhhg rqo| slfn d vxlwdeoh zhljkw ixqfwlrq1 Qrwh wkdw x3+{, @



]



x3+},gK +}  {,



Qrwh wkdw wkh ixqfwlrq ]4 4 5 x+{> w, @ s 5 nw h{si+}  {, @7nwjx3+},g} 4



+4155,



vroyhv BB vxemhfw wr wkh uhtxluhg erxqgdu| frqglwlrq1 Vroxwlrq ri wkh Glxvlrq Htxdwlrq1



Zh qrz frqvlghu wkh jhqhudo vroxwlrq wr wkh glxvlrq htxdwlrq ri wkh irup BB/ uhzulwwhq dv CY CY 5+Vw > w, C 5Y @ uw Y  uw V w  +4159, Cw CV 5 CV5 zkhuh Vw lv dq dvvhw sulfh gulyhq e| d glxvlrq htxdwlrq +415:, gVw @ d+Vw > w,gw . +Vw > w,gZw > Y +Vw > w, lv wkh sulfh ri dq rswlrq rq wkdw dvvhw dw wlph w/ dqg uw @ u+w, lv wkh vsrw lqwhuhvw udwh dw wlph w1 Zh dvvxph wkdw wkh sulfh ri wkh rswlrq dw h{slu| W lv d nqrzq ixqfwlrq ri wkh dvvhw sulfh +415;, Y +VW > W , @ Y3+VW ,= Vrphzkdw vwudqjho|/ wkh rswlrq lv sulfhg xvlqj d uhodwhg exw qrw lghqwlfdo surfhvv +ru/ htxlydohqwo|/ wkh vdph surfhvv xqghu d glhuhqw phdvxuh,1 Uhfdoo iurp wkh edfnzdugv Nroprjrury htxdwlrq BB wkdw li d uhodwhg surfhvv [w vdwlvhv wkh vwrfkdvwlf glhuhqwldo htxdwlrq +415 w,[w gw . +[w > w,gZw wkhq lwv wudqvlwlrq nhuqho s+w> v> W> }, @ C}C S ^[W  }m[w @ v` vdwlvhv d sduwldo glhuhqwldo htxdwlrq vlplodu wr BB> Cs 5+v> w, C 5s Cs @ u+v> w,v  +4163,  Cw Cv 5 Cv5
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Iru d jlyhq surfhvv [w wklv ghwhuplqhv rqh vroxwlrq1 Iru vlpsolflw|/ frqvlghu wkh fdvh +qdwxudo lq qdqfh dssolfdwlrqv, zkhq wkh vsrw lqwhuhvw udwh lv d ixqfwlrq ri wlph/ qrw ri wkh dvvhw sulfh> u+v> w, @ u+w,1 Wr rewdlq wkh vroxwlrq vr wkdw whuplqdo frqglwlrqv lv vdwlvhg/ frqvlghu d surgxfw i +w> v> W> } , @ s+w> v> W> },t+w> W , +4164, zkhuh t+w> W , @ h{si



]W w



u+y,gyj



lv wkh glvfrxqw ixqfwlrq ru wkh sulfh ri d }hur0frxsrq erqg dw wlph w zklfk sd|v 4' dw pdwxulw|1 Ohw xv wu| dq dssolfdwlrq ri rqh ri wkh prvw frpprq phwkrgv lq vroylqj SGH*v/ wkh _oxfn| jxhvv% phwkrg1 Frqvlghu d olqhdu frpelqdwlrq ri whupv ri wkh irup BB zlwk zhljkw ixqfwlrq z+},= l1h1 wu| d vroxwlrq ri wkh irup Y +v> w, @



]



s+w> v> W> },t +w> W ,z+},g}



+4165,



iru vxlwdeoh zhljkw ixqfwlrq z+},1 Lq ylhz ri wkh ghqlwlrq ri s dv d wudqvlwlrq suredelolw| ghqvlw|/ wklv lqwhjudo fdq eh uhzulwwhq dv d frqglwlrqdo h{shfwdwlrq= Y +w> v, @ H ^z+[W ,t+w> W ,m[w @ v` +4166, wkh glvfrxqwhg frqglwlrqdo h{shfwdwlrq ri wkh udqgrp yduldeoh z+[W , jlyhq wkh fxuuhqw vwdwh ri wkh surfhvv/ zkhuh wkh surfhvv lv dvvxphg wr iroorz +514;,1 Qrwh wkdw lq rughu wr vdwlvi| wkh whuplqdo frqglwlrq BB/ zh fkrrvh z+{, @ Y3+{,1 Qrz ] C CY @ s+w> v> W> } ,t+w> W ,z+} ,g} Cw Cw ] 5 +Vw > w, C 5s @ ^u+Vw> w,Vw Cs  5 Cv5 `t+w> W ,z+},g} ] Cv .u+Vw > w, s+w> Vw> W> },t+w> W ,z+},g} e| BB 5 +Vw > w, C 5Y @ u+Vw > w,Vw CY  CV 5 CV 5 . u+Vw > w,Y +Vw> w, zkhuh zh kdyh dvvxphg wkdw zh fdq sdvv wkh ghulydwlyhv xqghu wkh lqwhjudo vljq1 Wkxv wkh surfhvv Y +w> v, @ H ^Y3+[W ,t+w> W ,m[w @ v` +4167, vdwlvhv erwk wkh sduwldo glhuhqwldo htxdwlrq BB dqg wkh whuplqdo frqglwlrqv BB dqg lv khqfh wkh vroxwlrq1 Lqghhg lw lv wkh xqltxh vroxwlrq vdwlvi|lqj fhuwdlq
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6
 y,gyj m [w @ V ` +4168, Y +V> w, @ H ^Y3 +[W ,h{si w Wklv uhsuhvhqwv wkh glvfrxqwhg uhwxuq iurp wkh rswlrq xqghu wkh glvwulexwlrq ri wkh surfhvv [w 1 Wkh glvwulexwlrq lqgxfhg e| wkh surfhvv [w lv uhihuuhg wr dv wkh htxlydohqw pduwlqjdoh phdvxuh ru ulvn qhxwudo phdvxuh1 Qrwlfh wkdw zkhq wkh ruljlqdo surfhvv lv d glxvlrq/ wkh htxlydohqw pduwlqjdoh phdvxuh vkduhv wkh vdph glxvlrq frhflhqw exw kdv wkh guliw uhsodfhg e| u+[w > w,[w = Wkh rswlrq lv sulfhg dv li wkh guliw zhuh wkh vdph dv wkdw ri d ulvn0iuhh erqg l1h1 dv li wkh lqvwdqwdqhrxv udwh ri uhwxuq iurp wkh vhfxulw| li lghqwlfdo wr wkdw ri erqg1 Ri frxuvh/ lq sudfwlfh/ lw lv qrw1 D ulvn suhplxp pxvw eh sdlg wr wkh vwrfn0kroghu wr frpshqvdwh iru wkh juhdwhu ulvn dvvrfldwhg zlwk wkh vwrfn1 Wkhuh duh vrph fdvhv lq zklfk wkh frqglwlrqdo h{shfwdwlrq BB fdq eh ghwhu0 plqhg h{solflwo|1 Lq jhqhudo/ wkhvh uhtxluh wkdw wkh surfhvv ru d vlpsoh ixqfwlrq ri wkh surfhvv lv Jdxvvldq1 Iru h{dpsoh/ vxssrvh wkdw erwk u+w, dqg +w, duh ghwhuplqlvwlf ixqfwlrqv ri wlph rqo|1 Wkhq zh fdq vroyh wkh vwrfkdvwlf glhuhqwldo htxdwlrq +5155, wr rewdlq [w . [W @ t +w> W ,



] W +x,



+4169, Wkh uvw whup deryh lv wkh frqglwlrqdo h{shfwhg ydoxh ri [W jlyhq [w 1 Wkh vhfrqg lv wkh udqgrp frpsrqhqw/ dqg vlqfh lw lv d zhljkwhg vxp ri wkh qrupdoo| glvwulexwhg lqfuhphqwv ri d Eurzqldq prwlrq zlwk zhljkwv wkdw duh qrq0udqgrp/ lw lv dovrU d qrupdo udqgrp yduldeoh1 Wkh phdq lv 3 dqg wkh +frqglwlrqdo, ydul0 W 5 +x, dqfh lv w t5+x>W , gx= Wkxv wkh frqglwlrqdo glvwulexwlrq ri [W jlyhq [w lv qrupdo +x, gx1 zlwk frqglwlrqdo h{shfwdwlrq t+[w>Ww , dqg frqglwlrqdo yduldqfh UwW t5+5x>W , Wkh vshfldo fdvh ri BB ri prvw frpprq xvdjh lv wkh Eodfn0Vfkrohv prgho= vxssrvh wkdw +V> w, @ V+w, iru +w, vrph ghwhuplqlvwlf ixqfwlrq ri w1 Wkhq wkh glvwulexwlrq ri [w lv qrw Jdxvvldq/ exw iruwxqdwho|/ lwv orjdulwkp lv1 Lq wklv fdvh zh vd| wkdw wkh glvwulexwlrq ri [w lv orjqrupdo1 w



t+x> W ,



gZx
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Orjqrupdo Glvwulexwlrq Vxssrvh ] lv d qrupdo udqgrp yduldeoh zlwk phdq  dqg yduldqfh 51 Wkhq5 zh ] vd| wkdw wkh glvwulexwlrq ri [ @ h lv orjqrupdo zlwk phdq  @ h{si.  @5j dqg yrodwlolw| sdudphwhu 1 Wkh orjqrupdo suredelolw| ghqvlw| ixqfwlrq zlwk phdq  A 3 dqg yrodwlolw| sdudphwhu  A 3 lv jlyhq e| wkh suredelolw| ghqvlw|



ixqfwlrq



j+{m> , @



{



s4 h{si+orj {  orj   5@5,5@55j=



5



+416:,



Wkh vroxwlrq wr +514;, zlwk qrq0udqgrp ixqfwlrqv +w,> u+w, lv qrz [W



]W



]W



w



w



@ [wh{si +u+x,  5+x,@5,gx .



+x,gZx j=



+416;,



Vlqfh wkh h{srqhqw lv qrupdo/ wkh glvwulexwlrq ri [W lv orjqrupdo zlwk phdq orj+[w, . UwW +u+x,  5+x,@5,gx dqg yduldqfh UwW 5+x,gx1 Lw iroorzv wkdw wkh frqglwlrqdo glvwulexwlrq lv orjqrupdo zlwk phdq  @ [wt+w> W , dqg t UW 5 yrodwlolw| sdudphwhu w  +x,gx1 Zh qrz ghulyh wkh zhoo0nqrzq Eodfn0Vfkrohv irupxod dv d vshfldo fdvh ri BB1 Iru d fdoo rswlrq zlwk h{huflvh sulfh H / wkh sd|r ixqfwlrq lv Y3+VW , @ pd{+VW  H> 3,1 Qrz lw lv khosixo wr xvh wkh idfw wkdw iru d vwdqgdug qrupdo udqgrp yduldeoh]]. dqg duelwudu|  A 3> 4 ?  ? 4 zh kdyh wkh h{shfwhg ydoxh ri pd{+h > 3, lv 5   +416 w, @ V +g4 ,  Hhu+W w, +g5 , zkhuh g4 ? g5 duhswkh ydoxhv 5@5 vwdqgdugl}hg e| dgglqj orj+V@H,.u+W w, dqg glylglqj e|  W  w1 Wklv pd| eh ghulyhg e| wkh iroorzlqj ghylfh> Dvvxph +l1h1 suhwhqg, wkdw/ jlyhq fxuuhqw lqirupdwlrq/ wkh glvwulexwlrq ri V +W , dw h{slu| lv orjqrupdoo| glvwulexwhg zlwk wkh phdq  @ V +w,hu+W w, 1 Wkh phdq ri wkh orj0qrupdo lq wkh ulvn qhxwudo zruog V +w,hu+W w, lv h{dfwo| wkh ixwxuh ydoxh ri rxu fxuuhqw vwrfnv V +w, li zh zhuh wr vhoo wkh vwrfn dqg lqyhvw wkh fdvk lq d edqn ghsrvlw1 Wkhq wkh ixwxuh ydoxh ri dq rswlrq zlwk sd|r ixqfwlrq jlyhq e| Y3+VW , lv wkh h{shfwhg ydoxh ri wklv ixqfwlrq djdlqvw wklv orjqrupdo suredelolw| ghqvlw| ixqfwlrq/ wkhq glvfrxqwhg wr suhvhqw ydoxh hu+W w,



]4 3



s



Y3 +{,j+{mV +w,hu+W w, >  W  w,g{=



+4174,
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Qrwlfh wkdw wkh Eodfn0Vfkrohv ghulydwlrq fryhuv dq| glxvlrq surfhvv jry0 huqlqj wkh xqghuo|lqj dvvhw zklfk lv gulyhq e| d vwrfkdvwlf glhuhqwldo htxdwlrq ri wkh irup gV @ d+V ,gw . VgZw



+4175,



uhjdugohvv ri wkh qdwxuh ri wkh guliw whup d+V ,1 Iru h{dpsoh d qrq0olqhdu ixqfwlrq d+V , fdq ohdg wr glvwulexwlrqv wkdw duh qrw orjqrupdo dqg |hw wkh rswlrq sulfh lv ghwhuplqhg dv li lw zhuh1 H{dpsoh= Sulflqj Fdoo dqg Sxw rswlrqv1



Frqvlghu sulflqj dq lqgh{ rswlrq rq wkh V)S 833 lqgh{ dq Mdqxdu| 44/ 5333 +wkh lqgh{ VS[ forvhg dw 4765158 rq wklv gd|,1 Wkh rswlrq V[] DH0D lv d Mdqxdu| fdoo rswlrq zlwk vwulnh sulfh 47581 Wkh rswlrq pdwxuhv +dv gr htxlw| rswlrqv lq jhqhudo, rq wkh wklug Iulgd| ri wkh prqwk ru Mdqxdu| 54/ d wrwdo ri : wudglqj gd|v odwhu1 Vxssrvh zh zlvk wr sulfh vxfk dq rswlrq xvlqj wkh Eodfn0Vfkrohv prgho1 Lq wklv fdvh/ W  w phdvxuhg lq |hduv lv :@585 @ 3=35:::;= Wkh dqqxdo yrodwlolw| ri wkh Vwdqgdug dqg Srru 833 lqgh{ lv durxqg 4 4> 5> ===W@k  4= Vkrz e| frqvlghulqjU Wwkh glvwulexwlrq ri wkh vxp dqg wdnlqj olplwv wkdw wkh udqgrp yduldeoh 3 j+w,gZw kdv d qrupdo glvwulexwlrq dqg qg lwv phdq dqg yduldqfh1 451 Jlyh ri d ixqfwlrq j+w> Zw, vxfk wkdw wkh udqgrp yduldeoh U 4 j+w>dqZh{dpsoh , gZ grhv qrw kdyh d qrupdo glvwulexwlrq exw kdv odujhu wdlov w w 3 wkdq grhv wkh qrupdo glvwulexwlrq1 461 Frqvlghu wzr jhrphwulf Eurzqldq prwlrq surfhvvhv [w dqg \w erwk gulyhq e| wkh vdph Zlhqhu surfhvv @ d[wgw . e[w gZw @ \wgw . \wgZw= Ghulyh d vwrfkdvwlf glhuhqwldo htxdwlrq iru wkh udwlr ]w @ [w@\w= Vxssrvh iru h{dpsoh wkdw [w prghov wkh sulfh ri Whohfrp vwrfn lq 'Q] dqg \w lv wkh h{fkdqjh udwh +'Q]@'XV , dw wlph w= Wkhq zkdw lv wkh surfhvv ]wB 471 Yhuli| wkdw iru dq| sdlu ri frqvwdqwv d 9@ 3 dqg e A 3 g[w @ +[w4 . de,[w gw . e[w gZw grhv qrw kdyh d vroxwlrq lq wkh irup [w @ i +w> \w,/ zkhuh i +w> |, lv/ vd|/ d uhdo ixqfwlrq dqg \w lv d Jdxvvldq surfhvv1 481 Frqvlghu vroylqj wkh sureohp [ t plq tl orj+ l , t sl vxemhfw wr wkh frqvwudlqwv Sl tl @ 4 dqg S tli +l, @ = Vkrz wkdw wkh vroxwlrq/ li lw h{lvwv/ lv jlyhq e| h{s+i +l,, sl tl @ p+, g[w g\w



zkhuh p+, @ Sl sl h{s+i +l,,` dqg  lv fkrvhq vr wkdw pp3++,, @ =
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491 Frqvlghu d ghidxowdeoh erqg zklfk sd|v d iudfwlrq ri lwv idfh ydoxh I s rq pdwxulw| lq wkh hyhqw ri ghidxow1 Vxssrvh wkh ulvn iuhh lqwhuhvw udwh frqwlqxrxvo| frpsrxqghg lv u vr wkdw Ev @ h{s+vu,= Vxssrvh dovr wkdw d frqvwdqw frxsrq 'g lv sdlg dw wkh hqg ri hyhu| shulrg v @ w . 4> ===> W  4= Wkhq vkrz wkdw wkh ydoxh ri wklv erqg dw wlph w lv h{si+u . n,j  h{si+u . n,iW  w,j Sw @ g 4  h{si+u . n,j .sI h{siu+W  w,j . +4  s,I h{si+u . n,+W  w,j 4:1 +d, Vkrz wkdw hqwurs| lv dozd|v srvlwlyh dqg li \ @ j+[ , lv d ixqfwlrq ri [ wkhq \ kdv vpdoohu hqwurs| wkdq [ / l1h1 K +s\ ,  K +s[ ,1 +e, Vkrz wkdw li [ kdv dq| glvfuhwh glvwulexwlrq ryhu q ydoxhv/ wkhq lwv hqwurs| lv  orj+q,1



@T|ih 2



@tU �L?|i @h*L �i|L_t 2�



54*@|L? @?_ �L?|i @h*L �i|L_t



Frqvlghu dv dq h{dpsoh wkh iroorzlqj yhu| vlpsoh sureohp1 Zh zlvk wr sulfh d Hxurshdq fdoo rswlrq zlwk h{huflvh sulfh '55 dqg sd|r ixqfwlrq Y +VW , @ +VW  55,.= Dvvxph iru wkh suhvhqw wkdw wkh lqwhuhvw udwh lv 3( dqg VW fdq wdnh rqo| wkh iroorzlqj yh ydoxhv zlwk fruuhvsrqglqj +T, suredelolwlhv v 53 54 55 56 57 T^VW @ v` 4@49 7@49 9@49 7@49 4@49 Lq wklv fdvh/ vlqfh wkh glvwulexwlrq lv yhu| vlpsoh/ zh fdq sulfh wkh fdoo rswlrq h{solflwo|> 7 4 6 H TY +VW , @ H T+VW  55,. @ +56  55, . +57  55, @ = 49 49 ; Krzhyhu/ wkh delolw| wr ydoxh dq rswlrq h{solflwo| lv d uduh ox{xu|1 Dq dowhuqdwlyh zrxog eh wr jhqhudwh d odujh qxpehu +vd| q @ 4333, lqghshqghqw vlpxodwlrqv ri wkh vwrfn sulfh VW xqghu wkh phdvxuh T dqg dyhudjh wkh uhwxuqv iurp wkh rswlrq1 Vd| wkh vlpxodwlrqv |lhoghg ydoxhv iru VW ri 55> 53> 56> 54> 55> 56> 53> 57> ==== wkhq wkh hvwlpdwhg ydoxh ri wkh rswlrq lv 4 . . . Y +VW , @ 4333 ^+55  55, . +53  55, . +56  55, . ====`= 4 ^3 . 3 . 4 . ====` @ 4333 Wkh odz ri odujh qxpehuv dvvxuhv xv iru d odujh qxpehu ri vlpxodwlrqv q> wkh hvwlpdwru Y +VW , zloo dssur{lpdwh wkh wuxh h{shfwdwlrq HTY +VW ,= Qrz zkloh lw zrxog eh irrolvk wr xvh vlpxodwlrq d vlpsoh sureohp olnh wklv/ wkhuh duh pdq| prghov lq zklfk lw lv pxfk hdvlhu wr udqgrpo| jhqhudwh ydoxhv ri wkh surfhvv VW wkdq lw lv wr hvwdeolvk lwv h{dfw glvwulexwlrq1 Lq vxfk d fdvh/ vlpxodwlrq lv wkh phwkrg ri fkrlfh1 Udqgrpo| jhqhudwlqj d ydoxh ri VW lq wkh deryh glvfuhwh glvwulexwlrq lv hdv|/ surylghg wkdw zh fdq surgxfh lqghshqghqw udqgrp xqlirup udqgrp qxpehuv 78
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rq d frpsxwhu1 Iru h{dpsoh/ li zh zhuh deoh wr jhqhudwh d udqgrp qxpehu \l zklfk kdv d xqlirup glvwulexwlrq rq wkh lqwhjhuv i3> 4> 5> ====> 48j wkhq zh frxog ghqh VW iru wkh l3 wk vlpxodwlrq dv iroorzv= Li \l lv lq vhw i3j i4> 5> 6> 7j i8> 9> :> ;> 43j i44> 45> 46> 47j i48j ghqh VW @ 53 54 55 56 57 Ri frxuvh/ wr jhw d uhdvrqdeo| dffxudwh hvwlpdwh ri wkh sulfh ri d frpsoh{ ghulydwlyh pd| zhoo uhtxluh d odujh qxpehu ri vlpxodwlrqv/ exw wklv lv ghfuhdv0 lqjo| d sureohp zlwk lqfuhdvlqjo| idvw frpsxwhu surfhvvruv1 Wkh uvw lqjuhglhqw lq d vlpxodwlrq lv d vwuhdp ri xqlirup udqgrp qxpehuv \l xvhg deryh1 Lq sudf0 wlfh doo rwkhu glvwulexwlrqv duh jhqhudwhg e| surfhvvlqj glvfuhwh xqlirup udqgrp qxpehuv1 Wkhlu jhqhudwlrq lv glvfxvvhg lq wkh qh{w vhfwlrq1 22



N?uLh4 +@?_L4 4Mih Bi?ih@|L?



Wkh uvw uhtxluhphqw ri d vwrfkdvwlf prgho lv wkh delolw| wr jhqhudwh _udqgrp% yduldeohv ru vrphwklqj uhvhpeolqj wkhp1 Hduo| vxfk jhqhudwruv dwwdfkhg wr frp0 sxwhuv h{sorlwhg sk|vlfdo skhqrphqd vxfk dv wkh ohdvw vljqlfdqw gljlwv lq dq dffxudwh phdvxuh ri wlph/ ru lq wkh dprxqw ri edfnjurxqg frvplf udgldwlrq dv wkh edvlv iru vxfk d jhqhudwru/ exw wkhvh vxhu iurp d qxpehu ri glvdgydqwdjhv1 Zkloh wkh| pd| zhoo eh _udqgrp% lq vrph pruh jhqhudo vhqvh wkdq duh wkh svhxgr0udqgrp qxpehu jhqhudwruv wkdw zh xvh qrz/ wkhlu surshuwlhv duh gl0 fxow wr hvwdeolvk/ dqg wkh vhtxhqfhv duh lpsrvvleoh wr uhsurgxfh/ wkh odwwhu ehlqj lpsruwdqw iru ghexjjlqj d vlpxodwlrq surjudp dqg iru uhgxflqj wkh yduldqfh wkhuhlq1 Txlwh uhpdundeo|/ lw zdv glvfryhuhg wkdw yhu| vlpsoh uhfxuvlrq irupxodh ghqhg vhtxhqfhv wkdw iru sudfwlfdo sxusrvhv orrnhg olnh vhtxhqfhv ri lqghshq0 ghqw udqgrp qxpehuv dqg vhhphg +dowkrxjk wkh wkhruhpv uduho| doorz d surri ri wklv idfw, wr pruh ru ohvv reh| wkh pdmru odzv ri suredelolw| vxfk dv wkh odz ri odujh qxpehuv/ wkh fhqwudo olplw wkhruhp/ wkh Jolyhqnr0Fdqwhool wkhruhp/ hwf1 Wklv zrxog vhhp wr lqglfdwh wkdw wkh frqfoxvlrqv ri suredelolw| krog xqghu pxfk pruh jhqhudo flufxpvwdqfhv wkdq wkh uhodwlyho| uhvwulfwlyh frqglwlrqv rq wkhvh wkhruhpv lqglfdwh1 Lqghhg/ rqh zrxog lqwxlwlyho| h{shfw dq hqruprxv glhuhqfh ehwzhhq wkh ehkdylrxu ri lqghshqghqw udqgrp yduldeohv [q dqg d vhtxhqfh vdw0 lvi|lqj d uhfxuvlrq ri wkh irup {q @ j+{q4, iru d vlpsoh ixqfwlrq j dqg vr lw lv vxusulvlqj wkdw iru d odujh fodvv ri vxfk ixqfwlrqv j lw lv txlwh glfxow wr ghwhuplqh wkh glhuhqfh ehwzhhq vxfk d vhtxhqfh dqg dq lqghshqghqw vhtxhqfh1 Ri frxuvh/ dq| vhtxhqfh ri qxpehuv jhqhudwhg iurp d vlpsoh uhfxuvlrq vxfk dv wklv lv qhlwkhu udqgrp/ qru duh {q4 dqg {q lqghshqghqw1 Riwhq zh zloo hpskd0 vl}h wklv idloxuh e| uhihuulqj wr wkh vhtxhqfh ri svhxgr0udqgrp qxpehuv1 Zkloh wkh| duh lq qr fdvh lqghshqghqw/ zh zloo qhyhuwkhohvv dwwhpsw wr qg vlpsoh ixqfwlrqv j zklfk surylgh ehkdylrxu vlplodu wr wkdw ri lqghshqghqw xqlirup udqgrp qxpehuv1 Ghqlwlrq= uhgxfwlrq prgxor p= Iru srvlwlyh lqwhjhuv { dqg p> wkh ydoxh d prg+p, lv wkh uhpdlqghu +ehwzhhq 3 dqg p  4 , rewdlqhg zkhq d lv glylghg e| p= Vr iru h{dpsoh :prg+6, @ 4 vlqfh : @ 5  6 . 4=
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XQLIRUP UDQGRP QXPEHU JHQHUDWLRQ



7:



Wkh vlqjoh prvw frpprq fodvv ri udqgrp qxpehu jhqhudwruv duh ri wkh irup {q =@ +d{q4 . f, prg+p, iru jlyhq lqwhjhuv d> f> dqg p zklfk zh vhohfw lq dgydqfh1 Wklv jhqhudwru lv lqlwldwhg zlwk d _vhhg% {3 dqg wkhq uxq wr surgxfh d zkroh vhtxhqfh ri ydoxhv1 Zkhq f @ 3> wkhvh jhqhudwruv duh uhihuuhg wr dv pxowlsolfdwlyh frqjuxhqwldo jhq0 hudwruv dqg lq jhqhudo dv pl{hg frqjuxhqwldo jhqhudwruv ru olqhdu frqjuxhqwldo jhqhudwruv1 Wkh _vhhg%/ {3> lv xvxdoo| xsgdwhg e| wkh jhqhudwru zlwk hdfk fdoo wr lw1 Wkhuh duh wzr frpprq fkrlfhv ri p / hlwkhu p sulph ru p @ 5n iru vrph n +xvxdoo| 64 iru 65 elw pdfklqhv,1 H{dpsoh= Pl{hg Frqjuxhqwldo jhqhudwru Ghqh {q @ +8{q4 . 6, prg ; / dqg wkh vhhg {3



uhfxuvlrq



@ 61 Qrwh wkdw e| wklv



@ +8  6 . 6,prg; @ 4;prg; @ 5 @ 46prg; @ 8 @ 5;prg; @ 7 @ :> 9> 4> 3> 6 uhvshfwlyho| dqg diwhu wklv srlqw +iru q A ;, wkh uhfxuvlrq zloo vlpso| uhshdw djdlq wkh sdwwhuq douhdg| hvwdeolvkhg/ 6> 5> 8> 7> :> 9> 4> 3> 6> 5> 8> 7> ======= Wkh deryh uhshwlwlrq lv lqhylwdeoh iru d olqhdu frqjuxhqwldo jhqhudwru1 Wkhuh duh dw prvw p srvvleoh qxpehuv diwhu uhgxfwlrq prg p dqg rqfh zh duulyh edfn dw wkh vhhg wkh vhtxhqfh lv ghvwlqhg wr uhshdw lwvhoi1 Lq wkh h{dpsoh deryh/ wkh vhtxhqfh f|fohv diwhu ; qxpehuv1 Wkh ohqjwk ri rqh f|foh/ ehiruh wkh vhtxhqfh ehjlqv wr uhshdw lwvhoi djdlq/ lv fdoohg wkh shulrg ri wkh jhqhudwru1 Iru d pl{hg jhqhudwru/ wkh shulrg pxvw eh ohvv wkdq ru htxdo wr p= Iru pxowlsolfdwlyh jhqhudwruv/ wkh shulrg lv vkruwhu/ dqg riwhq frqvlghudeo| vkruwhu1 {4 {5 {6 dqg {7> {8> {9>{:> {;



Pxowlsolfdwlyh Jhqhudwruv1



Iru pxowlsolfdwlyh jhqhudwruv/ f @ 31 Frqvlghu iru h{dpsoh wkh jhqhudwru {q @ 8{q4 prg ; dqg {3 @ 61 Wklv surgxfhv wkh vhtxhqfh 6> :> 6> :> ==== Lq wklv fdvh/ wkh shulrg lv rqo| 5/ exw lq jhqhudo lw lv fohdu wkdw wkh pd{lpdo srvvleoh shulrg lv p  4 ehfdxvh lw jhqhudwhv ydoxhv lq wkh vhw i4> ===> p 4j= Wkh jhqhudwru fdqqrw jhqhudwh wkh ydoxh 3 ehfdxvh li lw glg/ doo vxevhtxhqw ydoxhv jhqhudwhg duh lghqwlfdoo| 31 Wkhuhiruh wkh pd{lpxp srvvleoh shulrg fruuhvsrqgv wr d f|foh wkurxjk qrq0}hur lqwhjhuv h{dfwo| rqfh1 Exw lq wkh h{dpsoh khuh/ wkh shulrg lv idu iurp dwwdlqlqj lwv wkhruhwlfdo pd{lpxp/ p  4= Zkhq lv wklv pd{lpdo shulrg dfklhyhgB Wkh iroorzlqj Wkhruhp vkrzv wkdw wkh shulrg ri d pxowlsolfdwlyh jhqhudwru lv pd{lpdo zkhq p lv d sulph qxpehu dqg d vdwlvhv vrph frqglwlrqv1 Wkhruhp 9 = shulrg ri pxowlsolfdwlyh jhqhudwru1
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Li p lv sulph/ wkh pxowlsolfdwlyh frqjuxhqwldo jhqhudwru {q @ d{q4 prg p> d 9@ 3> kdv pd{lpdo shulrg p  4 li dqg rqo| li dp4 @ 4+prg p, dqg dl 9@ 4+prg p, iru doo l ? p  41 Frqvlghu wkh pxowlsolfdwlyh frqjuxhqwldo jhqhudwru {q @ 5{q4prg44= Lw lv hdv| wr fkhfn wkdw 5l prg44 @ 5> 7> ;> 8> 43> l :> 6> 9> 4 dv l @ 4> 5> ===43= Vlqfh wkh ydoxh l @ p  4 lv wkh uvw iru zklfk 5 prg44 @ 4> wklv lv d pd{lpdo shulrg jhqhudwru kdylqj shulrg 431 Zkhq p @ 44/ rqo| wkh ydoxhv d @ 5> 9> :> ; surgxfh ixoo shulrg +43, jhqhudwruv1 Rqh ri wkh pruh frpprq prgxol rq 65 elw pdfklqhv lv wkh sulph p @ 56441 Lq wklv fdvh/ wkh iroorzlqj ydoxhv ri d +dprqj pdq| rwkhuv, doo surgxfh ixoo shulrg jhqhudwruv= d @ :> 49;3:> 7;5:4> 9 963693349> :75 4559;:748 953; 6 4> 5> ===> p  4j wrjhwkhu zlwk wkh rshudwlrqv ri dgglwlrq dqg pxowlsolfdwlrq prg+p, irupv d qlwh hog dqg wklv doorzv hvvhqwldoo| wkh vdph rshudwlrqv dv zh hqmr| lq wkh uhdo qxpehu v|vwhp1 Vxssrvh iru wzr lqwhjhuv {4 > {5 5 i3> 4> 5> ===> p  4j> {5 @ d4 {4 prg+p,= Wkhq pxowlso|lqj e| d5 zh kdyh d5 {5 prg+p, @ d5 d4{4 prg+p, @ d5 d4 prg+p,{4 prg+p, @ {4 dqg wklv vkrzv wkdw {4 @ d5{5 prg+p,= Lq rwkhu zrugv/ li d5 lv wkh pxowlsolfd0 wlyh lqyhuvh ri d4+prg p,/ wkhq wkh pxowlsolfdwlyh jhqhudwru zlwk pxowlsolhu d5 jhqhudwhv h{dfwo| wkh vdph vhtxhqfh dv wkdw zlwk pxowlsolhu d4 h{fhsw lq uhyhuvh rughu1 Wkhruhp : Shulrg ri Pxowlsolfdwlyh Jhqhudwruv zlwk p @ 5n Li p @ 5n  ; / wkh pxowlsolfdwlyh frqjuxhqwldo jhqhudwru kdv pd{lpdo shulrg p@7 li d prg ; @ 6 ru 8 dqg li {3 lv rgg1 W Iru wkh surri ri wkhvh uhvxowv/ vhh Ulsoh|+4 f> p> {3 @ vhhg= Wkh hflhqw lpsohphqwdwlrq ri d jhqhudwru iru odujh ydoxhv ri p ri dssur{lpdwho| wkh vdph vl}h dv wkh pdfklqh suhflvlrq ghshqgv yhu| pxfk rq wkh dufklwhfwxuh ri wkh frpsxwhu1 u?U|L? '*U}E fc@cUc4c? )' f( ' f( uLh '�G? )'hi4E@8)nUc4( 'd )o( i?_



5151



7
 n  5/ wkh frqglwlrqv ehfrph wkdw f lv rgg/ dqg 7 glylghv d  41 Wkhq wkh jhqhudwru {q @ +d{q4 . f,prg+p, kdv ixoo shulrg 5n1 Dprqj wkh frpprq olqhdu ru pxowlsolfdwlyh jhqhudwruv duh wkh iroorzlqj= p d f 3 Ohzlv/Jrrgpdq/ Ploohu +4 W7 , @ +5> 47> :> 46,= Wkhq xvh wkh vhfrqg jhqhudwru wr vhohfw d udqgrp lqgh{ L whoolqj xv zklfk sljhrq0kroh wr gudz wkh qh{w qxpehu iurp1 Vlqfh wkhvh krohv duh qxpehuhg iurp 4 wkurxjk 7/ zh xvh L @ g744@5 vr }4 @ 47= Wklv hohphqw ri wkh yhfwru lv qrz uhsodfhg e| 44> wkh qh{w qxpehu lq wkh [ vhtxhqfh1 Surfhhglqj lq wklv zd|/ wkh qh{w lqgh{ lv L @ g7  58@5 }5> === doo ri zklfk olh ehwzhhq 3 dqg p4 @ 4 zh zloo xvxdoo| wudqvirup wkhp lq wkh xvxdo zd| +h1j1 }l@p4, wr surgxfh vrphwklqj dssur{lpdwlqj frqwlqxrxv xqlirup udqgrp qxpehuv rq ^3/4`1 Ehfdxvh ri wkh vpdoo ydoxh zh fkrvh iru p4 > wklv dssur{lpdwlrq zloo qrw eh yhu| jrrg lq wklv fdvh1 Exw wkh dgydqwdjh ri vkxlqj lv wkdw wkh shulrg ri wkh jhqhudwru lv juhdwo| h{whqghg1 Wkhuh lv dqrwkhu dssurdfk/ vxpplqj svhxgr0udqgrp qxpehuv/ zklfk lv dovr xvhg wr h{whqg wkh shulrg ri d jhqhudwru1 Wklv lv edvhg rq wkh iroorzlqj wkhr0 uhp +vhh O*Hfx|hu +4 = = = > p  4j1



Wkhruhp 43 +shulrg ri jhqhudwru vxpphg prg p4,



Li [l.4 @ d4[l+prg p4, kdv shulrg p4  4 dqg \l.4 @ d5\l +prg p5 , kdv shulrg p5  4/ wkhq +[l . \l,+prg p4, kdv shulrg wkh ohdvw frpprq pxowlsoh ri +p4  4> p5  4,1



H{dpsoh= d vkxhg jhqhudwru



Li [l.4 @ 49;3:[lprg+564  4, dqg \l.4 @ 739 4, jhqhudwruv=



Lq jhqhudo/ udqgrp lqwhjhuv vkrxog eh pdsshg lqwr wkh xqlw lqwhuydo lq vxfk d zd| wkdw wkh ydoxhv 3 dqg 4/ hdfk ri zklfk kdyh suredelolw| 3 iru d frqwlqxrxv glvwulexwlrq duh dyrlghg1 Iru d pxowlsolfdwlyh jhqhudwru/ vlqfh ydoxhv olh ehwzhhq 4 dqg p 4> zh pd| glylgh wkh udqgrp qxpehu e| p= Iru d olqhdu frqjuxhqwldo jhqhudwru wdnlqj srvvleoh ydoxhv i3> 4> ===> p  4j> lw lv vxjjhvwhg wkdw zh xvh +{ . 3=8,@p=



2 



TT@hi?| +@?_L4?itt Lu ti_L+@?_L4 4Mih Bi?ih@|Lht



Lq rughu wkdw rqh ri wkh deryh jhqhudwruv eh uhdvrqdeoh dssur{lpdwlrqv wr lqgh0 shqghqw xqlirup yduldwhv lw vkrxog vdwlvi| d qxpehu ri vwdwlvwlfdo whvwv1 Vxssrvh zh uhgxfh wkh xqlirup qxpehuv rq i3> 4> = = = p  4j wr ydoxhv dssur{lpdwho| xqlirupo| glvwulexwhg rq wkh xqlw lqwhuydo ^3> 4` e| glylglqj wkurxjk e| p + lw
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pd| vrphwlphv eh ehwwhu wr holplqdwh 3 e| uvw dgglqj 425 dqg wkhq glylglqj wkurxjk e| p exw iru d pxowlsolfdwlyh jhqhudwru/ vlqfh 3 grhv qrw rffxu/ wklv lv xqqhfhvvdu|,1 Wkhuh lv d odujh qxpehu ri whvwv wkdw fdq eh dssolhg wr ghwhu0 plqh zkhwkhu wkh k|srwkhvlv ri lqghshqghqw xqlirup yduldwhv lv fuhgleoh +qrw/ ri frxuvh/ zkhwkhu wkh k|srwkhvlv lv wuxh vlqfh zh nqrz lq dgydqfh lw lv qrw$,1



Uxqv Whvw



Frqvlghu wkh k|srwkhvlv K3 = iXl > l @ 4> 5> ===j duh lqghshqghqw lghqwlfdoo| glvwulexwhg udqgrp yduldeohv1 Wkh uxqv whvw vhhnv uxqv/ hlwkhu lq wkh ruljl0 qdo vhtxhqfh ru lq lwv glhuhqfhv1 Iru h{dpsoh/ vxssrvh zh ghqrwh d srvl0 wlyh glhuhqfh ehwzhhq frqvhfxwlyh hohphqwv ri wkh vhtxhqfh e| . dqg d qhj0 dwlyh glhuhqfh e| 1 Wkhq zh uhjdug pd| uhjdug d vhtxhqfh ri wkh irup =54 =57 =67 =6: =74 =7< =89 =84 =54 =58 =5; =89 = {l.m , 1 Rqh frxog dovr xvh wkh vdpsoh fruuhodwlrq ru fryduldqfh dv wkh edvlv iru vxfk d whvw1 Iru h{dpsoh/ iru m  3/ 4 +{ { . {5 {5.m . = = {qm {q . {q.4m {4 . = = = {q{m , +515, q 4 4.m Wkh whvw pd| eh edvhg rq wkh qrupdo dssur{lpdwlrq wr wkh glvwulexwlrq ri Fm 46 > m  zlwk phdq H +Fm , @ 4@6> m @ 3> 4@7 iru m  41 Dovr ydu+Fm , @ 477 q 4> ydu+F3 , @ 7@78q 1



Fm @



Fkl0vtxduhg whvw1



Wkh fkl0vtxduhg whvw fdq eh dssolhg wr wkh vhtxhqfh lq dq| glphqvlrq/ iru h{0 dpsoh n @ 5= Zh xvh wkh jhqhudwru wr surgxfh d vhtxhqfh ri xqlirup+3> 4, yduldeohv/ Xm > m @ 4> 5> ===5q> dqg wkhq iru d sduwlwlrq iDl > l @ 4> ===> N j ri wkh xqlw vtxduh/ zh frxqw Ql> wkh qxpehu ri sdluv ri wkh irup +X5m4> X5m , 5 Dl = Fohduo| wklv vkrxog eh uhodwhg wr wkh duhd ru suredelolw| S +Dl, ri wkh vhw Dl = Shduvrq*v fkl0vtxduhg vwdwlvwlf lv



"5 @



N [



^Ql  qS +Dl,`5 qS +Dl , l@4



+516,



zklfk vkrxog eh frpsduhg zlwk d fkl0vtxduhg glvwulexwlrq zlwk ghjuhhv ri iuhh0 grp N  4 ru rqh ohvv wkdq wkh qxpehu ri vhwv lq wkh sduwlwlrq1 Revhuyhg ydoxhv



5161 DSSDUHQW UDQGRPQHVV RI SVHXGR0UDQGRP QXPEHU JHQHUDWRUV



·



· ·



80 ·



60



·



y



· ·



40



·



20



· · · · 20



40



0



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



·



0



·



·



·



·



· 60



80



x



Iljxuh 514= ri wkh vwdwlvwlf wkdw duh xqxvxdoo| odujh iru wklv glvwulexwlrq vkrxog ohdg wr uh0 mhfwlrq ri wkh xqliruplw| k|srwkhvlv1 Wkh sduwlwlrq xvxdoo| frqvlvwv ri vtxduhv ri lghqwlfdo duhd exw frxog/ lq jhqhudo/ eh ri duelwudu| vkdsh1



Vshfwudo Whvw



Frqvhfxwlyh ydoxhv sorwwhg dv sdluv +{q> {q.4 , / zkhq jhqhudwhg iurp d pxowl0 solfdwlyh frqjuxhqwldo jhqhudwru {q.4 @ d{q prg p idoo rq d odwwlfh1 D odwwlfh lv d vhw ri srlqwv ri wkh irup w4h4 . w5 h5 zkhuh w4> w5 udqjh ryhu doo lqwhjhuv dqg h4> h5 duh yhfwruv/ +khuh wzr glphqvlrqdo yhfwruv vlqfh zh duh ylhzlqj wkhvh srlqwv lq sdluv ri frqvhfxwlyh ydoxhv +{q > {q.4,, fdoohg wkh _edvlv% iru wkh odw0 wlfh1 D jlyhq odwwlfh/ krzhyhu/ kdv pdq| srvvleoh glhuhqw edvhv/ dqg lq rughu wr dqdo|}h wkh odwwlfh vwuxfwxuh/ zh qhhg wr lvrodwh wkh prvw _qdwxudo% edvlv/ h1j1 wkh rqh wkdw zh whqg wr vhh lq ylhzlqj d odwwlfh lq wzr glphqvlrqv1 Frqvlghu/ iru h{dpsoh/ wkh odwwlfh iruphg e| wkh jhqhudwru {q @ 56{q4 prg 56, dqg h5 @ +7> 9, / ru zh frxog uhsodfh h4 e| +8> 4;, ru + 46, hwf1 Ehjlqqlqj dw dq duelwudu| srlqw rq wkh odwwlfh dv ruljlq +lq wklv fdvh/ vlqfh wkh ruljlqdo srlqw +3/3, lv rq wkh odwwlfh/ zh zloo ohdyh lw xqfkdqjhg,/ zh fkrrvh dq xqdpeljxrxv ghqlwlrq ri h4 wr eh wkh vkruwhvw yhfwru lq wkh odwwlfh/ dqg wkhq ghqh h5 dv wkh vkruwhvw yhfwru lq wkh odwwlfh zklfk lv qrw ri wkh irup wh4 iru lqwhjhu w1 Vxfk d edvlv zloo eh fdoohg d qdwxudo edvlv1 Wkh h{whqvlrq wr d odwwlfh lqn0glphqvlrqv lv grqh vlploduo|1 Doo olqhdu
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frqjuxhqwldo udqgrp qxpehu jhqhudwruv uhvxow lq srlqwv zklfk zkhq sorwwhg dv frqvhfxwlyh n0wxsohv olh rq d odwwlfh1 Wkh ehvw jhqhudwruv duh wkrvh iru zklfk wkh fhoov lq wkh odwwlfh duh dv forvh dv srvvleoh wr vtxduhv vr wkdw h4 dqg h5 duh dssur{lpdwho| wkh vdph ohqjwk1 Qrwh wkdw wkh duhd ri wkh sdudoohorjudp zlwk vlghv h4 dqg h5 lv dssur{lpdwho| d frqvwdqw +4@p, zkdwhyhu wkh pxowlsolhu d vr wkdw d orqjhu yhfwru h4 lv dvvrfldwhg zlwk d vkruwhu yhfwru h5 dqg wkhuhiruh wkh wzr yhfwruv ri uhdvrqdeo| vlplodu ohqjwk1 Wkh vshfwudo whvw vwdwlvwlf  lv wkh uhqrupdol}hg ohqjwk ri wkh uvw edvlv yhfwru mmh4mm 1 Lq jhqhudo/ iru n frqvhfx0 wlyh srlqwv/ lw lv htxdo wr plq +e54 . e55 . = . = . = . e5n ,4@5 xqghu wkh frqvwudlqw e4 . e5 d . = = = en dn4 @ pt> t 9@ 3 1 Odujh ydoxhv ri wkh vwdwlvwlf lqglfdwh wkdw wkh jhqhudwru lv dghtxdwh dqg Nqxwk vxjjhvwv dv d plqlpxp wkuhvkrog wkh ydoxh 4@5 ^+n@5,$p@43`4@n 1 Rqh ri wkh jhqhudwruv wkdw idlov wklv whvw prvw vshfwdfxoduo| zlwk n @ 6 lv wkh jhqhudwru UDQGX/ xvhg frpprqo| lq vlp0 xodwlrqv xqwlo wkh 4 q @ 5> 6> 7> ===Q j dv lq jxuh BB



Odwwlfh Vwuxfwxuh ri UDQGX Iru h{dpsoh frqvlghu wkh iroorzlqj sorw ri 8333 frqvhfxwlyh wulsohwv iurp d olqhdu frqjuxhqwldo udqgrp qxpehu jhqhudwru zlwk d @ 6;6> f @ 596> p @ 43> 333= Olqhdu sodqhv duh hylghqw iurp vrph dqjohv lq wklv ylhz/ exw qrw iurp rwkhuv1 Lq pdq| sureohpv/ sduwlfxoduo| rqhv lq zklfk udqgrp qxpehuv duh surfhvvhg lq jurxsv ri wkuhh ru pruh/ wklv skhqrphqrq fdq ohdg wr kljko| plvohdglqj uhvxowv1 Wkh vshfwudo whvw lv wkh prvw zlgho| xvhg whvw zklfk dwwhpswv wr lqvxuh djdlqvw odwwlfh vwuxfwxuh1 Wkh wdeoh ehorz jlyhv vrph ydoxhv ri wkh vshfwudo whvw vwdwlvwlf iru vrph olqhdu frqjuxhqwldo udqgrp qxpehu jhqhudwruv lq glphqvlrq n  :=
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3d plot for linear congruential generator,a=383,c=263,m=10000
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Iljxuh 515=
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 e,



Wklv glvwulexwlrq lv d phpehu ri wkh _vwdeoh idplo| % ri glvwulexwlrqv1 Lw lv vlplodu wr wkh qrupdo rqo| vxevwdqwldoo| pruh shdnhg lq wkh fhqwhu dqg zlwk pruh duhd lq wkh h{wuhph wdlov ri wkh glvwulexwlrq1 Wkh suredelolw| ghqvlw| ixqfwlrq lv e i +{, @ 5 > 4 ? { ? 4= +e . +{  d,5,



Vhh wkh frpsdulvrq ri wkh suredelolw| ghqvlw| ixqfwlrqv lq Iljxuh BB1 Comparison of the Normal and Cauchy Probability Densities
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dufwdq+ {e d , 1



Wkh fxpxodwlyh glvwulexwlrq ixqfwlrq lv I +{, @ Wkhq wkh lqyhuvh wudqvirup jhqhudwru lv 4 [ @ d . e wdqi+X  ,j ru [ @ d . e@wdq+X , 5 zkhuh wkh vhfrqg h{suhvvlrq iroorzv iurp wkh idfw wkdw wdq++{ 45 ,, @ +wdq {,4=



Jhrphwulf +s,



Wkh suredelolw| ixqfwlrq lv i +{, @ s+4  s,{> { @ 4> 5> 6> ==== dqg wkh fxpxodwlyh glvwulexwlrq ixqfwlrq lv I +{, @ 4  +4  s,^{` > {  3 zkhuh ^{` ghqrwhv wkh
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lqwhjhu sduw ri {1 Wkhq



H orj+4  X , ` ru 4 . ^ ` orj+4  s, orj+4  s, zkhuh zh zulwh orj+4  X , @ H> dq h{srqhqwldo+4, udqgrp yduldeoh1 [ @ 4.^



Sduhwr +d> e,



Wklv lv rqh ri wkh vlpsohu idplolhv ri glvwulexwlrqv xvhg lq hfrqrphwulfv iru prgholqj txdqwlwlhv  zlwk orzhu erxqg e +riwhq htxdo wr 3,1 I +{, @ 4  {e d > {  e A 31 Wkhq e e [ @ ru 4@d +4  X ,4@d X



Orjlvwlf



Wklv lv djdlq d glvwulexwlrq zlwk vkdsh vlplodu wr wkh qrupdo exw forvhu wkdq lv wkh Fdxfk|1 Lqghhg dv fdq eh vhhq lq Iljxuh BB/ wkh wzr ghqvlwlhv duh doprvw lqglvwlqjxlvkdeoh/ h{fhsw wkdw wkh orjlvwlf lv yhu| voljkwo| pruh shdnhg l wkh fhqwhu dqg kdv voljkwo| pruh zhljkw lq wkh wdlov1 0.4
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0.1 logistic(0,1.6)



0.05 normal(0,1) 0 -4
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Wkh orjlvwlf fxpxodwlyh glvwulexwlrq ixqfwlrq lv 4 = I +{, @ 4 . h{si+{  d,@ej dqg rq wdnlqj lwv lqyhuvh/ wkh orjlvwlf jhqhudwru lv



[ @ d . e oq+X@+4  X ,,=
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8
 > , ?Lh4h?_E> > 4> q, Lh h@?_?+4> q, u  @ 4>  @ 4 uw+q>  , 5|_i?| 4> q, i TL?i?|@* hh{s+q> , i Th?_+> 4> q, ?uLh4 h?uEq> d> e, ?uh?_Ed> e> 4> q, Lh h@?_+4> q, u d @ 3> e @ 4 `iM** hiM**+q> d> e, iMh?_Ed> e> 4> q, }@44@ h}@44@Eq> d> e, }@4h?_Ed> e> 4> q, @U) hU@U)Eq> d> e, M?L4@* hM?L4Eq> p> s, M?Lh?_Ep> s> 4> q, LttL? hTLtEq> , TLtth?_E> 4> q, Lqyhuvlrq shuirupv uhdvrqdeo| zhoo iru dq| glvwulexwlrq iru zklfk wkh fxpx0 odwlyh glvwulexwlrq ixqfwlrq dqg lwv lqyhuvh fdq eh irxqg lq forvhg irup dqg frp0 sxwhg uhdvrqdeo| hflhqwo|1 Wklv lqfoxghv/ dv zhoo dv wkh glvwulexwlrqv deryh/ wkh Zhlexoo/ wkh orjlvwlf glvwulexwlrq dqg prvw glvfuhwh glvwulexwlrqv zklfk duh uhdvrqdeo| zhoo frqfhqwudwhg derxw wkh prgh1 Krzhyhu/ iru rwkhu glvwulexwlrqv vxfk dv wkh Srlvvrq zlwk odujh phdq/ ru wkh qrupdo/ fkl0vtxduhg/ ehwd hwf1 rwkhu phwkrgv qhhg wr eh xvhg1 Lq vrph flufxpvwdqfhv/ zkhq erwk wkh f1g1i1 dqg wkh suredelolw| ghqvlw| duh nqrzq/ zh pljkw dwwhpsw wr lqyhuw wkh f1g1i1 e| qxphulfdo phwkrgv1 Iru h{dp0 soh/ li zh xvh wkh Qhzwrq0Udoskvrq phwkrg/ zh zrxog lwhudwh xqwlo frqyhujhqfh wkh htxdwlrq I +[ ,  X +518, [ @[ i +[ , ehjlqqlqj zlwk d jrrg dssur{lpdwlrq wr [ 1 Iru h{dpsoh zh pljkw fkrrvh wkh lqlwldo ydoxh ri [ @ [ +X , e| xvlqj dq hdvlo| lqyhuwhg f1g1i1 wr dssur{lpdwh wkh wuxh f1g1i1 Vxssrvh I +{, lv d fxpxodwlyh glvwulexwlrq ixqfwlrq dqg i +{, lv wkh fruuh0 vsrqglqj suredelolw| ghqvlw| ixqfwlrq1 Frqvlghu wkh wudqvirupdwlrq {+x> y, @ I 4+x,> |+x> y, @ yi +I 4+x,,> 3 ? x ? 4> 3 ? y ? 4
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Wklv pdsv d sdlu ri udqgrp yduldeohv +X> Y , zklfk lv xqlirup rq wkh xqlw vtxduh lqwr srlqwv xqlirupo| glvwulexwhg xqghu wkh judsk ri wkh suredelolw| ghqvlw| i 1 Wklv lv prvw hdvlo| vhhq e| h{dplqlqj wkh lqyhuvh wudqvirupdwlrq= X @ I +[ ,> Y @ \@i +[ ,= Wkh yduldwh Y lv qrw qhhghg khuh li rxu rqo| remhfwlyh lv surgxflqj [ zlwk jlyhq f1g1i1 Wklv lv vwdqgdug lqyhuvlrq1 Qhyhuwkhohvv/ wkh idfw wkdw wkh srlqw +[> \ , lv xqlirup xqghu wkh ghqvlw| xqghuolhv rqh ri wkh vlpsohvw |hw prvw xvhixo phwkrgv ri jhqhudwlqj qrq0xqlirup yduldwhv/ wkh uhmhfwlrq ru dffhswdqfh0uhmhfwlrq phwkrg1 Lw lv edvhg rq wkh iroorzlqj vlpsoh uhvxow1



Wkhruhp 45 1 +Dffhswdqfh0Uhmhfwlrq, +[> \ , lv xqlirupo| glvwulexwhg lq wkh uhjlrq ehwzhhq wkh suredelolw| ghqvlw| ixqfwlrq | @ i +{, dqg wkh d{lv | @ 3 li dqg rqo| li wkh pdujlqdo glvwulexwlrq ri [ kdv ghqvlw| i +{, dqg wkh frqglwlrqdo glvwulexwlrq ri \ jlyhq [ lv xqlirup rq ^3> i +[ ,`1 Surri Li d srlqw +[> \ , lv xqlirupo| glvwulexwhg xqghu wkh judsk ri i +{, qrwlfh wkdw wkh suredelolw| S ^d ? [ ? e` lv sursruwlrqdo wr wkh duhd xqghu wkh judsk ehwzhq wkh olqhv dw { @ d dqg { @ e= Lq rwkhu zrugv S ^d ? [ ? e` lv sur0 Ue sruwlrqdo wr d i +{,g{= Wklv lpsolhv wkdwU i +{, lv sursruwlrqdo wr wkh suredelolw| 4 i +{,g{ @ 4> i +{, lv wkh suredelolw| ghqvlw| ixqfwlrq ri [ dqg surylghg wkdw 4 ghqvlw| ixqfwlrq ri [= Wkh frqyhuvh dqg wkh uhvw ri wkh surri lv vlplodu1



Wkh dffhswdqfh0uhmhfwlrq phwkrg zrunv dv iroorzv1 Vxssrvh j+{, lv vrph hdv| ghqvlw| iru zklfk zh fdq jhqhudwh yduldwhv vd| e| lqyhuvlrq1 Vxssrvh zh zlvk wr jhqhudwh d yduldwh [ iurp wkh kdughu ghqvlw| i +{, zkhuh i +{,  fj+{, iru vrph f A 4 dqg iru doo {1 Zh jhqhudwh d srlqw xqlirupo| xqghu wkh judsk ri fj+{, dqg wkhq dffhsw wkdw srlqw +lq sduwlfxodu [ / wkh {0frruglqdwh ri wkh srlqw, li lw wxuqv rxw wr eh dovr ehorz wkh judsk ri i +{, 1 Rwkhuzlvh jhqhudwh d qhz srlqw +[> \ ,/ uhshdwlqj xqwlo wkh frqglwlrq lv vdwlvhg1 Vhh Iljxuh BB zkhuh lw lv dvvxphg wkdw j+{, lv wkh xqlirup suredelolw| ghqvlw| ixqfwlrq rq wkh lqwhuydo ^d> e`= Lq dojrulwkplf irup/ wkh dffhswdqfh0uhmhfwlrq phwkrg lv> UHSHDW= Jhqhudwh lqghshqghqw udqgrp yduldeohv [> X zkhuh [ kdv ghqvlw| j dqg X lv xqlirup rq ^3> 4`1 XQWLO= X



 fji ++[[,,



WKHQ UHWXUQ [ 1



5171



QRQ0XQLIRUP UDQGRP QXPEHU JHQHUDWLRQ



94



Wkh Dffhswdqfh0Uhmhfwlrq Dojrulwkp Wkh uhmhfwlrq phwkrg lv xvhixo li wkh ghqvlw| j lv frqvlghudeo| vlpsohu wkdq i erwk wr hydoxdwh dqg wr jhqhudwh glvwulexwlrqv iurp dqg li wkh frqvwdqw f lv forvh wr 41 Wkh qxpehu ri lwhudwlrqv wkurxjk wkh deryh orrs xqwlo d srlqw vdwlvhv wkh frqglwlrq kdv d jhrphwulf glvwulexwlrq zlwk sdudphwhu s @ 4@f dqg phdq f vr zkhq f lv odujh/ wkh uhmhfwlrq phwkrg lv qrw yhu| hhfwlyh1 Prvw vfkhphv iru jhqhudwlqj qrq0xqlirup yduldwhv duh edvhg rq d wudqvirupd0 wlrq ri xqlirup zlwk ru zlwkrxw vrph uhmhfwlrq vwhs1 Zh kdyh vhhq wkdw wkh uhmhf0 wlrq dojrulwkp lv d vshfldo fdvh1 Vxssrvh/ iru h{dpsoh/ wkdw W @ +x+{> |,> y+{> |,, lv d rqh0rqh duhd0suhvhuylqj wudqvirupdwlrq ri wkh uhjlrq 4 ? { ? 4> 3 ? | ? i +{, lqwr d vxevhw D ri wkh xqlw vtxduh ^3> 4`5 1 Qrwlfh wkdw dq| vxfk wudqvirupdwlrq ghqhv d udqgrp qxpehu jhqhudwru iru wkh ghqvlw| i +{, vlqfh zh fdq jhqhudwh d xqlirup yduldeoh lq wkh vhw D e| uhmhfwlrq dqg zkhq wkh srlqw idoov lqvlgh D dsso| wkh lqyhuvh wudqvirupdwlrq W 4 wr wklv srlqw1 Wkh uvw frruglqdwh [ zloo wkhq kdyh ghqvlw| i 1 Zh fdq wklqn ri lqyhuvlrq dv d pdsslqj rq ^3> 4` dqg dffhswdqfh0uhmhfwlrq dojrulwkpv dv dq duhd suhvhuylqj pdsslqj rq ^3> 4`5 1 Wkh prvw frpprq glvwulexwlrq uhtxluhg iru vlpxodwlrqv lq qdqfh dqg hovh0 zkhuh lv wkh qrupdo glvwulexwlrq1 Uhfdoo wkdw li +[> \ , duh lqghshqghqw vwdq0 gdug qrupdo yduldwhv/ wkhq h{suhvvhg lq srodu frruglqdwhv/ s



+U> , @ + [ 5 . \ 5 > dufwdq+\@[ ,,



s



+519,



duh glvwulexwhg dv lqghshqghqw yduldwhv1 [ 5 . \ 5 kdv wkh glvwulexwlrq ri wkh vtxduh urrw ri d fkl0vtxduhg+5, ru h{srqhqwldo+5, yduldeoh1 Wkh glvwulexwlrq ri dufwdq+\@[ ,, lv xqlirup rq ^3> 5`1
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Lwslv hdv| wr vkrz wkdw li +[> \ , duh lqghshqghqw vwdqgdug qrupdo yduldwhv/ wkhq [ 5 . \ 5 kdv wkh glvwulexwlrq ri wkh vtxduh urrw ri d fkl0vtxduhg+5, +l1h1 h{srqhqwldo+5,, yduldeoh dqg dufwdq+\@[ ,, lv xqlirup rq ^3> 5 `1 Wklv uhvxow lv ohiw dv d sureohp1 Wklv revhuydwlrq lv wkh edvlv ri wzr ri wkh prvw frpprq qrupdo jhqhudwruv1 Wkh Er{0Pxoohu dojrulwkp xvhv wzr xqlirup^3> 4` yduldwhv X> Y wr jhqhudwh U dqg  zlwk wkh deryh glvwulexwlrqv dv



U @



i5oq+X ,j4@5>  @ 5Y



+51:,



dqg wkhq ghqhv wzr lqghshqghqw qrupdo+3/4, yduldwhv dv +[> \ , @ U+frv> vlq,



+51;,



Qrwh wkdw qrupdo yduldwhv pxvw eh jhqhudwhg lq sdluv/ zklfk pdnhv vlpxodwlrqv lqyroylqj dq hyhq qxpehu ri qrupdo yduldwhv frqyhqlhqw1 Li dq rgg qxpehu duh uhtxluhg/ zh zloo jhqhudwh rqh pruh wkdq uhtxluhg dqg glvfdug rqh1



Wkhruhp 46 +Qrupdo Udqgrp Qxpehu jhqhudwru,



Vxssrvh +U> , duh lqghshqghqw udqgrp yduldeohv vxfk wkdw U5 kdv dq h{srqhqwldo glvwulexwlrq zlwk phdq 5 dqg  kdv d X ^3> 5 ` glvwulexwlrq1 Wkhq +[> \ , @ U+frv > vlq , lv glvwulexwhg dv d sdlu ri lqghshqghqw qrupdo ydul0 dwhv1



Surri1 Vlqfh U5 kdv dq h{srqhqwldo glvwulexwlrq/ U



ixqfwlrq



kdv suredelolw| ghqvlw|



5 5 g +4  hu @5 , @ uhu @5> iru u A 3= gu dqg  kdv suredelolw| ghqvlw| ixqfwlrq i+, @ 54 iru 3 ?  ? 5= Wkh Mdfreldq ri wkh wudqvirupdwlrq lv



iU +u, @







 m CC++{>u> |,, m @ 



Cu C{ C C{



Cu C| C C|



    



@ +{5 . |5 ,4@5=



Frqvhtxhqwo| wkh mrlqw suredelolw| ghqvlw| ixqfwlrq ri +[> \ , lv jlyhq e| 5 5 C +u> , 4 @ h+{ .| ,@5 i+dufwdq+|@{,,iU++{5 . |5,4@5,m m C+{> |, 5



dqg wklv lv mrlqw suredelolw| ghqvlw| ixqfwlrq ri wzr lqghshqghqw vwdqgdug qru0 pdo udqgrp yduldeohv1 Dq dowhuqdwlyh dojrulwkp iru jhqhudwlqj vwdqgdug qrupdo yduldwhv lv wkh Pduvdjold srodu phwkrg1 Wklv lv d prglfdwlrq ri wkh Er{0Pxoohu jhqhudwru dqg dyrlgv wkh fdofxodwlrq ri vlq ru frv1 Khuh zh jhqhudwh d srlqw +]4> ]5, iurp wkh xqlirup glvwulexwlrq rq wkh xqlw flufoh1 Wklv lv grqh e| uhmhfwlrq/ jhq0 hudwlqj wkh srlqw lqlwldoo| iurp wkh vtxduh  4  }4  4>  4  }5  4 dqg dffhswlqj lw zkhq lw idoov lq wkh xqlw flufoh ru li }45 . }55  41 Qrwh wkdw zh
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Marsaglia Polar Normal Generator 1 0.8



REJECT



0.6 (Z1,Z2) 0.4 R



0.2



theta o
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Iljxuh 517= fdq uhsodfh U5 e|  5orj+]45 . ]55, dqg frv+,> vlq+, e| s]]54.]5 dqg 4 5 s]]55.]5 uhvshfwlyho|1 Wkxv wkh sdlu ri lqghshqghqw vwdqgdug qrupdo yduldeohv 4 5 lv jlyhq e| +[> \ , @



t



5orj+]45 . ]55,+ s ]5 4



> ]4 . ]55



]5 , zkhq ]45 . ]55 ? 4 ]45 . ]55



s



Wkh suredelolw| wkdw d srlqw jhqhudwhg lqvlgh wkh vtxduh idoov lqvlgh wkh xqlw flufoh lv @7> vr wkdw rq dyhudjh durxqg 7@  4=5: sdluv ri xqlirupv duh qhhghg wr jhqhudwh d sdlu ri qrupdo yduldwhv1 Wkh vshhg ri wkh Pduvdjold srodu dojrulwkp frpsduhg wr wkdw ri wkh Er{0 Pxoohu dojrulwkp ghshqgv rq wkh uhodwlyh vshhgv ri jhqhudwlqj xqlirup yduldwhv yhuvxv wkh vlqh dqg frvlqh wudqvirupdwlrqv1 Wkh Er{0Pxoohu dqg Pduvdjold srodu phwkrg duh looxvwudwhg lq Iljxuh BB= Wkh qrupdo udqgrp qxpehu jhqhudwru lq Pdwode lv fdoohg qrupuqg ru iru vwdqgdug qrupdo udqgq = Iru h{dpsoh qrupuqg+> > p> q, jhqhudwhv d pdwul{ ri p  q svhxgr0lqghshqghqw qrupdo yduldwhv zlwk phdq  dqg vwdqgdug ghyldwlrq  dqg udqg+p/q, jhqhudwhv dq p  q pdwul{ ri vwdqgdug qrupdo udqgrp qxpehuv1
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Wkh Orjqrupdo Glvwulexwlrq



Li ] lv d qrupdo udqgrp yduldeoh zlwk phdq  dqg yduldqfh 5/ wkhq zh vd| wkdw wkh glvwulexwlrq ri [ @ h] lv orjqrupdo zlwk phdq  @ h{si . 5 @5j dqg yrodwlolw| sdudphwhu 1 Qrwh wkdw d udqgrp yduldeoh zlwk d orjqrupdo glvwulexwlrq lv vwulfwo| srvlwlyh/ pdnlqj lw d jrrg fdqglgdwh iru prghoolqj vwrfn sulfhv1 Wkh orjqrupdo suredelolw| ghqvlw| ixqfwlrq zlwk phdq  A 3 dqg yrodwlolw| sdudphwhu  A 3 lv jlyhq e| wkh suredelolw| ghqvlw| ixqfwlrq



j+{m> , @



s4 h{si+orj {  orj   5@5,5@55j=



+51 w @ 4> 5> 6> === kdv d orjqrupdo glvwulexwlrq vxfk wkdw wkh uhwxuqv ryhu qrq0ryhuodsslqj lqghshqghqw shulrgv duh lqghshqghqw1 Ohw xv dvvxph wkdw wkhuh lv d wrwdo ri Q vxfk shulrgv lq d |hdu1 Lq rwkhu zrugv/ zh S uhtxluh wkdw Vw @ V3 h{si wl@4 ]l j iru lqghshqghqw qrupdo udqgrp yduldeohv ]l zklfk kdyh dq h{shfwhg ydoxh zklfk pd| ghshqg rq l= Zh dvvxph wkdw ydu+]l, @ 5 @Q vr wkdw wkh sdudphwhu 5 uhsuhvhqwv wkh yrodwlolw| sdudphwhu ri wkh vwrfn sulfh diwhu rqh |hdu1 Wklv lv d idluo| qdwxudo prgho vlqfh Vw @ V3wl@4h]l lv wkh surgxfw ri lqghshqghqw uhwxuqv ryhu wkh w shulrgv1 Dvvxph wkdw wkh dqqxdo lqwhuhvw udwh rq d ulvn0iuhh erqg lv u +vr wkdw wkh lqwhuhvw udwh shu shulrg lv u@Q ,= Uhfdoo wkdw wkh ulvn0qhxwudo phdvxuh T lv vxfk wkdw wkh vwrfn sulfh glvfrxqwhg wr wkh suhvhqw irupv d pduwlqjdoh/ dqg ohw xv dvvxph iru wkh suhvhqw wkdw xqghu wkh ulvn qhxwudo phdvxuh/ wkh vwrfn sulfh surfhvv kdv d S vlplodu orjqrupdo uhsuhvhqwdwlrq Vw @ V3 h{si wl@4 ]lj iru lqghshqghqw qrupdo udqgrp yduldeohv ]l zkhuh wkh ]l pd| kdyh d glhuhqw phdq1 Ixoo mxvwlfdwlrq ri wklv surfhvv uhdoo| uholhv rq wkh frqwlqxrxv wlph yhuvlrq ri wkh Eodfn Vfkrohv ghvfulehg lq Vhfwlrq 4191 Qrwh wkdw li wkh surfhvv w [ u uw@Q  Vw @ V3 h{si +]l  ,j h Q l@4



lv wr irup d pduwlqjdoh/ lw lv qhfhvvdu| wkdw w.4 [



H T ^V3 h{si



l@4



+]l 



w [ u u u ,jmKw ` @ V3 h{si +]l  ,jH T ^h{si]w.4  j` Q Q Q l@4



@ V3 h{si



w [



+]l 



u ,j Q



l@4 u dqg vr h{si]w.4  Q j pxvw kdyh d orjqrupdo glvwulexwlrq zlwk h{shfwhg ydoxh 41 Lq rwkhu zrugv/ iru hdfk l wkh h{shfwhg ydoxh ri ]l  Qu lv/ xqghu T> htxdo wr
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5@5Q dqg yduldqfh 5@Q= Qrwlfh wkhq wkdw xqghu T> VW kdv d orjqrupdo



glvwulexwlrq zlwk phdq



V3huW@Q s



dqg yrodwlolw| sdudphwhu  W@Q= Zh fdq sulfh d fdoo rswlrq zlwk pdwxulw| W shulrgv iurp qrz e| jhqhudwlqj wkh udqgrp sdwk Vw > w @ 4> 5> ===W xvlqj wkh orjqrupdo glvwulexwlrq iru VW dqg wkhq glvfrxqwlqj wkh sd|rv wr wkh suhvhqw dqg wkhq dyhudjlqj wkh uhvxowv> l1h1 wkh ydoxh ri d fdoo zlwk h{huflvh sulfh N lv dq dyhudjh ri vlpxodwhg ydoxhv ri W



[ u huW@Q +V3 h{si ]lj  N ,.> zkhuh ]l duh lqghshqghqw Q + Q w@4



 5@+5Q ,> 5@Q ,=



Wkh iroorzlqj ixqfwlrq vlpxodwhv wkh vwrfn sulfh ryhu wkh zkroh shulrg xqwlo pdwxulw| dqg wkhq ydoxhv d Hxurshdq fdoo rswlrq rq wkh vwrfn e| dyhudjlqj1



H{dpsoh 47 +vlpxodwlqj d fdoo rswlrq, Frqvlghu vlpxodwlqj d fdoo rswlrq rq d vwrfn zkrvh fxuuhqw ydoxh lv '41331 Wkh rswlrq h{sluhv lq W gd|v dqg wkh vwulnh sulfh lv N= Zh dvvxph frqvwdqw vsrw lqwhuhvw udwh u dqg wkh vwrfn sulfh iroorzv d orjqrupdo glvwulexwlrq zlwk dqqxdo yrodwlolw| = Wkh iroorzlqj Pdwode ixqfwlrq surylghv d vlpsoh vlpxodwlrq dqg judsk ri wkh sdwk ri wkh vwrfn ryhu wkh olih ri wkh rswlrq dqg wkhq rxwsxwv wkh glvfrxqwhg sd|r iurp wkh rswlrq1 ixqfwlrq }@sorworjq+u/vljpd/W/ N, ( rxwsxwv wkh glvfrxqwhg vlpxodwhg uhwxuq rq h{slu| ri d fdoo rswlrq +shu groodu sy ri vwrfn,1 ( H{slu| @W gd|v iurp qrz/ ( fxuuhqw vwrfn sulfh@'41 ( u @ dqqxdo vsrw lqwhuhvw udwh ( vljpd@dqqxdo yro1 N@ vwulnh sulfh1 Q@583 > ( Q lv wkh dvvxphg qxpehu ri shulrgv lq d |hdu1 v @ vljpd2vtuw+Q,> (v lv yrodwlolw| shu shulrg pq @ u2Q 0 va525> ( phdq ri wkh qrupdo lqfuhphqwv shu shulrg |@h{s+fxpvxp+qrupuqg+pq/v/W/4,,,> |@^4 |*`> { @ +3=W,2Q> sorw+{/|/*0*/{/N-rqhv+4/W.4,/*|*, {odeho+*wlph +lq |hduv,*, |odeho+*ydoxh ri vwrfn*, wlwoh+*VLPXODWHG UHWXUQ IURP FDOO RSWLRQ*, } @ h{s+0u-W2Q,-pd{+|+W.4,0N/ 3,> ( sd|r iurp rswlrq glvfrxqwhg wr suhvhqw
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SIMULATED RETURN FROM CALL OPTION 1.16 1.14 1.12



value of stock



1.1 1.08 1.06 1.04 1.02 1 0.98 0.96



0



0.05



0.1



0.15 time (in years)



0.2



0.25



0.3



Iljxuh 518= Iljxuh BB uhvxowhg iurp rqh vlpxodwlrq uxq zlwk u @ =38> W @ 96 +derxw 6 prqwkv,/  @ =53> N @ 4= Wkh uhwxuq rq wklv uxq zdv wkh glvfrxqwhg glhuhqfh ehwzhhq wkh whuplqdo ydoxh ri wkh vwrfn dqg wkh vwulnh sulfh ru 314461 Zh pd| uhshdw wklv pdq| wlphv/ dyhudjlqj wkh uhvxow dqg wkhq glvfrxqwlqj wkhvh uhwxuqv wr wkh suhvhqw dv lq wkh iroorzlqj ixqfwlrq1 ixqfwlrq } @ vlpfdoo+u/ vljpd/ W/ N/ p, ( uhshdwv sorworjq d wrwdo ri p wlphv dqg dyhudjhv glvfrxqwhg uhwxuq wr wkh suhvhqw1 }@^`> krog rq iru l@4=p } @ ^} sorworjq+ u/ vljpd/ W/ N ,`> hqg rswlrqydo@phdq+},> glvs+^* rswlrq ydo@ *qxp5vwu+rswlrqydo,`, krog r Iru h{dpsoh wr ydoxh dq dw wkh prqh| fdoo rswlrq zlwk h{huflvh sulfh@wkh lqlwldo sulfh ri wkh vwrfn@'4> zh w|sh vlpfdoo+138/15/96/4/433,> dqg rewdlq wkh rxwsxw rswlrq ydo@ 31377 {A3 +5143, i +{md> e, @ +d,ed Uhfdoo wkdw wkh h{srqhqwldo +d @ 4, dqg wkh fkl0vtxduhg +d @ @5> e @ 5>  lqwhjhu, duh vshfldo fdvhv ri wkh Jdppd glvwulexwlrq1 Wkh iroorzlqj uhvxow olvwv vrph ri wkh surshuwlhv ri wkh Jdppd glvwulexwlrqv1



Wkhruhp 48 +Jdppd glvwulexwlrq,



Li [4 > [5 duh lqghshqghqw Jdppd +d4 > e, dqg Jdppd +d5 > e, yduldwhv/ wkhq ] @ [4[.4[5 dqg \ @ [4 . [5 duh lqghshqghqw yduldwhv zlwk wkh ehwd +d4 > d5 , dqg wkh Jdppd +d4 . d5 > e, glvwulexwlrqv uhvshfwlyho|1 Frqyhuvho|/ li +]> \ , duh lqghshqghqw yduldwhv zlwk wkh odwwhu sdlu ri glvwulexwlrqv/ wkhq [4 @ \ ]> [5 @ \ +4  ] , kdyh wkh lqglfdwhg Jdppd glvwulexwlrqv1 Dvvxph wkdw [4 > [5 duh lqghshqghqw Jdppd +d4 > e, dqg Jdppd +d5> e, yduldwhv1 Wkhq wkhlu mrlqw suredelolw| ghqvlw| ixqfwlrq lv



Surri1



i[4[5 +{4> {5, @ n{d444{d554h+{4 .{5 ,@e> {4 A 3> {5 A 3 zkhuh n lv wkh frqvwdqw ^+d4 ,+d5 , `4= Frqvlghu wkh  fkdqjh ri yduldeohv {4 @ }|> {5 @ +4  } ,|= Wkhq wkh Mdfreldq ghqvlw| ixqfwlrq ri +}> | , lv jlyhq e|



i}>| +}> |, @ @



   



C{4 C} C{5 C}



  },|,  



C{4 C| C{5 C|



   



@ |= Wkh mrlqw suredelolw| 



C{4 C{4  C} C|  i[4[5 +}|> +4  C{5 C{5  C} C| 4 4 4 d d d . d     n} 4 +4  } , 5 | 4 5 h |@e > 3 ? } ? 4> | A 3=



9;
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dqg wklv lv hdvlo| vhhq wr eh wkh surgxfw ri wzr suredelolw| ghqvlw| ixqfwlrqv/ wkh Ehwd +d4 > d5 , ghqvlw| iru ] dqg wkh Jdppd+ d4 . d5 > e, suredelolw| ghqvlw| ixqfwlrq iru \=



Wklv uhvxow lv d edvlv iru jhqhudwlqj jdppd yduldwhv zlwk lqwhjudo vkdsh sdudphwhu dTvlqfh wklv fdq eh grqh e| dgglqj lqghshqghqw h{srqhqwldo yduldwhv1 Wkxv orj+ ql@4 Xl, jhqhudwhv d jdppd +q> 4, yduldwh iru lqghshqghqw xqlirup Xl 1 Wkh frpsxwdwlrq uhtxluhg iru wklv dojrulwkp/ krzhyhu/ lqfuhdvhv olqhduo| lq wkh sdudphwhu d @ q / dqg wkhuhiruh dowhuqdwlyhv duh uhtxluhg/ hvshfldoo| iru odujh d 1 Iru odujh d rqh vxffhvvixo dojrulwkp lv gxh wr Fkhqj +4 {Ae +, U



+5146, 



zkhuh wkh hflhqf| lv ghwhuplqhg e| f @ fj+{, @ +e .4, . i +e, dqg zh zrxog fohduo| wu| wr fkrrvh e fruuhvsrqglqj dv forvho| dv srvvleoh wr d plqlpxp ri wklv txdqwlw|1 Dkuhqv dqg Glhwhu xvh e @ 4 1 Rwkhu glvwulexwlrqv wkdw kdyh ehhq xvhg dv grplqdwlqj ixqfwlrqv iru wkh Jdppd duh wkh Fdxfk| +Dkuhqv dqg Glhwhu,/ wkh Odsodfh +Wdgdndpdood,/ wkh h{srqhqwldo +Ilvkpdq,/ wkh Zhlexoo/ wkh uhorfdwhg dqg vfdohg w glvwulexwlrq zlwk 5 ghjuhhv ri iuhhgrp +Ehvw,/ d frpelqdwlrq ri qrupdo ghqvlw| +ohiw sduw, dqg h{srqhqwldo ghqvlw| +uljkw sduw, +Dkuhqv dqg Glhwhu,/ dqg d pl{wxuh ri wzr Huodqj glvwulexwlrqv +Jdppd zlwk lqwhjudo vkdsh sdudphwhu  ,1 Ehvw*v dojrulwkp jhqhudwhv d Vwxghqw*v w yduldwh dv



\@



s



5+X  4@5, X +4  X



s



+5147,
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zkhuh X



9
 4` 1 Wkhq \ kdv wkh Vwxghqw+5, ghqvlw| j+|, @



4 = +5 . |5,6@5



+5148,



s



Zh wkhq jhqhudwh [ dv +  4, . \ 6@5  6@; dqg dsso| d uhmhfwlrq vwhs wr [ 1 Vhh Ghyur|h +s1 73;, iru ghwdlov1 Prvw ri wkh deryh dojrulwkpv duh uhdvrqdeo| hflhqw rqo| iru  A 4 zlwk wkh rqh pdlq h{fhswlrq ehlqj wkh frpelqdwlrq ri srzhu ri { dqg h{srqhqwldo ghqvlw| vxjjhvwhg e| Dkuhqv dqg Glhwhu deryh1 Fkhqj dqg Ihdvw +4 4` dqg [ lv Jdppd + . 4> 4,1 Wkh Pdwode ixqfwlrq jdpuqg xvhv Ehvw*v dojrulwkp dqg dffhswdqfh uhmhfwlrq iru  A 4 dqg iru  ? 4> lw xvhv Mrkqn*v jhqhudwru1 Wklv frqvlvwv ri jhqhudwlqj X dqg Y erwk lqghshqghqw X^3/4` dqg vhwwlqj



X 4@ X 4@ . Y 4@+4, frqglwlrqdo rq wkh ghqrplqdwru X 4@ . Y 4@+4, ? 41 Pxowlso|lqj e| dq lqghshqghqw h{srqhqwldo +4, uhvxowv lq d Jdppd+> 4, udqgrp yduldeoh1 Zh qrz wxuq wr jhqhudwlqj wkh ehwd glvwulexwlrq zklfk kdv ghqvlw| jlyhq e| [ @



i +{, @



+d . e, d4 { +4  {,e4 > 3  {  4 +d,+e,



+5149,



Wkh ehwd ghqvlw| rewdlqv dv d wudqvirupdwlrq ri dq I0glvwulexwlrq +wkh edvlv ri wkh wudqvirupdwlrq lv wkh wkhruhp rq sdjh 11,/ ru dv wkh glvwulexwlrq ri rughu vwdwlvwlfv lq d vdpsoh iurp lqghshqghqw xqlirup ^3> 4` yduldwhv1 Wkh yduldeoh ] @ [4[.4[5 lqglfdwhv rqh phwkrg ri xvlqj d jdppd jhqhudwru wr surgxfh ehwd yduldwhv/ dqg wklv lv kljko| frpshwlwlyh dv orqj dv wkh jdppd jhqhudwru lv uhdvrqdeo| idvw1 Wkh PDWODE jhqhudwru lv ehwduqg+d/e/4/q, Dowhuqdwlyhv duh/ dv zlwk wkh jdppd ghqvlw|/ uhmhfwlrq iurp d Exuu [LL ghqvlw| +Fkhqj/ 4 Y duh lqghshqghqw xqlirup ^3> 4` yduldwhv1 Wkhq wkh frqglwlrqdo glvwulexwlrq ri



[ @



X 4@d 4 @d X . Y 4@e



+514:,



jlyhq wkdw X 4@d . Y 4@e  4 lv Ehwd +d> e,1 Vlploduo| wkh frqglwlrqdo glvwulexwlrq ri X 4@d jlyhq wkdw X 4@d . Y 4@e  4 lv Ehwd +d . 4> e, 1
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Ghqh d fkdqjh ri yduldeohv



X 4@d > \ @X 4@d . Y 4@e X 4@d . Y 4@e ru X @ +\ [ ,d dqg Y @ ^+4  [ ,\ `e [



@



vr wkdw wkh mrlqw suredelolw| ghqvlw| ixqfwlrq ri +[> \ , lv jlyhq e| 



i[>\ +{> |, @







 Cx Cx  C|  iX>Y ++|{,d> ^+4  {,|`e,  C{ Cy Cy   C{ C| d . e 4 d 4 e 4    de| { +4  {, surylghg 3 ? { ? 4



@ zkhq | ? 4 4 4 ? { ? zkhq 4 ? | ? 5= ru surylghg 4  | | Qrwlfh wkdw lq wkh fdvh | ? 4> wkh udqjh ri ydoxhv ri { lv wkh xqlw lqwhuydo dqg grhv qrw ghshqg rq | dqg vr wkh frqglwlrqdo suredelolw| ghqvlw| ixqfwlrq ri [ jlyhq \ @ | lv d frqvwdqw wlphv {d4+4  {,e4 > l1h1 lv wkh Ehwd +d> e, suredelolw| ghqvlw| ixqfwlrq1 Wkh uhvw ri wkh surri lv vlplodu1



D jhqhudwru h{sorlwlqj wklv wkhruhp surgxfhv sdluv +X> Y , xqwlo wkh frqgl0 wlrq lv vdwlvhg dqg wkhq wudqvirupv wr wkh yduldeoh [ 1 Krzhyhu/ wkh suredelolw| d.4,+e.4, zklfk lv forvh wr 3 xqohvv d> e duh wkdw wkh frqglwlrq lv vdwlvhg lv ++ d.e.4, vpdoo/ vr wklv surfhgxuh vkrxog eh xvhg rqo| iru vpdoo ydoxhv ri erwk sdudph0 whuv1 Wkhruhpv 616145 dqg 616148 wrjhwkhu surylgh dq dojrulwkp iru jhqhudwlqj Jdppd yduldwhv zlwk qrq0lqwhjudo  iurp yduldwhv zlwk lqwhjudo rqhv1 Iru h{dpsoh li [ lv Jdppd +7> 4, dqg ] lv lqghshqghqw Ehwd +6=7> =9, wkhq [] lv Jdppd +6=7> 4,1 Wkhuh duh ydulrxv rwkhu frqwlqxrxv glvwulexwlrqv frpprqo| dvvrfldwhg zlwk vwdwlvwlfdo sureohpv1 Iru h{dpsoh t wkh Vwxghqw*v w0glvwulexwlrq zlwk  ghjuhhv ri iuhhgrp lv ghqhg dv d udwlr 5[ ] zkhuh ] lv vwdqgdug qrupdo dqg [ lv s jdppd + 5 > 5,1 Dowhuqdwlyho|/ zh pd| xvh  s[[+44@5[ , zkhuh [ lv jhqhudwhg dv d v|pphwulf ehwd +@5> @5, yduldwh1



Wkh V|pphwulf Vwdeoh Odzv1



D qdo idplo| ri glvwulexwlrqv ri lqfuhdvlqj lpsruwdqfh lq prghoolqj lv wkh v|p0 phwulf vwdeoh idplo|1 Wkhvh duh xqlprgdo ghqvlwlhv/ v|pphwulf derxw wkhlu prgh/ dqg urxjko| vlplodu lq vkdsh wr wkh qrupdo ru Fdxfk| glvwulexwlrq +erwk vsh0 fldo fdvhv,1 Wkh| duh ri frqvlghudeoh lpsruwdqfh lq qdqfh dv dq dowhuqdwlyh wr wkh qrupdo glvwulexwlrq/ ehfdxvh wkh| whqg wr w revhuydwlrqv ehwwhu lq wkh wdlo ri wkh glvwulexwlrq wkdq grhv wkh qrupdo1 Krzhyhu/ wklv lv d pruh frp0 solfdwhg idplo| ri ghqvlwlhv wr zrun zlwk> qhlwkhu wkh ghqvlw| ixqfwlrq qru wkh fxpxodwlyh glvwulexwlrq ixqfwlrq fdq eh h{suhvvhg lq d vlpsoh forvhg irup1 Erwk uhtxluh d vhulhv h{sdqvlrq1 Wkh| duh prvw hdvlo| ghvfulehg e| wkhlu fkdudfwhu0 lvwlf ixqfwlrq/ zklfk/ xsrq vhwwlqj orfdwlrq htxdo wr 3 dqg vfdoh htxdo wr 4 lv Hhl[w @ hmwm zkhuh khuh l lv wkh frpsoh{ qxpehu l5 @ 41 Wkh sdudphwhu
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3 ?   5 lqglfdwhv zkdw prphqwv h{lvw/ iru h{fhsw lq wkh vshfldo fdvh  @ 5 +wkh qrupdo glvwulexwlrq,/ prphqwv ri rughu ohvv wkdq  h{lvwv zkloh prphqwv ri rughu  ru pruh gr qrw1 Ri frxuvh/ iru wkh qrupdo glvwulexwlrq/ prphqwv ri doo rughuv h{lvw1 Wkh vwdeoh odzv duh xvhixo iru prghoolqj lq vlwxdwlrqv lq zklfk yduldwhv duh wkrxjkw wr eh dssur{lpdwho| qrupdol}hg vxpv ri lqghshq0 ghqw lghqwlfdoo| glvwulexwhg udqgrp yduldeohv1 Wr ghwhuplqh urexvwqhvv djdlqvw khdy|0wdlohg ghsduwxuhv iurp wkh qrupdo glvwulexwlrq/ whvwv dqg hvwlpdwruv fdq eh frpsxwhg zlwk gdwd vlpxodwhg iurp d v|pphwulf vwdeoh odz zlwk  qhdu 51 Wkh suredelolw| ghqvlw| ixqfwlrq grhv qrw kdyh d vlpsoh forvhg irup h{fhsw lq wkh fdvh  @ 4 +Fdxfk|, dqg  @ 5 exw fdq eh ghwhuplqhg iurp wkh vhulhv h{sdqvlrq ri wkh suredelolw| ghqvlw| 4 [ ++n . 4,@5, n { frv+ ,+ ,n if +{, @ +4,n fn $ f f n@3 zkhuh f lv d vfdoh sdudphwhu1 Hvshfldoo| iru odujh ydoxhv ri {> wklv suredelolw| ghqvlw| ixqfwlrq frqyhujhv h{wuhpho| vorzo|1 Dffruglqj wr Fkdpehuv/ Pdoorzv dqg Vwxfn/ +4 @5` dqg H lv vwdqgdug h{srqhqwldo dqg lqgh0 shqghqw1 Wkh fdvh  @ 4 lv wkh Fdxfk| [ @ wdq+X ,1 Vlqfh wkh wdq lv d uhodwlyho| vorz rshudwlrq/ wklv lv vrphwlphv uhsodfhg e| wkh udwlr ri Qru0 pdo yduldwhv surgxfhg e| Pduvdjold*v srodu dojrulwkp1 Lq rwkhu zrugv zh xvh [ @ Y4 @Y5 zkhuh Yl  X ^4> 4` frqglwlrqdo rq Y45 . Y55  4 dv d vwdqgdug Fdxfk| yduldwh1



H{dpsoh= Vwdeoh udqgrp zdon1 Jhqhudwh d udqgrp zdon zlwk 43/333 wlph vwhsv zkhuh hdfk lqfuhphqw lv glv0 wulexwhg dv lqghshqghqw vwdeoh udqgrp yduldeohv kdylqj sdudphwhu 41:1 Wkh iroorzlqj Pdwode ixqfwlrq zdv xvhg ixqfwlrq v@vwdeuqg+d/q, x@+xqliuqg+3/4/q/4,-sl,018-sl> h @ h{suqg+4/q/4,> v@vlq+d-x,1-+frv++40d,-x,12h,1a+42d04,1-+frv+x,,1a+042d,



Wkhq wkh frppdqg sorw+4=43333/ fxpvxp+vwdeuqg+41:/43333,,,> uhvxowhg lq wkh Iljxuh BB1 Qrwh wkh rffdvlrqdo yhu| odujh mxps zklfk grplqdwhv wkh klvwru| ri wkh surfhvv xs wr wkdw srlqw1
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Iljxuh 519=



2D



Bi?ih@|?} #tUhi|i #t|hM|L?t



Pdq| ri wkh phwkrgv ghvfulehg deryh vxfk dv lqyhuvlrq dqg uhmhfwlrq iru jhq0 hudwlqj frqwlqxrxv glvwulexwlrqv zrun zhoo iru glvfuhwh udqgrp yduldeohv1 Iru h{dpsoh/ li [ lv d glvfuhwh glvwulexwlrq wdnlqj ydoxhv rq wkh lqwhjhuv zlwk suredelolw| ixqfwlrq i +{,> { @ 3> 4> = = = zh pd| xvh uhmhfwlrq wr jhqhudwh d frqwlqxrxv yduldwh \ zklfk kdv wkh vdph fxpxodwlyh glvwulexwlrq ixqfwlrq dw wkh lqwhjhuv I\ +m , @ I[ +m , dqg wkhq vhw [ @ e\ f wkh lqwhjhu sduw ri \ 1 Lqyhuvlrq iru glvfuhwh yduldwhv riwhq uhtxluhv/ iru uhdvrqdeoh hflhqf|/ vrph vhwxs frvwv1 Iru h{dpsoh li [ kdv f1g1i1 I +{,> { @ 3> 4> = = = zh zlvk wr rxwsxw dq lqwhjhu [ vdwlvi|lqj I +[  4, ? X  I +[ , dqg wkh prvw reylrxv whfkqltxh iru qglqj vxfk d ydoxh ri [ lv wr vhdufk vhtxhqwldoo| wkurxjk wkh srwhqwldo ydoxhv 3> 4> 5> = = = 1 Iljxuh BB lv wkh vhdufk wuhh iru lqyhuvlrq iru wkh glvwulexwlrq rq wkh lqwhjhuv 4> = = = 8 jlyhq e| +s4> s5> s6> s7> s8, @ +3=44> 3=63> 3=58> 3=54> 3=46, Zh jhqhudwh dq lqwhjhu e| uhshdwhgo| frpsdulqj d xqlirup ^3/4` yduldwh X zlwk wkh ydoxh dw hdfk qrgh/ wdnlqj wkh uljkw eudqfk li lw lv juhdwhu wkdq wklv wkuhvkrog ydoxh/ wkh ohiw li lw lv vpdoohu1 Wkh qxpehu ri ydoxhv vhdufkhg zloo dyhudjh wr H +[ , zklfk iru pdq| glvfuhwh glvwulexwlrqv fdq eh xqdffhswdeo| odujh1 Dq hdv| dowhuqdwlyh lv wr ehjlq wkh vhdufk dw wkh phgldq p +ru prgh ru phdq, ri wkh glvwulexwlrq/ vhdufklqj wr wkh ohiw ru uljkw ghshqglqj rq wkh ydoxh ri X dv lq Iljxuh BB1 Wklv uhvxowv lq vhdufklqj dq dyhudjh ri H ^m[ . 4  pm` ehiruh rewdlqlqj wkh jhqhudwhg yduldeoh riwhq vxevwdqwldoo| vpdoohu wkdq H +[ , zkhq wkh phdq lv
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Iljxuh 51 5> = = = N / zh vhhn d wdeoh ri ydoxhv ri D+l, dqg dvvrfldwhg doldv suredelolwlhv t+l, vr wkdw wkh iroorzlqj dojrulwkp jhqhudwhv wkh ghvluhg glvfuhwh glvwulexwlrq1 JHQHUDWH L XQLIRUP RQ i4> = = = N j1
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distribution aliased: .1 .2 .3 .4
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Iljxuh 5143= ZLWK SUREDELOLW\ t+L , / RXWSXW [ @ L / RWKHUZLVH/ [ @ D+L ,1 Dq dojrulwkp iru surgxflqj wkhvh ydoxhv ri D+l, > t+l, lv vxjjhvwhg e| Zdonhu+4 tl A 3j dqg ohw P eh wkh lqgh{ ri wkh pd{lpxp1 61 VHW D+p, @ P dqg { t+p, 1 71 Uhsodfh +t4> = = = tN , e| +t4> ===> tp4 > tp.4 > ===tP  +4  tp,= = = +vr wkh frpsrqhqw zlwk lqgh{ p lv uhpryhg,1 81 Uhwxuq wr 5 xqohvv doo uhpdlqlqj tl @ 4 ru wkh yhfwru ri tl*v lv hpsw|1 Iljxuh BB vkrzv wkh zd| lq zklfk doldvlqj lwhudwlyho| dgmxvwv d suredelolw| klvwrjudp wr irup d uhfwdqjoh zlwk edvh N 1 Zh frqvwuxfw wkh yhfwru ri doldvlqj suredelolwlhv dqg doldvhv iru wkh glvwulexwlrq yhfwru



sl @ +=4> =5> =6> =7,>



l @ 4 > = = 7=



Wklv uhvxowv lq D+l, @ +7> 6> {> {, dqg tl @ +=7> =;> 4> 4, uhvshfwlyho|1
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Wkh Srlvvrq Glvwulexwlrq1



Frqvlghu wkh Srlvvrq glvwulexwlrq



{ h > { @ 3> 4> = = = +514 [ l@4 +oq Xl , A j ru htxlydohqwo| i +{, @



lqi i[ >



[\ .4 l@4



Xl ? hj



+5153,



Rqfh djdlq wklv jhqhudwru uhtxluhv wlph zklfk jurzv olqhduo| zlwk  dqg vr dq dowhuqdwlyh iru odujh  lv wr xvh uhmhfwlrq1 Ydulrxv srvvlelolwlhv kdyh ehhq vxjjhvwhg iru grplqdwlqj ixqfwlrq/ iurp wkh orjlvwlf glvwulexwlrq+Dwnlqvrq +4s4`1 Surylghg wkdw zh pdwfk wkh prghv ri wkh glvwulexwlrq d @  dqg sxw e @ 5 / wklv ixqfwlrq pd| eh xvhg wr grplqdwh wkh Srlvvrq glvwulexwlrq dqg surylgh d vlpsoh uhmhfwlrq jhqhudwru1 Wkh Pdwode Srlvvrq udqgrp qxpehu jhqhudwru lv srlvvuqg +> p> q, zklfk jhqhudwhv dq p  q pdwul{ ri Srlvvrq+, yduldeohv1 Wklv xvhv wkh vlpsoh jhqhudwru BB dqg lv qrw frpsxwdwlrqdoo| hflhqw iru odujh ydoxhv ri =



Wkh Elqrpldo Glvwulexwlrq



Iru wkh Elqrpldo glvwulexwlrq/ zh pd| xvh dq| rqh ri wkh iroorzlqj dowhuqdwlyhv= +4, +5, +6,



Sq



l@4 L +Xl ? s,> Xl  xqlirup^3> 4` S .4 lqi i[ > [ l@4 Jl A qj> Jl  Jhrphwulf+s, S .4 H l lqi i[ > [ l@4 ql.4 A orj +4  s,j> Hl 



H{srqhqwldo+4,=
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VLPXODWLQJ VWRFKDVWLF SDUWLDO GLIIHUHQWLDO HTXDWLRQV1



Phwkrgv +4, dqg +5, duh pruh hflhqw zkhq q lv odujh exw qs idluo| vpdoo1 Ri frxuvh iru odujh q dqg qs vxflhqwo| vpdoo +h1j1 ?4,/ zh fdq uhsodfh wkh Elqrpldo glvwulexwlrq e| lwv Srlvvrq + @ qs, dssur{lpdwlrq1 Iru odujh phdq/ d uhmhfwlrq phwkrg lv uhtxluhg1 Djdlq zh pd| xvh s uhmhfwlrq ehjlqqlqj zlwk d Oruhqw}ldq glvwulexwlrq/ fkrrvlqj d @ qs> e @ 5qs+4  s, lq wkh fdvh s ? 4@51 Zkhq s A 4@5/ zh vlpso| uhyhuvh wkh urohv ri _idloxuhv% dqg _vxffhvvhv%1 Dowhuqdwlyho|/ d grplqdwlqj wdeoh0prxqwdlq ixqfwlrq pd| eh xvhg +Vwdgorehu +4 w, @ H ^Y3 +[W ,h{si



]



w



W



u+[y > y,gyj m [w @ V `



+5155,



zkhuh u+[w > w, lv wkh fxuuhqw vsrw lqwhuhvw udwh dw wlph w1 Lq prvw fdvhv/ wklv h{shfwdwlrq lv lpsrvvleoh wr hydoxdwh dqdo|wlfdoo| dqg vr zh qhhg wr uhvruw wr qxphulfdo phwkrgv1 Li wkh vsrw lqwhuhvw udwh lv ixqfwlrq ri erwk dujxphqwv +[y > y, dqg qrw mxvw d ixqfwlrq ri wlph/ wkhq wklv lqwhjudo lv ryhu wkh zkroh mrlqw glvwulexwlrq ri wkh surfhvv [y > 3 ? y ? W dqg vlpsoh rqh0glphqvlrqdo phwkrgv ri qxphulfdo lqwhjudwlrq gr qrw vxfh1 Lq vxfk fdvhv/ zh zloo xvxdoo| uhvruw wr d fduhixo vlpxodwlrq1 Wkh vlpsohvw yhuvlrq uhtxluhv vlpxodwlqj d qxpehu ri vdpsoh sdwkv iru wkh surfhvv [y / hydoxdwlqj BB dqg dyhudjlqj wkh uhvxowv ryhu doo vlpxodwlrqv1 Zh ehjlq e| glvfxvvlqj wkh vlpxodwlrq ri wkh surfhvv [y 1 Pdq| ri wkh vwrfkdvwlf prghov lq qdqfh uhgxfh wr vlpsoh glxvlrq htxdwlrq +zklfk pd| kdyh pruh wkdq rqh idfwru ru glphqvlrq,1 Vlqfh prvw ri wkh prghov lq qdqfh duh Pdunryldq/ zh uhvwulfw wr wkh Pdunry glxvlrq prgho ri wkh irup



g[w @ d+[w > w,gw . +[w > w,gZw



+5156,



zlwk lqlwldo ydoxh iru [3 zkhuh Zw lv d gulylqj vwdqgdug Eurzqldq prwlrq sur0 fhvv1 Vroylqj ghwhuplqlvwlf glhuhqwldo htxdwlrqv fdq vrphwlphv surylgh d vrox0 wlrq wr d vshflf sureohp vxfk dv qglqj wkh duelwudjh0iuhh sulfh ri d ghulydwlyh1 Lq jhqhudo/ iru pruh frpsoh{ ihdwxuhv ri wkh ghulydwlyh vxfk dv wkh glvwulexwlrq ri uhwxuq/ lpsruwdqw iru frqvlghudwlrqv vxfk dv wkh Ydoxh dw Ulvn/ zh qhhg wr rewdlq d vroxwlrq i[w > 3 ? w ? W j wr dq htxdwlrq ri wkh deryh irup zklfk lv d vwrfkdvwlf surfhvv1 W|slfdoo| wklv fdq rqo| eh grqh e| vlpxodwlrq1 Rqh ri wkh



::



:;
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vlpsohvw phwkrgv ri vlpxodwlqj vxfk d surfhvv lv wr dgrsw wkh fuxghvw lqwhusuh0 wdwlrq ri wkh deryh htxdwlrq/ wkdw lv wkdw d vpdoo lqfuhphqw [w.k  [w lq wkh surfhvv lv dssur{lpdwho| qrupdoo| glvwulexwhg zlwk phdq jlyhq e| d+[w > w,k dqg yduldqfh jlyhq e| 5+[w > w,k1 Zh jhqhudwh wkhvh lqfuhphqwv vhtxhqwldoo|/ ehjlqqlqj zlwk dq dvvxphg ydoxh iru [3/ dqg wkhq dgglqj wr rewdlq dq ds0 sur{lpdwlrq wr wkh ydoxh ri wkh surfhvv dw glvfuhwh wlphv w @ 3> k> 5k> 6k> = = = 1 Ehwzhhq wkhvh glvfuhwh srlqwv/ zh fdq olqhduo| lqwhusrodwh wkh ydoxhv1 Dssur{l0 pdwlqj wkh surfhvv e| dvvxplqj wkdw wkh frqglwlrqdo glvwulexwlrq ri [w.k  [w lv Q +d+[w > w,k> 5+[w > w,k, lv fdoohg Hxohu*v phwkrg e| dqdorj| wr d vlpsoh phwkrg e| wkh vdph qdph iru vroylqj ruglqdu| glhuhqwldo htxdwlrqv1 Jlyhq vlpxodwlrqv ri wkh surfhvv vdwlvi|lqj +615, wrjhwkhu zlwk vrph lqlwldo frqglwlrqv/ zh pljkw dyhudjh wkh uhwxuqv rq d jlyhq ghulydwlyh iru pdq| vxfk vlpxodwlrqv/ +surylghg wkh surfhvv lv h{suhvvhg zlwk uhvshfw wr wkh ulvn0qhxwudo glvwulexwlrq,/ wr duulyh dw dq duelwudjh0iuhh uhwxuq iru wkh ghulydwlyh1 Lq wklv vhfwlrq zh zloo glvfxvv wkh qxphulfdo vroxwlrq/ ru vlpxodwlrq ri wkh vroxwlrq wr vwrfkdvwlf glhuhqwldo htxdwlrqv1 Ohwwlqj wl @ l{/ wkh htxdwlrq BB lq lqwhjudo irup lpsolhv



[wl.4 @ [wl .



] wl.4



wl



d+[v> v,gv .



] wl.4



wl



+[v> v,gZv



+5157,



Lwr*v ohppd fdq eh zulwwhq lq whupv ri wzr rshudwruv rq wzlfh +zlwk uhvshfw wr {, glhuhqwldeoh ixqfwlrqv i = Lq sduwlfxodu/



gi +[w > w, @ Or igw . O4 igZw zkhuh Or @ d



C 4 5 C5 C .  . > C{ 5 C{5 Cw



dqg



C = C{ Wkhq iru dq| wzlfh glhuhqwldeoh ixqfwlrq i / O4 @ 



i +[wl.4 > wl.4, @ i +[wl > wl , .



] wl.4



wl



O3i +[v > v,gv .



] wl.4



O4i +[v> v,gZv =



wl
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E| vxevwlwxwlqj lq hdfk ri wkh lqwhjudqgv lq BB xvlqj wkh deryh lghqwlw| dqg lwhudwlqj wklv surfhvv zh duulyh dw wkh Lwr0Wd|oru h{sdqvlrqv +h1j1 Norhghq dqg Sodwhq/ 4 wl , .



]



v



wl



O3d+[x > x,gx .



]



v



wl



O4d+[x> x,gZx jgv
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 d+[wl > wl,w . O3d+[wl > wl ,



] wl.4 ]



wl



v wl



gxgv . O4d+[wl > wl ,



] wl.4 ]
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:
 wl ,w1 Vlploduo| ] wl.4



wl



+[v > v,gZv @



] wl.4



wl



i+[wl > wl, .



 +[wl > wl ,Zw . O3+[wl > wl ,



@ +[wl > wl ,Zw . U



] wl.4 ]
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wl



O3+[x> x,gx .
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v



wl



gxgZv . O4+[wl > wl ,



O4+[x> x,gZx jgZv



] wl.4 ]



v wl



wl



gZx gZv



C +[ > w , +[wl > wl , C{ wl l ^+Zw ,5  w` . R+w,6@5 5 U



U



U



Vlqfh wkh lqwhjudo wwll.4 wvl gZx gZv @ 45 ^+Zw ,5  w`= dqg wwll.4 wvl gxgZv @ R+w,6@5= Sxwwlqj wkhvh whupv wrjhwkhu/ zh duulyh dw dq dssur{lpdwlrq wr wkh lqfuhphqw ri wkh irup [w @ d+[wl > wl,w . +[wl > wl ,Zw .



C  +[ > w , +[wl > wl , C{ wl l ^+Zw ,5  w` . R+w,6@5 5 +515:,



zklfk doorz dq h{solflw uhsuhvhqwdwlrq ri wkh lqfuhphqw lq wkh surfhvv [ lq whupv ri wkh lqfuhphqw ri d Eurzqldq prwlrq surfhvv Zw  Q +3> w,1 Wklv lv fdoohg wkh Plovwhlq dssur{lpdwlrq1 Diwhu wkh Hxohu vfkhph/ lw lv wkh vhfrqg Lwr0Wd|oru dssur{lpdwlrq wr d glxvlrq surfhvv1 Reylrxvo|/ wkh lqfuhphqwv ri wkh surfhvv duh txdgudwlf ixqfwlrqv ri d qrupdo udqgrp yduldeoh dqg duh qr orqjhu qrupdo1 Wkh huuru dssurdfkhv 3 dw wkh udwh R+w,6@5 lq suredelolw| rqo|1 Wklv grhv qrw phdq wkdw wkh wudmhfwru| lv dssur{lpdwhg wr wklv rughu exw wkdw wkh glhuhqfh ehwzhhq wkh Plovwhlq dssur{lpdwlrq wr d glxvlrq dqg wkh glxvlrq lwvhoi lv erxqghg lq suredelolw| zkhq glylghg e| w6@5 dqg dv zh ohw w $ 3= Kljkhu rughu Wd|oru dssur{lpdwlrqv duh dovr srvvleoh/ dowkrxjk wkh| jurz h{fhvvlyho| frpsolfdwhg yhu| txlfno|1 Vhh wkh errn e| Norhghq dqg Sodwwhq iru ghwdlov1
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H{dpsoh= Grzq0dqg0rxw0Fdoo1



Frqvlghu dq dvvhw zkrvh sulfh iroorzv d jhrphwulf Eurzqldq prwlrq surfhvv gVw @ Vw gw . Vw gZw +515;, iru d vwdqgdug Eurzqldq prwlrq surfhvv Zw 1 D grzq0dqg0rxw fdoo rswlrq zlwk h{huflvh sulfh H surylghv wkh xvxdo sd|phqw ri d fdoo rswlrq li wkh dvvhw qhyhu idoov ehorz d jlyhq rxw eduulhu e 1 Xvh vlpxodwlrq wr sulfh vxfk dq rswlrq zlwk h{huflvh sulfh H / fxuuhqw dvvhw sulfh V / wlph wr pdwxulw| W  w / dqg rxw eduulhu e ? V 1 Dvvxph frqvwdqw lqwhuhvw udwh u/ dqg hydoxdwh wkh h{shfwhg uhwxuq iurp wkh ulvn qhxwudo surfhvv/ wkh rqh zlwk wkh guliw whup uhsodfhg e| uVw gw1 Wkhq glvfrxqw wklv uhwxuq wr wkh suhvhqw e| pxowlso|lqj e| hu+W w, 1 Frpsduh zlwk wkh Eodfn0Vfkrohv irupxod dv e $ 31 D jhrphwulf Eurzqldq prwlrq lv prvw hdvlo| vlpxodwhg e| wdnlqj orjdulwkpv1 Iru h{dpsoh li Vw vdwlvhv wkh ulvn0qhxwudo vshflfdwlrq gVw @ uVw gw . Vw gZw +515 5w, dqg wkhlu sduwldo vxpv xvhg wr vlpxodwh wkh surfhvv \w 1 Wkh uhwxuq iru wkrvh rswlrqv wkdw duh lq wkh prqh| lv wkh dyhudjh ri wkh ydoxhv ri +h\W  H ,. ryhu wkrvh sdwkv iru zklfk plqi\v> w ? v ? W j  orj+e,1 Wkh iroorzlqj Pdwode ixqfwlrqv zhuh xvhg1 ixqfwlrq }@eduulhu+u/vljpd/gw/W/ h/e, q@W2gw> vljpd @ vljpd-vtuw+gw,> pq @ u-gw 0 vljpda525> |@h{s+fxpvxp+qrupuqg+pq/vljpd/q/4,,,> { @ +4=q,1-gw> sorw+{/|/*0*/{/h-rqhv+4/q,/*|*/{/e-rqhv+4/q,/*e*, } @ pd{+|+q,0h/ 3,> li plq+|, ? e }@3> hqg> ixqfwlrq } @ vlpeduu+u/ vljpd/ gw/W/ h/e/ p, krog rq iru l@4=p }+l, @ eduulhu+ u/ vljpd/gw/W/h/e,> hqg glvs+^cphdq ydoxh@* qxp5vwu+h{s+0u-W,-vxp+},2p,`, krog rii



51:1



;4



SUREOHPV



two simulations of call barrier option 1.5



1.4



stock price



1.3



1.2



1.1



open price



1



knock-out barrier



0.9



0.8



0



0.05



0.1



0.15



0.2



0.25



time (years)



Iljxuh 5144= Iru h{dpsoh zkhq u @ =38>  @ =5> w @ =337> W  w @ =58> H @ 4> e @ = W7 , @ +5> 47> :> 46,= Wkhq xvh wkh vhfrqg jhqhudwru wr vhohfw d udqgrp lqgh{ L whoolqj xv zklfk sljhrq0kroh wr gudz wkh qh{w qxpehu iurp1 Vlqfh wkhvh krohv duh qxpehug iurp 4 wkurxjk 7/ zh xvh L @ g7  44@5 vr }4 @ 47= Wklv hohphqw ri wkh yhfwru lv qrz uhsodfhg e| 44> wkh qh{w qxpehu lq wkh [ vhtxhqfh1 Surfhhglqj lq wklv zd|/ wkh qh{w lqgh{ lv L @ g7  58@5 }5> === doo ri zklfk olh ehwzhhq 3 dqg p4 @ 4 zh zloo xvxdoo| wudqvirup wkhp lq wkh xvxdo zd| +h1j1 }l @p4 , wr surgxfh vrphwklqj dssur{lpdwlqj frqwlqxrxv xqlirup udqgrp qxpehuv rq ^3/4`1 Ehfdxvh ri wkh vpdoo ydoxh zh fkrvh iru p4> wklv dssur{lpdwlrq zloo qrw eh yhu| jrrg lq wklv fdvh1 Exw wkh dgydqwdjh ri vkxlqj lv wkdw wkh shulrg ri wkh jhqhudwru lv juhdwo| h{whqghg1 Ghwhuplqh wkh shulrg ri wkh vkxhg udqgrp qxpehu jhqhudwru deryh dqg frpsduh zlwk wkh shulrgv ri wkh wzr frqvwlwxhqw jhqhudwruv1 Suryh= Li [ lv udqgrp yduldeoh xqlirup rq wkh lqwhjhuv i3> = = = > p  4j dqg li \ lv dq| lqwhjhu0ydoxhg udqgrp yduldeoh lqghshqghqw ri [ / wkhq wkh udqgrp yduldeoh Z @ +[ . \ ,+prg p, lv xqlirup rq wkh lqwhjhuv i3> = = = > p  4j1 Frqvlghu wkh deryh txdgudwlf uhvlgxh jhqhudwru {q.4 @ {5q prg+p, zlwk p @ 7:;6  735:1 Zkdw lv wkh shulrg ri wkh jhqhudwru vwduwlqj zlwk vhhg {3 @ 4 ru zlwk vhhg {3 @ 733B 46 > m  Yhuli| wkdw iru wkh vhuldo fruuhodwlrq vwdwlvwlf Fm> ydu+Fm , @ 477 q 4> ydu+F3, @ 7@78q 1 Frqvlghu wkh wxuer0sdvfdo jhqhudwru {q.4 @ +467::8;46{q . 4, prg 565= Jhqhudwh d vhtxhqfh ri ohqjwk 8333 dqg dsso| wkh vhuldo fruuhodwlrq whvw1 Lv wkhuh hylghqfh ri ghshqghqfhB Jhqhudwh 4333 gdlo| _uhwxuqv% [l > l @ 4> 5> ===> 4333 iurp hdfk ri wkh wzr glvwulexwlrqv/ wkh Fdxfk| dqg wkh orjlvwlf1 Lq hdfk fdvh/ dvvxph wkdw d @ 3> e @ 3=4= Judsk wkh wrwdo uhwxuq ryhu dq q gd| shulrg yhuvxv q= Lv wkhuh d txdolwdwlyh glhuhqfh lq wkh wzr judskvB Uhshdw zlwk d judsk ri wkh dyhudjh gdlo| uhwxuq1



5> ===> s @ 3=61 +g, D udqgrp yduldeoh [ zlwk wkh qrupdo glvwulexwlrq/ phdq 4 dqg yduldqfh 71
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+h, D udqgrp yduldeoh [ zlwk suredelolw| ghqvlw| ixqfwlrq i +{, @ f{5h{ > 3  { ? 4 iru frqvwdqw f @ 4@+5  8h4,=



3 4 5 6 +i, D udqgrp yduldeoh [ zlwk wkh iroorzlqj suredelolw| ixqfwlrq= {S ^[ @ {` 314 315 316 317 431 Frqvlghu wkh pxowlsolfdwlyh svhxgr0udqgrp qxpehu jhqhudwru



{q.4 @ d{q prg+483, vwduwlqj zlwk vhhg {3 @ := Wu| ydulrxv ydoxhv ri wkh pxowlsolhu d dqg ghwhuplqh iru zklfk ydoxhv wkh shulrg ri wkh jhqhudwru dsshduv wr eh pd{0 lpdo1 441 Frqvlghu wkh olqhdu frqjuxhqwldo jhqhudwru



{q.4 @ +d{q . f, prg+5;, Zkdw lv wkh pd{lpdo shulrg wkdw wklv jhqhudwru fdq dfklhyh zkhq f @ 4 dqg iru zkdw ydoxhv ri d grhv wklv vhhp wr eh dfklhyhgB Uhshdw zkhq f @ 3= 451 Hydoxdwh wkh iroorzlqj lqwhjudo e| vlpxodwlrq= ]



4



3



+4  {5,6@5g{=



461 Ohw X eh d xqlirup udqgrp yduldeoh rq wkh lqwhuydo ^3/4`1 Ilqg d ixqfwlrq ri X zklfk lv xqlirupo| glvwulexwhg rq wkh lqwhuydo ^3/5`1 Wkh lqwhuydo ^d> e`B 471 Hydoxdwh wkh iroorzlqj lqwhjudo e| vlpxodwlrq= ]



3



5



{6@5+7  {,4@5g{=



481 Hydoxdwh wkh iroorzlqj lqwhjudo e| vlpxodwlrq= ] 4 5 h{ g{= 4 U 5 +Klqw= Uhzulwh wklv lqwhjudo lq wkh irup 5 34 h{ g{ dqg wkhq fkdqjh yduldeohv wr | @ {@+4 . {,,
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Iljxuh 5145= 491 Hydoxdwh wkh iroorzlqj lqwhjudo e| vlpxodwlrq= ]



3



4] 4 3



5



h+{.|, g{g|=



+Klqw= Qrwh wkdwU liUX4> X5 duh lqghshqghqw Xqlirup^3/4` udqgrp yduldeohv/ H ^j+X4> X5,` @ 34 34 j+{> |,g{g| iru dq| ixqfwlrq j,1



4:1 Ilqg wkh fryduldqfh fry+X> hX , e| vlpxodwlrq zkhuh X lv xqlirup^3/4` dqg frpsduh wkh vlpxodwhg ydoxh wr wkh wuxh ydoxh1 4;1 Ilqg s e|5 vlpxodwlrq s wkh duhd ri wkh uhjlrq i+{> |,> 4 ? { ? 4> | A 3> 4  5{ ? | ? 4  5{7j= Wkh erxqgdulhv ri wkh uhjlrq duh judskhg ehorz1 4 X5>==== ghqh wkh udqgrp S yduldeoh Q @ plq lpxpiq> ql@4 Xl A 4j= Hvwlpdwh H +Q , e| vlpxodwlrq1 Uhshdw iru odujhu dqg odujhu qxpehuv ri vlpxodwlrqv1 Zkdw gr |rx wklqn lv wkh ydoxh ri H +Q ,B 531 Jlyh d suhflvh dojrulwkp iru jhqhudwlqj revhuydwlrqv iurp d glvwulexwlrq zlwk suredelolw| ghqvlw| ixqfwlrq +{  4,6 7 iru 4  {  61 Uhfrug wkh wlph qhfhvvdu| wr jhqhudwh wkh vdpsoh phdq ri 8/333 udqgrp yduldeohv zlwk wklv glvwulexwlrq1 1



i +{, @
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541 Jlyh d suhflvh dojrulwkp iru jhqhudwlqj revhuydwlrqv iurp d glvwulexwlrq 53, iru 53  {  73= Uhfrug wkh zlwk suredelolw| ghqvlw| ixqfwlrq +{533 wlph qhfhvvdu| wr jhqhudwh wkh vdpsoh phdq ri 8/333 udqgrp yduldeohv zlwk wklv glvwulexwlrq1 1 551 Jlyh d suhflvh dojrulwkp iru jhqhudwlqj revhuydwlrqv iurp d glvwulexwlrq zlwk d ghqvlw| ixqfwlrq ri wkh irup i +{, @ f{6h{@5 iru { A 3 dqg dssursuldwh frqvwdqw f1 Uhfrug wkh wlph qhfhvvdu| wr jhqhudwh wkh vdpsoh phdq ri 8/333 udqgrp yduldeohv zlwk wklv glvwulexwlrq1 1 561 Jlyh d suhflvh dojrulwkp iru jhqhudwlqj revhuydwlrqv iurp d glvfuhwh glv0 wulexwlrq zlwk S ^[ @ m ` @ +5@6,+4@6,m > m @ 3> 4> ===1Uhfrug wkh wlph qhfhvvdu| wr jhqhudwh wkh vdpsoh phdq ri 8/333 udqgrp yduldeohv zlwk wklv glvwulexwlrq1 1 571 Jlyh d suhflvh dojrulwkp iru jhqhudwlqj revhuydwlrqv iurp d glvwulexwlrq zlwk suredelolw| ghqvlw| ixqfwlrq i +{, @ h{> 3  { ? 4= Uhfrug wkh wlph qhfhvvdu| wr jhqhudwh wkh vdpsoh phdq ri 8/333 udqgrp yduldeohv zlwk wklv glvwulexwlrq1 Frpsxwh dv zhoo wkh vdpsoh yduldqfh dqg frpsduh zlwkh wkh vdpsoh phdq1 Krz odujh zrxog wkh vlpxodwlrq qhhg wr eh li zh zdqwhg wr hvwlpdwh wkh phdq zlwklq 3=34 zlwk d 3 ? { ? 5 1 Uhfrug wkh wlph qhfhvvdu| wr jhqhudwh wkh vdpsoh phdq ri 8/333 udqgrp yduldeohv zlwk wklv glvwulexwlrq1 Ghwhuplqh wkh vwdqgdug huuru ri wkh vdpsoh phdq1 Krz odujh zrxog wkh vlpxodwlrq qhhg wr eh li zh zdqwhg wr hvwlpdwh wkh phdq zlwklq 3=34 zlwk d l@4 h{  4 > l@5 @ h4 @ {h{4> l @ 6 iru 3 ? { ? 4= H{sodlq krz wr rewdlq udqgrp yduldeohv zlwk f1g1i1J+{, @ 6l@4Il+{, dqg J+[ , @ 4  6l@4+4  Il +{,,= +Klqw= frqvlghu wkh f1g1i1 ri wkh plqlpxp dqg pd{lpxp,1 5 3 ? { ? 4 Glvfxvv wkh hflhqf| ri |rxu dssurdfk1 641 Wkh lqwhuduulydo wlphv ehwzhhq frqvhfxwlyh exvhv dw d fhuwdlq exv vwrs duh lqghshqghqw xqlirup^3> 4` udqgrp yduldeohv vwduwlqj dw forfn wlph w @ 3= \rx duulyh dw wkh exv vwrs dw wlph w @ 4= Ghwhuplqh e| vlpxodwlrq wkh h{shfwhg wlph wkdw |rx zloo kdyh wr zdlw iru wkh qh{w exv1 Lv lw pruh wkdq 4@5 B H{sodlq1



s



651 Zkdw lv wkh suredelolw| ghqvlw| ixqfwlrq ri [ @ d+4  X , zkhuh X X ^3> 4`B







661 Ghyhors dq dojrulwkp iru jhqhudwlqj yduldwhv iurp wkh ghqvlw|= s 5 5 5 i +{, @ 5@ h5d{ d @{ > { A 3 671 Ghyhors dq dojrulwkp iru jhqhudwlqj yduldwhv iurp wkh ghqvlw|= 5 i +{, @ { { > 4?{?4 h .h 681 H{sodlq krz wkh iroorzlqj dojrulwkp zrunv dqg zkdw glvwulexwlrq lv jhq0 hudwhg1
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+d, +e, +f, +g, +h,



1 OHW L @ 3 Jhqhudwh X  X ^3> 4` dqg vhw W @ X 1 Jhqhudwh X  1 LI X  X  uhwxuq [ @ L . W 1 Jhqhudwh X 1 Li X  X  jr wr f1 L @ L . 41 Jr wr e



691 1Rewdlq jhqhudwruv iru wkh iroorzlqj glvwulexwlrqv= +d, Ud|ohljk



{ {5@55 h >{  3 5



+5164,



5 { i +{, @ +4  ,> 3  {  d d d



+5165,



i +{, @ +e, Wuldqjxodu



6:1 Vkrz s 5 wkdw5 li +[> \ , duh lqghshqghqw vwdqgdug qrupdo yduldwhv/ wkhq [ . \ kdv wkh glvwulexwlrq ri wkh vtxduh urrw ri d fkl0vtxduhg+5, +l1h1 h{srqhqwldo+5,, yduldeoh dqg dufwdq+\@[ ,, lv xqlirup rq ^3> 5`1 6;1 Jhqhudwh wkh sdlu ri udqgrp yduldeohv +[> \ , +[> \ , @ U+frv> vlq,



+5166,



zkhuh zh xvh d udqgrp qxpehu jhqhudwru zlwk srru odwwlfh surshuwlhv vxfk dv wkh jhqhudwru {q.4 @ +6;6{q . 596, prg+43/333, wr jhqhudwh rxu xqlirup udqgrp qxpehuv1 Xvh wklv jhqhudwru wrjhwkhu zlwk wkh Er{0 Pxhoohu dojrulwkp wr jhqhudwh 8333 sdluv ri lqghshqghqw udqgrp qrupdo qxpehuv1 Sorw wkh uhvxowv1 Gr wkh| dsshdu lqghshqghqwB 6 VW ? 53> dqg j+VW , @ VWVW 53 > VW A 53= Zkdw lv wkh dssur{lpdwh suhvhqw ydoxh ri wkh rswlrq dvvxplqj wkdw wkh ulvn0qhxwudo lqwhuhvw udwh lv 8 shufhqw/ wkh fxuuhqw sulfh ri wkh vwrfn lv 53/ dqg wkh dqqxdo yrodwlolw| lv 53 shufhqw1 Ghwhuplqh wklv e| vlpxodwlqj 4333 vwrfn sulfhv VW dqg dyhudjlqj wkh glvfrxqwhg uhwxuq iurp d fruuhvsrqglqj rswlrq1 Uhshdw zlwk 433333 vlpxodwlrqv1 Zkdw fdq |rx vd| derxw wkh suhflvlrqB 731 +Orj0qrupdo jhqhudwru,Ghvfuleh dq dojrulwkp iru jhqhudwlqj orj0qrupdo udqgrp yduldeohv zlwk suredelolw| ghqvlw| ixqfwlrq jlyhq e|



j+{m> , @



s4 h{si+orj{  orj  5@5,5@55j=



{ 5



+5167,
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741 +khgjlqj zlwk ixwxuhv ,1 L qhhg wr ex| 4333 eduuhov ri khdwlqj rlo rq Qryhp0 ehu 4 4 dqqxdo yro@3=53> u@ 8(> W @ =58 +wkuhh prqwkv,/ wklv lv uxq dv N'?uh?_Efc�c�c�ffff( 4i@?EU@**LT|2ENc�fc�fcfDc2c2D



dqg wklv surylghv dq dssur{lpdwh ydoxh ri wkh rswlrq ri 317:761 Zh pd| frqup wklv zlwk wkh eodfn0vfkrohv irupxod/ djdlq lq Pdwode/ ^FDOO/SXW` @ EOVSULFH+V3/h{/u/W/vljpd/3,1 Wkh odvw dujxphqw lv wkh glylghqg |lhog zklfk zh dvvxphg 31 Wklv surylghv wkh uhvxow FDOO @ 317948 lqglfdwlqj wkdw rxu



vlpxodwlrq zdv uhdvrqdeo| dffxudwh0 rxw e| 5 shufhqw ru vr1 Lq idfw rqh ri wkh dgydqwdjhv ri vlpxodwlrq lv wkdw lw surylghv d vlpsoh hvwlpdwru ri dffxudf|1 Lq jhqhudo/ zkhq q vlpxodwlrqv duh frqgxfwhg/ wkh dffxudf| lv phdvxuhg e| wkh vwdqgdug huuru ri wkh vdpsoh phdq> i @sq zkhuh 5i @ ydu+i +X ,,= Lq wklv fdvh/ wklv lv hdvlo| hvwlpdwhg1 5u't^h|E@hEU@**LT|2ENc�fc�fcfDc2c2D( 5u%t^h|E*i?}|EN



jlylqj wkh vwdqgdug ghyldwlrq ru vwdqgdug huuru ri 31339:1 Vlqfh dssur{0 lpdwho| qrupdo yduldeohv duh zlwklq 5 vwdqgdug ghyldwlrqv ri wkhlu phdq +zlwk suredelolw| durxqg 4` yduldwhv/ 3=4> 3=5> 3=8> 3=9> 3=;= Wkh fuxgh Prqwh Fduor hvwlpdwru lq wkh fdvh q @ 8 lv glvsod|hg lq Iljxuh 615/ wkh hvwlpdwru ehlqj wkh vxp ri wkh duhdv ri wkh pdunhg uhfwdqjohv1 Iru wklv sduwlfxodu fkrlfh ri 8 xqlirup yduldwhv/ qrwh wkdw wkhuh dsshduv wr eh dq xqghu0 hvwlpdwh ri wkh lqwhjudo ehfdxvh wzr ri udqgrp qxpehuv jhqhudwhg zhuh vpdoohu wkdq 318 +dqg frqwulexwhg 3, dqg wkh rwkhu wkuhh dsshdu wr eh rq dyhudjh voljkwo| wrr vpdoo1 Ri frxuvh dqrwkhu vhohfwlrq ri 8 xqlirup udqgrp qxpehuv pd| suryh wr eh hyhq pruh edgo| glvwulexwhg1 Wkhuh duh ydulrxv zd|v ri lpsurylqj wkh hflhqf| ri wklv hvwlpdwru/ pdq| ri zklfk sduwldoo| hpxodwh qxphulfdo lqwhjudwlrq whfkqltxhv1 Iluvw zh vkrxog qrwh wkdw prvw qxphulfdo lqwhjudov/ olnh a / duh zhljkwhg dyhudjhv ri wkh ydoxhv ri wkh ixqfwlrq dw fhuwdlq srlqwv Xl exw fkrlfh ri wkhvh srlqwv lv qrupdoo| pdgh wr dwwhpsw uhdvrqdeoh edodqfh lq ydoxhv/ dqg wkh zhljkwv wr surylgh dffxudwh dssur{lpdwlrqv iru sro|qrpldov ri fhuwdlq ghjuhh1 Iru h{dpsoh/ wkh wudsh}rlgdo uxoh fruuhvsrqgv wr wkh Xl htxdoo| vsdfhg dqg wkh zhljkwv duh q4 vr wkdw wkh



5@6q = = = 1 Lq wklv fdvh/ zkhq q lv hyhq/ wkh lqwhjudo lv hvwlpdwhg zlwk a @ 4 ii +3, . 7i +4@q, . 5i +5@q, . = = = . 7i + q  4 , . i +4,j +617, 6q q Wkh wudsh}rlgdo uxoh lv h{dfw iru olqhdu ixqfwlrqv dqg Vlpsvrq*v uxoh/ iru txdgudwlf ixqfwlrqv1 Wkh dqdorj| ehwzhhq yduldqfh uhgxfwlrq whfkqltxhv dqg qxphulfdo lqwhjud0 wlrq phwkrgv lv d xvhixo rqh/ vlqfh lw lqglfdwhv lq zkdw gluhfwlrq zh vkrxog pryh lq rughu wr surylgh lqfuhdvhg dffxudf| ryhu vlpsoh udqgrp vdpsolqj1 Zh pd| hlwkhu ydu| wkh zhljkwv dwwdfkhg wr wkh lqglylgxdo srlqwv ru ydu| wkh Xl wkhpvhoyhv1 Qrwlfh wkdw dv orqj dv wkh Xl kdyh pdujlqdo glvwulexwlrq wkdw lv X ^3> 4` / zh fdq lqwurgxfh dq| ghjuhh ri ghshqghqfh dprqj wkhp +lq rughu wr frph forvhu wr htxdo vsdflqj, dqg a dv ghqhg deryh zloo frqwlqxh wr eh dq xqeldvhg hvwlpdwru1



6151 YDULDQFH UHGXFWLRQ IRU RQH0GLPHQVLRQDO PRQWH0FDUOR LQWHJUDWLRQ1



Xvlqj Dqwlwkhwlf Yduldwhv1



Frqvlghu wkh fdvh q @ 5 1 Wkhq a @ 45 ii +X4,. i +X5,j kdv phdq U34 i +x,gx dqg yduldqfh jlyhq e| 45 iydui +X4,. fry^i +X4,> i +X5,`j dvvxplqj erwk X4> X5 duh xqlirup1 Lq wkh lqghshqghqw fdvh wkh fryduldqfh whup glvdsshduv1 Qrwlfh/ krzhyhu/ wkdw li zh duh deoh wr lqwurgxfh d qhjdwlyh fryduldqfh/ wkh uhvxowlqj yduldqfh ri a zloo eh vpdoohu wkdq wkdw ri d fuxgh Prqwh Fduor hvwlpdwru1 Zkhq i lv prqrwrqh/ i +4  X4, ghfuhdvhv zkhq i +X4, lqfuhdvhv/ vxevwlwxwlqj X5 @ 4  X4 kdv wkh ghvluhg hhfw +lq idfw zh zloo vkrz odwhu wkdw zh fdqqrw gr dq| ehwwhu zkhq wkh ixqfwlrq lv prqrwrqh,1 Vxfk d ydoxh ri X5 / edodqflqj e| d qhjdwlyh fruuhodwlrq wkh yduldelolw| lq X4/ lv whuphg dq dqwlwkhwlf yduldwh1 Lq rxu h{dpsoh/ ehfdxvh wkh ixqfwlrq wr eh lqwhjudwhg lv prqrwrqh/ wkhuh lv d qhjdwlyh fruuhodwlrq ehwzhhq i +X4, dqg i +4  X4, dqg wkh yduldqfh lv ghfuhdvhg ryhu vlpsoh udqgrp vdpsolqj1 Wr ghwhuplqh wkh h{whqw ri wkh yduldqfh uhgxfwlrq xvlqj dqwlwkhwlf udqgrp qxpehuv/ vxssrvh zh jhqhudwh 433> 333 xqlirup yduldwhv X dqg xvh dv zhoo wkh ydoxhv ri 4  X dv +iru d wrwdo ri 533> 333 ixqfwlrq hydoxdwlrqv dv ehiruh,1 I@+fdoorsw5+X/43/43/138/15/158,.fdoorsw5+40X/43/43/138/15/158,,25> Wklv uhvxowv lq phdq+I,@31794;9 dqg ydu+I,@3144541 Vlqfh hdfk ri wkh 433333 frpsrqhqwv ri I uhvxowv iurp wzr ixqfwlrq hydoxdwlrqv/ wkh yduldqfh vkrxog eh frpsduhg zlwk 5fuxgh@5 @ =5567= Wkh hflhqf| jdlq gxh wr wkh xvh ri dqwlwkhwlf udqgrp qxpehuv lv =5567@=4454 ru derxw wzr vr urxjko| kdoi dv pdq| ixqfwlrq hydoxdwlrqv jlyh wkh vdph suhflvlrq dv rewdlqdeoh zlwk fuxgh Prqwh Fduor1 Wkh lqwurgxfwlrq ri dqwlwkhwlf yduldwhv kdv kdg wkh vdph hhfw dv lqfuhdvlqj wkh vdpsoh vl}h e| d idfwru ri 5 zlwk wkh dgghg ehqhw wkdw rqo| rqh kdoi dv pdq| xqlirup yduldwhv duh uhtxluhg1 Vwudwlhg Vdpsoh1



Rqh ri wkh uhdvrqv iru wkh lqdffxudf| ri erwk fuxgh dqg dqwlwkhwlf Prqwh Fduor hvwlpdwruv lq wkh deryh h{dpsoh lv wkh odujh lqwhuydo lq zklfk wkh ixqfwlrq lv }hur/ exw zh qhyhuwkhohvv vdpsoh wkhuh1 Zh zrxog suhihu wr frqfhqwudwh rxu vdpsoh lq wkh uhjlrq zkhuh wkh ixqfwlrq lv srvlwlyh0 lqghhg zkhuh lw ydulhv pruh/ xvh odujhu vdpsoh vl}hv1 D phwkrg dovr ghvljqhg wr dfklhyh d ehwwhu edodqfh/ lv wkh xvh ri d vwudwlhg vdpsoh1 Vxssrvh/ iru h{dpsoh/ zh fkrrvh X4  X ^3> d` dqg X5  X ^d> 4` 1 Wkhq wkh hvwlpdwru avw @ di +X4, . +4  d,i +X5, lv xqeldvhg iru 1 Pruhryhu/ ydu+a vw , @ d5 ydu^i +X4 ,` . +4  d,5 ydu^i +X5 ,` . 5d+4  d,fry^i +X4 ,> i +X5 ,` = +618, Hyhq zkhq X4 > X5 duh lqghshqghqw/ wkhuh pd| eh d gudpdwlf lpsuryhphqw lq yduldqfh li wkh yduldelolw| ri i lq wkh lqwhuydov ^3> d` dqg ^d> 4` lv vxevwdqwldoo| ohvv wkdq lq wkh zkroh lqwhuydo ^3> 4`1



wklv uhvxowv lq d yduldqfh ri durxqg 3=3773 rewdlqhg iurp wkh iroorzlqj @hE@8U@**LT|2E?uh?_Efc@c�cDffffc�fc�fcfDc2c2DnE�@8U@**LT|2E?uh?_E@c�c�cDffffc�fc�fcfDc2c2D



zklfk jlyhv d yduldqfh ri derxw 3=3773= Vlqfh hdfk frpsrqhqwr wkh yhfwru deryh fruhvsrqgv wr wzr ixqfwlrq hydoxdwlrqv zh vkrxog frpsduh zlwk d fuxgh Prqwh Fduor hvwlpdwru zlwk q @ 5 kdylqj yduldqfh 5i @5 @ 3=5567=Wklv fru0 uhvsrqgv wr dq hflhqf| jdlq ri =5567@=3773 ru durxqg 81 Zh fdq drug wr xvh rqh iwk wkh vdpsoh vl}h e| vlpso| vwudwli|lqj wkh vdpsoh lqwr wzr vwudwd1 Wkh lpsuryhphqw lv olplwhg e| wkh idfw wkdw zh duh vwloo vdpsolqj lq d uhjlrq lq zklfk wkh ixqfwlrq lv 3 +dowkrxjk qrz voljkwo| ohvv riwhq,1 D jhqhudo vwudwlhg vdpsoh hvwlpdwru lv frqvwuxfwhg dv iroorzv1 Zh vxeglylgh wkh lqwhuydo ^3> 4` lqwr frqyhqlhqw vxelqwhuydov 3 @ {3 ? {4 ? = = = {n @ 4 / vhohfw ql yduldwhv Ylm  X ^{l4> {l`1 Wkhq wkh xqeldvhg hvwlpdwru ri  lv avw @



q [ +{l  {l4, q4l i +Ylm ,



n [ l@4



l



zlwk yduldqfh/ lq wkh fdvh ri lqghshqghqw Ylm = ydu+avw ,



@



m @4



+{l  {l4,5 q4 ydu^i +Yl4,`=



n [ l@4



l



+61:,



+61;,



Rqfh djdlq/ li zh fkrrvh rxu lqwhuydov vr wkdw wkh yduldwlrq zlwklq lqwhuydov lv vpdoo/ wklv surylghv d vxevwdqwldo lpsuryhphqw ryhu fuxgh Prqwh Fduor1 Wkh rswlpdo fkrlfh ri vdpsoh vl}hv zlwklq lqwhuydov duh s ql b +{l  {l4 , ydu^i +Yl4 ,` dqg wkh lqwhuydovsvkrxog eh fkrvhq vr wkdw wkh yduldqfhv ydu^i +Yl4,` duh vpdoo1 ql b +{l  {l4 , ydu^i +Yl4 ,`= Lq jhqhudo/ rswlpdo vdpsoh vl}hv duh sursruwlrqdo wr wkh ohqjwk ri lqwhuydo wlphv wkh vwdqgdug ghyldwlrq ri ixqfwlrq hydoxdwhg dw d xqlirup udqgrp yduldeoh rq wkh lqwhuydo1 Wkh iroorzlqj ixqfwlrq zdv ghvljqhg iru d jlyhq vhohfwlrq ri lqwhuydov wr uvw hvwlpdwh wkh yduldqfhv/ wkhq ghwhuplqh dssursuldwh vdpsoh vl}hv/ dqg qdoo| frpsxwh wkh vwudwlhg udqgrp vdpsoh hvwlpdwru BB dqg lwv yduldqfh BB1 ixqfwlrq ^hvw/y/q`@vwudwlhg+{/qvdpsoh, hvw@3> q@^`>
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p@ohqjwk+{,> iru l@4=p04 y@ ydu+fdoorsw5+xqliuqg+{+l,/{+l.4,/4/4333,/43/43/138/15/158,,> q@^q +{+l.4,0{+l,,-vtuw+y,`> hqg q@rru+qvdpsoh-q2vxp+q,,> y@3> iru l@4=p04 I@fdoorsw5+xqliuqg+{+l,/{+l.4,/4/q+l,,/43/43/138/15/158,> hvw@hvw.+{+l.4,0{+l,,-phdq+I,> [email protected]+I,-+{+l.4,0{+l,,a52q+l,> hqg D fdoo wr ^hvw/y/q`@vwudwlhg+^3 19 1;8 4`/433333, iru h{dpsoh jhqhudwhv d vwudwlhg vdpsoh zlwk wkh vwudwd wkh wkuhh lqwhuydov^3/ 319`/^319/ 31;8`/^31;/ 384` dqg rxwsxwv wkh hvwlpdwh 31794:/ lwv yduldqfh 6=8  43: dqg wkh dssur{lpdwho| rswlpdo fkrlfh ri vdpsoh vl}hv q @ 59;88> 6468;> 74:;8= Wr frpsduh wklv zlwk d fuxgh Prqwh Fduor hvwlpdwru/ qrwh wkdw d wrwdo ri ydu4@ydu+IQ,> ydu5@ydu+IQ0FQ,> dqg wkhq wkh fdoo ^hvw/ydu4/ydu5`@frqwuro+*iq*/*JJ*/5-+186,a6.+186,a525/433333, |lhoglqj wkh hvwlpdwh 317935 dqg yduldqfhv ydu4 @ 3176:4/ ydu5 @ 31346; iru dq hflhqf| jdlq ri durxqg 651 Lpsruwdqfh Vdpsolqj1



D vhfrqg whfkqltxh wkdw lv vlplodu lv wkdw ri lpsruwdqfh vdpsolqj1 Djdlq zh ghshqg rq kdylqj d pdqdjhdeoh ixqfwlrq j wkdw lv vlplodu wr i exw lq wklv fdvh/ udwkhu wkdq plqlpl}h wkh glhuhqfh ehwzhhq wkh wzr ixqfwlrqv/ zh fkrrvh j+x, vxfk wkdw i +x,@j+x, kdv olwwoh yduldelolw| ryhu wkh xqlw lqwhuydo1 Zh dovr uhtxluh wkdw j lv ri vxflhqwo| wudfwdeoh irup wkdw zh fdq jhqhudwh yduldwhv iurp d ghqvlw| sursruwlrqdo wr lw/ l1h1 d ghqvlw| ri wkh irup fj+x, > 3 ? x ? 4 1 Wklv lpsolhv/ ri frxuvh/ wkdw wkh ixqfwlrq j pxvw eh qrq0qhjdwlyh dqg kdyh d qlwh lqwhjudo1 Qrwh wkdw   ] i +] , +6145, i +x,gx @ H fj +] ,
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YDULDQFH UHGXFWLRQ WHFKQLTXHV1



kdv wkh ghqvlw| ixqfwlrq fj+}, dqg wklv fdq eh hvwlpdwhg e| q alp @ 4 [ i +]l, +6146, q l@4 fj+]l , iru lqghshqghqw ]l  fj+},= Wkh yduldqfh lv  ] 5 i +]l , 4 4 i +x, 5 a ydui lpj @ ydui gx   = +6147, j @q q fj+]l , fj +x, Uhwxuqlqj wr rxu h{dpsoh/ zh pljkw frqvlghu xvlqj wkh vdph ixqfwlrq dv ehiruh iru j+x,= Krzhyhu/ lw lv qrw hdv| wr jhqhudwh yduldwhv iurp d ghqvlw| sursruwlrqdo wr wklv ixqfwlrq j e| lqyhuvh wudqvirup vlqfh wklv zrxog uhtxluh vroylqj d fxelf htxdwlrq1 Lqvwhdg/ ohw xv frqvlghu vrphwklqj pxfk vlpsohu/ wkh ixqfwlrq ghqvlw| ixqfwlrq fj+x, @ f4 +x  =7:,. kdylqj fxpxodwlyh glvwulexwlrq s . 5 f5 ^+x  =7:, ` dqg lqyhuvh f1g1i1 I 4 +x, @ 3=7: . 3=86 x= Wkh iroorzlqj ixqfwlrq vlpxodwhv dq lpsruwdqfh vdpsoh hvwlpdwru= ]



u?U|L? dit|co'4TLh|@?UiEucN Ih?t @ t4*@|L? L? |i u?U|L? u t?} 4TLh|@?Ui _i?t|) } E_i€?i_ ihi? ? |4it I u tL*_ Mi X  X ^3> 4` +6148, 5



6151 YDULDQFH UHGXFWLRQ IRU RQH0GLPHQVLRQDO PRQWH0FDUOR LQWHJUDWLRQ1



exw li wkh ixqfwlrq lv lqfuhdvlqj wr d pd{lpxp vrphzkhuh durxqg 45 dqg wkhq ghfuhdvlqj wkhuhdiwhu zh pljkw suhihu ad5 @ 4 ^i +X@5, . i ++4  X ,@5, . i ++4 . X ,@5, . i +4  X@5,` = +6149, 7 Qrwlfh wkdw dq| zhljkwhg dyhudjh ri wkhvh wzr xqeldvhg hvwlpdwruv zrxog dovr surylgh dq xqeldvhg hvwlpdwru ri  1 Wkh odujh qxpehu ri srwhqwldo yduldqfh uhgxfwlrq whfkqltxhv lv dq hpeduudvvphqw ri ulfkhv fdxvlqj wkh xvxdo glohpqd> zklfk wrro gr L xvh dqg krz gr L nqrz lw lv ehwwhu wkdq wkh rwkhuvB Iruwxqdwho|/ fkrrvlqj d vlqjoh phwkrg lv uduho| qhfhvvdu| ru ghvludeoh1 Lqvwhdg lw lv suhihudeoh wr xvh d zhljkwhg dyhudjh ri wkh dydlodeoh hvwlpdwruv zlwk wkh rswlpdo fkrlfh ri wkh zhljkwv surylghg e| uhjuhvvlrq1 Pruh jhqhudoo| vxssrvh wkdw zh kdyh q hvwlpdwruv ru vwdwlvwlfv \l > l @ 4> = = q / doo xqeldvhg hvwlpdwruv ri wkh vdph sdudphwhu  vr wkdw wkdw H+\l, @  iru doo l 1 Lq yhfwru qrwdwlrq/ ohwwlqj \ 3 @ +\4 > ===> \q,> zh zulwh H +\ , @ ] zkhuh ] lv wkh yhfwru ] 3 @ +4> 4> ===> 4,= Ohw xv vxssrvh iru wkh prphqw wkdw zh nqrz wkh yduldqfh0fryduldqfh pdwul{ Y ri wkh yhfwru \4 > = = = \q 1 Wkhruhp 4: +ehvw olqhdu frpelqdwlrqv ri hvwlpdwruv, Wkh olqhdu frpelqdwlrq ri wkh \l zklfk lv dq xqeldvhg hvwlpdwru S ri  dqg kdv plqlpxp yduldqfh dprqj doo olqhdu xqeldvhg hvwlpdwruv lv l el \l zkhuh wkh yhfwru e lv jlyhq e| ew @ +] w Y 4 ] ,4 ] w Y 4 = Wkh yduldqfh ri wkh uhvxowlqj hvwlpdwru lv ew Y e @ 4@+] w Y 4] ,1



Lq sudfwlfh/ ri frxuvh/ zh doprvw qhyhu nqrz wkh yduldqfh0fryduldqfh pdwul{ ri d yhfwru ri hvwlpdwruv \ 1 Krzhyhu/ zlwk lqghshqghqw uhsolfdwhg ydoxhv ri wkhvh hvwlpdwruv/ wklv fryduldqfh pdwul{ fdq hdvlo| eh hvwlpdwhg iurp gdwd dqg wkh deryh zhljkwv ohdglqj wr wkh rswlpdo olqhdu frpelqdwlrq frpsxwhg1 Ohw xv uhwxuq wr wkh h{dpsoh dqg dwwhpsw wr qg wkh ehvw frpelqdwlrq ri wkh pdq| hvwlpdwruv zh kdyh frqvlghuhg vr idu1 Wr wklv hqg/ ohw @ 3=586 ^i +=7: . =86x, . i +4  =86x,` dq dqwlwkhwlf hvwlpdwru/ 3=6: ^i +=7: . =6:x, . i +=;7  =6:x,` . 3=49 ^i +=;7 . =49x, . i +4  =49x,`> \5 @ 5 5 \6 @ 3=6:^i +=7: . =6:x,` . 3=49^i +4  =49x,`> ] \7 @ j +{,g{ . ^i +x,  j +x,`> \8 @ alp> wkh lpsruwdqfh vdpsolqj hvwlpdwru +BB,1 \5 lv dq dqwlwkhwlf dqg vwudwlhg hvwlpdwru/ \6 d vlpsohu yhuvlrq ri d vwudwlhg0 dqwlwkhwlf hvwlpdwru/ \7 lv d frqwuro yduldwh hvwlpdwru dqg \8 wkh lpsruwdqfh \4
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vdpsolqj hvwlpdwru doo iru d vlqjoh lqsxw udqgrp yduldwh1 Lq rughu wr ghwhuplqh wkh rswlpdo olqhdu frpelqdwlrq zh qhhg wr jhqhudwh vlpxodwhg ydoxhv ri doo 8 hvwlpdwruv xvlqj wkh vdph xqlirup udqgrp qxpehuv dv lqsxwv1 Zh ghwhuplqh wkh ehvw olqhdu frpelqdwlrq ri wkhvh hvwlpdwruv xvlqj u?U|L? dLccMcVo'LT|4@*EN I }i?ih@|it LT|4@* *?i@h UL4M?@|L? Lu €i it|4@|Lht @?_ L|T|t I @ih@}i it|4@|Lhc @h@?Ui @?_ i}|t v�'ED %28Eu?Ee.nD 8Nnu?E�D 8N( v2' .8D8Eu?Ee.n .8Nnu?EHe .8Nn�S8D8Eu?EHen�S8Nnu?E��S8N( v ' .8u?Ee.n .8Nn�S8u?E��S8N( ?|}'28ED  nD 2%2( ve'?|}nu?ENBBEN( vD'4TLh|@?UiE zkhuh wkh pl duh rgg srvlwlyh lqwhjhuv ohvv wkdq 5l1 Wkh ydoxhv ri pl duh fkrvhq wr vdwlvi| d uhfxuuhqfh uhodwlrq xvlqj wkh frhflhqwv ri d sulplwlyh sro|qrpldo lq wkh Jdorlv Ilhog ri rughu 51 Iru h{dpsoh fruuhvsrqglqj wr d sulplwlyh sro|qrpldo



}s . f4}s4 . ===fs4} . fs lv wkh uhfxuvlrq



pl @ 5f4pl4 . 55f5pl5 . === . 5s fspls zkhuh wkh dgglwlrq lv fduulhg rxw xvlqj elqdu| dulwkphwlf1 Iru wkh Vrero vhtxhqfh/ zh wkhq uhsodfh wkh elqdu| gljlw dn e| dn yn 1 Wkh Vreho dqg Idxuh vhtxhqfhv duh sduwlfxodu fdvhv ri +w> v,  qhwv1 Lq rughu wr ghqh wkhq zh qhhg wkh frqfhsw ri dq hohphqwdu| lqwhuydo1
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HUURUV LQ QXPHULFDO LQWHJUDWLRQ



e2H



#i€?|L?G i*i4i?|@h) ?|ih@*



Dq hohphqwdu| lqwhuydo lq edvh e lv q lqwhuydo H lq L v ri wkh irup



H@



v \ m@4











dm +dm . 4, > > egm egm



+7144,



zlwk gm  3/ 3  dm  egm dqg dm / gm duh lqwhjhuv1 e2b



#i€?|L?G E|c 6c r  ?i|



Ohw 3  w  p eh lqwhjhuv1 D +w=p=v, 0 qhw lq edvh e lv d qlwh vhtxhqfh zlwk ep srlqwv iurp L v vxfk wkdw hyhu| hohphqwdu| lqwhuydo lq edvh e ri yroxph ewp frqwdlqv h{dfwo| ew srlqwv ri wkh vhtxhqfh1 e2�f



#i€?|L?G E|c r  ti^i?Ui



Dq lqqlwh vhtxhqfh ri srlqwv i{l j 5 L v lv d +w/v,0vhtxhqfh lq edvh e li iru doo n  3 dqg p A w/ wkh qlwh vhtxhqfh {nep > = = = > {+n.4,ep4 irupv d +w/p/v, 0 qhw lq edvh e1 Lw lv nqrzq wkdw iru d +w> v,0vhtxhqfh lq edvh e wkh orz glvfuhsdqf| lv hqvxuhg=



GQ



v



v4
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Vshfldo frqvwuxfwlrqv ri vxfk vhtxhqfhv iru v  5 kdyh wkh vpdoohvw glvfuhs0 dqf| wkdw lv fxuuhqwo| nqrzq +K1 Qlhghuuhlwhu/ 4 w,= Lq rughu wr hqvxuh wkdw wklv ydoxh fkdqjhv dv olwwoh dv srvvleoh zkhq V fkdqjhv/ vhw wkh ydoxh ri lwv ghowd dqg jdppd +uvw dqg vhfrqg ghulydwlyh zlwk uhvshfw wr V , htxdo wr }hur1 Wklv jlyhv wzr htxdwlrqv lq wkh wzr xqnqrzq ydoxhv ri {v > {r = S . {v . {3r @ 3 S . {r r @ 3 zkhuh S > 3 duh wkh ghowdv iru wkh ruljlqdo sruwirolr dqg rswlrq uhvshfwlyho| dqg S > r duh wkh jdppdv1 Wkh vroxwlrq jlyhv



{r @



 S r



 {v @ r S r dqg wkh khgjhg sruwirolr kdv ydoxh



 S



  S +V> w, . +r S  S ,V  + S ,Y +V> w,= r r Wkh dydlodelolw| ri wzr lqvwuxphqwv/ wkh vwrfn dqg d vlqjoh rswlrq rq wkh xqghu0 o|lqj V doorz xv wr dgmxvw d sruwirolr vr wkdw wkh uvw wzr ghulydwlyhv ri lwv ydoxh ixqfwlrq zlwk uhvshfw wr V duh erwk }hur1 Wkh sruwirolr lv wkhuhiruh surwhfwhg djdlqvw uhdvrqdeo| vpdoo fkdqjhv lq V= Vlploduo|/ zlwk pruh rswlrqv rq wkh vdph vwrfn/ rqh frxog duudqjh wkdw wkh sruwirolr lv lppxql}hg ru surwhfwhg djdlqvw



484 dgyhuvh pryhphqwv lq wkh rwkhu sdudphwhuv dv zhoo/ lqfoxglqj wkh lqwhuhvw udwh dqg wkh yrodwlolw| sdudphwhu1 Wklv khgjhg sruwirolr fohduo| uhtxluhv ghulydwlyhv ri wkh ydoxh ixqfwlrq/ dqg iru pruh frpsolfdwhg prghov wkdq wkh Eodfn0Vfkrohv/ zh uhtxluh vlpxodwlrq phwkrgv qrw rqo| iru ydoxlqj rswlrqv dqg sruwirolrv/ exw dovr iru ghwhuplqlqj wkhvh ghulydwlyhv zlwk uhvshfw wr xqghuo|lqj sdudphwhuv1 Frqvlghu qrz dq lpsruwdqw txhvwlrq lq vwuhvv ru vhqvlwlylw| whvwlqj/ wkh sure0 ohp ri hvwlpdwlqj dq h{shfwhg ydoxh dw pdq| glhuhqw ydoxhv ri dq xqghuo|lqj sdudphwhu1 Rqh yhu| vxusulvlqj ihdwxuh ri lpsruwdqfh vdpsolqj lv wkdw vlpx0 odwlrqv frqgxfwhg dw rqh ydoxh ri d sdudphwhu  fdq dovr eh xvhg wr hvwlpdwh dqg h{shfwhg ydoxh fruuhvsrqglqj wr doo rwkhu ydoxhv ri wkh sdudphwhu1 Wkh hvwlpdwlrq ri dq h{shfwdwlrq xqghu rqh ydoxh ri d sdudphwhu xvlqj vlpxodwlrqv frqgxfwhg dw dqrwkhu lv vrphwlphv fdoohg wkh _zkdw li% sureohp1 Ghqrwh wkh suredelolw| ghqvlw| ixqfwlrq ri d udqgrp yduldeoh ru yhfwru [ xqghu  e| i +{, dqg dvvxph wkhvh ghqvlwlhv doo kdyh frpprq vxssruw1 Dq h{shfwdwlrq fdofxodwhg xqghu wklv ydoxh ri wkh sdudphwhu zloo eh ghqrwhg H +=,= Li zh zdqw wr hvwlpdwh wkh h{shfwhg ydoxh ri d vwdwlvwlf Y +[ , / xqghu glhuhqw ydoxhv # ri wkh sdudphwhu qrwh wkdw +814, p+#, @ H# Y +[ , @ H ^Y +[ ,i# +[ ,@i +[ ,`= Wkhuh pd| eh pdq| uhdvrqv iru rxu lqwhuhvw lq wkh ixqfwlrq p+#,1 D ghulydwlyh lv sulfhg xvlqj fxuuhqw ydoxhv iru wkh dvvhw sulfh/ lqwhuhvw udwh/ yrodwlolw| sdudp0 hwhu hwf1 dqg zh pd| zlvk wr judsk wkh sulfh ryhu d udqjh ri +srvvleoh ixwxuh, ydoxhv ri wkh sdudphwhuv1 Wkh qhfhvvlw| iru hvwlpdwlqj ghulydwlyhv lq rughu wr lppxql}h ri khgjh d sruwirolr lv glvfxvvhg deryh1 Wkh olnholkrrg udwlr hvwlpdwru Y +[ ,i# +[ ,@i +[ , zkhuh [  i lv dq xqeldvhg +lpsruwdqfh vdpsoh, hvwlpd0 wru ri p+#, 1 Wklv phdqv wkdw d vlpxodwlrq dw  shuplwv xqeldvhg hvwlpdwlrq ri wkh zkroh ixqfwlrq p+#, @ H# W +[ , / dqg wkhuhe| dovr lwv ghulydwlyhv1 Krzhyhu/ wklv vlpsoh uhvxow pxvw eh whpshuhg e| d vwxg| ri wkh suhflvlrq ri wklv hvwlpdwru1 Iru  wkh wuxh ydoxh ri wkh sdudphwhu +vr [ lv jhqhudwhg xqghu , dqg iru # 9@ / wkh olnholkrrg udwlrv i# +[ ,@i +[ , $ 3 zlwk suredelolw| rqh dv wkh vdpsoh vl}h +xvxdoo| wkh glphqvlrq ri wkh revhuydwlrq yhfwru [ , q $ 41 Wklv phdqv wkdw wkh olnholkrrg lv yhu| pxfk vpdoohu iru vrph ydoxh ri wkh sdudphwhu # idu iurp wkh wuxh ydoxh wkdq lw lv dw wkh wuxh ydoxh1 Wklv zrxog vhhp wr lpso| wkdw iru odujh vdpsoh vl}hv/ wkh ixqfwlrq i# +[ ,@i +[ , lv yhu| forvh wr }hur dqg vr wkh h{shfwdwlrq H ^Y +[ ,i# +[ ,@i +[ ,`= vkrxog eh forvh wr }hur1 Krzhyhu/ li zh vxevwlwxwh Y +[ , @ 4> wkhq wkh h{shfwdwlrq H ^i# +[ ,@i +[ ,` @ 4 iru doo # dqg doo q= Vr iru odujh q zh kdyh irxqg d udqgrp yduldeoh i# +[ ,@i +[ , zklfk lv yhu| forvh wr 3 dqg lqghhg frqyhujhv wr 3 dv q $ 4> dqg |hw lwv h{shfwhg ydoxh uhpdlqv 4 iru doo q= Wklv dssduhqw frqwudglfwlrq lv uhvroyhg xsrq uhfdoolqj wkdw wkh olnholkrrg udwlrv duh qrw xql0 irupo| lqwhjudeoh/ dqg gr qrw ehkdyh lq wkh olplw dv q $ 4 lq wkh vdph zd| lq suredelolw| dv wkh| gr lq h{shfwdwlrq1 Wklv olnholkrrg udwlrv iru odujh q duh forvh wr 3 zlwk kljk suredelolw| exw wdnh odujhu dqg odujhu ydoxhv zlwk ghfuhdvlqjo| vpdoo suredelolwlhv1 Wklv phdqv wkdw iru idluo| odujh vdpsoh vl}hv/ wkh olnholkrrg udwlr i# +[ ,@i +[ , lv udwkhu xqvwdeoh1 Lw wdnhv yhu| odujh ydoxhv ryhu d vpdoo udqjh ri ydoxhv ri
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VHQVLWLYLW\ DQDO\VLV/ HVWLPDWLQJ GHULYDWLYHV DQG WKH JUHHNV1



[ dqg lv forvh wr }hur iru rwkhuv dqg frqvhtxhqwo| lw kdv yhu| odujh ydul0 dqfh1 Lq idfw dv wkh vdpsoh vl}h $ 4> wkh yduldqfh ri wkh olnholkrrg udwlr ydu +i# +[ ,@i +[ ,, $ 4 yhu| txlfno|1 Wkh surfhvv ri _dyhudjlqj% lq vxfk d vlwxdwlrq wdnhv d orqj wlph wr dssur{lpdwh dq h{shfwhg ydoxh1 Wklv dujxhv djdlqvw wkh xvh ri wkh olnholkrrg udwlrv dv vxjjhvwhg deryh/ dw ohdvw iru odujh vdpsoh vl}hv/ vlqfh prphqw0w|sh hvwlpdwruv edvhg rq wkhvh olnholkrrg udwlrv zloo whqg wr eh yhu| xqvwdeoh lq phdq dqg yduldqfh/ sduwlfxoduo| zkhq # lv idu iurp 1 Wklv sureohp pd| eh sduwldoo| doohyldwhg li yduldqfh uhgxfwlrq ru dowhuqdwlyh whfkqltxhv duh hpsor|hg1



D�



,t|4@|?} #ih@|it



C H Y +[ , Ohw xv ehjlq e| h{dplqlqj wkh hvwlpdwlrq ri wkh ghulydwlyh p3 +, @ C  lq jhqhudo zkhq zh duh rqo| deoh wr hydoxdwh wkh ixqfwlrq Y +[ , e| vlpxodwlrq/ vr wkhuh lv huuru lq lwv ydoxdwlrq1 Zh frxog frqgxfw lqghshqghqw vlpxodwlrqv dw wzr glhuhqw ydoxhv ri wkh sdudphwhuv/ vd| dw  . k>   k / dyhudjh wkh ydoxhv a + . k, dqg p a +  k, dqg ri Y +[ , xqghu hdfk/ uhvxowlqj vd| lq wkh hvwlpdwruv p wkhq wdnh dv rxu hvwlpdwru wkh glhuhqfh



a +  k, p a + . k,  p 5k



+815,



exw wklv fuxgh hvwlpdwru vxhuv iurp d qxpehu ri glvdgydqwdjhv>



 Lw uhtxluhv wzlfh dv pdq| vlpxodwlrqv dv zh frqgxfw dw d vlqjoh srlqw1  Lw lv khdylo| eldvhg li k lv odujh xqohvv wkh ixqfwlrq p+, lv forvh wr olqhdu1  Lw kdv yhu| odujh yduldqfh lw k lv vpdoo1 Qrz zh kdyh vhhq vrph phwkrgv iru dpholrudwlqj wkh odvw ri wkhvh sureohpv1 Vlqfh zh duh hvwlpdwlqj d glhuhqfh/ xvh ri frpprq udqgrp qxpehuv lq wkh vlpxodwlrqv dw wkh wzr sdudphwhu ydoxhv  . k dqg   k vkrxog uhgxfh wkh yduldelolw| vrphzkdw/ exw wklv vwloo ohdyhv rshq wkh sureohp ri hvwlpdwlqj wkh ghulydwlyh/ hvvhqwldoo| wkh olplw ri vxfk d vorsh hvwlpdwh1 D��



Ai 5ULhi 6?U|L? ,t|4@|Lh



Wkhuh duh wzr dowhuqdwlyhv wkdw duh srsxoduo| xvhg/ Shuwxuedwlrq Dqdo|vlv/ zklfk ghshqgv rq sdwkzlvh glhuhqwldwlrq/ dqg wkh vfruh ixqfwlrq ru Olnholkrrg udwlr phwkrg1 Erwk kdyh wkh dgydqwdjh wkdw d vlpxodwlrq dw d vlqjoh sdudphwhu ydoxh doorzv hvwlpdwlrq ri wkh ixqfwlrq dqg lwv ghulydwlyh erwk1 Zh ehjlq e| lqwur0 gxflqj wkh vfruh ixqfwlrq phwkrg1 Wkh lghd ehklqg wkh vfruh ixqfwlrq phwkrg lv yhu| vlpsoh/ dqg lw lqyroyhv lqwhufkdqjlqj ghulydwlyh dqg lqwhjudo1 Zh zlvk C U Y +{,i +{,g{ dqg xqghu vrph uhjxodulw| frqglwlrqv wr hvwlpdwh p3 +, @ C 
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HVWLPDWLQJ GHULYDWLYHV1



fdoohg wkh Fudphu frqglwlrqv zh pd| lqwhufkdqjh wkh lqwhjudo dqg ghulydwlyh +iru h{dpsoh dv uhtxluhg e| wkh Fudphu0Udr lqhtxdolw|,



p3 +,



@ @



C C ]



]



Y +{,i +{,g{



+816,



Ci +{, Y +{,  g{ @ H ^Y +[ ,V +,` C



zkhuh V +, ghqrwhv wkh vfruh ixqfwlrq ru



Coq^i +{,` = +817, C Vlqfh wkh vfruh ixqfwlrq kdv h{shfwhg ydoxh 3> l1h1 H V +, @ 3> wkh txdqwlw| H ^Y +[ ,V +,` lv mxvw wkh fryduldqfh ehwzhhq Y +[ , dqg V +, dqg wklv fdq eh hvwlpdwhg xvlqj wkh vdpsoh fryduldqfh1 Lq sduwlfxodu li zh kdyh d wrwdo ri q lqghshqghqw vlpxodwlrqv dw sdudphwhu ydoxh > V +, @ V +> {, @



_



fry+Y +[ ,> V +> [ ,, @



q q q 4[ 4[ 4[ Y +[l,V +> [l ,  Y +[l , V +> [l , q l@4 q l@4 q l@4



C H Y +[ ,= surylghv dq hvwlpdwru ri wkh vhqvlwlylw| C  H{dpsoh1 D Prqwh0Fduor Hvwlpdwru ri ukr1



Vxssrvh duh lqwhuhvwhg lq wkh  iru dq rswlrq zlwk sd|r ixqfwlrq dw pdwxulw| jlyhq e| Y +V +W ,> W ,= Dvvxph wkh Eodfn0Vfkrohv prgho vr wkdw wkh glvwulexwlrq ri V +W , xqghu s wkh T phdvxuh lv orjqrupdo zlwk phdq  @ V3 h{siuW j dqg yrodwlolw|  W = Iru euhylw| zh ghqrwh V +W , e| V= Wkhq li V kdv wkh orj0qrupdo glvwulexwlrq zlwk phdq > V @ h\ zkhuh \  Q +orj+,  5 W@5> 5W ,1 Qrwh wkdw li j lv wkh fruuhvsrqglqj suredelolw| ghqvlw| ixqfwlrq/



\  orj+, . 5W@5 Corj+j, @ C 5 W \  orj+, . 5W@5 C Corj+j, @ +818, Cu 5 W Cu orj+V@V3,  uW . 5 W@5 @ 5 Wkxv dq hvwlpdwru ri  fdq eh rewdlqhg iurp wkh vdpsoh fryduldqfh/ ryhu d odujh qxpehu ri vlpxodwlrqv/ ri wkh ydoxhv ri Y +V> W , dqg Corj+j, ru htxlydohqwo| wkh vdpsoh fryduldqfh ehwzhhq Y +V> W , dqg  5 orj+V@V ,= 3 Cu Wklv vfruh ixqfwlrq hvwlpdwru fdq eh h{suhvvhg dv d olplw ri olnholkrrg udwlr hvwlpdwruv Krzhyhu/ wkh vfruh ixqfwlrq lv pruh vwdeoh wkdq lv wkh olnholkrrg udwlr iru odujh vdpsoh vl}h ehfdxvh lwv prphqw ehkdylrxu lv/ xqolnh wkdw ri wkh
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VHQVLWLYLW\ DQDO\VLV/ HVWLPDWLQJ GHULYDWLYHV DQG WKH JUHHNV1



olnholkrrg udwlr/ vlplodu wr lwv ehkdylrxu lq suredelolw|1 Xqghu wkh vwdqgdug uhjxodulw| frqglwlrqv uhihuuhg wr deryh/ wkh vfruh ixqfwlrq V +, @ Vq +, iru dq lqghshqghqw vdpsoh ri vl}h q vdwlvhv d odz ri odujh qxpehuv 4 V +, q q dqg d fhqwudo olplw wkhruhp>



$ H ^V4+,` @ 3



s4q Vq+, $ Q +3> M4+,,



+819,



+81:,



lq glvwulexwlrq zkhuh wkh olplwlqj yduldqfh M4 +, @ ydu^V4+,`1 Zkhq wkh glphqvlrq ri [ lv kljk/ krzhyhu/ wkh vfruh ixqfwlrq hvwlpdwru vwloo vxhuv iurp wrr pxfk yduldelolw|1 C H Y +[ , @ H ^+Y +[ ,J+[ >  ,` Dprqj doo udqgrp ixqfwlrqv J+[ > , zklfk vdwlvi| C   iru doo Y / wkh vfruh ixqfwlrq fdqqrw eh lpsuryhg rq lq wkh vhqvh wkdw lw kdv wkh vpdoohvw srvvleoh yduldqfh1 Frqglwlrqlqj wkh Vfruh Ixqfwlrq Hvwlpdwru1



Qrwh wkdw



p3+, @ H ^Y +[ ,V +,` @ H iH ^Y +[ ,mV +,`V +,j



+81;,



Wkh frqglwlrqdo h{shfwdwlrq H ^Y +[ ,mV +,` lq wkh deryh surgxfw lv wr eh hv0 wlpdwhg e| Prqwh0Fduor surylghg wkdw zh duh deoh wr jhqhudwh wkh yduldwhv frqglwlrqdo rq wkh ydoxh ri wkh vfruh ixqfwlrq1 Wkh rxwvlgh lqwhjudo H i=jryhu wkh glvwulexwlrq ri V +, pd| eh frqgxfwhg hlwkhu dqdo|wlfdoo| ru qxphulfdoo|/ xvlqj rxu nqrzohgjh ri wkh dv|pswrwlf glvwulexwlrq ri wkh vfruh ixqfwlrq1 Iru euhylw|/ ghqrwh V +, e| V dqg lwv pdujlqdo suredelolw| ghqvlw| ixqfwlrq e| iV +v, 1 Ohw [vl > l @ 4> ===q eh yduldwhv doo jhqhudwhg zlwk wkh frqglwlrqdo glvwul0 exwlrq ri [ jlyhq V @ v iru wkh {hg sdudphwhu 1 Wkhq edvhg rq d vdpsoh ri vl}h q/ wkh vxjjhvwhg hvwlpdwru lv= ]



+



q 4[ Y +[vl ,,viV +v,gv q l@4



+81 f+,> \ +{4, dqg k+{4, 1 Zkhq wkh lqsxw frqvlvwv ri d udqgrp vdpsohSri vl}h q iurp vxfk dq h{sr0 qhqwldo idplo| glvwulexwlrq/ wkh vwdwlvwlf \q @ ql@4 \ +[l, kdv d glvwulexwlrq dovr ri wkh h{srqhqwldo idplo| irup dqg lv vxflhqw iru wkh idplo| ri glvwul0 exwlrqv1 E| wklv zh phdq wkdw wkh frqglwlrqdo glvwulexwlrq ri +[4> = = = [q, jlyhq wkh vwdwlvwlf \q lv lqghshqghqw ri wkh sdudphwhu  1 Ixuwkhupruh/ sur0 ylghg 3 +, 9@ 3 / frqglwlrqlqj rq wkh vfruh ixqfwlrq lv htxlydohqw wr frqglwlrqlqj rq \q 1 Wkh vfruh ixqfwlrq lv dozd|v d ixqfwlrq ri wkh vxflhqw vwdwlvwlf1 Vxs0 srvh zh ghqrwh lw e| V +\q> , 1 Wkxv/ ghqrwlqj d frqglwlrqdo yduldwh [ jlyhq \q @ | e| [| / zh pd| hvwlpdwh p3 +, xvlqj



_



p3+, @



]



H ^Y +[ ,m\q @ |`V +|> ,Jq+g|, @



]



Y +[| ,V +|> ,Jq +g|, +8143,



zkhuh Jq lv wkh glvwulexwlrq ri wkh vxflhqw vwdwlvwlf \q 1 Iru jhqhudo vdpsoh vl}h/ Y +[| , lq wkh lqwhjudqg lv uhsodfhg e| dq dyhudjh ri wkh whupv ri wkh irup Y +[| , 1 Vlploduo|/ zh hvwlpdwh p+#, xvlqj vlpxodwlrqv dw wkh sdudphwhu ydoxh  e|



_



]



f+#, J +g|,= +8144, f+, q Zkhq zh duh dwwhpswlqj wr hvwlpdwh ghulydwlyhv p3 +, vlpxowdqhrxvo| dw d qxpehu ri glhuhqw ydoxhv ri  / shukdsv lq rughu wr w wkh ixqfwlrq zlwk vsolqhv ru uhsuhvhqw lw judsklfdoo|/ wkhuh duh vrph yhu| frqvlghudeoh dgydqwdjhv wr wkh hvwlpdwru xqghuo|lqj +BB,1 Ehfdxvh wkh frqglwlrqdo h{shfwdwlrq grhv qrw ghshqg rq wkh ydoxh ri  / zh pd| frqgxfw wkh vlpxodwlrq +xvxdoo| dw wzr ru pruh ydoxhv ri w , dw d vlqjoh frqyhqlhqw  1 Wkh hvwlpdwhg frqglwlrqdo h{shfwdwlrq zloo eh wkhq xvhg lq dq lqwhjudo ri wkh irup +BB, iru doo xqghuo|lqj ydoxhv ri 1 Vlploduo|/ d vlqjoh vlpxodwlrq fdq eh xvhg wr hvwlpdwh p+#, iru pdq| glhuhqw ydoxhv ri # 1 Wkhuh duh d qxpehu ri vlpsoh vshfldo fdvhv ri h{srqhqwldo idplo| zkhuh wkh frqglwlrqdo glvwulexwlrqv duh hdvlo| hvwdeolvkhg dqg vlpxodwhg1 Qrwh wkdw wkh yduldeohv fdq eh jhqhudwhg vhtxhqwldoo| ehjlqqlqj zlwk [4 vr wkh iroorzlqj glvwulexwlrqdo uhvxowv duh dghtxdwh1 p+#, @



D�2



41



Y +[| ,h|++#,+,,



, @4T*i



+H{srqhqwldo Glvwulexwlrq,1 Vxssrvh [l duh h{srqhqwldoo| glv0 wulexwhg zlwk suredelolw| ghqvlw| ixqfwlrq i +{, @ 4 h{@ 1 Wkhq jlyhq Sq Sq4 l@4 [l @ | wkh ydoxhv [4 > [4 . [5 > = = = l@4 [l duh glvwulexwhg dv q  4 Xqlirup ^3> |` rughu vwdwlvwlfv1
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VHQVLWLYLW\ DQDO\VLV/ HVWLPDWLQJ GHULYDWLYHV DQG WKH JUHHNV1



+Jdppd glvwulexwlrq,1 Vxssrvh [l duh glvwulexwhg dv lqghshqghqw jdppd +> , yduldwhv zlwk suredelolw| ghqvlw| ixqfwlrq



i +{, @



{4h{@ = +,



Wkhq wkh glvwulexwlrq ri [4@| jlyhq glvwulexwlrq1



Sq



l@4 [l



+8145,



@ | kdv wkh Ehwd +> q,



Vxssrvh S [l kdyh d Q +> 5 , glvwulexwlrq1 Wkhq wkh glvwulexwlrq ri [4 jlyhq l [l @ | lv Q +|@q> +4  q4 ,5,1



61



+Qrupdo glvwulexwlrq,1



71



+Elqrpldo glvwulexwlrq,1 S Vxssrvh [l duh glvwulexwhg dv elqrpldo p [ @ | / [ kdv d k|shujhrphwulf +q> , yduldwhv1 Wkhq jlyhq 4 l@4 l glvwulexwlrq zlwk sdudphwhuv +pq> q> |,1



81



+Srlvvrq glvwulexwlrq,1 S



91



+Jhrphwulf glvwulexwlrq,1 Sq



:1



+orj0Qrupdo Glvwulexwlrq,



Wkhq jlyhq



q [ l@4 l



Vxssrvh [l kdyh wkh Srlvvrq +, glvwulexwlrq1 @ | / wkh glvwulexwlrq ri [4 lv elqrpldo +|> 4@q,1



Vxssrvh [l kdyh wkh jhrphwulf glvwulex0 [ @ | / wkh glvwulexwlrq ri [4 lv d qhjdwlyh wlrq1 Wkhq jlyhq l@4 l k|shujhrphwulf zlwk suredelolw| ixqfwlrq |{4 i +{, @ q|45 = q4



Vxssrvh [l kdyh wkh orj0qrupdo glvwulex0 wlrq zlwk phdq = Uhfdoo wkdw [l @ h\l zkhuh \l  Q +orj+,  5@5> 5,1 Qrwh wkdw



Corj+j, \ @ C



 orj+, . 5@5 5



+8146,



dqg wkhuhiruh wkh frqglwlrqdo glvwulexwlrq ri [4 jlyhq wkh vxflhqw vwdwlv0 T wlf ql@4 [l @ { lv ri wkh irup h]l zkhuh ]l  Q +orj+{,@q> +4  q4 ,5, 5 dqg vr \l kdv frqglwlrqdo phdq {4@qh{si+4  q4 , 5 j dqg yrodwlolw| sd0 4 udphwhu +4  q ,51 D� 



, @4T*i ,t|4@|?} Vi}@



Vxssrvh zh zlvk wr hvwlpdwh CY C zkhuh Y lv wkh ydoxh ri dq rswlrq rq dq dvvhw/ dqg  lv wkh yrodwlolw| sdudphwhu lq wkh dvvhw sulfh htxdwlrq1 Frqvlghu iru h{dpsoh d Hxurshdq rswlrq zkrvh suhvhqw ydoxh fdq eh zulwwhq dv dq h{shfwhg ydoxh xqghu wkh ulvn qhxwudo glvwulexwlrq Y @ H ihuW y+VW ,j
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HVWLPDWLQJ GHULYDWLYHV1



zkhuh VW / wkh whuplqdo ydoxh ri wkh dvvhw/ lv dvvxphg wr kdyh d orjqrupdo glvwulexwlrq zlwk phdq V3huW dqg yduldqfh sdudphwhu 5W 1 Ghqrwh wkh fruuhvsrqglqj orjqrupdo suredelolw| ghqvlw| ixqfwlrq ri V +w, e|



j +v, @



s4



v 5W Iru euhylw|/ zulwh



h{si+orj+v,  orj+V3,  uW . 5W@5,5@55 W j=



j+v, @



s4



v 5W



h{siU5 @55W j



zkhuh zh kdyh ghqrwhg U @ U+v, @ +orj+v,  uW  orj+V3, . 5W@5,1 Wkhq wkh vfruh ixqfwlrq zlwk uhvshfw wr wkh sdudphwhu 5 lv



C orj+j, U5  5W U @  C 6 W Wkhuhiruh/ e| +BB,/ dq xqeldvhg hvwlpdwru ri yhjd lv wkh vdpsoh fryduldqfh/ ryhu doo vlpxodwlrqv/ fry f +huW y +VW ,>



U5+VW ,  5W 6W



 U+VW , ,=



Qrwlfh wkdw U+sVWW , @ ] kdv wkh vwdqgdug qrupdo glvwulexwlrq/ dqg lq whupv ri ]/



s



VW @ V3h{siuW  5W@5 .  W ] j=



+8147,



Wkhq wkh fryduldqfh lq +BB, lv



s



H ihuW y+V3h{siuW  5W@5 .  W ] j,







]5  4 s  W] 







j



vlqfh VW lv jhqhudwhg iurp +BB,1 Wklv uhgxfhv wr d vlpsoh rqh0glphqvlrqdo lqwhjudo zlwk uhvshfw wr d qrupdo suredelolw| ghqvlw| ixqfwlrq dqg zh fdq hlwkhu vlpxodwh wklv txdqwlw| ru xvh d qxphulfdo lqwhjudwlrq1 Ehfdxvh ri wkh kljk yduldelolw| ri wkh vfruh ixqfwlrq/ lw lv ghvludeoh wr xvh yduldqfh uhgxfwlrq lq hydoxdwlqj wklv hvwlpdwru1Rqh ri wkh vlpsohvw qxphulfdo lqwhjudwlrq whfkqltxhv zkhq h{shfwdwlrq fdq eh zulwwhq zlwk uhvshfw wr d qrupdo suredelolw| ghqvlw| ixqfwlrq lv Jdxvvldq Txdgudwxuh phqwlrqhg ehorz1 D�e



B@tt@? "@_h@|hi



Zh frqvlghu jhqhudo lqwhjudov ri wkh irup ] 4 k+w,!+w,gw 4



+8148,
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zkhuh ! lv wkh vwdqgdug qrupdo suredelolw| ghqvlw| ixqfwlrq1 Vxssrvh vxfk dq lqwhjudo lv dssur{lpdwhg e| d zhljkwhg vxp/ n [ l@4



zl k+wl ,=



+8149,



Wkh zhljkwv/ zl/ duh fkrvhq vr wkdw wkh dssur{lpdwlrq lv h{dfw iru wkh uvw n prphqwv ri wkh vwdqgdug qrupdo glvwulexwlrq1 Lq rwkhu zrugv/ lw lv uhtxluhg wkdw n [ l@4



zl wul @ u > u @ 3> 4> = = = > n  4



+814:,



zkhuh u @ 3 iru u rgg dqg u @ u$@+u@5,$5u@5 iru u hyhq1 Iru duelwudu| wl wkhvh zhljkwv jlyh dq dssur{lpdwlrq wkdw lv h{dfw iru sro|qrpldov ri ghjuhh dw prvw n  41 Krzhyhu/ li zh duh iuhh qrw rqo| wr fkrrvh wkh zhljkwv/ exw dovr wkh srlqwv wl / zh fdq dfklhyh d ehwwhu dssur{lpdwlrq/ rqh wkdw lv h{dfw iru sro|qrpldov ri ghjuhh 5n  41 Lq wklv fdvh/ zh pxvw fkrrvh wkh devflvvdh wr eh wkh n urrwv ri wkh Khuplwh sro|qrpldov /



gn !+{, > +814;, g{n wr jlyh dq dssur{lpdwlrq zklfk lv h{dfw iru sro|qrpldov ri ghjuhh 5n  41 Wkh Khuplwh sro|qrpldov zlwk ghjuhh n  8 duh= sn +{, @ +4,n ^!+{,`4



s3+{, @ 4>



s4+{, @ {>



s5 +{, @ {5  4>



s7+{, @ {7  9{5  6>



s6+{, @ {6  6{>



s8+{, @ {8  43{6  48{=



Ilqglqj wkh urrwv ri wkhvh sro|qrpldov/ dqg vroylqj Uiru wkh dssursuldwh zhljkwv/ 4 k+w,!+w,gw duh= wkh fruuhvsrqglqj dssur{lpdwlrqv wr wkh lqwhjudo 4 ]



4



k+w,!+w,gw  +4@5,k+4, . +4@5,k+4,> n @ 5 4 4 s k+w,!+w,gw  +5@6,k+3, . +4@9,k+ 6,> n @ 6 4 Lq jhqhudo/ li zh zlvk wr hydoxdwh wkh h{shfwhg ydoxh ri d ixqfwlrq ri [ Q +> 5 ,/ wkh dssur{lpdwlrqv duh ]



H ^k+[ ,`  +4@5,k+  , . +4@5,k+ . ,> n @ 5 s s H ^k+[ ,`  +5@6,k+, . +4@9,k+ . 6, . +4@9,k+  6,> n @ 6 Wklv odvw irupxod lv h{dfw iru k d sro|qrpldo ri ghjuhh 81
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LQILQLWHVLPDO SHUWXUEDWLRQ DQDO\VLV= SDWKZLVH GLIIHUHQWLDWLRQ1



W?€?|it4@* ih|hM@|L? ?@*)ttG @| ti _gihi?|@|L?



Wkhuh lv dq dowhuqdwh phwkrg iru vhqvlwlylw| dqdo|vlv zklfk riwhq frpshwhv idyrxudeo| zlwk wkh vfruh ixqfwlrq phwkrg deryh dqg zklfk h{sorlwv lqirupdwlrq rq wkh ghulydwlyh ri wkh shuirupdqfh phdvxuh1 Dv d suholplqdu| h{dpsoh/ ohw xv uhwxuq wr wkh sureohp ri hvwlpdwlqj d juhhn +h1j1 ukr/ yhjd/ ghowd ru wkhwd, iru d Hxurshdq rswlrq1 Lq wklv fdvh/ zh zlvk wr hvwlpdwh wkh ghulydwlyh ri wkh rswlrq sulfh Y @ H ihu+W w, y+VW ,j zlwk uhvshfw wr vrph sdudphwhu +h1j1 u> > V3> w, zkhuh VW kdv d orjqrupdo glvwulexwlrq zlwk phdq Vw hu+W w, dqg yduldqfh sdudphwhu 5+W  w,/ dqg y+VW , lv wkh ydoxh ri wkh rswlrq rq h{slu|  iru wkh suhvhqw1 Vxssrvh zh zkhq wkh vwrfn sulfh lv VW = Fdoo wkh sdudphwhu s jhqhudwh VW @ V3 h{s+u+W  w,  5+W  w,@5. ] W  w, iru d vwdqgdug qrupdo udqgrp yduldeoh ] 1 Wkhq glhuhqwldwlqj gluhfwo| zlwk uhvshfw wr wkh sdudphwhu surylghg vxfk d ghulydwlyh h{lvwv dqg fdq eh pryhg xqghu wkh h{shfwdwlrq vljq/ |lhogv



C C H ihuW y+VW ,j @ huW y3 +VW , VW C C Wkxv/ wr hvwlpdwh wkh ghulydwlyh/ dq dyhudjh ri vlpxodwhg ydoxhv ri wkh irup q 4[ C ^huW y3 +VWl , VWl` q l@4 C



+814 exw wkh ghulyd0 wlyh dw wkh srlqw VW @ N grhv qrw h{lvw1 Wr vhh li zh fdq flufxpyhqw wklv sureohp/ fdq zh qg d vhtxhqfh ri hyhu|zkhuh glhuhqwldeoh ixqfwlrqv yq+{, vxfk wkdw yq+{, $ y+{, dqg yq3 +{, $ y3 +{, iru doo { 9@ nB Li vr wkhq zh fdq vkrz wkdw zlwk yq uhsodflqj y lq +BB,/ zh rewdlq d frqvlvwhqw hvwlpdwru ri C uW yq +VW ,j dqg wkhq xvlqj wkh Ohehvjxh grplqdwhg frqyhujhqfh wkhr0 C H ih uhp/ zh pd| fduu| wklv frqvlvwhqf| ryhu wr y+{,= Lq wklv fdvh/ zh pljkw fkrrvh yq+{, @







q+{  N . 74q ,5> iru N  74q ? { ? N . 74q +{  N ,> iru { A N . 74q



dqg yq+{, @ 3 iru { ? N  74q > d frqwlqxrxvo| glhuhqwldeoh ixqfwlrq zklfk djuhhv zlwk y+{, erwk lq lwv ydoxh dqg lwv ghulydwlyh hyhu|zkhuh h{fhsw lq wkh glplqlvklqj lqwhuydo +N  74q > N . 74q ,= Pruh jhqhudoo| zkhq y+{, lqfuhdvhv dw prvw olqhduo| lq { dv { $ 4> lw lv srvvleoh wr qg d grplqdwlqj ixqfwlrq/ exw li wkh sd|r ixqfwlrq y+{, lqfuhdvhg dw d idvwhu udwh/ wklv pd| qrw eh srvvleoh1



48
 41 zulwh wkh h{shfwhg ydoxh zh zlvk wr ghwhuplqh lq whupv ri wkh sdudphwhuv +dv h{solflw dujxphqwv, dqg udqgrp yduldeohv zkrvh glvwulexwlrq grhv qrw ghshqg rq wkhvh sdudphwhuv +h1j1 X ^3> 4` ru Q +3> 4,=, Wkh vlpsohvw zd| wr gr wklv pd| eh wr xvh wkh lqyhuvh wudqvirup1 51 Glhuhqwldwh wklv h{shfwhg ydoxh zlwk uhvshfw wr wkh sdudphwhu ri lqwhuhvw/ sdvvlqj wkh ghulydwlyh xqghu wkh h{shfwhg ydoxh vljq1 61 Vlpxodwh ru qxphulfdoo| ghwhuplqh wklv h{shfwhg ydoxh1 D2�



, @4T*i W it|4@|i Lu Vi}@



Djdlq frqvlghu dq hvwlpdwh ri CY C zkhuh w @ 3>



Y @ H ihuW y+VW ,j>



dqg VW / wkh whuplqdo ydoxh ri wkh dvvhw/ kdv d orjqrupdo glvwulexwlrq zlwk phdq V3huW dqg yrodwlolw| sdudphwhu 5W 1 Zh zlvk wr zulwh VW lq whupv ri udqgrp yduldeohv zlwk glvwulexwlrqv wkdw gr qrw ghshqg rq wkh sdudphwhuv1 Uhfdoo wkdw



s



VW @ V3h{siuW  5W@5 .  W ] j zlwk ] d vwdqgdug qrupdo udqgrp yduldeoh1 Wkhq surylghg wkdw zh fdq sdvv wkh ghulydwlyh wkurxjk wkh h{shfwhg ydoxh/



CV CY @ H ihuW y3 +VW , W j C Cs @ H ihuW y3 +VW ,VW + W ]  W ,j= Wklv fdq s eh vlpxodwhg e| jhqhudwlqj ydoxhv ri ] dqg wkhqsVW @ V3h{siuW  5 W@5.  W ] j dqg dyhudjlqj wkh ydoxhv ri huW y3 +VW ,VW + W ]  W ,= Dowhu0 qdwlyho|/ vlqfh wklv lv d rqh glphqvlrqdo lqwhjudo/ zh fdq lqwhjudwh wkh ixqfwlrq djdlqvw wkh vwdqgdug qrupdo s1g1i1! l1h1 ] 4 s s s 5 5 y3 +V3huW  W@5. W} ,V3huW  W@5. W} + W }  W ,!+},g}= huW 4 Qrwh wkh vlplodulw| ehwzhhq wklv hvwlpdwru dqg wkh vfruh ixqfwlrq hvwlpdwru lq wkh vdph sureohp1 Wkh sulpdu| glhuhqfh lv wkdw y3 lv pxowlsolhg e| d olqhdu ixqfwlrq ri ] lq wklv fdvh/ exw y e| d txdgudwlf ixqfwlrq ri ] lq wkh fdvh ri wkh vfruh ixqfwlrq1 Lq sduw ehfdxvh ri wkh kljkhu yduldelolw| ri wkh vfruh ixqfwlrq/ wkh shuwxuedwlrq dqdo|vlv hvwlpdwru lv vxevwdqwldoo| ehwwhu dw ohdvw iru d vwdqgdug
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LQILQLWHVLPDO SHUWXUEDWLRQ DQDO\VLV= SDWKZLVH GLIIHUHQWLDWLRQ1



fdoo rswlrq1 Wkh iroorzlqj ixqfwlrq zdv xvhg wr frpsduh wkh hvwlpdwruv dqg wkhlu vwdqgdug huuruv1 u?U|L? dThUici}@c5,o'it|i}@E~c5fct}4@chcAck I |L it|4@|Lht Lu i}@ c i}@E�'tULhi u?U|L? it|4@|Lhc E2'W it|4@|Lh 5,E�c5,E2 |ih t|@?_@h_ ihhLht I 'T@)Lg u?U|L?c Th4i t |t _ih@|i I~'h@?_?E�c? t @ iU|Lh Lu t|@?_@h_ ?Lh4@* 5A'5f8i TEh8Ant}4@8t^h|EA8~D8t}4@ 28A( '4@ Efc5Ak( �'i TEh8A8E8EE~ 2�%t}4@t^h|EA8~( Th4i'L?itE�c*i?}|E~8E5A:k( 2'i TEh8A8ETh4i85A8Et^h|EA8~t}4@8A( i}@'d4i@?E� 4i@?E2o( 5,'t^h|Ed@hE� @hE2o%*i?}|E~( ThUi'i TEh8A84i@?E(



Iru h{dpsoh wkh fdoo dThUici}@c5,o'it|i}@Eh@?_?E�cDfffffc�fc2c�c2Dcb uh0 vxowv lq wkh sulfh ri d fdoo rswlrq rq d vwrfn zruwk '43 dqg zlwk 6 prqwkv ru rqh txduwhu ri d |hdu wr pdwxulw|/ lqwhuhvw udwh u @ =38> dqqxdo yrodwlolw| 3=53= Wkh hvwlpdwhg sulfh lv '414986 dqg wkh wzr hvwlpdwhv ri yhjd duh 3=;;68 dqg 3= = = = [q , zlwk lqghshqghqw frpsrqhqwv dqg ohw wkh fxpxodwlyh glvwulexwlrq ixqfwlrq dqg wkh suredelolw| ghqvlw| ixqfwlrq ri [l eh ghqrwhg Il +{, dqg il uhvshfwlyho|1 Rqh djdlq zh zlvk wr hvwlpdwh wkh vhqvlwlylw| ru ghulydwlyh ri wkh h{shfwhg ydoxh



p+, @ H Y +[4> = = = [q> ,
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VHQVLWLYLW\ DQDO\VLV/ HVWLPDWLQJ GHULYDWLYHV DQG WKH JUHHNV1



zlwk uhvshfw wr wkh sdudphwhu  iru vrph ixqfwlrq Y= Qrwlfh wkdw wr doorz iru wkh prvw jhqhudo vlwxdwlrq/ zh shuplw  wr qrw rqo| dhfw wkh glvwulexwlrq ri wkh yduldeohv [l exw dovr lq vrph fdvhv eh dq dujxphqw ri wkh ixqfwlrq Y 1 Vxssrvh zh jhqhudwh wkh udqgrp yduldeohv [l e| lqyhuvh wudqvirup iurp d yhfwru ri q lqghshqghqw xqlirup yduldwhv Xl dffruglqj wr [l @ Il4+Xl ,1 Wkhq qrwh wkdw C[l @  4 CIl +[l , 1 Wkxv/ zlwk Y +l, @ CY +[>, / dqg Y +, @ CY +[>, zh C il +[l , C C[l C kdyh/ xqghu frqglwlrqv shuplwwlqj wkh lqwhufkdqjh ri ghulydwlyh dqg lqwhjudo/ [ CY +[> , C[l CY +[> , p3 +, @ H i . j C[ C C l l %



CY +[> , [ +l, @H  Y +[> , i +4[ , CIlC+[l, C l l l



&



+8153,



Wklv vxjjhvwv d Prqwh Fduor hvwlpdwru/ dq dyhudjh ryhu doo +lqghshqghqw, vlpxodwlrqv ri whupv ri wkh irup [ Y +l, +[> , CIl +[l , +8154, dyhudjhiY +, +[> ,  j C l il +[l ,



Wkh xqeldvhg hvwlpdwru +BB, lv fdoohg wkh Lqqlwhvlpdo shuwxuedwlrq dqdo|vlv hvwlpdwru +LSD,1 Xqiruwxqdwho|/ wkh frqglwlrqv shuplwwlqj wkh uhtxluhg lqwhu0 fkdqjh ri ghulydwlyh dqg lqwhjudo duh qrw dozd|v phw dqg vr wkh hvwlpdwru pd| lq vrph fdvhv eh eldvhg1 Vhh Fdr +4 ==={l> ===[q> , il +{l ,g{l H ^Y +[> , C C ]



C C Il +{l ,g{l m4 H Y +l, +[4 > ==={l > ===[q> , Il +{l ,g{l  4 C C CI + [ , @C l l @ H iY +l, +[> , j= il +[l , Qrwlfh wkdw iru qhduo| frqvwdqw ixqfwlrqv Y / wkh judglhqw Y +l, lv forvh wr }hur dqg wkh shuwxuedwlrq dqdo|vlv hvwlpdwru kdv vpdoo yduldqfh1 Lq jhqhudo/ zkhq lw lv xqeldvhg/ lw vhhpv wr surylgh juhdwhu hflhqf| wkdq wkh fuxgh vfruh ixqfwlrq hvwlpdwru1 Rq wkh rwkhu kdqg/ wkh frpsdulvrq lv xvxdoo| fduulhg rxw lq vsh0 flf fdvhv/ dqg wkhuh vhhpv wr eh qr jhqhudo uhdvrq zk| shuwxuedwlrq dqdo|vlv vkrxog eh suhihuuhg1 Wkh odfn ri glhuhqwldelolw| ri sd|r ixqfwlrqv Y fdq eh d sureohp/ lqwurgxflqj srwhqwldo eldv lqwr shuwxuedwlrq dqdo|vlv hvwlpdwruv1 Wkh lqqlwhvlpdo shuwxuedwlrq dqdo|vlv hvwlpdwru lv dq lqqlwhvlpdo ru olplwlqj yhu0 vlrq ri wkh xvh ri frpprq udqgrp qxpehuv dv wkh iroorzlqj dujxphqw vkrzv1 Jhqhudwlqj [l dv deryh/ lw lv uhdvrqdeoh wr hvwlpdwh p+ . ,  p+  , Y +[. >  . ,  Y +[ >   , =  5 5 @ H Y +[4 > ==={l > ===[q> ,
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LQILQLWHVLPDO SHUWXUEDWLRQ DQDO\VLV= SDWKZLVH GLIIHUHQWLDWLRQ1



Wdnlqj olplwv dv  $ 3 dqg dvvxplqj wkh judglhqw h{lvwv lq d qhljkerukrrg ri  zh duulyh dw wkh shuwxuedwlrq dqdo|vlv hvwlpdwru1 Lqqlwhvlpdo shuwxuedwlrq dqdo|vlv +LSD, dvvxphv wkdw wkh rughu ri hyhqwv lq wkh shuwxuehg sdwk lv wkh vdph dv wkh rughu lq wkh qrplqdo sdwk iru d vpdoo hqrxjk / doorzlqj d fdofxodwlrq ri Y +{> ,/ wkh vhqvlwlylw| ri wkh vdpsoh shu0 irupdqfh iru d sduwlfxodu vlpxodwlrq1 Lw zloo jhqhudoo| jlyh vdwlvidfwru| uhvxowv iru Hxurshdq rswlrqv/ exw pd| idlo lq vlpxodwlrqv ri orrnedfn ru eduulhu rswlrqv li frpprq udqgrp qxpehuv idlo wr jlyh sd|rv wkdw duh forvh zkhq sdudphwhu ydoxhv duh forvh1 Lq wkh pruh frpprq flufxpvwdqfh wkdw wkh ixqfwlrq Y grhv qrw gluhfwo| ghshqg rq wkh sdudphwhu/ wkh fuxgh Prqwh Fduor LSD hvwlpdwru +BB, lv dq dyhudjh ryhu doo +lqghshqghqw, vlpxodwlrqv







C CI +[ ,@C Y +[ , l l C[ il +[l , l l



[



+8155,



C Y +[ , pd| eh ghulyhg wkurxjk dqdo|vlv ri wkh v|vwhp zkhuh wkh ghulydwlyhv ri C[ l ru wkurxjk wkh lpsolflw ixqfwlrq wkhruhp li wkh sureohp lv wudfwdeoh1 Lq h{dpsohv zkhuh LSD kdv ehhq irxqg wr eh xqeldvhg/ lw kdv dovr ehhq irxqg wr eh frqvlvwhqw1 Zkhq frpsduhg wr wkh fuxgh vfruh ixqfwlrq phwkrg iru wkhvh h{dpsohv/ lw kdv jhqhudoo| ehhq irxqg wr eh wkh pruh hflhqw ri wkh wzr/ dowkrxjk h{fhswlrqv wr wklv uxoh duh hdv| wr qg1 LSD lv edvhg rq wkh glhuhqwldwlrq ri wkh rxwsxw surfhvv1 Ehfdxvh ri wklv/ wkh frqglwlrqv uhtxluhg iru wkh h{fkdqjh ri wkh glhuhqwldwlrq dqg h{shfwdwlrq rshudwruv pxvw eh yhulhg iru hdfk dssolfdwlrq1 Wklv pdnhv LSD xqvxlwdeoh dv d _eodfn0er{% dojrulwkp1 E| frqwudvw/ wkh vfruh ixqfwlrq phwkrg/ wrjhwkhu zlwk lwv yduldqfh uhgxfhg yduldwlrqv/ rqo| lpsrvh uhjxodulw| rq wkh lqsxw yduldeohv dqg uhtxluh qr nqrzohgjh ri wkh surfhvv ehlqj vlpxodwhg1 Rq wkh rwkhu kdqg/ wkh vfruh ixqfwlrq phwkrg uhtxluhv wkdw wkh sdudphwhu zkrvh vhqvlwlylw| lv lq0 yhvwljdwhg eh d vwdwlvwlfdo sdudphwhu> l1h1 lqgh{ d idplo| ri ghqvlwlhv/ zkhuhdv shuwxuedwlrq dqdo|vlv doorzv pruh jhqhudo w|shv ri sdudphwhuv1



D22



5i?t||) Lu |i @*i Lu @ tThi@_ LT|L? |L |i ULhhi*@|L?



Frqvlghu wzr vwrfnv ru dvvhw sulfhv zlwk forvlqj ydoxhv V4 +W , dqg V5 +W , mrlqwo| orjqrupdoo| glvwulexwhg zlwk yrodwlolw| sdudphwhuv 4> 5> dqg fruuhodwlrq = Ri frxuvh doo ri wkh sdudphwhuv jryhuqlqj wklv glvwulexwlrq duh vxemhfw wr fkdqjh lq wkh pdunhw/ lqfoxglqj wkh fruuhodwlrq = Zh duh lqwhuhvwhg lq wkh sulfh ri d Hxurshdq fdoo rswlrq rq wkh vsuhdg lq sulfh ehwzhhq wkh wzr vwrfnv/ dqg lq sduwlfxodu/ wkh vhqvlwlylw| ri wklv sulfh wr fkdqjhv lq wkh fruuhodwlrq1 Ohw wkh sd|r ixqfwlrq eh +8156, y+V4+W ,> V5+W ,, @ pd{+3> +V4+W ,  V5+W ,  N ,, @ pd{+3> ^h{siuW  54W@5 . 4]4j  h{siuW  55W@5 . 5]5j  N `,
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VHQVLWLYLW\ DQDO\VLV/ HVWLPDWLQJ GHULYDWLYHV DQG WKH JUHHNV1



iru vwulnh sulfh N dqg fruuhodwhg vwdqgdug qrupdo udqgrp yduldeohv ]4> ]5= Shukdsv wkh hdvlhvw zd| wr jhqhudwh vxfk udqgrp yduldeohv lv wr jhqhudwh ]4> ]6 lqghshqghqw vwdqgdug qrupdo dqg wkhq vhw s



]5 @ ]4 . 4  5]6=



+8157,



Wkhq wkh vhqvlwlylw| ri wkh rswlrq sulfh zlwk uhvshfw wr  lv wkh ghulydwlyh wkh glvfrxqwhg h{shfwhg uhwxuq



C C H ^huW y+V4 +W ,> V5+W ,,` @ H ^5 h{si55W@5 . 5 ]5 j ]5 LD` C C s  @ H ^5 h{si55W@5 . 5+]4 . 4  5]6 ,j+]4  s ]6,4D` +8158, 4  5



zkhuh 4D lv wkh lqglfdwru ixqfwlrq ri wkh vhw



D @ D+]4> ]5 , @ ^h{siuW  54W@5 . 4]4j  h{siuW  55W@5 . 5]5j A N ` dqg zkhuh ]4> ]6 duh lqghshqghqw vwdqgdug qrupdo udqgrp yduldeohv dqg ]5 vdwlvhv +BB,1 Wkxv dq LSD hvwlpdwru ri wkh vhqvlwlylw| lv jlyhq e| dq dyhudjh ri whupv ri wkh irup s 5 h{si55W@5 . 5+]4 . 4  5]6,j+]4  s  5 ]6,4D+]4 >]5, = 4



+8159,



Ri frxuvh yduldqfh uhgxfwlrq fdq eh hdvlo| dssolhg wr wklv hvwlpdwru/ hvsh0 fldoo| vlqfh wkhuh lv d vxevwdqwldo vhw rq zklfk +BB, lv htxdo wr 31



D 



hLM*i4t



41 Dvvxph wkdw [ kdv d qrupdo +> 4, glvwulexwlrq dqg Y +[ , @ [ . C H Y +[ , @ 4 . 5e . 6f+4 . 5 , e| e[ 5 . f[ 6= Vkrz fdq hvwlpdwh C  udqgrpo| vdpsolqj q lqghshqghqw ydoxhv ri [l > l @ 4> 5> ===q dqg xvlqj S ri wklv wkh hvwlpdwru q4 ql@4 Y +[l,+[l  ,1 Krz zrxog wkh yduldqfh S frpsduh zlwk wkh yduldqfh ri dq dowhuqdwlyh hvwlpdwru q4 ql@4 Y 3 +[l ,1 Krz gr wkh| frpsduh li Y lv forvh wr ehlqj d olqhdu ixqfwlrq/ l1h1 li e> f duh vpdooB



@T|ih S



,t|4@|L? @?_ @*Mh@|L? S�



Nt?} Ot|LhU@* #@|@ uLh #gtL? �L_i*t



W|slfdoo| d glxvlrq prgho iru qdqfldo gdwd lqfoxghv sdudphwhuv zlwk xqnqrzq ydoxhv zklfk uhtxluh hvwlpdwlrq1 Iru h{dpsoh wkh FLU prgho iru lqwhuhvw udwhv/ zulwwhq lq wkh irup



s



guw @ + . uw ,gw .  uw gZw kdv wkuhh xqnqrzq sdudphwhuv wkdw uhtxluh hvwlpdwlrq lq rughu wr xvh wkh prgho lq ydoxlqj ghulydwlyhv1 Dffruglqj wr wkh vlpsohvw glvfuhwh wlph dssur{lpdwlrq wr wkh surfhvv/ wkh Hxohu Vfkhph/ wkh lqfuhphqwv lq wkh surfhvv ryhu vpdoo lqwhuydov ri wlph duh dssur{lpdwho| frqglwlrqdoo| lqghshqghqw dqg qrupdoo| glvwulexwhg1 Wkxv/ dssur{lpdwho|/ u  + . uw ,w  Q +3> 5 uw w, Wkxv/ wkh sdudphwhuv lq wkh guliw whup fdq eh rewdlqhg e| zhljkwhg ohdvw vtxduhv> l1h1 e| plqlpl}lqj wkh vxp ri wkh vtxduhg vwdqgdugl}hg qrupdo yduldwhv1



plq> z+u  + . uw ,w,5 zkhuh wkh zhljkwv z duh sursruwlrqdo wr wkh uhflsurfdo ri wkh yduldqfhv z @ 4@+uw w,1 Wkh vroxwlrq wr wklv lv vwdqgdug lq uhjuhvvlrq wh{werrnv=



a @



S



zu+uw  u, > a @ u  a u z+uw  u,5



+914,



S



S



S



zkhuh u> u ghqrwh zhljkwhg dyhudjhv> h1j1 u @ zuw @ z1 Jluvdqry*v Wkhruhp doorzv xv wr xvh pd{lpxp olnholkrrg hvwlpdwlrq iru dq| sdudphwhuv wkdw uhvlgh lq wkh guliw whup ri d glxvlrq1 Iru h{dpsoh frqvlghu d prgho ri wkh irup



g[w @ d+[w > ,gw . +[w ,gZw 498
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HVWLPDWLRQ DQG FDOLEUDWLRQ1



Zh vxssrvh iru wkh prphqw wkdw wkh glxvlrq whup +[w , lv nqrzq dqg wkdw wkh rqo| xqnqrzq sdudphwhu+v, lv 1 Wkhq wkh Udgrq0Q|nrg|p ghulydwlyh ri wkh phdvxuh lqgxfhg e| wklv surfhvv zlwk uhvshfw wr wkh fruuhvsrqglqj pduwlqjdoh phdvxuh ghqhg e|



g[w @ +[w ,gZw lv jlyhq +xqghu wkh xvxdo frqglwlrqv, e| Jluvdqry*v Wkhruhp



h{si



]



4 d+[w > , g[  5+[w , w 5



]



d5+[w > , gwj= 5 +[w ,



+915,



Wkh pd{lpxp olnholkrrg hvwlpdwh ri  lv rewdlqhg e| pd{lpl}lqj wklv ixqfwlrq1 Vhwwlqj wkh ghulydwlyh ri lwv orjdulwkp htxdo wr 3 uhvxowv lq wkh olnholkrrg htxdwlrq ]



]



dCd 5 Cd 5  +[w ,g[w   +[w ,gw @ 3 C ] C Cd ru 5+[w , +g[w  d+[w > ,gw, @ 3 C Xvxdoo|/ ri frxuvh/ zh kdyh dydlodeoh rqo| revhuydwlrqv wdnhq dw glvfhwh wlph srlqwv w4 ? w5 ? = = = dqg wkh deryh lqwhjudo zloo wkhq eh uhsodfhg e| d vxp [



l



S2



5+[wl ,



Cd+[wl> , +[wl  d+[wl > ,w, @ 3= C



+916,



,t|4@|?} VL*@|*|)



Zkloh wkh Hxohu phwkrg shuplwv hvwlpdwlrq ri sdudphwhuv lq wkh glxvlrq fr0 hflhqw dv zhoo dv wkrvh lq wkh guliw/ wkhuh lv qr olnholkrrg dujxphqw edvhg rq frqwlqxrxv wlph revhuydwlrqv zklfk doorzv hvwlpdwlrq ri glxvlrq frhflhqw sdudphwhuv1 Wklv lv ehfdxvh wkh lqqlwh yduldwlrq ri d glxvlrq surfhvv lq duel0 wudulo| vpdoo wlph lqwhuydov iru frqwlqxrxv wlph revhuydwlrqv wkhruhwlfdoo| shuplw h{dfw hvwlpdwlrq ri sdudphwhuv lq wkh glxvlrq frhflhqw zlwk dq duelwudulo| vkruw revhuyhg wudmhfwru| ri wkh surfhvv1 Lq rwkhu zrugv lqirupdwlrq iru hvwl0 pdwlqj wkh glxvlrq frhflhqw rewdlqv pxfk pruh udslgo| wkdq iru wkh guliw/ dqg lq wklv uhvshfw wkh frqwlqxrxv wlph surfhvvhv duh txlwh glhuhqw wkdq wkhlu glvfuhwh dqdorjxhv1 Wzr glxvlrqv +ru hyhq Eurzqldq prwlrq surfhvvhv, zlwk glhuhqw glxvlrq frhflhqwv duh pxwxdoo| vlqjxodu vr wkdw zh fdq wkhruhwl0 fdoo| ghwhuplqh iurp d vlqjoh vdpsoh sdwk wkh h{dfw glxvlrq whup1 Sudfwlfh lv frqvlghudeo| glhuhqw iru vhyhudo uhdvrqv1 Iluvw/ zh qhyhu revhuyh d surfhvv lq frqwlqxrxv wlph1 Vhfrqg/ surfhvvhv olnh vhfxulw| sulfhv/ lqwhuhvw udwhv dqg h{0 fkdqjh udwhv duh rqo| vlplodu wr fhuwdlq glxvlrq surfhvvhv zkhq ylhzhg ryhu d orqjhu wlph lqwhuydo wkdq d vlqjoh gd| ru zhhn1 Wkhlu orfdo ehkdylrxu lv yhu| gli0 ihuhqw> iru h{dpsoh wkh| hyroyh wkurxjk d vhulhv ri mxpsv ri ydu|lqj pdjqlwxghv1 Wklug/ wkhuh lv lqirupdwlrq rq dq| surfhvv iru zklfk ghulydwlyhv duh vrog lq wkh ghulydwlyh pdunhw1 Wkh xvxdo hvwlpdwh ri yrodwlolw| lv wkh _lpsolhg yrodwlolw|%
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HVWLPDWLQJ YRODWLOLW\



49:



ru wkh yduldqfh sdudphwhu zklfk zrxog/ lq wkh Eodfn0Vfkrohv irupxod/ pdnh wkh wkhruhwlfdo ghulydwlyh sulfhv htxdo wr wkhlu revhuyhg ydoxhv1 Zkloh wklv lv qrw h{dfwo| wkh klvwrulfdo yrodwlolw|/ lw +surylghg wkdw wkh prgho krogv, lv lghqwlfdo wr wkh lqvwdqwdqhrxv ydoxh ri wkh yrodwlolw| vlqfh wkh ulvn qhxwudo phdvxuh kdv wkh vdph glxvlrq frhflhqw dv grhv wkh Lwr surfhvv zh dvvxph ghulyhv wkh dvvhw sulfh1 Frqvlghu dv dq h{dpsoh wkh vwrfn sulfh ri Qhz ]hdodqg Whohfrp olvwhg rq wkh Qhz \run Vwrfn H{fkdqjh +Wlfnhu Q\VH=Q]W,1 Zh grzqordghg wkuhh prqwkv ri gdlo| vwrfn sulfh gdwd +Ihe 55/ 5333 wr Pd| 55/ 5333, iurp wkh zhe0 vlwh kwws=22qdqfh1|dkrr1frp dqg rq wkh edvlv ri wklv/ zlvk wr hvwlpdwh wkh yrodwlolw|1 Wkh vwrfn sulfh ryhu wklv shulrg lv judskhg lq Iljxuh 9141 Lw zdv grzqordghg wr dq h{fho oh dqg ordghg lqwr Pdwode iurp wklv oh1 Vlqfh wkh orjdulwkp ri gdlo| vwrfn sulfhv lv dvvxphg wr eh d Eurzqldq prwlrq zh pd| hvwlpdwh wkh gdlo| yrodwlolw| xvlqj wkh vdpsoh yduldqfh ri wkh uvw glhuhqfhv lq wkhvh orjdulwkpv1 Wr rewdlq wkh yduldqfh ryhu d |hdu/ pxowlso| e| wkh qxpehu ri wudglqj gd|v +durxqg 585, lq d |hdu1 Wkxv wkh dqqxdo yrodwlolw| lv hvwlpdwhg e| t^h|E2D28@hE_gE*L}E|i*iUL4ThUi zklfk jlyhv d ydoxh durxqg 31641 Krz grhv wklv klvwrulfdo hvwlpdwh ri yrodwlolw| frpsduh zlwk wkh yrodwlolw| dv ghwhuplqhg e| rswlrq sulfhvB Iljxuh 915 rewdlqv iurp wkh Fklfdjr Erdug ri Rswlrqv H{fkdqjh dqg surylghv wkh fxuuhqw sulfh ri fdoov dqg sxwv rq Q]W1 Iru h{dpsoh vxssrvh wkhuh zdv d Mxo| sxw rswlrq/ vwulnh sulfh '63 wkdw vrog iru '5 46 1 Vxssrvh wkh fxuuhqw lqwhuhvw udwh +lq XV grooduv vlqfh wkhvh duh XV groodu sulfhv, lv 9(1 Wklv lv urxjko| wkh lqwhuhvw udwh rq d vkruw whup ulvn iuhh ghsrvlw olnh d wuhdvxu| eloo1 Wkhq wkh lpsolhg yrodwlolw| lv ghwhuplqhg e| qglqj wkh ydoxh ri wkh sdudphwhu  vr wkdw wkh Eodfn0Vfkrohv irupxod jlyhv h{dfwo| wklv ydoxh iru dq rswlrq sulfh/ l1h1 qglqj d ydoxh ri  vr wkdw SXW@5166 zkhuh dwwcNAo ' w5+W,E2HH.Dc fcfSce2%2D2c cf Lq wklv fdvh/ zh rewdlq  @ =6 K> O, ghqrwh wkh rshq/ forvh/ kljk/ orz sulfh ryhu d shulrg w= Lq wklv fdvh erwk ]K dqg ]O kdyh dq h{srqhqwldo glvwulexwlrq zlwk phdq 5 w@5 frqglwlrqdoo| rq wkh ydoxhv ri R> F 1 Wkhuhiruh/ lw lv lqghshqghqw ri F 1 D vlplodu dujxphqw ohdgv wr }O @ orj+O@R, orj+O@F ,  h{s+5w@5,1 Wkxv erwk ri wkhvh vwdwlvwlfv ohdgv wr dq xqeldvhg hvwlpdwru ri wkh sdudphwhu 5 1 Dq dowhuqdwlyh hvwlpdwru ri wkh vfdoh sdudphwhu 5 lv rewdlqhg iurp wkh lq0 fuhphqw F@R dorqh1 Lqghhg wkh pd{lpxp olnholkrrg hvwlpdwru edvhg rq wkh glvwulexwlrq ri wklv lqfuhphqw lv iorj+F@R,j5 @w= Wkxv zh kdyh wkuhh hvwlpd0 wruv ri wkh yrodwlolw| sdudphwhu/ iorj+F@R,j5@w> 5 orj+O@R, orj+O@F ,@w> dqg 5 orj+O@R, orj+O@F ,@w= Zkloh wkh uvw lv lqghshqghqw ri wkh rwkhu wzr jlyhq R/ xqiruwxqdwho| wkh vhfrqg dqg wklug duh wkhpvhoyhv qrw xqfruuhodwhg1 Lq rughu wr zhljkw wkhp rswlpdoo| zh qhhg vrph lqirupdwlrq derxw wkhlu mrlqw glvwulexwlrq1 Lw iroorzv wkdw erwk iorj+F@R,j5 @w dqg +]K . ]O,@w surylgh xqeldvhg hvwl0 pdwruv ri wkh yrodwlolw| sdudphwhu 5 dqg lqghhg wkh odwwhu lv lqghshqghqw ri wkh
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FKDSWHU 91



HVWLPDWLRQ DQG FDOLEUDWLRQ1



iruphu1 Wkhvh hvwlpdwruv duh duhdv looxvwudwhg lq Iljxuh {{1 Frqvlghu wkh sorw fru0 uhvsrqglqj wr wlph w1 Wkh yhuwlfdo vfdoh lv orjdulwkplf vr wkdw orjv duh sorwwhg1 Wklv sorw lv frqvwuxfwhg xvlqj dq duelwudulo| fkrvhq dqjoh  iurp wkh irxu ydoxhv +R> F> K> O, xvlqj wzr olqhv c4> c5 wkurxjk wkh srlqw +w> 45 +orj+R, . orj+F ,,, zlwk vorshv wdq+,1 Krul}rqwdo olqhv duh gudzq dw wkh ruglqdwh ydoxhv orj+K ,> orj+O,> orj+R,> orj+F , dqg xvlqj wkh srlqwv zkhuh orj+R,dqg orj+F , vwulnh wkh wzr olqhv dv fruqhuv/ d uhfwdqjoh lv frqvwuxfwhg1 Wkh duhd ri wklv uhfw0 dqjoh wdq+,+orj+F@R,,5 lv dq xqeldvhg hvwlpdwru ri wdq+,5w surylghg wkh Eurzqldq prwlrq kdv qr guliw1 Wkh vhfrqg uhjlrq frqvlvwv ri _zlqjv% jhqhudwhg e| wkh irxu srlqwv dw zklfk wkh krul}rqwdo olqh dw orj+K ,> orj+O, vwulnh wkh olqhv c4> c5 1 Wkh wrwdo duhd ri wklv uhjlrq +erwk zlqjv, lv wdq+,+]O . ]K , zklfk lv dqrwkhu xqeldvhg hvwlpdwru ri wdq+,5W lqghshqghqw ri wkh uvw/ dqg dovr lqghshqghqw ri zkhwkhu ru qrw wkh xqghuo|lqj Eurzqldq prwlrq kdv guliw1 E| frpsdulqj wkhvh duhdv/ zh fdq ghwhfw deqrupdo fkdqjhv lq wkh yrodwlolw|/ ru fkdqjhv lq wkh guliw ri wkh surfhvv wkdw zloo lqfuhdvh wkh revhuyhg ydoxh ri +orj+F@R,,5 zkloh ohdylqj wkh vhfrqg hvwlpdwru xqfkdqjhg1 Ehfdxvh hdfk hv0 wlpdwru lv edvhg rqo| rq d vlqjoh shulrg/ lw lv xvhixo wr surylgh dv zhoo d sorw lqglfdwlqj zkhwkhu wkhuh lv d shuvlvwhqw fkdqjh lq hlwkhu ru erwk ri wkh wzr hvwlpdwruv ri yrodwlolw|1 Li wkh Eurzqldq prwlrq grhv lqghhg kdyh }hur guliw zh frxog frpelqh wkh wzr hvwlpdwruv deryh/ dqg wkh rswlpdo olqhdu frpelqdwlrq lv/ zlwk zhljkwv yhu| voljkwo| urxqghg/ 4 +iorj+F@R,j5 . 9+]K . ]O,, +917, 5EOX  :w zkhuh wkh zhljkwv kdyh ehhq ghwhuplqhg xvlqj wkh idfw wkdw ]K dqg ]O duh fruuhodwhg zlwk fruuhodwlrq frhflhqw  =66;1 Krz pxfk ehwwhu lv wklv wkdq wkh xvxdo hvwlpdwru ri yrodwlolw| +orj+F@R,,5B
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HVWLPDWLQJ YRODWLOLW\



Frpsxwdwlrq lq wkh fdvh 5W @ 4 |lhogv ydu+a5 ,  3=5;7 EOX



zkloh ydu+orj+F@R,5, @ 51 Wkh udwlr lv dssur{lpdwho| :1 Lq rwkhu zrugv/ revhuydwlrqv rq wkh kljk/ orz/ rshq/ forvh shuplw derxw vhyhq wlphv wkh hflhqf| iru hvwlpdwlqj wkh yrodwlolw| sdudphwhu1 Uhodwhg hvwlpdwruv kdyh ehhq vxjjhvwhg lq wkh olwhudwxuh1 Iru h{dpsoh/ Sdunlqvrq + 4 w, @ H T ^h{s



i



] W



w



uv gvj`



zkhuh H T ghqrwhv h{shfwdwlrq xqghu wkh ulvn0qhxwudo phdvxuh1 Wkh |lhog fxuyh ghvfulehv wkh fxuuhqw h{shfwdwlrqv iru dyhudjh lqwhuhvw udwhv>



orj+i +uw > w,, W w Iru d jlyhq glxvlrq prgho/ wkh ixqfwlrq i fdq eh ghwhuplqhg e| vroylqj wkh SGH 4 C5 C5 i . 5 +{> w,i  {i @ 3 i . d+{> w, 5 Cw CwC{ 5 vxemhfw wr wkh erxqgdu| frqglwlrq i +{> W , @ 4> doo { 5 ?= Wkh pruh frpprq prghov vxfk dv wkh Ydvlfhn/ wkh FLU dqg wkh Phuwrq prghov iru lqwhuhvw udwh vwuxfwxuh duh vxfk wkdw wkh |lhog fxuyh lv dqh ru d olqhdu ixqfwlrq ri wkh lqwhuhvw udwh1 Lq wklv fdvh i +{> w, @ h{sif+W  w,. g+W  w,{j iru vrph ixqfwlrqv f+=,> g+=,1 Jhqhudoo| wklv olqhdulw| rffxuv surylghg wkdw erwk wkh guliw whup dqg wkh vtxduh ri wkh glxvlrq frhflhqw 5+{> w, duh olqhdu lq {1 Rqh ri wkh prvw srsxodu fxuuhqw dssurdfkhv wr lqwhuhvw udwhv lv wkh KMP ru Khdwk0Mduurz0Pruwrq prgho/ zklfk frqvlvwv ri prgholqj wkh lqvwdqwdqhrxv iruzdug udwh i +w> x,> x  w1 Hvvhqwldoo|/ wklv ixqfwlrq lv dvvxphg wr iroorz d pxowlglphqvlrqdo glxvlrq1 Iru ghwdlov/ vhh Fkdswhu ; ri Gxh +4 e6 hqwhulqj d jlyhq qrgh m duh surfhvvhg zlwk d yhu| vlpsoh surfhvvru jm +e4> e5> e6, zklfk rxwsxwv d elw dqg wkhq wudqvplwv lw wr dqrwkhu qrgh1 Wkxv d qhxudo qhw frqvlvwv ri d ghvfulswlrq ri wkh surfhvvruv +xvxdoo| vlpsoh ixqfwlrqv zhljkwhg dyhudjhv,/ dq dufklwhfwxuh ghvfulelqj wkh urxwlqj/ dqg d surfhgxuh iru hvwlpdwlqj wkh sdudphwhuv + iru h{dpsoh wkh zhljkwv lq wkh zhljkwhg dyhudjh,1 Wkh| kdyh wkh dgydqwdjh ri jhqhudolw| dqg h{lelolw|0 wkh| fdq suredeo| eh prglhg wr kdqgoh qhduo| dq| sureohp zlwk vrph vxffhvv1 Krzhyhu/ lq vshflf prghov iru zklfk wkhuh duh vwdwlvwlfdoo| prwlydwhg dowhuqdwlyhv/ wkh| gr qrw xvxdoo| shuirup dv zhoo dv d phwkrg ghvljqhg iru wkdw prgho1 Qhyhuwkhohvv/ wkhlu jhqhudolw| pdnhv wkhp d srsxodu uhvhdufk wrslf lq qdqfh1 4;6



4;7
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FKDSWHU :1



PLVFHOODQ\



@Ltc wL?} |ih4 _iTi?_i?Ui @?_ ?L? *?i@h #)?@4Ut



Dqrwkhu wrslf/ srsxodul}hg lq qdqfh e| errnv e| Shwhuv +111, dqg Jolhn +4 3 ? { ? 4> > d ? 7 dqg d lv vpdoo ru d lv qhdu 71 Vlploduo|/ wkh uhfxuvlrq {w @ 4  d{5w4 . e{w5 > d @ 4=7> e @ 3=6 ghvfulehv d elyduldwh fkdrwlf v|vwhp/ zklfk/ olnh dq dxwruhjuhvvlyh surfhvv ri rughu 5/ uhtxluhv wzr suhghfhvvruv wr ghqh wkh fxuuhqw ydoxh1 Lq jhqhudo/ d v|vwhp pljkw ghqh {w dv d qrq0olqhdu ixqfwlrq ri q suhghfhvvruv1 Wkhq gh0 whfwlqj fkdrv+ ru odfn wkhuri, lv htxlydohqw wr ghwhuplqlqj zkhwkhu wkh vhtxhqfhv +{w > {w.4 > = = = {w.q,> w @ 4> 5> oo q . 4 glphqvlrqdo vsdfh1 Whvwv ghvljqhg wr whvw zkhwkhu d jlyhq vhtxhqfh ri vwrfn uhwxuqv duh lqgh0 shqghqw lghqwlfdoo| glvwulexwhg jhqhudoo| uhvxow lq uhmhfwlqj wklv k|srwkhvlv exw wkh prvw sodxvleoh h{sodqdwlrq ri wklv lv qrw vr fohdu1 Iru h{dpsoh Kvlhk +4 v @ 4 vr kw @ 3 . 4d5w4 1 Iru DUFK dqg JDUFK prghov wkh sdudphwhuv pxvw eh hvwlpdwhg xvlqj erwk wkh prghov iru wkh frqglwlrqdo phdq dqg wkh frqgl0 wlrqdo yduldqfh dqg gldjqrvwlfv dsso| wr erwk prghov1 Wkh dgydqwdjhv ri wkhvh prghov duh wkdw wkh| surylgh erwk iru vrph ghshqghqfh dprqj wkh revhuydwlrqv wkurxjk yrodwlolw| udwkhu wkdq wkurxjk wkh phdq/ dqg wkdw wkh| whqg wr kdyh khdylhu wdlov1 Dv d uhvxow/ wkh| surylgh odujhu hvwlpdwhg sulfhv iru ghhs rxw0ri0 wkh0prqh| rswlrqv/ iru h{dpsoh/ zklfk duh khdylo| ghshqghqw rq dq dffxudwh prgho iru yrodwlolw|1 . �



+OE�



Wkh edvlf prgho lqyhvwljdwhg e| Hqjoh zdv wkh vlpsohvw fdvh lq zklfk wkh sur0 fhvv kdv }hur frqglwlrqdo phdq +lw lv uhdvrqdeoh wr h{shfw wkdw wkh pdunhw kdv uhpryhg prvw ru doo ri wklv, dqg exw wkdw wkh vtxduhv duh vljqlfdqwo| dxwr0 fruuhodwhg1 Pxfk qdqfldo gdwd h{lelwv wklv surshuw| wr vrph ghjuhh1 Hqjohv DUFK+4, prgho lv= {w  Q +3> kw , dqg kw @ 3 . 4{5w4 zkhuhdv dq DUFK uhjuhvvlrq prgho doorzv wkh frqglwlrqdo phdq ri {w lq +:17, wr ghshqg rq vrph revhuyhg suhglfwruv1 Wkh JDUFK0LQ0PHDQ surfhvv w e| Iuhqfk hw1 do1 doorz wkh phdq ri {w wr eh d ixqfwlrq ri lwv yduldqfh vr wkdw 5 {w  Q +d . eks@ w > kw ,1 Wklv zrxog doorz whvwlqj wkh k|srwkhvhv ri uhodwlyh ulvn dyhuvlrq/ iru h{dpsoh1 Krzhyhu/ wkhuh lv olwwoh hylghqfh wkdw e pd| eh qrq0 }hur/ dqg hyhq ohvv hylghqfh wr ghwhuplqh zkhwkhu wkh olqhdu uhodwlrq vkrxog eh ehwzhhq phdq dqg vwdqgdug ghyldwlrq +s @ 4, ru ehwzhhq phdq dqg yduldqfh + s @ 5 ,1 . 2



,t|4@|?} @h@4i|iht



Wkh frqglwlrqdo orj olnholkrrg wr eh pd{lpl}hg zlwk uhvshfw wr wkh sdudphwhuv l >  m lv=



orj+O, @



 45



[



w



^orj kw .



da5w ` kw



Ydulrxv prglfdwlrqv ri wkh deryh JDUFK prgho duh srvvleoh dqg kdyh ehhq wulhg/ exw wkh vslulw ri wkh prghov dv zhoo dv prvw ri wkh phwkrgrorj| uhpdlqv edvlfdoo| wkh vdph1 Wkhuh lv dovr d v|vwhp ri \xoh0Zdonhu htxdwlrqv wkdw fdq eh



4;9



FKDSWHU :1



PLVFHOODQ\



vroyhg iru wkh frhflhqwv l lq dq DUFK prgho1 Li l lv wkh dxwrfryduldqfh ixqfwlrq ri wkh lqqrydwlrqv vtxduhg d5l / wkhq



q @



v [ l@4



l ql .



u [ l@4



l ql



iru q  u . 41 Wkhvh surylgh wkh xvxdo SDI iru lghqwlfdwlrq ri wkh vxlwdeoh rughu u ri wkh dxwruhjuhvvlyh sduw1 .  



!@!i da5w5 > da5w6 = = = 1 Vxssrvh zh duh deoh wr rewdlq uhvlgxdov dao > dao.4> = = = daQ iurp dq DUPD prgho iru wkh ruljlqdo vhulhv1 Zh whvw iru DUFK hhfw e| uhjuhvvlqj wkh yhfwru +ad5o.v > = = = da5Q , rq d frqvwdqw dv zhoo dv wkh v _suhglfwruv% +ad5o.v4> > da5Q 4 ,> +ad5o.v5> > da5Q 5,= = = = +ad5o > > da5Q v , dqg rewdlqlqj wkh xvxdo frhflhqw ri ghwhuplqdwlrq ru vtxduhg pxowlsoh fruuhod0 wlrq frhflhqw U5 1 Vwdqgdugl}hg/ +Q  o,U5 kdv dq dssur{lpdwh fkl0vtxduhg



:161
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DUFK DQG JDUFK



glvwulexwlrq zlwk v ghjuhhv ri iuhhgrp xqghu wkh qxoo k|srwkhvlv ri krprvfhgdv0 wlflw| vr ydoxhv deryh wkh [ , 1 Qrwh wkdw [ @ [ .  [ 1 Wkhq zh ghqh H +[ , @ H +[ .,  H +[ , 1 Wklv lv zhoo ghqhg hyhq li rqh ri H +[ ., ru H +[ , duh htxdo wr 4 dv orqj dv erwk ru qrw lqqlwh vlqfh wkh irup 4  4 lv phdqlqjohvv1



Ghqlwlrq1 Li erwk H +[ ., ? 4 dqg H +[ , ? 4 wkhq zh vd| [ lv lqwhjudeoh1



H{dpsoh= Ghqh d udqgrp yduldeoh [ vxfk wkdw S ^[ @ {` @ {+{4.4, > { @ 4> 5> ==== 1 Lv wklv udqgrp yduldeoh lqwhjudeohB



Jhqhudo Surshuwlhv ri H{shfwdwlrq1 Lq wkh jhqhudo fdvh/ h{shfwdwlrq vdwlvhv 407 ri 7141; deryh soxv wkh wkh dgglwlrqdo surshuwlhv= 41 Li S +D, @ 3/



U



D [ +$ ,gS



@ 3



51 Li S ^[ @ f` @ 4 iru vrph frqvwdqw f> wkhq H +[ , @ f= 61 Li S ^[  3` @ 4 wkhq H +[ ,  3= 1



Rwkhu lqwhusuhwdwlrqv ri H{shfwhg Ydoxh Iru d glvfuhwh glvwulexwlrq/ wkh glvwulexwlrq lv riwhq uhsuhvhqwhg judsklfdoo| zlwk d edu judsk ru klvwrjudp1 Li wkh ydoxhv ri wkh udqgrp yduldeoh duh {4 ? {5 ? {6 ? = = = wkhq uhfwdqjohv duh frqvwuxfwhg durxqg hdfk ydoxh/ {l/ zlwk duhd htxdo wr wkh suredelolw| S ^[ @ {l `1 Lq wkh xvxdo fdvh wkdw wkh {l duh htxdoo| vsdfhg/ wkh uhfwdqjoh durxqg {l kdv dv edvh + {l45.{l > {l .5{l.4 ,1 Lq wklv fdvh/ wkh h{shfwhg ydoxh H +[ , lv wkh {0frruglqdwh ri wkh fhqwhu ri judylw| ri wkh suredelolw| klvwrjudp1 Zh pd| dovr wklqn ri h{shfwhg ydoxh dv d orqj uxq dyhudjh ryhu pdq| lq0 ghshqghqw uhshwlwlrqv ri wkh h{shulphqw1 Wkxv/ i +{, @ S ^[ @ {` lv dssur{0 lpdwho| wkh orqj uxq sursruwlrq ri rffdvlrqv rq zklfk zh revhuyhg wkh ydoxh [ @ { vr wkh orqj uxq dyhudjh ri pdq| lqghshqghqw uhsolfdwlrqv ri [ lv S { {i +{, @ H +[ ,1



537FKDSWHU ;1



He



DSSHQGL[ D= VRPH EDVLF WKHRU\ RI SUREDELOLW\



#tUhi|i @h@|i @?_ �*|@h@|i #t|h M|L?t



Ghqlwlrqv1 H{dpsoh1 Vxssrvh zh wkurz 5 glfh dqg ghqh wzr udqgrp yduldeohv [ @ pd{lpxp ri wkh wzr qxpehuv revhuyhg dqg \ @ plqlpxp1 Zh zlvk wr uhfrug wkh suredelolw| ri doo srvvleoh frpelqdwlrqv ri ydoxhv iru erwk [ dqg \ 1 Zh pd| gr vr wkurxjk d irupxod iru wkhvh mrlqw suredelolwlhv



S ^[ @ {> \ @ |` @ i +{> |, @



; ? =



5@69 { A | 4@69 { @ | 3 {?|



iru {> | @ 4> 5> = = = 91



Ghqlwlrqv1 Wkh ixqfwlrq i +{> |, @ S ^[ @ {> \ @ |` jlylqj wkh suredelolw| ri doo frpel0 qdwlrqv ri ydoxhv ri wkh udqgrp yduldeohv lv fdoohg wkh mrlqw suredelolw| ixqfwlrq ri [ dqg \ 1 Wkh ixqfwlrq I +{> |, @ S ^[  {> \  |` lv fdoohg wkh mrlqw fxpxodwlyh glvwulexwlrq ixqfwlrq1 Wkh mrlqw suredelolw| ixqfwlrq doorzv xv wr frpsxwh wkh suredelolw| ixqfwlrqv ri erwk [ dqg \ 1 Iru h{dpsoh



S ^[ @ {` @



[



doo |



i +{> |,=



Zh fdoo wklv wkh pdujlqdo suredelolw| ixqfwlrq ri [ / ghqrwhg e| i[ +{, @ S S ^[ @ {` @ doo | i +{> |,1 Vlploduo|/ i\ +|, lv rewdlqhg e| dgglqj wkh mrlqw suredelolw| ixqfwlrq ryhu doo ydoxhv ri { 1 Ilqdoo| zh duh riwhq lqwhuhvwhg lq wkh frqglwlrqdo suredelolwlhv ri wkh irup i +{> |, = S ^[ @ {m\ @ |` @ i[ m\ +{m|, @ i\ +|, Wklv lv fdoohg wkh frqglwlrqdo suredelolw| ixqfwlrq ri [ jlyhq \ 1



H{dpsoh Ghwhuplqh doo pdujlqdo suredelolw| ixqfwlrqv dqg frqglwlrqdo sure0 delolw| ixqfwlrqv lq H{dpsoh 814141



H{shfwhg Ydoxhv Iru d vlqjoh +glvfuhwh, udqgrp yduldeoh zh ghwhuplqhg wkh h{shfwhg ydoxh ri d ixqfwlrq ri [ / vd| k+[ , e|



H ^k+[ ,` @



[



+ydoxh ri k,  +S uredelolw| ri ydoxh, @



doo {



[



{



k+{,i +{,
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Iru wzr ru pruh udqgrp yduldeohv zh vkrxog xvh d vlplodu dssurdfk1 Krzhyhu/ zkhq zh dgg ryhu doo fdvhv/ wklv uhtxluhv dgglqj ryhu doo ydoxhv ri { dqg |1 Wkxv/ li k lv d ixqfwlrq ri erwk [ dqg \ /



H ^k+[> \ ,` @



[



doo { dqg |



k+{> |,i +{> |,=



Ghqlwlrq= Lqghshqghqw Udqgrp Yduldeohv Wzr udqgrp yduldeohv [> \ duh vdlg wr eh lqghshqghqw li wkh hyhqwv ^[ @ {` dqg ^\ @ |` duh lqghshqghqw iru doo {> |/ l1h1 li



S ^[ @ {> \ @ |` @ S ^[ @ {`S ^\ @ |` doo {> | l1h1 li



i +{> |, @ i[ +{,i\ +|, doo {> |= Wklv ghqlwlrq h{whqgv lq d qdwxudo zd| wr pruh wkdq wzr udqgrp yduldeohv1 Iru h{dpsoh zh vd| udqgrp yduldeohv [4> [5 > = = = [q duh +pxwxdoo|, lqghshq0 ghqw li/ iru hyhu| fkrlfh ri ydoxhv {4 > {5> = = = {q/ wkh hyhqwv ^[4 @ {4`> ^[5 @ {5`> = = = ^[q @ {q` duh lqghshqghqw hyhqwv1 Wklv krogv li wkh mrlqw suredelolw| ixqfwlrq ri doo q udqgrp yduldeohv idfwruv lqwr wkh surgxfw ri wkh q pdujlqdo suredelolw| ixqfwlrqv1



Wkhruhp Li [> \ duh lqghshqghqw udqgrp yduldeohv/ wkhq



H +[\ , @ H +[ ,H +\ ,



H{dpsoh Vxssrvh [ dqg \ duh wzr lqghshqghqw udqgrp yduldeohv zlwk wkh vdph glvwulexwlrq +l1h1 vdph suredelolw| ixqfwlrqv,



i[ +{, @ +4  s,{ s> { @ 3> 4> = = = dqg



i\ +|, @ +4  s,| s> | @ 3> 4> = = = zkhuh 3 ? s ? 41 Ilqg wkh suredelolw| ixqfwlrq ri ] @ [ . \ dqg wkh frqglwlrqdo suredelolw| ixqfwlrq i[ m] +{m},1
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Ghqlwlrq= Yduldqfh Wkh yduldqfh ri d udqgrp yduldeoh phdvxuhv lwv yduldelolw| derxw lwv rzq h{0 shfwhg ydoxh1 Wkxv li rqh udqgrp yduldeoh kdv odujhu yduldqfh wkdq dqrwkhu/ lw whqgv wr eh iduwkhu iurp lwv rzq h{shfwdwlrq1 Li zh ghqrwh wkh h{shfwhg ydoxh ri [ e| H +[ , @ / wkhq Y du+[ , @ H ^+[  ,5`= Dgglqj d frqvwdqw wr d udqgrp yduldeoh grhv qrw fkdqjh lwv yduldqfh/ exw pxo0 wlso|lqj lw e| d frqvwdqw grhv> lw pxowlsolhv wkh ruljlqdo yduldqfh e| wkh frqvwdqw vtxduhg +vhh 814146/ surshuw| 51,



H{dpsoh Vxssrvh wkh udqgrp yduldeoh [ kdv wkh elqrpldo +q> s, glvwulexwlrq1 Ilqg H +[ , dqg ydu+[ ,1



Ghqlwlrq=Fryduldqfh1 Ghqh wkh fryduldqfh ehwzhhq 5 udqgrp yduldeohv [> \ dv



fry+[> \ , @ H ^+[  H[ ,+\



 H\ ,`



Fryduldqfh phdvxuhv wkh olqhdu dvvrfldwlrq ehwzhhq wzr udqgrp yduldeohv1 Qrwh wkdw wkh fryduldqfh ehwzhhq wzr lqghshqghqw udqgrp yduldeohv lv 31 Li Wkh fryduldqfh lv odujh dqg srvlwlyh/ wkhuh lv d whqghqf| iru odujh ydoxhv ri [ wr eh dvvrfldwhg zlwk odujh ydoxhv ri \ 1 Rq wkh rwkhu kdqg/ li odujh ydoxhv ri [ duh dvvrfldwhg zlwk vpdoo ydoxhv ri \ / wkh fryduldqfh zloo whqg wr eh qhjdwlyh1 Wkhuh lv dq dowhuqdwh irup iru fryduldqfh/ jhqhudoo| hdvlhu iru kdqg fdofxodwlrq exw pruh vxemhfw wr frpsxwhu ryhurz sureohpv= fry+[> \ , @ H +[\ ,  +H[ ,+H\ ,=



Wkhruhp1 Iru dq| wzr udqgrp yduldeohv [> \



ydu+[ . \ , @ ydu+[ , . ydu+\ , . 5fry+[> \ , Rqh vshfldo fdvh lv ri ixqgdphqwdo lpsruwdqfh= wkh fdvh zkhq [> \ duh lqghshqghqw udqgrp yduldeohv dqg ydu+[ . \ , @ ydu+[ , . ydu+\ , vlqfh fry+[> \ , @ 3=



H{dpsoh D srsxodwlrq lqfoxghv d sursruwlrq s ri xqhpsor|hg1 Dq lqwhuylhzhu sroov phpehuv ri wkh srsxodwlrq +|rx pd| dvvxph zlwk uhsodfhphqw vlqfh wkh srs0 xodwlrq lv odujh, dw udqgrp xqwlo h{dfwo| n xqhpsor|hg kdyh ehhq irxqg dqg uhfrugv [ @ wkh wrwdo qxpehu sroohg1 Ilqg wkh yduldqfh ri [ zkhq n @ 4 dqg xvh wklv wr ghwhuplqh ydu+[ , lq jhqhudo1
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53:



Surshuwlhv ri Yduldqfh dqg Fryduldqfh Iru dq| udqgrp yduldeohv [l dqg frqvwdqwv dl 41 Y du+[4 , @ fry+[4> [4,1 51 ydu+d4[4 . d5 , @ d54ydu+[4,1 61 fry+[4> [5, @ fry+[5> [4,1 71 fry+[4> [5 . [6, @ fry+[4> [5, . fry+[4> [6,1 81 fry+d4 [4 > d5 [5 , @ d4d5fry+[4 > [5 ,1



Fruuhodwlrq Frhflhqw Wkh fryduldqfh kdv dq duelwudu| vfdoh idfwru ehfdxvh ri surshuw| 8 deryh1 Wklv phdqv wkdw li zh fkdqjh wkh xqlwv lq zklfk vrphwklqj lv phdvxuhg/ +iru h{dpsoh d fkdqjh iurp lpshuldo wr phwulf xqlwv ri zhljkw,/ wkh fryduldqfh zloo fkdqjh1 Lw lv ghvludeoh wr phdvxuh fryduldqfh lq xqlwv iuhh ri wkh hhfw s ri vfdoh1 Wr wklv hqg/ ghqh wkh vwdqgdug ghyldwlrq ri [ e| VG+[ , @ ydu+[ ,1 Wkhq wkh fruuhodwlrq frhflhqw ehwzhhq [ dqg \ lv



@



fry+[> \ , VG+[ ,VG+\ ,



Wkhruhp Iru dq| sdlu ri udqgrp yduldeohv [> \ / zh kdyh  4    4 zlwk  @ 4 li dqg rqo| li wkh srlqwv +[> \ , dozd|v olh rq d olqh vr \ @ d[ . e iru vrph frqvwdqwv d> e1



Wkh Pxowlqrpldo Glvwulexwlrq Vxssrvh dq h{shulphqw lv uhshdwhg q wlphv +fdoohg _wuldov%, zkhuh q lv {hg lq dgydqfh1 Rq hdfk _wuldo% ri wkh h{shulphqw/ zh rewdlq dq rxwfrph lq rqh ri n glhuhqw fdwhjrulhv D4> D5> = = = Dn zlwk wkh suredelolw| ri rxwfrph Dl jlyhq e| S sl 1 Khuh nl@4 sl @ 41 Dw wkh hqg ri wkh q wuldov ri wkh h{shulphqw frqvlghu wkh frxqw ri [l @qxpehu ri rxwfrphv lq fdwhjru| l> l @ 4> 5> = = = n1 Wkhq wkh udqgrp yduldeohv +[4> [5> = = = [n , kdyh d mrlqw pxowlqrpldo glvwulexwlrq jlyhq e| wkh mrlqw suredelolw| ixqfwlrq



S ^[4 @ {4> [5 @ {5> = = = [n @ {n ` @ S











q s{4 s{5 = = = s{nn {4 {5 ==={n 4 5



zkhqhyhu l {l @ q dqg rwkhuzlvh wklv suredelolw| lv 31 Qrwh wkdw wkh pdujlqdo glvwulexwlrq ri hdfk [l lv elqrpldo +q> sl , dqg vr H +[l , @ qsl 1
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H{dpsoh Lq srolwlfdo sroo ri 4333 uhvsrqghqwv/ [4 @ 733 lqglfdwhg wkdw wkh| zrxog yrwh _\hv% lq d uhihuhqgxp/ [5 @ 693 lqglfdwhg wkdw wkh| zrxog yrwh _Qr% dqg wkh uhpdlqghu zhuh xqghflghg1 Zulwh dq h{suhvvlrq iru wkh suredelolw| ri h{dfwo| wklv rxwfrph dvvxplqj wkdw sqr @ s|hv @ =6;1 Ilqg wkh suredelolw| wkdw [4 @ { jlyhq wkdw [4 . [5 @ |1



Fryduldqfh ri d olqhdu wudqvirupdwlrq1 Vxssrvh [ @ +[4> ===> [q,3 lv d yhfwru zkrvvh frpsrqhqwv duh srvvleo| ghshq0



ghqw udqgrp yduldeohv1 Zh ghqh wkh h{shfwhg ydoxh ri wklv udqgrp yhfwru e| 4 3 H[4 E = F F E E = F F  @ H +[ , @ E E = F F E C = D H[q dqg wkh fryduldqfh pdwul{ e| d pdwul{ 3 4 ydu+[4, fry+[4 > [5, = = fry+[4 > [q ,



Y@



E E E E C



F F F= F D



fry+[q > [4 , = = = ydu+[q, Wkhq li D lv d t  q pdwul{ ri frqvwdqwv/ wkh udqgrp yhfwru \ @ D[ kdv phdq D dqg fryduldqfh pdwul{ DY D3 1 Lq sduwlfxodu li t @ 4> wkh yduldqfh ri D[ lv DY D3 1



HD



L?|?Lt #t|hM|L?t



Ghqlwlrqv Vxssrvh d udqgrp yduldeoh [ fdq wdnh dq| uhdo qxpehu lq dq lqwhuydo1 Ri frxuvh wkh qxpehu wkdw zh uhfrug lv riwhq urxqghg wr vrph dssursuldwh qxpehu ri ghflpdo sodfhv/ vr zh grq*w dfwxdoo| revhuyh [ exw \ @ [ urxqghg wr wkh qhduhvw @5 xqlwv1 Vr/ iru h{dpsoh/ wkh suredelolw| wkdw zh uhfrug wkh qxpehu \ @ | lv wkh suredelolw| wkdw [ idoov lq wkh lqwhuydo |  @5 ? [  | . @51 Li I +{, lv wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri [ wklv suredelolw| lv S ^\ @ |` @ I +| . @5,  I +|  @5, 1 Vxssrvh qrz wkdw  lv yhu| vpdoo dqg wkdw wkh fxpxodwlyh glvwulexwlrq ixqfwlrq lv slhfhzlvh frqwlqxrxvo| glhuhqwldeoh zlwk d ghulydwlyh jlyhq lq dq lqwhuydo e| i +{, @ I 3 +{,=
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 4`1 Dq| lqwhuydo ri ohqjwk   ^3> 4` lv wr kdyh wkh vdph suredelolw|  uhjdugohvv ri zkhuh lw lv orfdwhg1 Wkhq wkh fxpxodwlyh glvwulexwlrq ixqfwlrq lv jlyhq e|



I +{, @



; ? =



3 {?3 { 3{?4 4 {4



Wkh suredelolw| ghqvlw| ixqfwlrq lv jlyhq e| wkh ghulydwlyh ri wkh U | f1g1i1 i +{, @ 4 i +{,g{ iru doo iru 3 ? { ? 4 dqg rwkhuzlvh i +{, @ 3 1 Qrwlfh wkdw I +|, @ 4 | dqg wkh suredelolw| ghqvlw| ixqfwlrq fdq eh xvhg wr ghwhuplqh suredelolwlhv dv iroorzv>



S ^d ? [ ? e` @ S ^d  [  e` @



] e



d



i +{,g{=



U



e Lq sduwlfxodu/ qrwlfh wkdw I +e, @ 4 i +{,g{ iru doo e1



H{dpsoh1



U



e I 3 +{,g{B Ohw I +{, eh wkh elqrpldo +q> 4@5, Lv lw dozd|v wuxh wkdw I +e, @ 4 fxpxodwlyh glvwulexwlrq ixqfwlrq1 Qrwlfh wkdw wkh ghulydwlyh I 3 +{, h{lvwv dqg lv frqwlqxrxv h{fhsw dw qlwho| pdq| srlqwv { @ 3> 4> 5> 6> 7 1 Lv lw wuxh wkdw Ue I +e, @ 4 I 3 +{,g{B



Ghqlwlrq +fxpxodwlyh glvwulexwlrq ixqfwlrq, Vxssrvh wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri d udqgrp yduldeoh I +{, lv vxfk wkdw lwv ghulydwlyh i +{, @ I 3 +{, h{lvwv h{fhsw dw qlwho| pdq| srlqwv1 Vxssrvh dovr wkdw



I +e, @



] e



4



i +{,g{



+914,



iru doo e 5 ?1 Wkhq wkh glvwulexwlrq lv fdoohg +devroxwho|, frqwlqxrxv dqg wkh ixqfwlrq i +{, lv fdoohg wkh suredelolw| ghqvlw| ixqfwlrq1
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H{dpsoh1 Lv lw uhdoo| qhfhvvdu| wr lpsrvh wkh dgglwlrqdo uhtxluhphqw +914, ru wklv mxvw d frqvhtxhqfh ri wkh ixqgdphqwdo wkhruhp ri fdofxoxvB Frqvlghu wkh fdvh I +{, @ 3> { ? 3> dqg I +{, @ 4> {  3= Wklv fxpxodwlyh glvwulexwlrq ixqfwlrq lv slhfhzlvh glhuhqwldeoh +wkh rqo| srlqw zkhuh wkh ghulydwlyh idlov wr h{lvw lv wkh srlqw { @ 3,= Exw lv wkh ixqfwlrq wkh lqwhjudo ri lwv ghulydwlyhB Iru d frqwlqxrxv glvwulexwlrq/ suredelolwlhv duh ghwhuplqhg e| lqwhjudwlqj wkh suredelolw| ghqvlw| ixqfwlrq1 Wkxv



S ^d ? [ ? e ` @



] e



d



i +{,g{



+915,



D suredelolw| ghqvlw| ixqfwlrq lv qrw xqltxh1 Iru h{dpsoh zh pd| fkdqjh i +{, dw qlwho| pdq| srlqwv dqg lw zloo vwloo vdwlvi| +5, deryh dqg doo suredelolwlhv/ ghwhuplqhg e| lqwhjudwlqj wkh ixqfwlrq/ uhpdlq xqfkdqjhg1 Zkhqhyhu srvvleoh zh zloo fkrrvh d frqwlqxrxv yhuvlrq ri d suredelolw| ghqvlw| ixqfwlrq/ exw dw d qlwh qxpehu ri glvfrqwlqxlw| srlqwv/ lw grhv qrw pdwwhu krz zh ghqh wkh ixqfwlrq1



Surshuwlhv ri d Suredelolw| Ghqvlw| Ixqfwlrq 41 i +{,  3 iru doo { 5 ?1 51



U4



4 i +{,g{ @ 41



Wkh Xqlirup Glvwulexwlrq1 Frqvlghu d udqgrp yduldeoh [ wkdw wdnhv ydoxhv zlwk d frqwlqxrxv xqlirup glvwulexwlrq rq wkh lqwhuydo ^d> e` 1 Wkhq wkh fxpxodwlyh glvwulexwlrq ixqfwlrq lv



I +{, @



; ?



3



{d = ed



4



{?d d{?e {e



dqg vr wkh suredelolw| ghqvlw| ixqfwlrq lv i +{, @ e4 d iru d ? { ? e dqg hovhzkhuh wkh suredelolw| ghqvlw| ixqfwlrq lv 31 Djdlq/ qrwlfh wkdw wkh ghqlwlrq ri i dw wkh srlqwv d dqg e grhv qrw pdwwhu1



H{dpsoh Ohw X kdyh d frqwlqxrxv xqlirup glvwulexwlrq rq wkh lqwhuydo ^3> 4`1 Ghqh wkh udqgrp yduldeoh [ @ oq+4@X ,1 Ilqg wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri [ dqg ghwhuplqh zkhwkhu lw lv devroxwho| frqwlqxrxv1 Li vr/ qg lwv suredelolw| ghqvlw| ixqfwlrq1
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H{shfwhg Ydoxhv iru Frqwlqxrxv Glvwulexwlrqv1 Vxssrvh zh zhuh wr dssur{lpdwh d frqwlqrxv udqgrp yduldeoh [ kdylqj sure0 delolw| ghqvlw| ixqfwlrq i +{, e| d d glvfuhwh udqgrp yduldeoh \ rewdlqhg e| urxqglqj [ wr wkh qhduhvw  xqlwv1 Wkhq wkh suredelolw| ixqfwlrq ri \ lv



S ^\ @ |` @ S ^|  @5  [  | . @5`  i +|, dqg lwv h{shfwhg ydoxh lv H +\ , @



[



|



|S ^|  @5 ? [  | . @5` 



[



|



|i +|,=



Qrwh wkdw dv wkh lqwhuydo ohqjwk  dssurdfkhv 3/ wklv vxp dssurdfkhv wkh lqwhjudo ]



{i +{,g{



dqg wkxv zh ghqh/ iru frqwlqxrxv udqgrp yduldeohv ] 4 H +[ , @ {i +{,g{ 4 dqg iru dq| ixqfwlrq rq wkh uhdo qxpehuv k+{,/ ] 4 k+{,i +{,g{= H ^k+[ ,` @ 4



H{dpsoh Ilqg wkh h{shfwhg ydoxh dqg wkh yduldqfh ri d udqgrp yduldeoh kdylqj suredelolw| ghqvlw| ixqfwlrq i +{, @ h{> { A 3=



Wkh H{srqhqwldo Glvwulexwlrq1 Frqvlghu d udqgrp yduldeoh [ kdylqj suredelolw| ghqvlw| ixqfwlrq



4 i +{, @ h{@> { A 3  Wkh fxpxodwlyh glvwulexwlrq ixqfwlrq lv jlyhq e| I +{, @ 4  h{@ dqg wkh prphqwv duh H +[ , @ > ydu+[ , @ 5 Vxfk d udqgrp yduldeoh lv fdoohg wkh h{srqhqwldo glvwulexwlrq dqg lw lv frp0 prqo| xvhg wr prgho olihwlphv ri vlpsoh frpsrqhqwv vxfk dv ixvhv/ wudqvlvwruv/ hwf wkdw duh qrw vxemhfw wr zhdu dqg whdu1
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H{dpsoh Li wkh olihwlph ri d wudqvlvwru lv h{srqhqwldoo| glvwulexwhg/ qg wkh suredelolw| wkdw lw zloo vxuylyh dw ohdvw w pruh prqwkv jlyhq wkdw lw kdv douhdg| vxuylyhg iru { prqwkv1 Frpsduh wklv zlwk wkh suredelolw| wkdw d qhz wudqvlvwru olyhv iru dw ohdvw w prqwkv1 Qrwh= wklv surshuw| lv fdoohg wkh phpru|ohvv surshuw| ri wkh h{srqhqwldo glv0 wulexwlrq1 D frpsrqhqw zlwk wklv glvwulexwlrq ri olhwlphv grhv qrw h{klelw dq| hylghqfh ri djlqj1



H{dpsoh Vkrz wkdw iru d xqlirup^d/e` udqgrp yduldeoh [> zh kdyh H +[ , @ d.5 e dqg 5 ydu+[ , @ +e45d, =



Jhqhudwlqj Udqgrp yduldeohv zlwk dq H{srqhqwldo Glvwulexwlrq1 Vxssrvh wkdw d frpsxwhu kdv d exlow0lq jhqhudwru iru wkh xqlirup^3/4` glvwul0 exwlrq + dv lv wkh fdvh iru qhduo| hyhu| kljkhu0ohyho frpsxwhu odqjxdjh,1 Krz frxog L xvh d Xqlirup udqgrp yduldeoh X wr jhqhudwh dq h{srqhqwldo udqgrp yduldeohB Ohw [ @  oq+4  X ,= Ilqg wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri [=



Wzr phwkrgv iru Frpsxwhu Jhqhudwlrq ri Udqgrp Yduldeohv1 E| idu wkh vlpsohvw dqg prvw frpprq phwkrg iru jhqhudwlqj qrq0xqlirup ydul0 dwhv lv edvhg rq wkh lqyhuvh fxpxodwlyh glvwulexwlrq ixqfwlrq1 Iru duelwudu| f1g1i1 I +{, / ghqh I 4+|, @ plq i{> I +{,  |j 1 Wklv ghqhv d svhxgr0lqyhuvh ixqfwlrq zklfk lv d uhdo lqyhuvh +l1h1 I +I 4+|,, @ I 4 +I +|,, @ | , rqo| lq wkh fdvh wkdw wkh f1g1i1 lv frqwlqxrxv dqg vwulfwo| lqfuhdvlqj1 Krzhyhu/ lq wkh jhqhudo fdvh ri d srvvleo| glvfrqwlqxrxv qrq0ghfuhdvlqj f1g1i1 wkh ixqfwlrq frqwlqxhv wr hqmr| vrph ri wkh surshuwlhv ri dq lqyhuvh1 Lq sduwlfxodu/ lq wkh jhqhudo fdvh/ Li I lv dq duelwudu| f1g1i1 dqg X lv xqlirup^3> 4` wkhq [ @ I 4 +X , kdv f1g1i1 I +{, 1



H{dpsoh= Jhqhudwlqj d glvfuhwh udqgrp yduldeoh Frqvlghu jhqhudwlqj/ xvlqj X d xqlirup^3> 4` udqgrp yduldeoh/ d udqgrp yduldeoh [ kdylqj wkh iroorzlqj suredelolw| ixqfwlrq= { 4 5 6 7 8 9 S^[@{` 314 316 315 314 314 315
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Iljxuh ;14=



H{dpsoh= Jhqhudwlqj d Jhrphwulf +s, udqgrp yduldeoh1 Lq wklv fdvh/ wkh f1g1i1 lv jlyhq e| I +{, @ 4  +4  s,^{` > {  3 zkhuh ^{` ghqrwhv wkh lqwhjhu sduw ri {1 Wkhq [ @ 4.^



orj+4  X , H ` ` ru 4 . ^ orj+4  s, orj+4  s,



zkhuh H lv h{srqhqwldo+4, jhqhudwhv d jhrphwulf udqgrp yduldeoh1 Frpsduh wkh hflhqf| ri wklv jhqhudwru zlwk rqh ghqhg e| [ @ plqiQ > XQ ? sj zkhuh X4 > X5> === duh lqghshqghqw xqlirup^3/4` udqgrp yduldeohv1 Wkh uhmhfwlrq phwkrg lv xvhixo li wkh ghqvlw| j lv frqvlghudeo| vlpsohu wkdq i erwk wr hydoxdwh dqg wr jhqhudwh glvwulexwlrqv iurp dqg li wkh frqvwdqw f lv forvh wr 41 Wkh qxpehu ri lwhudwlrqv wkurxjk wkh deryh orrs xqwlo d srlqw vdwlvhv wkh frqglwlrq kdv d jhrphwulf glvwulexwlrq zlwk sdudphwhu s @ 4@f dqg phdq f vr zkhq f lv odujh/ wkh uhmhfwlrq phwkrg lv qrw yhu| hhfwlyh1



Wkh Qrupdo glvwulexwlrq Qrupdo Dssur{lpdwlrq wr wkh Srlvvrq glvwulexwlrq Frqvlghu d udqgrp yduldeoh [ zklfk kdv wkh Srlvvrq glvwulexwlrq zlwk sd0 udphwhu  1 Uhfdoo wkdw H +[ , @  dqg ydu+[ , @  vr VG+[ , @ s1 Zh
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Iljxuh ;15= zlvk wr dssur{lpdwh wkh glvwulexwlrq ri wklv udqgrp yduldeoh iru odujh ydoxhv ri 1 Lq rughu wr suhyhqw wkh glvwulexwlrq iurp glvdsshdulqj r wr . 4/ frqvlghu wkh vwdqgdugl}hg udqgrp yduldeoh [ ]@ s =  { Wkhq S ^] @ } ` @ S ^[ @  . } s` @s{$ h zkhuh { @  . } s lv dq lqwhjhu1 Xvlqj Vwluolqj*v dssur{lpdwlrq {$  5{{{h{ dqg wdnlqj wkh olplw ri wklv dv  $ 4/ zh rewdlq 5 4 {  h  s h} @5 {$ 5 zkhuh wkh v|pero  lv wdnhq wr phdq wkdw wkh udwlr ri wkh ohiw wr wkh uljkw kdqg vlgh dssurdfkhv 41



Wkh vwdqgdug qrupdo glvwulexwlrq Frqvlghu d frqwlqxrxv udqgrp yduldeoh zlwk suredelolw| ghqvlw| ixqfwlrq 5 4 i +{, @ s h{ @5>  4 ? { ? 4 5 Vxfk d glvwulexwlrq zh fdoo wkh vwdqgdug qrupdo glvwulexwlrq ru wkh Q +3> 4, glvwulexwlrq1 Wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ] } s4 h{5@5g{ I +}, @ 4 5



6
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lv qrw rewdlqdeoh lq vlpsoh forvhg irup/ dqg uhtxluhv hlwkhu qxphulfdo dssur{l0 pdwlrq ru d wdeoh ri ydoxhv1 Wkh suredelolw| ghqvlw| ixqfwlrq i +{, lv v|pphwulf derxw 3 dqg dsshduv urxjko| dv iroorzv= 30
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Iljxuh ;16= Vwdqgdug Qrupdo Suredelolw| Ghqvlw| Ixqfwlrq



H{dpsoh1 Suryh wkdw wkh lqwhjudo ri wkh vwdqgdug qrupdo suredelolw| ghqvlw| ixqfwlrq lv 41 Wkh qrupdo fxpxodwlyh glvwulexwlrq ixqfwlrq lv dv jlyhq ehorz= Qrwh/ iru h{dpsoh wkdw I +{, @ 4  I +{, iru doo { dqg li ] kdv d vwdqgdug qrupdo glvwulexwlrq



S ^4 ? ] ? 4`  =9;



dqg



S ^5 ? ] ? 5`  = 4, qg S ^] 5  6=;7` 1 Wkh Jhqhudo Qrupdo Glvwulexwlrq1 Li zh lqwurgxfh d vkliw lq wkh orfdwlrq lq wkh judsk ri wkh qrupdo ghqvlw| dv zhoo dv d fkdqjh lq vfdoh/ wkhq wkh uhvxowlqj udqgrp yduldeoh lv ri wkh irup



[ @  . ]> ]  Q +3> 4, iru vrph frqvwdqwv



 4 ?  ? 4>  A 31



20
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Comparison of N(40,24) and Bin(100,.4) probs 0.09 0.08 0.07 0.06
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Iljxuh ;17=



H{dpsoh1 Vkrz wkdw wkh suredelolw| ghqvlw| ixqfwlrq ri [ lv 5 5 4 i +{> > , @ s h+{, @5 5



Li d udqgrp yduldeoh [ kdv wkh deryh qrupdo glvwulexwlrq/ zh zloo ghqrwh wklv e| [  Q +> 5, 1



Prphqwv Vkrz wkdw wkh ixqfwlrq i +{> > , lqwhjudwhv wr 4 dqg lv wkhuhiruh d suredelolw| ghqvlw| ixqfwlrq1 Ilqg wkh h{shfwhg ydoxh dqg yduldqfh ri d udqgrp yduldeoh kdylqj wkh suredelolw| ghqvlw| ixqfwlrq i +{> > ,1



Olqhdu Frpelqdwlrqv1 Vxssrvh [4  Q +4> 54, dqg [5  Q +5> 55 , duh lqghshqghqw udqgrp yduldeohv1 Wkhq [4 . [5  Q +4 . 5> 54 . 55 ,1 H{dpsoh1 Vxssrvh [l  Q +> 5 , duh lqghshqghqw udqgrp yduldeohv1 Zkdw lv wkh glvwulexwlrq ri wkh vdpsoh phdq



[q @



Sq



l@4 [l B



q
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Iljxuh ;18= Dvvxph  @ 4 dqg qg wkh suredelolw| S ^m[q  m A 3=4` iru ydulrxv ydoxhv ri q1 Zkdw kdsshqv wr wklv suredelolw| dv q $ 4B



Wkh Fhqwudo Olplw Wkhruhp Wkh pdmru uhdvrq wkdw wkh qrupdo glvwulexwlrq lv wkh vlqjoh prvw frpprqo| xvhg glvwlexwlrq lv wkh idfw wkdw lw whqgv wr dssur{lpdwh wkh glvwulexwlrq ri vxpv ri udqgrp yduldeohv1 Iru h{dpsoh/ li zh wkurz q glfh dqg Vq lv wkh vxp ri wkh rxwfrphv/ zkdw lv wkh glvwulexwlrq ri VqB= Wkh wdeohv ehorz surylgh wkh qxpehu ri zd|v lq zklfk d jlyhq ydoxh fdq eh rewdlqhg1 Wkh fruuhvsrqglqj surededelolw| lv rewdlqhg e| glylglqj e| 9q= q @ 4/ 44 54 64 74 84 94 5 6 7 8 9 : ; < 43 44 45 4 5 6 7 8 9 8 7 6 5 4



q @ 5> q@6



�



e 



D S



S �f



. �D



H 2�



b 2D



�f 2.



�� 2.



�2 2D



� 2�



�e �D



�D �f



�S S



�. 



9 : ; 1 1 1 q @ 7 74 87 43 53 68 1 1 1 Wkh glvwulexwlrqv vkrz d vlpsoh sdwwhuq1 Iru q @ 4/ wkh suredelolw| ixqfwlrq lv d frqvwdqw +sro|qrpldo ghjuhh 3,1 Iru q @ 5> wzr olqhdu ixqfwlrqv vsolfhg wrjhwkhu1 Iru q @ 6 d vsolqh frqvlvwlqj ri wkuhh txdgudwlf slhfhv +sro|qrpldov ri ghjuhh q4,= Lq jhqhudo wkh klvwrjudp iru Vq frqvlvwv ri q slhfhzlvh sro|qrpldov ri ghjuhh q  4 zklfk dssurdfk yhu| udslgo| wkh vkdsh ri wkh qrupdo suredelolw| ghqvlw| ixqfwlrq1



H{dpsoh Ohw [l @ 3 ru 4 zkhq wkh l3 wk wrvv ri dSeldvhg frlq lv Wdlov ru Khdgv uhvshf0 wlyho|1 Zkdw lv wkh glvwulexwlrq ri Vq @ ql@4 [l B Frqvlghu wkh vwdqgdugl}hg
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Iljxuh ;19=
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 3 ? s ? 4/ Vwluolqj*v dssur{lpdwlrq lpsolhv wkdw s q.4@5 q   4 5q h q s =   { .4 @ 5 q { .4 @ 5  { 5{ +q  {, 5qs+4  s,+ q{ ,{ +4  q{ ,q{   Dovr xvlqj wkh vhulhv h{sdqvlrq oq+4 . {, @ {  45 {5 . R {6 / sxwwlqj  @ t s+4s, > dqg qrwlqj  $ 3 dv q $ 4> q



oqi



 s,q{ j @ { oq+ s , . +q  {, oq+ 4  s , s . } 4  s  }  q{ ,q{ } } @ { oq+4 . ,  +q  {, oq+4  , s 4s



s{ +4 { + q ,{ +4



@ @



q+s . }, oq+4 . }s ,  q+4  s  }, oq+4  4 }  s, q+s . },i+ }s ,  45 + }s ,5 . R+ }s ,6j



4 } 5 } 6 , + , . R+ ,j q+4  s  },i+ 4 } 4s s 5 4s



5 5



5 5



5 5



5 5



qi} . } s  45 } s  } . 4}  s  45 4}  s . R+6,j 4 q q @  }55+ . , . R+q4@5, 5 s 4s @



@



5



 }5 . R+q4@5,



Wkhuhiruh/  



q { s +4  s,q{ S ^Vq @ {` @ S ^Vq @ }` @ {   { q{  q{ + q{ ,{+4  q{ ,q{ + {s,{+4+4s,{ ,q{ q q 4 4 }5@5 s h =  s qs+4  s, 5 Wklv lv wkh vwdqgdug qrupdo suredelolw| ghqvlw| ixqfwlrq pxowlsolhg e| wkh glvwdqfh ehwzhhq frqvhfxwlyh ydoxhv ri Vq 1 Lq rwkhu zrugv/ wklv uhvxow vd|v wkdw
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wkh duhd xqghu wkh surededelolw| klvwrjudp iru Vq iru wkh edu durxqg wkh srlqw } fdq eh dssur{lpdwhg e| wkh duhd xqghu wkh qrupdo fxuyh ehwzhhq wkh vdph wzr srlqwv +} 5sqs4+4s, ,=



Wkhruhp1 Ohw [l > l @ 4> = = = q eh lqghshqghqw udqgrp yduldeohv doo zlwk wkh vdph glvwul0 exwlrq/ dqg zlwk phdq  dqg yduldqfh 5 1 Wkhq wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri



V @ q



Sq



sq q



l@4 [l



frqyhujhv wr wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri d vwdqgdug qrupdo udqgrp yduldeoh1 Wkh surri ri wklv uhvxow zh zloo ghihu diwhu wkh glvfxvvlrq ri prphqw jhqhu0 dwlqj ixqfwlrqv1 Frqvlghu/ iru h{dpsoh/ wkh fdvh zkhuh S wkh [l duh lqgshqghqw hdfk zlwk d Ehuqrxool +s, glvwulexwlrq1 Wkhq wkh vxp ql@4 [l kdv d elqrpldo glvwulexwlrq zlwk sdudphwhuv q> s dqg wkh deryh wkhruhp dvvhuwv wkdw li zh vxewudfw wkh phdq dqg zh glylgh e| wkh vwdqgdug ghyldwlrq ri d elqrpldo udqgrp yduldeoh/ wkhq wkh uhvxow lv dssur{lpdwho| vwdqgdug qrupdo1 Lq rwkhu zrugv/ iru odujh ydoxhv ri q d elqrpldo udqgrp yduldeoh lv dssur{lpdwho| qrupdo +qs> qs+4  s,,1 Wr yhulli| wklv idfw/ zh sorw erwk wkh elqrpldo+433> 3=7, klvwrjudp dv zhoo dv wkh qrupdo suredelolw| ghqvlw| ixqfwlrq ehorz1



H{dpsoh1 Xvh wkh fhqwudo olplw wkhruhp dqg wkh qrupdo dssur{lpdwlrq wr d suredelolw| klvwurjudp wr hvwlpdwh wkh suredelolw| wkdw wkh vxp ri wkh qxpehuv rq 9 glfh lv 531 Zkdw lv wkh h{dfw suredelolw|B



Wkh Glvwulexwlrq ri d Ixqfwlrq ri d Udqgrp Yduldeoh1 Zh kdyh vhhq wkdw li [ kdv d qrupdo glvwulexwlrq/ wkhq d olqhdu ixqfwlrq ri [> vd| d[ . e dovr kdv d qrupdo glvwulexwlrq1 Wkh sdudphwhuv duh hdvlo| ghwhuplqhg vlqfh H +d[ . e, @ dH +[ , . e dqg ydu+d[ . e, @ d5ydu+[ ,=



Lv wklv wuxh ri duelwudu| ixqfwlrqv dqg jhqhudo glvwulexwlrqvB Iru h{dpsoh lv [ 5 qrupdoo| glvwulexwhgB Wkh dqvzhu lq jhqhudo lv QR1 Iru h{dpsoh/ wkh glvwulexwlrq ri [ 5 pxvw eh frqfhqwudwhg hqwluho| rq wkh srvlwlyh ydoxhv ri {> zkhuhdv wkh qrupdo glvwulexwlrqv duh doo vxssruwhg rq wkh zkroh uhdo olqh +l1h1 wkh suredelolw| ghqvlw| ixqfwlrsq i +{, A 3> doo { 5 U= Lq jhqhudo/ wkh vdihvw phwkrg iru qglqj wkh glvwulexwlrq ri wkh ixqfwlrq ri d udqgrp yduldeoh lq wkh frqwlqxrxv fdvh lv wr uvw qg wkh fxpxodwlyh glvwulexwlrq ri wkh ixqfwlrq dqg wkhq glhuhqwldwh wr rewdlq wkh suredelolw| ghqvlw| ixqfwlrq1
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Comparison of N(40,24) and Bin(100,.4) probs 0.09 0.08 0.07 0.06
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Iljxuh ;1;=



H{dpsoh1



Ilqg wkh suredelolw| ghqvlw| ixqfwlrq ri [ @ ] 5 zkhuh ] kdv d vwdqgdug qrupdo glvwulexwlrq1



Wkhruhp Vxssrvh d frqwlqxrxv udqgrp yduldeoh [ kdv suredelolw| ghqvlw| ixqfwlrq i[ +{,= Vkrz wkdw wkh suredelolw| ghqvlw| ixqfwlrq ri \ @ k+[ , zkhuh k+=, lv d frqwlqxrxv prqrwrqh lqfuhdvlqj ixqfwlrq zlwk lqyhuvh ixqfwlrq k4+|, lv



g i\ +|, @ i[ +k4+|,, k4+|, g|



Prphqw Jhqhudwlqj Ixqfwlrqv Frqvlghu d udqgrp yduldeoh [= Zh kdyh vhhq vhyhudo zd|v ri ghvfulelqj lwv glv0



wulexwlrq/ xvlqj hlwkhu d fxpxodwlyh glvwulexwlrq ixqfwlrq/ d suredelolw| ghqvlw| ixqfwlrq +frqwlqxrxv fdvh, ru suredelolow| ixqfwlrq ru d suredelolw| klvwrjudp ru wdeoh +glvfuhwh fdvh,1 Zh pd| dovr xvh vrph wudqvirup ri wkh suredelolw| ghqvlw| ru suredelolw| ixqfwlrq1 Iru h{dpsoh/ frqvlghu wkh ixqfwlrq ghqhg e| P[ +w, @ Hhw[ ghqhg iru doo ydoxhv ri w vxfk wkdw wklv h{shfwdwlrqv h{lvwv dqg lv qlwh1 Wklv ixqfwlrq lv fdoohg wkh prphqw jhqhudwlqj ixqfwlrq ri wkh +glvwulexwlrq ri wkh,
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udqgrp yduldeoh [= Lw lv d srzhuixo wrro iru ghwhplqlqj wkh glvwulexwlrq ri vxpv ri lqghshqghqw udqgrp yduldeohv dqg iruSsurylqj wkh fhqwudo olplw wkhruhp1 Lq wkh glvfuhwh fdvh zh fdq zulwh P[ +w, @ { h{w S ^[ @ {` dqg lq wkh frqwlqxrxv U4 fdvh P[ +w, @ 4 h{w i +{,g{=



Surshuwlhv ri wkh Prphqw Jhqhudwlqj Ixqfwlrq Iru wkhvh surshuwlhv zh dvvxph wkdw wkh prphqw jhqhudwlqj ixqfwlrq h{lvwv dw ohdvw lq vrph qhljkerxukrrg ri wkh ydoxh w @ 3> vd| iru Y duhsvlorq ? w ? Y duhsvlorq iru vrph Y duhsvlorq A 3= Zh dovr dv0 vxph wkdw gwg H ^[ qhw[ j @ H ^ gwg [ qhw[ ` iru hdfk ydoxh ri q @ 3> 4> 5> iru Y duhsvlorq ? w ? Y duhsvlorq= Wkh delolw| wr glhuhqwldwh xqghu dq lqwhjudo ru lqqlwh vxp lv mxvwlhg xqghu jhqhudo frqglwlrqv lqyroylqj wkh udwh dw zklfk wkh lqwhjudo ru vhulhv frqyhujhv1 41 P 3 +3, @ H +[ , 51 P +q, +3, @ H +[ q,> q @ 4> 5> === 61 D prphqw jhqhudwlqj ixqfwlrq xqltxho| ghwhuplqhv d glvwulexwlrq1 Lq rwkhu zrugv li P[ +w, @ P\ +w, iru doo Y duhsvlorq ? w ? Y duhsvlorq> wkhq [ dqg \ kdyh wkh vdph glvwulexwlrq1 71 Pd[ .e+w, @ hew P[ +dw, iru frqvwdqwv d> e1 81 Li [ dqg \ duh lqghshqghqw udqgrp yduldeohv/ P[ .\ +w, @ P[ +w,P\ +w,=



H{dpsoh Ohw [ kdyh d Elqrpldo +q> s, glvwulexwlrq1 Wkhq wkh prphqw jhqhudwlqj ixqfwlrq ri [ lv P[ +w, @ +shw . 4  s,q=



H{dpsoh Ohw [ kdyh d Srlvvrq+, glvwulexwlrq1 Wkhq wkh prphqw jhqhudwlqj ixqfwlrq ri [ lv P[ +w, @ h{si+hw  4,j=



H{dpsoh Ohw [ kdyh dq h{srqhqwldo glvwulexwlrq zlwk phdq 1 jhqhudwlqj ixqfwlrq ri [ lv P[ +w, @



4 iru w ? 4@= 4  w



Wkhq wkh prphqw
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H{dpsoh Ohw [ kdyh d Qrupdo +> 5, glvwulexwlrq1 Wkhq wkh prphqw jhqhudwlqj ixqfwlrq ri [ lv P[ +w, @ h{siw . 5w5 @5j= Xvh wklv wr vkrz wkdw wkh vxp ri lqghshqghqw qrupdo udqgrp yduldeohv lv dovr qrupdoo| glvwulexwhg1 Prphqw jhqhudwlqj ixqfwlrqv duh xvhixo iru vkrzlqj wkdw d vhtxhqfh ri fx0 pxodwlyh glvwulexwlrq ixqfwlrqv frqyhujh ehfdxvh ri wkh iroorzlqj uhvxow/ vwdwhg zlwkrxw surri1 Wkh uhvxow lpsolhv wkdw frqyhujhqfh ri wkh prphqw jhqhudw0 lqj ixqfwlrqv fdq eh xvhg wr vkrz frqyhujhqfh ri wkh fxpxodwlyh glvwulexwlrq ixqfwlrqv + l1h1 frqyhujhqfh ri wkh glvwulexwlrqv,1



Wkhruhp Vxssrvh ]q v d vhtxhqfh ri udqgrp yduldeohv zlwk prphqw jhqhudwlqj ixqfwlrqv Pq+w,= Ohw ] eh d udqgrp yduldeoh ] kdylqj prphqw jhqhudwlqj ixqfwlrq P +w,= Li Pq+w, $ P +w, iru doo w lq d qhljkerxukrrg ri 3> wkhq S ^] q  } ` $ S ^]  } ` dv q $ 4 iru doo ydoxhv ri } dw zklfk wkh ixqfwlrq I] +} , lv frqwlqxrxv1 Surri ri wkh Fhqwudo Olplw Wkhruhp Zh qrz xvh wkh surshuwlhv ri wkh prphqw jhqhudwlqj ixqfwlrq wr suryh wkh fhqwudo wkhruhp> l1h1 wkdw wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri Vq @ S ql@4 [l olplw q sq frqyhujhv wr wkh f1g1i1 ri wkh vwdqgdug qrupdo glvwulexwlrq dv q $ 4= Qrwh wkdw Vq @ s4q [l zkhuh [l @ +[l  ,@ dqg vr lw lv vxflhqw wr suryh wklv uhvxow iru vwdqgdugl}hg udqgrp yduldeohv zlwk phdq 3 dqg yduldqfh 41 Lq wklv fdvh/ e| wkh deryh wkhruhp/ lw lv vxflhqw wr vkrz wkdw wkh prphqw jhqhudwlqj ixqfwlrq ri Vq frqyhujhv wr wkh prphqw jhqhudwlqj ixqfwlrq ri wkh 5 vwdqgdug qrupdo/ l11h wr p+w, @ hw @5= Qrz ohw Oq+w, eh wkh orjdulwkp ri wkh prphqw jhqhudwlqj ixqfwlrq



Oq+w, @ oq^Pq +w,` @ oq^HhVqw ` 



dqg Qrwh wkdw dqg wkdw



 O+w, @ oq^P +w,` @ oq^Hh[ w `



s



Oq+w, @ qO+w@ q,
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41 O+3, @ 3 51 O3+3, @ 3 61 O33+3, @ 4 Wkhq olp O +w, q$4 q



s 4 @ qolp $4 O+w@ q,@+q , O3 +w@sq,q6@5w e| O*Krvslwdo*v uxoh @ qolp $4 5q5 s 3 O +w@ q,w @ qolp $4 5q4@5 s 33 O +w@ q,q6@5w5  @ qolp e| O*Krvslwdo*v uxoh $4 5q6@5 sq, w5 33 O + w@ @ qolp $4 5 5



@ w5 Lw iroorzv rq h{srqhqwldwlqj wkdw Pq+w, frqyhujhv wr hw5@5 zklfk lv wkh Q +3> 4, prphqw jhqhudwlqj ixqfwlrq dqg wkhuhiruh wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri Vq frqyhujhv wr wkh qrupdo fxpxodwlyh glvwulexwlrq ixqfwlrq srlqw0 zlvh +vlqfh wkh odwwhu f1g1i1 lv frqwlqxrxv hyhu|zkhuh,1 HS



5|LU@t|U hLUittit



D Vwrfkdvwlf surfhvv lv dq lqgh{hg idplo| ri udqgrp yduldeohv [w iru w udqjlqj ryhu vrph lqgh{ vhw W vxfk dv wkh lqwhjhuv ru dq lqwhuydo ri wkh uhdo olqh1 Iru h{dpsoh d vhtxhqfh ri lqghshqghqw udqgrp yduldeohv lv d vwrfkdvwlf surfhvv/ dv lv d Pdunry fkdlq1 Iru dq h{dpsoh ri d frqwlqxrxv wlph vwrfkdvwlf surfhvv/ ghqh [w wr eh wkh sulfh ri d vwrfn dw wlph w +dvvxplqj wudglqj rffxuv frqwlqrxvo| ryhu wlph,1 Pdunry Fkdlqv



Frqvlghu d vhtxhqfh ri +glvfuhwh, udqgrp yduldeohv [4> [5> = = = hdfk ri zklfk wdnhv lqwhjhu ydoxhv 4> 5> = = = Q +fdoohg vwdwhv ,1 Zh dvvxph wkdw iru d fhuwdlq pdwul{ S +fdoohg wkh wudqvlwlrq suredelolw| pdwul{ ,/ wkh frqglwlrqdo suredelolwlhv duh jlyhq e| fruuhvsrqglqj hohphqwv ri wkh pdwul{> l1h1 S ^[q.4 @ m m[q @ l` @ Slm > l @ 4> = = = Q> m @ 4> = = = Q
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dqg ixuwkhupruh wkdw wkh fkdlq rqo| fduhv derxw wkh odvw vwdwh rffxslhg lq ghwhuplqlqj lwv ixwxuh> l1h1 wkdw S ^[q.4 @ m m[q @ l> [q4 @ l4 > [q5 @ l5===[qo @ lo ` @ S ^[q.4 @ m m[q @ l` @ Slm iru doo m> l> l4> l5> = = = 1 Wkhq wkh vhtxhqfh ri udqgrp yduldeohv [q lv fdoohg d Pdunry Fkdlq1 Pdunry Fkdlq prghov duh wkh prvw frpprq vlpsoh prghov iru ghshqghqw yduldeohv/ lqfoxglqj zhdwkhu +suhflslwdwlrq/ whpshudwxuh,/ pryh0 phqwv ri vhfxulw| sulfhv hwf1 Surshuwlhv ri wkh Wudqvlwlrq Pdwul{ S Qrwh wkdw Slm  3 iru doo l> m dqg Sm Slm @ 4 iru doo l= Wklv odvw surshuw| lpsolhv wkdw wkh Q  Q pdwul{ S  L +zkhuh L lv wkh lghqwlw| pdwul{, kdv udqn dw prvw Q  4 ehfdxvh wkh vxp ri wkh Q froxpqv ri S  L lv lghqwlfdoo|



31



H{dpsoh1 Udlq0Qr udlq



Vxssrvh wkdw wkh suredelolw| wkdw wrpruurz lv udlq| jlyhq wkdw wrgd| lv qrw lv  dqg wkh suredelolw| wkdw wrpruurz lv gu| jlyhq wkdw wrgd| lv udlq| lv = H{dpsoh1 Jdpeohu*v Uxlq



D jdpeohu dw hdfk sod| ri d jdph hlwkhu zlqv '4 ru orvhv '4 lwk suredelolwlhv s> 40s uhvshfwlyho|1 Wkh jdpeohu txlwv sod|lqj zkhq klv iruwxqh uhdfkhv hlwkhu 3 ru P= Wkhq wkh wrwdo iruwxqh ri wkh jdpeohu dw wlph w iroorzv d Pdunry fkdlq1 Zkdw lv wkh wudqvlwlrq suredelolw| pdwul{B Wkh glvwulexwlrq ri [w



Vkrz wkdw li wkh fkdlq lv vwduwhg e| udqgrpo| fkrrvlqj d vwdwh iru [3 zlwk glvwulexwlrq 3S ^[3 @ l` @ tl> l @ 4> 5> = = = Q / wkhq wkh glvwulexwlrq ri [4 lv wkh yhfwru t S zkhuh t lv wkh froxpq yhfwru ri ydoxhv tl1 Vlploduo| wkh glvwulexwlrq ri [w lv wkh yhfwru t3 S w zkhuh S w lv wkh surgxfw ri wkh pdwul{ S zlwk lwvhoi w wlphv1 Xqghu yhu| jhqhudo frqglwlrqv/ lw fdq eh vkrzq wkdw wkhvh suredelolwlhv frqyhujh dqg lq pdq| vxfk fdvhv/ wkh olplw grhv qrw ghshqg rq wkh lqlwldo glvwulexwlrq t= Ghqlwlrq



D olplwlqj glvwulexwlrq ri d Pdunry fkdlq lv d yhfwru + vd|, ri orqj uxq sure0 delolwlhv ri wkh lqglylgxdo vwdwhv vr l @ olpw$4S ^[w @ l`=
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Ghqlwlrq



D vwdwlrqdu| glvwulexwlrq ri d Pdunry fkdlq lv wkh froxpq yhfwru + vd|, ri suredelolwlhv ri wkh lqglylgxdo vwdwhv vxfk wkdw 3 S @  3 1 Wkhruhp



Dq| olplwlqj glvwulexwlrq ri d Pdunry Fkdlq pxvw eh d vwdwlrqdu| glvwulexwlrq1 hLLu Qrwh wkdw 3 @ olpq$4 t3S q @ olpq$4+t3S q,S @ +olpq$4 t3S q,S @ 3S= H{dpsoh



Frqvlghu d Pdunry fkdlq zlwk wudqvlwlrq suredelolw| pdwul{   S @ == S45,= H{dpsoh= Elqdu| lqirupdwlrq= Vxssrvh wkdw [4> [5> = = = lv d vhtxhqfh ri elqdu| lqirupdwlrq +Ehuqrxool udqgrp



yduldeohv, wdnlqj ydoxhv hlwkhu 3 ru 41 Vxssrvh wkdw wkh suredelolw| wkdw d 3 lv iroorzhg e| d 4 lv s dqg wkh suredelolw| wkdw d 4 lv iroorzhg e| d 3 lv jlyhq e| t zkhuh 3 ? s> t ? 41 Ilqg wkh wudqvlwlrq pdwul{ iru wkh Pdunry fkdlq dqg wkh orqj uxq sursruwlrq ri }hurv lq wkh vhtxhqfh1 Zkhq lv wkh olplwlqj glvwulexwlrq ri d Pdunry fkdlq xqltxh dqg lqghshqghqw ri wkh lqlwldo vwdwh ri wkh fkdlqB Ghqlwlrq= luuhgxfleoh/ dshulrglf



Zh vd| wkdw d Pdunry fkdlq lv luuhgxfleoh li hyhu| vwdwh fdq eh uhdfkhg iurp hyhu| rwkhu vwdwh1 Lq rwkhu zrugv iru hyhu| sdlu l> m wkhuh lv+Qvrph p vxfk wkdw p A 31 Zh vd| wkdw wkh fkdlq lv dshulrglf li jfgiQ > S , A 3j @ 41 Iru Sl>m ll d shulrglf fkdlq +l1h1 rqh zlwk shulrgA4, uhwxuqv wr d vwdwh fdq rffxu rqo| dw pxowlsohv ri wkh shulrg jfgiQ > Sll+Q , A 3j= Wkhruhp



Li d Pdunry fkdlq lv luuhgxfleoh dqg dshulrglf/ wkhq wkhuh h{lvwv d xqltxh olplwlqj glvwulexwlrq 1 Lq wklv fdvh S q $ 3 4 wkh pdwul{ zkrvh urzv duh doo lghqwlfdoo|  3 dv q $ 4=
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Jhqhudwlqj Ixqfwlrqv1 Ghqlwlrq= Jhqhudwlqj ixqfwlrq Ohw d3> d4> d5> = = = eh d qlwh ru lqqlwh vhtxhqfh ri uhdo qxpehuv1



srzhu vhulhv



D+w, @



4 [ l@3



Vxssrvh wkh



d l wl



frqyhujhv iru doo   ? w ?  iru vrph ydoxh ri  A 31 Wkhq zh vd| wkdw wkh vhtxhqfh kdv d jhqhudwlqj ixqfwlrq D+w,1 Qrwh1 Hyhu| erxqghg vhthqfh kdv d jhqhudwlqj ixqfwlrq vlqfh wkh vhulhv S4 l l@3 w frqyhujhv zkhqhyhu mwm ? 41 Wkxv/ glvfuhwh suredelolw| ixqfwlrqv kdyh jhqhudwlqj ixqfwlrqv1 Wkh jhqhudwlqj ixqfwlrq ri d udqgrp yduldeoh [ ru lwv dvvrfldwhg suredelolw| ixqfwlrq i[ +{, @ S ^[ @ {` lv jlyhq e| [ I[ +w, @ i[ +{,w{ @ H +w[ ,= {



Qrwh wkdw li wkh udqgrp yduldeoh kdv qlwh h{shfwhg ydoxh/ wkhq wklv frqyhujhv rq wkh lqwhuydo w 5 ^4> 4`1 Wkh mr| ri jhqhudwlqj ixqfwlrqv lv wkdw wkh| surylgh d wudqvirup ri wkh ruljlqdo glvwulexwlrq wr d vsdfh zkhuh pdq| rshudwlrqv duh pdgh pxfk hdvlhu1 Zh zloo jlyh h{dpsohv ri wklv odwhu1 Wkh prvw lpsruwdqw vlqjoh surshuw| lv wkdw wkh| duh lq rqh0rqh fruuhvsrqghqfh zlwk glvwulexwlrqv vxfk wkdw wkh vhulhv frqyhujhv> iru hdfk glvwulexwlrq wkhuh lv d xqltxh jhqhudwlqj ixqfwlrq dqg iru hdfk jhqhudwlqj ixqfwlrq wkhuh lv d xqltxh glvwulexwlrq1 Dv d frqvhtxhqfh ri wklv uhsuhvhqwdwlrq dqg wkh iroorzlqj wkhruhp zh fdq xvh jhqhudwlqj ixqfwlrqv wr ghwhuplqh glvwulexwlrqv wkdw zrxog rwkhuzlvh eh glfxow wr lghqwli|1 Wkhruhp



Vxssrvh d udqgrp yduldeoh [ kdv jhqhudwlqj ixqfwlrq I[ +w, dqg \ kdv jhqhudwlqj ixqfwlrq I\ +w,= Vxssrvh wkdw [ dqg \ duh lqghshqghqw1 Wkhq wkh jhqhudwlqj ixqfwlrq ri wkh udqgrp yduldeoh Z @ [ .\ lv IZ +w, @ I[ +w,I\ +w,1 H{dpsoh



Ilqg wkh glvwulexwlrqv wkdw fruuhvsrqgv wr wkh iroorzlqj jhqhudwlqj ixqfwlrqv= +d, I +w, @ 6w5w +e, I +w, @ h+w4, H{dpsoh



Ilqg wkh jhqhudwlqj ixqfwlrq ri wkh Elqrpldo +q> s, glvwulexwlrq1 Vxssrvh [4 dqg [5 duh lqghshqghqw udqgrp yduldeohv/ erwk zlwk wklv elqrpldo glvwulexwlrq1
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Ilqg wkh glvwulexwlrq ri Z @ [4 . [51 Qrwlfh wkdw zkhqhyhu d Prphqw jhqhudwlqj wixqfwlrq h{lvwv/ zh fdq uhfryhu wkh jhqhudwlqj ixqfwlrq iurp lw e| uhsodflqj h e| w= H{dpsoh1



Rqh ri vl{ ghhuhqw ydulhwlhv ri frxsrqv lv sodfhg lq hdfk er{ ri fhuhdo1 Ilqg wkh glvwulexwlrq ri wkh qxpehu ri fhuhdo er{hv |rx qhhg wr ex| wr rewdlq doo vl{ frxsrqv1 +Dqvzhu= wkh +suredelolw|, jhqhudwlqj ixqfwlrq ri wkh qxpehu lv 8$w9 +9  w,+9  5w,+9  6w,+9  7w,+9  8w, 58 w: . 4:8 w; . ;:8 w< . 448;8 w43 . ;:8 w44 . R w45  @ 6578 w9 . 97; 5 el` +vr Ll _ Lm @ !> l 9@ m,/ wkh qxpehu ri duulydov lq wkhvh lqwhuydov \l @ Qe  Qd duh pxwxdoo| lqghshqghqw udqgrp yduldeohv1 l



l



Wkhruhp1



Xqghu wkh deryh frqglwlrqv/ +d,0+f,/ wkh glvwulexwlrq ri wkh surfhvv Qw> w 5 W lv wkdw ri d Srlvvrq surfhvv1 Wklv phdqv wkdw wkh qxpehu ri duulydov Qe  Qd lq dq lqwhuydo +d> e` kdv d Srlvvrq glvwulexwlrq zlwk sdudphwhu +e  d, @ wkh ohqjwk ri wkh lqwhuydo/ dqg wkh qxpehu ri duulydov lq glvmrlqw wlph lqwhuydov duh lqghshqghqw udqgrp yduldeohv1 Wkh sdudphwhu  vshflhv wkh udwh ri wkh Srlvvrq surfhvv1 H{dpsoh1



41 +d, +d, Vkrz wkdw li Q +w, lv d Srlvvrq surfhvv dqg W4> W5> ==== duh wkh wlphv ri wkh uvw hyhqw/ dqg wkh wlph ehwzhhq wkh uvw dqg vhfrqg hyhqwv/ hwf1 wkhq W4> W5> === duh lqghshqghqw udqgrp yduldeohv/ hdfk zlwk dq h{srqhqwldo glvwulexwlrq zlwk h{shfwhg ydoxh 4@=
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55
 W5> === Wq duh lqghshqghqw udqgrp yduldeohv hdfk zlwk dq h{srqhqwldo +4, glvwulexwlrq/ wkhq wkh vxp Sql@4 Wl kdv d +jdppd, suredelolw| ghqvlw| ixqfwlrq i +{, @



4



+q  4,$ {



q4 h{ > { A 3=



H{dpsoh1



Vxssrvh hphujhqf| fdoov wr Wkh qxpehu ri srlqwv lq d jlyhq vhw V kdv d Srlvvrq glvwulexwlrq zlwk sdudphwhu   mV m zkhuh mV m lv wkh duhd ru yroxph ri wkh vhw/ dqg li \4> \5> === duh wkh qxpehu ri srlqwv rffxuulqj lq glvmrlqw vhwv V4> V5> = = = / wkh| duh pxwxdoo| lqghshqghqw udqgrp yduldeohv1 H{dpsoh



Edfwhuld duh lpphuvhg lq frqwdplqdwhg zdwhu dw d udwh ri  shu qdqrolwuh +qrwh= lv wkh suredelolw| wkdw wkhuh duh qr edfwhuld 4 qdqrolwuh @ 43< olwuhv,1 Zkdw lq d vdpsoh ri 4 po1 li  @ 436B Zkdw lv wkh suredelolw| ri pruh wkdq 4533 edfwhuld lq 4 po li  @ 436B H. H.�



L?_|L?@* , TiU|@|L? @?_ �@h|?}@*it L?_|L?@* , TiU|@|L?



Wkhruhp1



Ohw J  I eh vljpd0dojheudv dqg [ d udqgrp yduldeoh rq + > I > S , 1 Dvvxph H +[ 5, ? 4 1 Wkhq wkhuh h{lvwv dq doprvw vxuho| xqltxh J 0phdvxudeoh \ vxfk wkdw H ^+[  \ ,5` @ lqi] H +[  ] ,5 +9=4, zkhuh wkh lqpxp lv ryhu doo J0phdvxudeoh udqgrp yduldeohv1 Qrwh1 Zh ghqrwh wkh plqlpl}lqj \ e| H+[ mJ,1 Iru wzr vxfk plqlpl}lqj \4> \5 / l1h1 udqgrp yduldeohv \ zklfk vdwlvi| +914,/ zh kdyh S ^\4 @ \5` @ 4 1 Wklv lpsolhv wkdw frqglwlrqdo h{shfwdwlrq lv doprvw vxuho| xqltxh1
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H{dpsoh1



Vxssrvh J @ i*> j 1 Zkdw lv H +[ mJ,B H{dpsoh1



Vxssrvh J @ i*> D> Df> j iru vrph hyhqw D1 Zkdw lv H+[ mJ,B Frqvlghu wkh vshfldo fdvh= [ @ LE 1 H{dpsoh1



Vxssrvh @ +3> 4` dqg wkh ixqfwlrq [ +$, lv Eruho phdvxudeoh1 Dvvxph wkdw J lv jhqhudwhg e| wkh lqwhuydov + mq4 > qm ` iru m @ 4> 5> ====> q1 Zkdw lv H +[ mJ ,B Surshuwlhv ri Frqglwlrqdo H{shfwdwlrq1 +d, Li d udqgrp yduldeoh [ lv J 0phdvxudeoh/ H+[ mJ,



@ [1 lqghshqghqw ri d vljpd0dojheud J / wkhq



+e, Li d udqgrp yduldeoh [ H +[ mJ , @ H +[ , 1 +f, Iru dq| vtxduh lqwhjudeoh J0phdvxudeoh ] / H+][ , @ H^]H+[ mJ,`1 +g, +vshfldo fdvh ri +f,,= UD [gS @ UD H+[ mJ`gS iru doo D 5 J 1 +h, H+[ , @ H^H+[ mJ,` 1 +i, Li d J 0phdvxudeoh udqgrp yduldeoh ] vdwlvhv H^+[  ] ,\ ` @ 3 iru doo rwkhu J 0phdvxudeoh udqgrp yduldeohv \ / wkhq ] @ H+[ mJ,1 +j, Li \4> \5 5duh glvwlqfw Jphdvxudeoh udqgrp yduldeohv erwk plqlpl}lqj H +[  \ , / wkhq S +\4 @ \5 , @ 41 +k, Dgglwlyh H+[ . \ mJ, @ H+[ mJ , . H+\ mJ,1 Olqhdulw| H +f[ . gmJ , @ fH +[ mJ , . g1 +l, Li ] lv Jphdvxudeoh/ H +][ mJ, @ ]H+[ mJ, d1v1 +m, Li K  J duh vljpd0dojheudv/ H^H+[ mJ,mK` @ H+[ mK, 1 +n, Li [  \ / H+[ mJ,  H+\ mJ, d1v1 +o, Frqglwlrqdo Ohehvjxh Grplqdwhg Frqyhujhqfh1 Li [q $ [ d1v1 dqg m[qm  \ iru vrph lqwhjudeoh udqgrp yduldeoh \ / wkhq H +[qmJ , $ H +[ mJ , lq glvwulexwlrq Qrwhv1 Lq jhqhudo/ zh ghqh H +[ m] , @ H +[ m+] ,, dqg frqglwlrqdo yduldqfh ydu+[ mJ , @ Hi+[  H+[ mJ ,,5mJj1 Iru uhvxowv frqqhfwhg zlwk surshuw| +o, deryh surylglqj frqglwlrqv xqghu zklfk wkh frqglwlrqdo h{shfwdwlrqv frqyhujh/ vhh Frqyhujhqfh lq glvwulexwlrq ri frqglwlrqdo h{0 shfwdwlrqv/ +4 v> w 5 W / H+[wmIv, @ [v d1v1



H{dpsoh1 Vxssrvh ]w duh lqghshqghqw udqgrp yduldeohv zlwk Iw @ +]4> ]5> = = = ]w , dqg Vw @ Swl@4 ]l 1 Wkhq



lv d pduwlqjdoh1



h{shfwdwlrq 31 Ghqh i+Vw > Iw ,> w @ 4> 5> ====j



H{dpsoh1 Ohw [ eh



dq| lqwhjudeoh udqgrp yduldeoh/ dqg Iw dq lqfuhdvlqj idplo| ri vljpd0dojheudv1 Sxw [w @ H+[ mIw, 1 Wkhq +[w > Iw , lv d pduwlqjdoh1 Ghqlwlrq1 i+[w > Iw ,> w 5 W j



lv d uhyhuvh pduwlqjdoh li +d, Iw lv ghfuhdvlqj +lq w, idplo| ri vljpd0dojheudv1 +e, Hdfk [w lv Iw  phdvxudeoh dqg Hm[wm ? 41 +f, Iru hdfk v ? w> v> w 5 W / H+[vmIw, @ [w d1v1



565



FKDSWHU ;1



DSSHQGL[ D= VRPH EDVLF WKHRU\ RI SUREDELOLW\



H{dpsoh1 Ohw [ eh



dq| lqwhjudeoh udqgrp yduldeoh/ Iw eh dq| ghfuhdvlqj idplo| ri vljpd0dojheudv1 Sxw [w @ H+[ mIw, 1 Wkhq +[w> Iw, lv d uhyhuvh pduwlqjdoh1 Ghqlwlrq1 i+[w > Iw ,> w 5 W j



lv d vxe +vxshu, pduwlqjdoh li +d, Iw lv lqfuhdvlqj +lq w, idplo| ri vljpd0dojheudv1 +e, Hdfk [w lv Iw phdvxudeoh dqg Hm[w m ? 41 +f, Iru hdfk v ? w> v> w 5 W / H+[w mIv,  +, [v d1v1



H{dpsoh1 Ohw \l eh lqghshqghqw lghqwlfdoo| glvwulexwhg/ Iq @ +\+4,> ===> \+q, > \q.4> \q.5> ===, / zkhuh +\+4,> ===> \+q,, ghqrwh wkh rughu vwdwlvwlfv1 Wkhq Iq lv d ghfuhdvlqj idp0 lo| ri vljpd hogv dqg \q @ q4 Sql@4 \l @ H+\4mIq, lv d uhyhuvh pduwlqjdoh1 Ghqlwlrq1



D udqgrp yduldeoh  lv d +rswlrqdo, vwrsslqj wlph iru d pduwlqjdoh +[w > Iw, li iru hdfk w / ^  w` 5 Iw 1 Ghqlwlrq1



Iru dq rswlrqdo vwrsslqj wlph  ghqh I @ iD 5 I > D _ ^  w` 5 Iw > Wkhq wklv lv d vljpd0dojheud1



iru doo wj=



Wkhruhp1 Li +[w> Iw , w @ 4> 5> = = = q lv d +vxe, pduwlqjdoh dqg >  zlwk ydoxhv lq i4> ==> qj / vxfk wkdw    / wkhq H +[ mI , +,



@



duh vwrsslqj wlphv



[



+Vxe,pduwlqjdoh Frqyhujhqfh Wkhruhp1 Ohw +[q> Iq,> q @ 4> 5> = = = eh d vxepduwlqjdoh vxfk wkdw olp vxsq$4 Hm[qm ? Wkhq wkhuh lv d +qlwh, udqgrp yduldeoh [ vxfk wkdw [q $ [ d1v1



41
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Uhyhuvh pduwlqjdoh frqyhujhqfh Wkhruhp1 Li +[q> Iq,> q @ 4> 5> = = = lv d uhyhuvh pduwlqjdoh/ [q $ H +[4m _4 q@4 Iq , d=v= H. 



�@h|?}@*it @?_ 6?@?Ui



Ohw V +w, ghqrwh wkh sulfh ri d vhfxulw| dw wkh ehjlqqlqj ri shulrg w @ 3> 4> 5> ===W 1 Zh dvvxph wkdw wkh vhfxulw| sd|v qr glylghqgv1 Ghqh wkh +fxpxodwlyh, uhwxuqv surfhvv dvvrfldwhg zlwk wklv vhfxulw| e| UV zkhuh , @ V+w,  V +w  4, > UV +3, @ 3= UV +w, @ UV +w,  UV +w  4, @ V+wV+w4, V +w  4, Wkhq 433UV +w,( lv wkh shufhqwdjh uhwxuq lq dq lqyhvwphqw lq wkh vwrfn lq wkh w  43 vw shulrg1 Wkh uhwxuqv surfhvv lv d pruh qdwxudo fkdudfwhulvdwlrq ri vwrfn sulfhv wkdq wkh ruljlqdo vwrfn sulfh surfhvv vlqfh lw lv lqyduldqw xqghu duwlfldo vfdoh fkdqjhv vxfk dv vwrfn vsolwv hwf1 Qrwh wkdw zh fdq zulwh wkh vwrfn sulfh lq whupv ri wkh uhwxuqv surfhvv> V +w, @ V +3,



w \



+4 . UV +l,,=



l@4



Qrz frqvlghu dqrwkhu vhfxulw|/ d ulvnohvv glvfrxqw erqg zklfk sd|v qr frxsrqv1 Dvvxph wkdw wkh sulfh ri wklv erqg dw wlph w lv E+w,> E+3, @ 4 dqg UE +w, lv wkh uhwxuq surfhvv dvvrfldwhg zlwk wklv erqg1 Wkhq UE +w, @ u+w, lv wkh lqwhuhvw udwh sdlg ryhu wkh w  4*vw shulrg1 Lw lv xvxdo wkdw wkh lqwhuhvw sdlg ryhu wkh w  4vw shulrg vkrxog eh ghfoduhg lq dgydqfh/ l1h1 dw wlph w  4 vr wkdw li V+w, lv dgdswhg wr d owudwlrq Iw/ wkhq u+w, lv suhglfwdeoh/ l1h1 lv Iw4phdvxudeoh1 Wkh glvfrxqwhg vwrfn sulfh surfhvv lv wkh surfhvv jlyhq e| V +w, @ V +w,@E+w,= Frqvlghu d wudglqj vwudwhj| ri wkh irup ++w,> +w,, uhsuhvhqwlqj wkh wrwdo qxpehu ri vkduhv ri erqgv dqg vwrfnv uhvshfwlyho| khog dw wkh ehjlqqlqj ri wkh shulrg +w  4> w,1 Vlqfh rxu lqyhvwphqw vwudwhj| pxvw eh ghwhuplqhg e| xvlqj rqo| wkh suhvhqw dqg wkh sdvw ydoxhv ri wklv dqg uhodwhg surfhvvhv/ erwk +w, dqg +w, duh suhglfwdeoh surfhvvhv1 Wkhq wkh ydoxh ri rxu lqyhvwphqw dw wlph w  4 lv Yw4 @ +w,E+w  4,. +w,V+w  4, dqg dw wkh hqg ri wklv shulrg/ wklv fkdqjhv wr +w,E+w,. +w,V+w, zlwk wkh glhuhqfh +w,E+w,. +w,V +w, uhsuhvhqwlqj wkh jdlq ryhu wklv shulrg1 Dq lqyhvwphqw vwudwhj| lv vhoi0qdqflqj li wkh ydoxh diwhu uhedodqflqj wkh sruwirolr lv wkh ydoxh ehiruh0 l1h1 li doo lqyhvwphqwv duh sdlg iru e| wkh deryh jdlqv1 Lq rwkhu zrugv li Yw @ +w,E+w, . +w,V +w, iru doo w1 Dq duelwudjh rssruwxqlw| lv d wudglqj vwudwhj| wkdw pdnhv prqh| zlwk qr lqlwldo lqyhvwphqw> l1h1 rqh vxfk wkdw Y3 @ 3> Yw  3 iru doo w @ 4> = = = W dqg H +YW , A 31 Wkh edvlf wkhruhp ri qr0duelwudjh sulflqj lv wkh iroorzlqj=



567



FKDSWHU ;1



DSSHQGL[ D= VRPH EDVLF WKHRU\ RI SUREDELOLW\



Wkhruhp



Wkhuh duh qr duelwudjh rssruwxqlwlhv lq wkh deryh hfrqrp| li dqg rqo| li wkhuh lv d phdvxuh T htxlydohqw wr wkh xqghuo|lqj phdvxuh S l1h1 S ?? T dqg T ?? S vxfk wkdw xqghu T wkh glvfrxqwhg surfhvv lv d pduwlqjdoh> l1h1 HT +V +w,mIw4` @ V +w  4, d1v1 iru doo w  W 1 Surri>



Vhh Solvnd +614 Z +w,  Z +v, kdv d qrupdo glvwulexwlrq zlwk phdq +w  v, dqg yduldqfh 5 +w  v,= Wkh sdudphwhuv  dqg  duh wkh guliw dqg wkh glxvlrq sdudphwhuv ri wkh Eurzqldq prwlrq dqg wkh vshfldo fdvh  @ 3>  @ 4> Z +w, lv riwhq uhihuuhg wr dv d vwdqgdug Eurzqldq prwlrq ru d Zlhqhu surfhvv1 Ixuwkhu surshuwlhv ri wkh Eurzqldq prwlrq surfhvv wkdw duh lpsruwdqw duh= D Eurzqldq prwlrq surfhvv h{lvwv vxfk wkdw wkh vdpsoh sdwkv duh hdfk frqwlq0 xrxv ixqfwlrqv +zlwk suredelolw| rqh, Wkh mrlqw glvwulexwlrq ri dq| qlwh qxpehu ri lqfuhphqwv Z +w5,Z +w4,> Z +w7, Z +w6 ,> =====Z +wn ,  Z +wn4, duh lqghshqghqw qrupdo udqgrp yduldeohv iru 3  w4  w5===  wn = Ixuwkhu surshuwlhv fdq eh ghulyhg iurp wkhvh1SIru h{dpsoh vxssrvh zh5 frq0 n 4  vlghu d vxp ri vtxduhg lqfuhphqwv ri wkh irup l@4 +Z +wl.4,  Z +wl,, iru iru 3 @ w4  w5===  wn @ w Li zh doorz wkh qxpehu ri lqfuhphqwv n wr jr wr lqqlw| dqg wkh phvk vl}h pd{+wl.4  wl, wr jr wr }hur/ wkhq lw lv hdv| wr vkrz wkdw wkh olplw ri wklv udqgrp vxp ri vtxduhv lv d wrwdoo| qrq0udqgrp ydoxh w> 568
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FKDSWHU zh kdyh



@ \g[ dqg wkhuhiruh zh ghqh wkh vwrfkdvwlf orjdulwkp ] O+\ , @ \4 g\ g\







b�



h_?@h) #gihi?|@* ,^@|L?t



Frqvlghu d vwrfkdvwlf glhuhqwldo htxdwlrq ri wkh irup BB lq wkh vshfldo fdvh wkdw wkh guliw whup lv olqhdu d+[w, @  . [w 1 Prvw ri wkh vwdqgdug prghov iru lq0 whuhvw udwhv/ iru h{dpsoh/ wdnh wklv irup/ lqfoxglqj wkh FLU/ Ydvlfhn/ Jhrphwulf Eurzqldq prwlrq1 Vxssrvh zh zlvk wr ghwhuplqh wkh h{shfwhg ydoxh ri wkh surfhvv1 Zh kdyh vhhq wkdw li zh ghqrwh wkh h{shfwhg ydoxh e| p+v, @ H+[vm[3, wkhq lw vdwlvhv wkh ruglqdu| glhuhqwldo htxdwlrq p3+w, @  . p+w,1 Wklv lv dq h{dpsoh ri wkh vlpsohvw irup ri ruglqdu| glhuhqwldo htxdwlrq/ rqh lq zklfk wkh ghulydwlyhv duh ri rughu dw prvw 4 dqg wkh frhflhqwv duh frqvwdqw1 Ohw xv frqvlghu wkh jhqhudo uvw rughu glhuhqwldo htxdwlrq g| . s+w,| @ j+w,= gw Wkhvh duh vroyhg e| lqwurgxflqj dq lqwhjudwlqj idfwru +w, vdwlvi|lqj g| . s+w,|` @ ^+w,|`3= gw Lq rughu wkdw  vdwlvi| wklv/ zh uhtxluh s @ 3 ru +w,^



] w



+w, @ h{si



s+v,gvj=



Wkhq +|,3 @ j uhvxowlqj lq wkh jhqhudo vroxwlrq 4 ^] w +v,j+v,gv . f`= |+w, @ +w,



e iru > , dqg wkhq uhtxhvw d vroxwlrq> +=A lv wkh PDSOH surpsw, A ght =@ glii+|+{,/{, 0 d 0 e-|+{, @ 3> A gvroyh+ght/ |+{,,>



Zh pljkw kdyh zlvkhg wr vshfli| dq lqlwldo frqglwlrq lq wkh deryh htxdwlrq1 Vxssrvh zh zlvk wr vshfli| |+3, @ f A gvroyh+ght/|+3,@f/|+{,,>



dqg zh kdyh wkh vroxwlrq d +41:, |+{, @ d@e . h{s+e{,^ . f` = e Frqvlghu dv dq h{dpsoh wkh Fr{0Lqjhuvroo0Urvv prgho/ khuh zulwwhq zlwk d voljkwo| glhuhqw vshflfdwlrq ri sdudphwhuv1 Li uw ghqrwhv wkh vsrw lqwhuhvw udwh dw wlph w / guw @ +  . uw , gw . uw4@5 gZw +41;, Li zh ohw p+w, ghqrwh wkh phdq/ wdnlqj h{shfwdwlrqv rq erwk vlghv jlyhv p3 +w, @ + . p+w,, dqg wkhuhiruh wkh vroxwlrq lv jlyhq e| +41:, zlwk d> e uhsodfhg e| > 1 Qrq0olqhdu ruglqdu| glhuhqwldo htxdwlrqv duh xvxdoo| vrphzkdw pruh gl0 fxow wr vroyh1 Wkhvh duh htxdwlrqv ri wkh irup g| g{



@ i +{> |,



zkhuh i +{> |, lv qrw d olqhdu ixqfwlrq ri |1 Iru h{dpsoh li wkh ixqfwlrq i +{> |, lv d txdgudwlf ixqfwlrq ri |/ wkh htxdwlrq lv fdoohg Ulfdwwl*v htxdwlrq1 Vxssrvh wklv htxdwlrq lv krprjhqhrxv/ dqg fdq eh zulwwhq lq wkh irup P +{> |,g{ . Q +{> |,g| @ 3=



+ |, fdoohg dq lqwhjudwlqj idfwru vdwlvi|lqj C C +P , @ C{ +P , C|



dqg lq wklv fdvh wkh krprjhqhrxv htxdwlrq fdq eh vroyhg h{solflwo|1 Qrwh wkdw diwhu pxowlsolfdwlrq e| / wkh htxdwlrq Pg{ . Qg| @ 3
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FKDSWHU |, @ f1 Zkhq qr h{solflw vroxwlrq wr d glhuhqwldo htxdwlrq fdq eh rewdlqhg/ zh pd| hlwkhu dssur{lpdwh wkh vroxwlrq qxphulfdoo| ru rewdlq d srzhu vhulhv h{sdqvlrq ri wkh vroxwlrq/ wr dv pdq| whupv dv duh zlvkhg1 Iru h{dpsoh/ frqvlghu wkh glhuhqwldo htxdwlrq g g5 |+w, . 8 |+w, . 9|+w, @ 3 5 gw gw



Wklv lv vroyhg lq PDSOH zlwk



A gh4 =@ glii+|+w,/w'5, . 8-glii+|+w,/w, . 9-|+w, @ 3> A gvroyh+gh4/ |+w,,>



|lhoglqj=



|+w, @ F 4h{s+6w, . F 5h{s+5w,



dqg dowkrxjk lq wklv fdvh dq dqdo|wlf vroxwlrq lv dydlodeoh/ zh pljkw iru d pruh glfxow glhuhqwldo htxdwlrq zlvk d vhulhv h{sdqvlrq/ dv rewdlqhg e| A gvroyh+gh4/ |+w,/ vhulhv,> Vxssrvh wkh lqlwldo frqglwlrq lv |3 +3, @ f= Wklv |lhogv wkh vhulhv h{sdqvlrq ri wkh vroxwlrq 



   8 f 5 4< f 6 |+w, @ |+3, . fw . 6 |+3,  5 w . 8 |+3, . 9 w 



   4< |+3, 98 f 7 46 |+3, 544 f 8 .  7  57 w . 7 . 453 w . R w9



Sureohp=



Vroyh wkh ruglqdu| glhuhqwldo htxdwlrq 6w5|33+w,  5w|3 +w, . 5|+w, @ 3 dqg vnhwfk wkh srvvleoh vroxwlrqv1 Sureohp= +Ilqglqj wkh vwdwlrqdu| glvwulexwlrq ri dq Lwr surfhvv,1



Frqvlghu dq Lwr surfhvv ri wkh irup= g[w @ d+[w ,gw . +[w ,gZw =



+ {,+},g} @ +{, iru doo v ? w/ dqg doo {1



Pxowlso| Nroprjrury*v iruzdug glhuhqwldo htxdwlrq +416, e| +}, dqg lqwhjudwh ryhu }= Wkxv vkrz wkdw wkh vwdwlrqdu| glvwulexwlrq +{, pxvw vdwlvi| d glhu0 hqwldo htxdwlrq ri wkh irup g5 5 + +{,+{,, @ 5 g{g +d+{,+{,, g{5



Vroyh wklv glhuhqwldo htxdwlrq wr rewdlq wkh irup ri wkh vwdwlrqdu| glvwulex0 wlrq dvvxplqj wkdw wkh glxvlrq prghov3 d surfhvv +olnh lqwhuhvw udwh/ ru dvvhw sulfh, wkdw lv srvlwlyh/ vr wkdw +3, @  +3, @ 3= b2



5)t|i4t Lu h_?@h) #gihi?|@* ,^@|L?t



Frqvlghu qrz d v|vwhp ri ruglqdu| glhuhqwldo htxdwlrqv ri wkh irup g |+w, @ s+w,|+w, . j+w, gw



+41 }3+{, @ |+{,1 Vroyh dv iroorzv= w w



A v|v =@ glii+|+{,/{,@}+{,/ glii+}+{,/{,@|+{, A ifqv =@ |+{,/ }+{, A gvroyh+v|v/|+3,@3/}+3,@4/ifqv,>|+{,@425 h{s+{ 0425 h{s+0{,>}+{,



@425 h{s+{, . 425 h{s+0 {,
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FKDSWHU @ ij++{{,, i 3 +{, @ h{sii +{,j



b 



@h|@* #gihi?|@* ,^@|L?t



Pdq| ri wkh sulflqj irupxodh hqfrxqwhuhg lq qdqfh fdq eh ghulyhg dv vroxwlrqv wr rqh ru pruh sduwldo glhuhqwldo htxdwlrqv/ lqfoxglqj wkh prvw lpsruwdqw/ wkh Eodfn0Vfkrohv irupxod1 Lq jhqhudo/ wklv lv ehfdxvh wkh prvw frpprq prghov iru wkh xqghuo|lqj dvvhw duh glxvlrq prghov1 Pdsoh surylghv vrph idflolw| iru wkh vroxwlrq ri vlpsoh sduwldo glhuhqwldo htxdwlrqv1 Iru h{dpsoh= =ASGH =@ {-gl+i+{/|,/|,0|-gl+i+{/|,/{, @ 3> =Asgvroyh+SGH,> surylghv wkh vroxwlrq i +{> |, @ I 4+{ . |, iru duelwudu| ixqfwlrq I 4= Ehiruh glvfxvvlqj phwkrgv ri vroxwlrq lq jhqhudo/ zh ghyhors wkh Eodfn0 Vfkrohv htxdwlrq lq d jhqhudo frqwh{w1 Vxssrvh wkdw d vhfxulw| sulfh vdwlvhv gVw @ d+Vw > w , gw . +Vw > w, gZw +4144, Rxu dvvxphg pdunhw doorzv lqyhvwphqw lq wkh vwrfn dv zhoo dv lq glvfrxqw erqgv/ zkrvh sulfh dw wlph w lv w1 Wkhuh duh ydulrxv rwkhu dvvxpswlrqv dv zhoo> iru h{dpsoh sduwldo vkduhv pd| eh sxufkdvhg/ wkhuh duh qr glylghqgv sdlg dqg qr frpplvvlrqv/ dqg qr srvvlelolw| ri ghidxow iru wkh erqgv1 Vlqfh erqgv duh dvvxphg ulvn0iuhh/ wkh| vdwlvi| dq htxdwlrq gw @ uw w gw zkhuh uw lv wkh ulvn0iuhh +vsrw, lqwhuhvw udwh dw wlph w1 Zh zlvk wr ghwhuplqh Y +Vw > w,/ wkh ydoxh ri dq rswlrq rq wklv vhfxulw| zkhq wkh vhfxulw| sulfh lv Vw/ dw wlph w1 Vxssrvh wkh rswlrq kdv h{slu| gdwh W dqg d jhqhudo sd|r ixqfwlrq zklfk ghshqgv rqo| rq VW > wkh surfhvv dw wlph W 1 D txlfn uhplqghu ri rqh ri wkh prvw lpsruwdqw vlqjoh uhvxowv ri wkh wzhqwlhwk fhqwxu| lq qdqfh dqg lq vflhqfh1 Wklv vlqjoh pdwkhpdwlfdo uhvxow xqghuolhv wkh uhvhdufk ohdglqj wr 4 w, gZw



w, lv d vprrwk ixqfwlrq ri erwk dujxphqwv1 Wkhq Y +Vw > w, dovr vdwlvhv d glxvlrq htxdwlrq ri wkh irup gY



5+Vw > w, . @ ^d +V w> w , CY CV 5



C5 Y CY gZ = . `gw . +V w> w , CY CV 5 Cw CV w



+4145,



Wkh surri ri wklv uhvxow lv whfkqlfdo exw wkh lghdv ehklqg lw duh vlpsoh1 Vxssrvh zh h{sdqg dq lqfuhphqw ri wkh surfhvv Y +Vw > w, 1 CY 4 C5Y +Vw.k  Vw,5 . CY k Y +Vw.k > w . k,  Y +Vw > w, . +Vw.k  Vw , . CV 5 CV 5 Cw +4146, zkhuh zh kdyh ljqruhg uhpdlqghu whupv wkdw duh r+k,= Qrwh wkdw vxevwlwxwlqj iurp +4144, lqwr +4146,/ wkh lqfuhphqw +Vw.k  Vw , lv dssur{lpdwho| qrupdo zlwk phdq d+Vw > w , k dqg yduldqfh 5+Vw > w , k1 Frqvlghu wkh whup +Vw.k  Vw,5= Qrwh wkdw lw lv wkh vtxduh ri wkh deryh qrupdo udqgrp yduldeoh dqg kdv h{shfwhg ydoxh 5+Vw > w,k . d5+Vw> w,k5= Wkh yduldqfh ri wklv udqgrp yduldeoh lv R+k5, vr li zh ljqruh doo whupv ri rughu r+k, wkh lqfuhphqw Y +Vw.k> w . k,  Y +Vw> w, lv dssur{lpdwho| qrupdoo| glvwulexwhg zlwk phdq 5+Vw > w, C 5Y CY . ^d+Vw> w , CY CV 5 CV 5 . Cw `k s dqg vwdqgdug ghyldwlrq +Vw> w, CY CV k mxvwli|lqj +exw qrw surylqj$, wkh uhodwlrq BB1 E| Lwr*v ohppd/ surylghg Y lv vprrwk/ lw dovr vdwlvhv d glxvlrq htxdwlrq ri wkh irup BB1 Zh vkrxog qrwh wkdw zkhq Y uhsuhvhqwv wkh sulfh ri dq rswlrq/ vrph odfn ri vprrwkqhvv lq wkh ixqfwlrq Y lv lqhylwdeoh1 Iru h{dpsoh iru d Hxurshdq fdoo rswlrq zlwk h{huflvh sulfh N / Y +VW > W , @ pd{+VW  N> 3, grhv qrw kdyh d ghulydwlyh dw wkh h{huflvh sulfh1 Iruwxqdwho|/ vxfk h{fhswlrqdo srlqwv fdq eh zrunhg durxqg lq wkh dujxphqw1 Iru khgjlqj sxusrvhv/ lv lw srvvleoh wr qg d vhoi0qdqflqj sruwirolr frqvlvwlqj rqo| ri wkh vhfxulw| dqg wkh erqg zklfk h{dfwo| uhsolfdwhv wkh rswlrq sulfh surfhvv Y +Vw> w,B Vxssrvh vxfk d olqhdu frpelqdwlrq lv xw Vw . zww zkhuh wkh suhglfwdeoh ixqfwlrqv xw> zw uhsuhvhqw wkh qxpehu ri vkduhv ri vwrfn dqg erqgv uhvshfwlyho| rzqhg dw wlph w1 Wkh sruwirolr lv dvvxphg wr eh vhoi0qdqflqj dqg wklv uhtxluhv wkdw doo uhwxuqv rewdlq iurp wkh fkdqjhv lq wkh ydoxh ri wkh vhfxulwlhv dqg erqgv khog/ l1h1 lw lv dvvxphg wkdw gY @ xwgVw . zwgw= Vxevwlwxwlqjiurp+4=44,> gY



@ xwgVw . zwgw @ ^xwd+Vw> w, . zwuww`gw . xw +Vw> w,gZw



+4147,
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FKDSWHU xw vr wkdw rxu sruwirolr ri vwrfnv dqg erqgv shuihfwo| uhsolfdwhv wkh ydoxh ri wkh rswlrq1 Li zh rzq wkh rswlrq/ wkhq e| vkruwlqj Ghowd xqlwv ri vwrfn/ zh duh shuihfwo| khgjhg lq wkh vhqvh wkdw rxu sruwirolr uhsolfdwhv d ulvn0iuhh erqg1 Vxusulvlqjo|/ lq wklv lghdo zrug ri frqwlqxrxv surfhvvhv dqg frqwlqxrxv wlph wudglqj frpplvvlrq0iuhh wudglqj/ wkh shuihfw khgjh +vdlg wr h{lvw rqo| lq d Mdsdqhvh jdughq,/ lv srvvleoh1 Wkh htxdwlrq zh rewdlqhg e| htxdwlqj erwk frhflhqwv lq BB dqg +4147, lv ri wkh irup> CY 5 +Vw > w, C 5Y . . 5 CV 5 @ 3= +4148, uw Y . uw Vw CY CV Cw Wkh qhjdwlyh ri wkh uvw wzr whupv uw +Y  Vw CY CV , uhsuhvhqwv wkh dprxqw pdgh e| wkh sruwlrq ri rxu sruwirolr ghyrwhg wr ulvn0iuhh erqgv1 Wkh odvw wzr whupv uhs0 uhvhqwv wkh uhwxuq rq d khgjhg sruwirolr orqj rqh rswlrq dqg vkruw ghowd vwrfnv1 Wklv ixqgdphqwdo htxdwlrq lv hylghqwo| vdwlvhg e| dq| rswlrq sulfh surfhvv zkhuh wkh xqghuo|lqj vhfxulw| vdwlvhv d glxvlrq htxdwlrq dqg wkh rswlrq ydoxh dw h{slu| ghshqgv rqo| rq wkh ydoxh ri wkh vhfxulw| dw wkdw wlph1 Wkh w|sh ri rswlrq ghwhuplqhv wkh whuplqdo frqglwlrqv dqg xvxdoo| xqltxho| ghwhuplqhv wkh vroxwlrq1 Lw lv h{wudruglqdu| wkdw wklv htxdwlrq lq qr zd| ghshqgv rq wkh guliw frhflhqw d+Vw> w,= Wklv lv wkh uhpdundeoh ihdwxuh ri wkh duelwudjh0iuhh wkhru|1 Hvvhqwldoo|/ qr pdwwhu zkdw wkh guliw whup iru wkh sduwlfxodu vhfxulw| lv/ lq rughu wr dyrlg duelwudjh/ doo vhfxulwlhv duh sulfhg dv li wkh| kdg guliw wkh vsrw lqwhuhvw udwh1 Wklv SGH jryhuqv prvw ghulydwlyh surgxfwv/ Hxurshdq fdoo rswlrqv/ sxwv/ ixwxuhv ru iruzdugv1 Krzhyhu/ wkh erxqgdu| frqglwlrqv dqg khqfh wkh vroxwlrq ghshqgv rq wkh sduwlfxodu ghulydwlyh1 Wkh vroxwlrq wr vxfk dq htxdwlrq lv srvvl0 eoh dqdo|wlfdoo| lq d ihz fdvhv/ zkloh lq pdq| rwkhuv/ qxphulfdo whfkqltxhv duh qhfhvvdu|1 Rqh vshfldo fdvh ri wklv htxdwlrq ghvhuyhv sduwlfxodu dwwhqwlrq1 Lq wkh fdvh ri jhrphwulf Eurzqldq prwlrq/ d+Vw> w, @ Vw dqg +Vw> w, @ Vw iru frqvwdqwv >  Dvvxph wkdw wkh vsrw lqwhuhvw udwh lv d frqvwdqw u dqg wkdw d frqvwdqw udwh ri glylghqgv G3 lv sdlg rq wkh vwrfn1 Lq wklv fdvh/ wkh htxdwlrq vshfldol}hv wr CY 5V 5 C5 Y . + u  G3,V . +4149, uY . CY Cw CV 5 CV 5 @ 3= Qrwh wkdw zh kdyh qrw xvhg dq| ri wkh surshuwlhv ri wkh sduwlfxodu ghulydwlyh surgxfw |hw/ qru grhv wklv glhuhqwldo htxdwlrq lqyroyh wkh guliw frhflhqw 1



w, @ j+{@sw,= E| glhuhqwldwlqj dqg vxevwlwxwlqj deryh/ zh rewdlq dq ruglqdu| glhuhqwldo htxdwlrq ri wkh irup s 4 +414;, j33 +$, . $j3 +$, @ 3> $ @ {@ w 5n Ohw xv vroyh wklv xvlqj PDSOH1 htq =@ glii+j+z,/z/z,.+z2+5-n,,-glii+j+z,/z,@3> gvroyh+htq/j+z,,>



dqg ehfdxvh wkh ghulydwlyh ri wkh vroxwlrq lv voljkwo| hdvlhu +iru d vwdwlvwlfldq, wr lghqwli| wkdq wkh vroxwlrq lwvhoi/ A glii+(/z,> jlylqj C j+$, @ F5 h{siz5 @7nj @ F5 h{si{5 @7nwj +414 5nw, fxpx0 odwlyh glvwulexwlrq ixqfwlrq ru 4 ] { h{si}5@7nwjg} +4153, x+{> w, @ F4 . F5 s 5 nw 4 lv d vroxwlrq ri wklv/ wkh khdw htxdwlrq iru w A 3= Wkh uroh ri wkh wzr frqvwdqwv lv vlpsoh1 Fohduo| li d vroxwlrq wr BB lv irxqg/ wkhq zh pd| dgg d frqvwdqw dqg2ru pxowlso| e| d frqvwdqw wr rewdlq dqrwkhu vroxwlrq1 Wkh frqvwdqw lq jhqhudo lv ghwhuplqhg e| lqlwldo dqg erxqgdu| frqglwlrqv1 Vlploduo| wkh lqwhjudo fdq Cxeh uhpryhg zlwk d fkdqjh lq wkh lqlwldo frqglwlrq iru li x vroyhv BB wkhq vr grhv C{ = Iru h{dpsoh li zh zlvk d vroxwlrq iru wkh kdoi uhdo { A 3 zlwk lqlwldo frqglwlrq x+{> 3, @ 3> x+3> w, @ 4 doo w A 4> zh pd| xvh 4 ] 4 h{si}5@7nwjg}> w A 3> {  3= x+{> w, @ 5S +Q +3> 5nw, A {, @ s nw {
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FKDSWHU A sorw6g+x+{/w,/{@07117/w@135117/d{hv@er{hg,>



ILJXUH 414= x+{/w, Dv w $ 3> wkh ixqfwlrq dssurdfkhv d vslnh dw { @ 3> xvxdoo| uhihuuhg wr dv wkh _Gludf ghowd ixqfwlrq% +dowkrxjk lw lv qr ixqfwlrq dw doo, dqg v|perolfdoo| uhsuhvhqwlqj wkh ghulydwlyh ri wkh _Khdylvlgh ixqfwlrq%1 Wkh Khdylvlgh ixqfwlrq lv ghqhg dv K +{, @ 4> {  3 dqg lv rwkhuzlvh 3 dqg lv wkh fxpxodwlyh glvwul0 exwlrq ixqfwlrq ri d srlqw pdvv dw 31 Vxssrvh zh duh jlyhq dq lqlwldo frqglwlrq ri wkh irup x+{> 3, @ x3+{,= Wr wklv hqg/ lw lv khosixo wr orrn dw wkh vrox0 wlrq x+{> w, dqg wkh lqlwldo frqglwlrq x3+{, dv d glvwulexwlrq ru phdvxuh +lq wklv fdvh ghvfulehg e| d ghqvlw|, ryhu wkh vsdfh yduldeoh {= Iru h{dpsohU wkh ghqvlw| x+{> w, fruuhvsrqgv wr d phdvxuh iru {hg w ri wkh irup  w +D, @ D x+{> w,g{= Qrwh wkdw wkh lqlwldo frqglwlrq frpsdwleoh zlwk wkh deryh vroxwlrq +4153, fdq eh ghvfulehg vrphzkdw foxpvlo| dv _x+{> 3, fruuhvsrqgv wr d phdvxuh sodflqj doo pdvv dw { @ {3 @ 3 %1Lq idfw dv w $ 3> zh kdyh lq vrph vhqvh wkh iroorzlqj frqyhujhqfh x+{> w, $ +{, @ gK +{,> wkh gludf ghowd ixqfwlrq1 Zh frxog mxvw dv hdvlo| frqvwuxfw vroyh wkh khdw htxdwlrq zlwk d pruh jhqhudo lqlwldo frqglwlrq ri wkh irup x+{> 3, @ gK +{  {3, iru duelwudu| {3 dqg wkh vroxwlrq wdnhv wkh irup 4 x+{> w, @ s h{si+{  {3,5@7nwj= +4155, 5 nw



ru zhljkwhg vxpv/ ru wkhlu olplwv/ lqwhjudov zloo frqwlqxh wr eh vroxwlrqv wr BB1 Lq rughu wr dfklhyh wkh lqlwldo frqglwlrq x3+{, zh qhhg rqo| slfn d vxlwdeoh zhljkw ixqfwlrq1 Qrwh wkdw x3+{, @



]



x3+},gK +}  {,



Qrwh wkdw wkh ixqfwlrq ] 4 4 5 s x+{> w, @ 5 nw h{si+}  {, @7nwjx3+},g} 4



+4155,



vroyhv BB vxemhfw wr wkh uhtxluhg erxqgdu| frqglwlrq1 Sureohp



Xvh vhsdudwlrq ri yduldeohv wr vroyh wkh khdw htxdwlrq BB rq 3 ? { ? 4> w A 3 vxemhfw wr lqlwldo frqglwlrq x+{> 3, @ x3+{, dqg x+3> w, @ x+4> w, @ 3> w A 3= Zh pd| dovr vroyh wkh khdw htxdwlrq zlwk jlyhq lqlwldo2erxqgdu| frqglwlrqv xvlqj wkh Odsodfh Wudqvirupv1 Wkh sureohp lv wr vroyh BB zlwk n @ 4 vxemhfw wr x+{> 3, @ x3+{,> x+{> w, erxqghg1 Ghqh wkh Odsodfh wudqvirup zlwk uhvshfw wr wkh yduldeoh w wr eh X +{> v, @ U4 x + {> w,h{sivw,gw= Zh vxssrvh wkdw zh pd| glhuhqwldwh wzlfh xqghu wkh 3 lqwhjudo vljq vr wkdw BB lpsolhv vX +{> v,  x3+{, @



C5 X +{> v, C{5



zklfk fdq eh vroyhg dv dq ruglqdu| glhuhqwldo htxdwlrq iru {hg v= Wkh vroxwlrq lv ] 4 svm{  |mjx +|,g| 4 h{s X +{> v, @ s i 3 5 v 4



Wkh vroxwlrq +4155, wr wkh khdw htxdwlrq fdq qr eh irxqg e| lqyhuwlqj wklv Odsodfh wudqvirup
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FKDSWHU hwf1 Wkhq iru k vpdoo/ e| d Pdfodxulq*v vhulhv h{sdqvlrq/ i +{ . k, @



4 kl G l [ l@3 l$



i +{, @ hkG i +{,



zkhuh wkh vhfrqg htxdolw| lv uhdoo| wkh ghqlwlrq ri wkh rshudwru hkG 1 Wkxv wkh iruzdug glhuhqfh i +{, @ i +{ . k,  i +{, fdq eh zulwwhq lq rshudwru qrwdwlrq i +{, @ hkG i +{,  i +{, ru v|perolfdoo|  @ hkG  4 dqg 4 4 5 . 6  = = = , G @ orj+4 . , @ +  k k 5 6 Vlploduo| 4 44 G5 @ 5 +5  6 . 7  = = = ,= k 45 Wkh uvw whup lq wkhvh h{sdqvlrqv surylghv d vlpsoh hvwlpdwru ri wkh5 uvw dqg vhfrqg ghulydwlyh uhvshfwlyho|1 Wkxv/ iru h{dpsoh/ wkh hvwlpdwru k5 surylghv d vlpsoh dssur{lpdwlrq wr wkh vhfrqg ghulydwlyh1 Wkh qh{w whup lq wkh vhulhv surylghv dq lqglfdwlrq ri wkh rughu ri wkh huuru1 Zh kdyh vhhq wkdw fhqwudo glhuhqfhv whqg wr surylgh pruh dffxudwh hvwlpdwhv ri ghulydwlyhv1 Lqwurgxflqj wkh qrwdwlrq iru fhqwudo glhuhqfhv i +{, @ i +{ . k@5,  i +{  k@5,/ qrwh wkdw  @ +4 . ,4@5  +4 . ,4@5 @ +hkG@5  hkG@5, @ 5vlqk+kG, H{sdqglqj wkh lqyhuvh ri wkh k|shuerolf vlqh lq d vhulhv/ 4 4 4 G @ vlqk4 +@5, @ +   6 . = = = , k k 57 dqg vlploduo| 4 4 G5 @ 5 +5  7 . = = = ,= k 45 Wkh pruh udslg frqyhujhqfh ri wkh hvwlpdwruv xvlqj fhqwudo glhuhqfhv udwkhu wkdq iruzdug ru edfnzdug glhuhqfhv lv dssduhqw1 Wkxv/ wkh hvwlpdwru ri uvw ghulydwlyh k kdv huuru R+k5, dqg wkh hvwlpdwru ri vhfrqg ghulydwlyh i +{ . k,  5i +{, . i +{  k, 5 i@ k5



k5



57< kdv huuru R+k5,1 Ohw xv qrz vhh krz wkhvh glhuhqfh dssur{lpdwlrqv wr ghulydwlyhv fdq eh xvhg wr qxphulfdoo| vroyh dq ruglqdu| glhuhqwldo htxdwlrq1 Wkh uvw dqg vlpsohvw phwkrg lv wkh Hxohu phwkrg/ exw wkhuh lv d kxjk qxpehu ri pruh vrsklvwlfdwhg dowhuqdwlyhv lqfoxglqj wkh wudsh}rlgdo uxoh/ ru wkh lpsuryhg Hxohu phwkrg/ wkh prglhg Hxohu phwkrg/ dqg wkh Uxqjh0Nxwwd phwkrg1 Frqvlghu wkh vlpsohvw/ wkh iruzdug Hxohu phwkrg dqg wkh vlpsoh glhuhqwldo htxdwlrq ri vhfrqg rughu



g5 |+w, @ 433h43w . 433h43w +514, gw5 zlwk lqlwldo frqglwlrqv |+3, @ 5> |3+3, @ 3= Qrwh wkdw li zh uhsodfh wkh vhfrqg



ghulydwlyh e| d vhfrqg glhuhqfh/ wkh htxdwlrq ehfrphv 4 5|+w, @ 433h43w . 433h43w > w @ 5k> 6k> === k5



+515,



doorzlqj xv wr dssur{lpdwh ydoxhv ri wkh ixqfwlrq rq wkh odwwlfh ri srlqwv ri wkh irup nk> n @ 5> 6> === xvlqj wkh lqlwldo ydoxhv1 Wkh ydoxhv fruuhvsrqglqj wr n @ 3> 4 uhvxow iurp wkh lqlwldo frqglwlrqv1 Sureohp1



Vroyh wkh htxdwlrq +514, zlwk lqlwldo frqglwlrqv |+3, @ 5> |3+3, @ 3 qxphulfdoo| xvlqj +515, uhfxuvlyho| dqg k @ 3=4= Xvh wkh vlpsohvw Hxohu dssur{lpdwlrq iru wkh lqlwldo frqglwlrqv e| uhsodflqj |3 +3, @ 3 e| wkh frqglwlrq |+3, @ 3= Frpsduh zlwk wkh h{dfw vroxwlrq1 Sureohp1



Vroyh wkh htxdwlrq +514, zlwk lqlwldo frqglwlrqv |+3, @ 5> |3+3, @ 3 qxphulfdoo| xvlqj wkh uhfxuvlrq 4 5|+w, @ 433h43w . 433h43w> w @ 5k> 6k> === +516, k5



dqg k @ 3=4= Frpsduh zlwk wkh h{dfw vroxwlrq1 Wkh lpsuryhg Hxohu phwkrg lv d vlpsoh prglfdwlrq ri wkh Hxohu phwkrg iru vroylqj dq htxdwlrq ri wkh irup |3+w, @ i +w> |,= Wkh sureohp zlwk Hxohu*v phwkrg lv lw xvhv dv vorsh wkh ghulydwlyh dw rqh hqg rqo| ri wkh lqwhuydo dqg dq lpsuryhg dssur{lpdwlrq ri wkh ghulydwlyh xvlqj wkh dyhudjh vorsh ri dw wkh wzr hqgsrlqwv lv xvxdoo| pruh dffxudwh1 Lq wklv fdvh/ zh pdnh d suholplqdu| hvwlpdwh ri |++n . 4,k, ghqrwhg e| | @ ki +nk> |+nk,, . |+nk, dqg wkhq vroyh iru |++n . 4,k, wkh htxdwlrqv i +nk> |+nk,, . i ++n . 4,k> |, k . i +nk> |+nk,,> n @ 4> 5> ==== |++n . 4,k, @ 5
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FKDSWHU 431



DSSHQGL[= QXPHULFDO VROXWLRQV RI GH*V DQG SGH*V



Wkh Uxqjh0Nxwwd phwkrg glhuv iurp wkh deryh wzr phwkrgv rqo| lq wkh zd| lq zklfk wkh vorsh ri wkh olqh lv hvwlpdwhg1 Iru h{dpsoh zh pd| wdnh dq dyhudjh ri wkh vorsh i +w> |, dw srlqwv w @ nk> +n . 4@5,k> +n . 4,k dqg ydulrxv fruuhvsrqglqj ydoxhv ri | lq wkh lqwhuydo1 Lq idfw lw lv srvvleoh wr vhohfw 7 frp0 elqdwlrqv ri ydoxhv +w> |, vr wkdw wkh dssur{lpdwlrq lv shuihfw zkhq |+w, lv d sro|qrpldo ri ghjuhh 71 Lq jhqhudo1 zh pd| vhohfw n srlqwv vr wkdw wkh dssur{l0 pdwlrq lv shuihfw iru d sro|qrpldo ri ghjuhh n1 Wklv lv d jhqhudo ghvfulswlrq ri wkh Uxqjh0Nxwwd phwkrg1 |++n . 4,k, @ +zhljkwhg dyhudjh ri ydoxhv ri i +w> |, lq wkh lqwhuydo,k . i +nk> |+nk,,> n @ 4> 5> === Sureohp=



Xvh Hxohu*v phwkrg dqg wkh lpsuryhg Hxohu*v phwkrg wr vroyh wkh htxdwlrq |3 +w, @ w|+w, xvlqj vwhs vl}h k @ 3=4 dqg 3=38 dqg lqlwldo frqglwlrq |+3, @ 4= Frpsduh wkh vroxwlrq zlwk wkh h{dfw vroxwlrq rq wkh lqwhuydo 3 ? w ? 4= Krz grhv wkh huuru fkdqjh dv zh +d, lqfuhdvh k> +e, ohw w jhw iduwkhu dzd| iurp wkh lqlwldo frqglwlrq w @ 3= H{dpsoh= Qxphulfdo Phwkrgv iru RGH*v lq PDSOH=



Frqvlghu wkh vhfrqg rughu glhuhqwldo htxdwlrq



g5 |+w, @ w|+w, gw5 zlwk lqlwldo frqglwlrqv |+3, @ 3> |3+3, @ 4=1 Zh zlvk d qxphulfdo vroxwlrq1



Wkhuh duh d qxpehu ri phwkrgv dydlodeoh lq PDSOH lqfoxglqj fodvvlfdo/ ovrgh/ pjhdu/ uin78/ wd|oruvhulhv/gyhun:;1 Hdfk kdv d qxpehu ri rswlrqv1 Wkh vlpsohvw phwkrg lv fodvvlfdo^iruhxohu` iru iruzdug hxohu1 A ght =@ gl+|+w,/ w'5, @ |+w,-w> A dqv=@gvroyh+ght/|+w,/qxphulf/phwkrg@fodvvlfdo^iruhxohu`/ lqlwldo@duud|+^3/4`,/ vwduw@3,> Zh pd| wkhq sorw wkh uhvxow iru 3 ? w ? 5 dv iroorzv> A zlwk+sorwv,> A rghsorw+dqv/^w/|+w,`/3115,> Frpsduh zlwk dq dowhuqdwh pruh dffxudwh phwkrg> A dqv5 =@ gvroyh+ght6/ |+w,/ qxphulf/ phwkrg@pjhdu^pvwhssduw`/ lqlwldo@duud|+^5/3`,/ vwduw@3,> A rghsorw+dqv5/^w/|+w,`/3115/ d{hv@er{hg,> A dqv+5,> ^w @ 5/ |+w, @ 618;;66;9;3;5 p @ 3> 4> 5> = = = 1 Ghqrwlqj Xl>m @ x+l{> m w,wkh htxdwlrq ehfrphv w Xl>m.4  Xl>m @ +{,5 +Xl.4>m  5Xl>m . Xl4>m , ru Xl>m.4 @ uXl.4>m . +4  5u,Xl>m . uXl4>m +518, zkhuh u @ +{w,5 1 Lw wxuqv rxw wkdw wklv vwudwhj| ri vroylqj iru Xl>m.4 lq whupv ri lwv suhghfhvvruv lv qrw vwdeoh/ l1h1 wkh fxpxodwlyh huuru grhv qrw frqyhujh/ xqohvv u ? 4@51 Wklv lpsrvhv d orzhu olplw rq wkh srvvleoh vl}h ri {> yl}1 +{,5 A 5w= Wklv phwkrg lv fdoohg wkh h{solflw qlwh glhuhqfh phwkrg/ qrw ehfdxvh lw lv xqfhqvruhg +dowkrxjk wklv lv dovr wuxh, exw ehfdxvh zh duh deoh wr vroyh h{solflwo| iru wkh ydoxhv dw wlph vwhs m .4 xvlqj wkh ydoxhv dw wlph vwhs m= Frqvlghu wkh vwdelolw| ri dq htxdwlrq ri wkh irup +518,1 Ohw Xl>m eh wkh vroxwlrq wr +518, ehjlqqlqj zlwk wkh h{dfw lqlwldo frqglwlrqv dqg Xl>m wkh ydoxhv Xl>31 rewdlqhg vroylqj +518, li zh ehjlq zlwk wkh +voljkwo|, huurqhrxv ydoxhv Wkhq wkh huuru gxh wr wkh huuru lq wkh lqlwldo frqglwlrq lv Hl>m @ Xl>m  Xl>m 1 Lw +518,/ lv hdv| wr vhh wkdw wklv/ vlqfh lw lv d olqhdu frpelqdwlrq ri whupv vdwlvi|lqj dovr vdwlvhv wkh htxdwlrq +518,1 Vxssrvh/ iru h{dpsoh/ Hl>m @ m vlq+l$, iru hdfk l> m dqg iru vrph uhdo  dqg iuhtxhqf| $ dqg iru +vpdoo, 1 Lq jhqhudo lw lv srvvleoh wr vkrz wkdw wkh jhqhudo vroxwlrq ri +518, lv d olqhdu frpelqdwlrq ri vxfk whupv zlwk glhuhqw ydoxhv ri > $1 Vxevwlwxwlqj lq +518, dqg vroylqj/ vlq++l . 4,$,  5vlq+l$, . vlq++l  4,$, = @4.u vlq+l$, Vlqfh vlq+D . E, @ vlq+D,frv+E, . frv+D,vlq+E, wklv uhvxowv lq  @ 4 . 5u^frv$  4` @ 4  7uvlq5+$@5, Qrwh wkdw li u A 4@5/ lw lv srvvleoh wkdw iru vrph iuhtxhqflhv $/ wkh fruuhvsrqg0 lqj ydoxh ri  ? 41 Wklv uhvxowv lq m eorzlqj xs lq pdjqlwxgh dv m $ 4/ l1h1 wkh devroxwh ydoxh ri dw ohdvw vrph ri wkh huuruv zloo jr wr lqqlw| dv m $ 41 Zh kdyh d vlplodu lqvwdelolw| li u ? 31 Krzhyhu/ li 3 ? u ? 4@5 wkh huuruv zloo doo frqyhujh wr 3 dv m $ 4 dqg wkh vroxwlrq wr +518, lv vwdeoh1 Iru wkh h{solflw phwkrg wr eh vwdeoh/ zh qhhg w ? 45 +{,51 Sureohp=



Zkdw lv wkh jhqhudon irup iru wkh vroxwlrq ri wkh glhuhqfh htxdwlrq |n.5  6|n.4 . 5|n @ +4@5, > n @ 4> 5> ===B



586 +Klqw= vroyh dv |rx zrxog d glhuhqwldo htxdwlrq= uvw/ qg wkh urrwv ri wkh fkdudfwhulvwlf htxdwlrq dqg khqfh doo vroxwlrqv wr wkh krprjhqhrxv glhuhqfh htxdwlrq1 Wkhq qg d sduwlfxodu vroxwlrq wr wkh krprjhqhrxv htxdwlrq1, Sureohp=



Frqvlghu vroylqj wkh sduwldo glhuhqfh htxdwlrq +518, e| vhsdudwlrq ri yduldeohv1 l1h1 dvvxph d vroxwlrq h{lvwv ri wkh irup Xl>m @ gl!m iru vhtxhqfhv gl> !m = Vkrz wkdw wkh jhqhudo vroxwlrq lv ri wkh irup !m @ m iru vrph  dqg gl @ F4 vlq+l$,. F5 frv+l$, iru vrph F4> F5> $= Wkh qh{w sureohp vkrzv wkdw li zh zhuh wr uhsodfh wkh ohiw vlgh ri +517, e| d fhqwudo glhuhqfh wkdw vkrxog eh pruh dffxudwh/ zh qhyhuwkhohvv rewdlq d phwkrg zklfk lv xqvwdeoh iru doo ydoxhv ri u1 Sureohp=



Zh kdyh douhdg| vhhq wkdw fhqwudo glhuhqfhv duh jhqhudoo| pruh suhflvh hv0 wlpdwhv ri ghulydwlyhv wkdq duh iruzdug ru edfnzdug glhuhqfhv1 Vxssrvh zh = uhsodfh +515, xvlqj d fhqwudo glhuhqfh hvwlpdwru ri Cx Cw Vkrz wkdw zh rewdlq wkh sduwldo glhuhqfh htxdwlrq 5w +519, Xl>m.4  Xl>m4 @ 5 +Xl.4>m  5Xl>m . Xl4>m , { Wkh Irxulhu phwkrg dssurdfkhv wkh vwdelolw| ri wklv glhuhqfh htxdwlrq e| pdsslqj wkh fkdqjhv lq wkh wzr gluhfwlrqv lqwr wkh frpsoh{ sodqh1 Iru h{dpsoh/ vxssrvh zh frqvlghu d vroxwlrq pxowlsoh ri Xl>m @ }ltm iru s4 zklfk lv d frqvwdqw   {   w vrph frpsoh{ } @ h dqg uhdo t @ h / zkhuh >  duh duelwudu| uhdo qxpehuv1 Jhqhudo vroxwlrqv frxog eh rewdlqhg e| wdnlqj olqhdu frpelqdwlrqv ri vxfk whupv iru glhuhqw ydoxhv ri  dqg  dqg wkhq wdnlqj wkh uhdo ru lpdjlqdu| sduw ri wkh olqhdu frpelqdwlrq1 Vxevwlwxwlqj lq +519,/ rewdlq wkh htxdwlrq 4 t  @ 7u^frv+ {,  4` @ ;uvlq5+{@5,= t



Vkrz wkdw hyhq iru u forvh wr }hur exw srvlwlyh/ wkhuh lv d vroxwlrq iru t zlwk Wklv lqglfdwhv lqvwdelolw| lq wkh glhuhqfh htxdwlrq +519, pdnlqj lw xqghvludeoh iru dq| ydoxh ri u @ {w5 1 Iru wkh h{solflw qlwh0glhuhqfh phwkrg lw fdq eh suryhq wkdw li zh w dqg { whqg wr }hur lq vxfk d zd| wkdw wkh udwlr u @ +{w,5 uhpdlqv ehwzhhq 3 dqg 45 wkhq wkh qlwh glhuhqfh dssur{lpdwlrq frqyhujhv wr wkh dfwxdo vroxwlrq1 Wr vhh wklv zh fdq frqvlghu wkh glhuhqfh ehwzhhq wkh h{dfw vroxwlrq dqg wkh qlwh0glhuhqfh dssur{lpdwlrq= mtm A 4 ohdglqj wr dq h{sorglqj vroxwlrq wr wkh glhuhqfh htxdwlrq dv m $ 41



Gq>p @ Xq>p  Yq>p>
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FKDSWHU 431



DSSHQGL[= QXPHULFDO VROXWLRQV RI GH*V DQG SGH*V



zkhuh Yq=p lv wkh vroxwlrq ri wkh h{solflw qlwh0glhuhqfh phwkrg1 Iurp wkh Wd|oru*v wkhruhp dssolhg wr wkh iruzdug dqg wkh fhqwudo glhuhqfh dssur{lpdwlrq zh fdq qg wkdw Gq=p @ +4  5u,Gq>p . u+Gq.4>p . Gq4>p, . w+U4w . U5+{,5 ,> wzr erxqghg lq devroxwh ydoxh ixqfwlrqv1 Iru Ga p @ zkhuh U4 dqg U5 duh p .4 pd{q mGq>pm dqg Ga @ pd{q mGq>p.4m/ wkh odujhvw huuruv dw wlph0vwhs p dqg p . 4 uhvshfwlyho|/ zh jhw Ga p.4  +m4  5um . 5mum,Ga p . w+U4 w . U5 +{,5,= Surylghg wkdw 3  u  45 / zh kdyh m4  5um . 5mum @ 4/ dqg khqfh Ga p.4  Ga p . w+U4w . U5 +{,5,=



E| lqgxfwlrq lw iroorzv Ga p.4  Ga 3 . +p . 4,w+U4w . U5+{,5 ,> vr li zh dvvxph }hur huuru dw wlph0vwhs p @ 3/ zklfk zh fdq gr vlqfh Yq>3 @ Xq>3 iurp wkh lqlwldo frqglwlrq/ zh vhh wkdw Ga p.4  +p . 4,w+U4w . U5 +{,5, $ 3 dv w $ 3> zklfk suryhv wkdw wkh phwkrg jlyhv dq dssur{lpdwlrq zklfk frqyhujhv wr wkh dfwxdo vroxwlrq1 D prglfdwlrq wr wklv dujxphqw vkrzv wkdw li u A 45 wkh huuru dfwxdoo| jurzv zlwkrxw erxqg dv zh ohw w $ 31 Wkhuhiruh/ iru h{solflw qlwh0 glhuhqfh phwkrg iru wkh glxvlrq htxdwlrq wkh vwdelolw| dqg wkh frqyhujhqfh sureohpv duh htxlydohqw1 Wkh prudo ri wklv vwru| lv wkdw rqh vkrxog eh fduhixo zlwk glvfuhwh dssur{lpd0 wlrqv wr frqwlqxrxv glhuhqwldo htxdwlrqv1 Wkh vwdelolw| ri wkh phwkrg dqg wkh frqyhujhqfh ri wkh qxphulfdo vroxwlrq duh dprqj wkh pdq| frqfhuqv1 Ydulrxv phwkrgv kdyh ehhq sursrvhg wkdw vroyh vrph ri wkh vwdelolw| sureohpv hqfrxq0 whuhg deryh/ dqg wkhvh duh lpsohphqwhg lq pdq| sdfndjhv1 Zh glvfxvv wkhvh phwkrgv ixuwkhu lq wkh iroorzlqj vhfwlrqv1 �ff 



W4T*U| 6?|i #gihi?Ui 5L*|L?t |L |i #g tL? ,^@|L?



Wkh lpsolflw qlwh glhuhqfh vfkhph iru vroylqj +517, lv vlplodu wr wkh h{solflw phwkrg lq wkdw zh xvh uvw glhuhqfhv iru wkh ghulydwlyh rq wkh ohiw kdqg vlgh ri +517, exw zh xvh wkh edfnzdug glhuhqfh lqvwhdg1 Wklv uhvxowv lq d v|vwhp ri olqhdu htxdwlrqv lq x+{> w, lq whupv ri wkh ydoxhv ri x+{> w  w,iru doo { @ q{ dqg w @ pw> p @ 3> 4> 5> = = = / dqg wkhvh htxdwlrqv iruwxqdwho| wdnh d vlpsoh irup1 +51:, Xl>m  Xl>m4 @ u+Xl.4>m  5Xl>m . Xl4>m ,
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uXl.4>m . +4 . 5u,Xl>m  uXl4>m @ Xl>m4



zkhuh u @ w@+{,5= Erxqgdu| frqglwlrqv ghwhuplqh wkh ydoxh ri Xl>m rq wkh xsshu dqg orzhu erxqgdu| ri d uhfwdqjoh/ h1j1 iru l @ Q> dqg doo m> zkloh lqlwldo frqglwlrqv suhvfuleh wkh ydoxh ri wkh ixqfwlrq dw wlph 31 Wkh lpsolflw phwkrg uhtxluhv vroylqj wklv v|vwhp ri htxdwlrqv dw wlph m lq whupv ri wkh vroxwlrq dw wlph m  41 Wkhuh duh wkuhh zd|v lq zklfk vroxwlrqv wr v|vwhpv vxfk dv wklv fdq eh dssurdfkhg1 Wkh uvw lv pdwul{ lqyhuvlrq1 Iru odujh pdwulfhv wklv lv yhu| glfxow1 Wkh vhfrqg phwkrg xvhv dq OX ghfrpsrvlwlrq ri wkh pdwul{ lqwr wzr frpsrqhqwv/ O / d orzhu wuldqjxodu pdwul{/ dqg X dq xsshu wuldqjxodu pdwul{1 Wkh dgydqwdjh ri wuldqjxodu pdwulfhv lv wkdw v|vwhpv ri htxdwlrqv ri wkh irup O{ @ | / iru h{dpsoh/ fdq eh hdvlo| vroyhg e| vlp0 soh vxevwlwxwlrq1 D wklug phwkrg/ fdoohg vxffhvvlyh ryhu uhod{dwlrq +VRU, lv d phwkrg iru vroylqj wkh htxdwlrq PX>m @ em iru d pdwul{ P dqg yhfwru em 1 Khuh X>m ghqrwhv wkh froxpq yhfwru +XQ>m > XQ .4>m > = = = > XQ>m , / e ghshqgv rq X>m4 dqg wkh erxqgdu| frqglwlrqv dqg 3



4 . 5u u 3 = = 3 u 4 . 5 u u 3 = 3   P@ 3 = u 4 . 5u u 3 = = = = = = 3 = = = u 4 . 5u Wklv lv wkhq uhzulwwhq 4 ^el>m . u+Xl4>m . Xl.4>m ,` Xl>m @ 4 . 5u E E E E E E C
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+51;,



dqg wkhq vwduwlqj zlwk dq lqlwldo hvwlpdwh ri wkh vroxwlrq +dozd|v iru {hg m,/ vxevwlwxwh lq wkh ohiw wr rewdlq dq xsgdwhg hvwlpdwh rq wkh uljkw1 Wklv frq0 wlqxhv xqwlo wkhuh lv olwwoh fkdqjh lq wkh frpsrqhqwv ri X>m = Wkhuh lv rqh vlpsoh prglfdwlrq ri wklv wkdw lv qrupdoo| dssolhg lq sudfwlfh/ prwlydwhg e| wkh idfw wkdw vhtxhqfhv riwhq frqyhujh lq vxfk d zd| wkdw wkh huuruv gh0 fuhdvh olnh d jhrphwulf vhulhv1 Zkhq wklv lv wkh fdvh/ frqyhujhqfh pd| eh df0 fhohudwhg e| ryhu0uhod{dwlrq +h{wudsrodwlqj wkh vroxwlrq,1 Wklv lv prvw hdvlo| ghvfulehg zlwk dq h{dpsoh1 Frqvlghu wkh vhtxhqfh {q @ 3=4 . 3= 3=4 3=5:43> 3=676 3=73 3=79;9> 3=854:> === li zh ehjlq zlwk {4 @ 3=4= Fohduo| wklv vhtxhqfh frqyhujhv udwkhu vorzo| wr 41 Frqvlghu wkh vhtxhqfh ghqhg e| |q @ 3=4 . 3= dqg {q @ {q4 . $+|q  {q4, iru vrph ryhu0 uhod{dwlrq sdudphwhu $ A 4= Krz pxfk idvwhu grhv wkh vhtxhqfh frqyhujh li $ @ 8B Wkh uvw ihz whupv duh3=4> 3=8 3=: 3=;m . u+X n.4 . X n ,` \l>mn.4 @ l.4>m l4>m 4 . 5u dqg wkhq sxwwlqj n.4 @ X n . $ +\ n.4  X n ,> n @ 4> 5> 6> === Xl>m l>m l>m l>m xqwlo frqyhujhqfh1 �ffe
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Wklv phwkrg glhuv iurp erwk wkh iruzdug dqg edfnzdug dssurdfk ri wkh h{0 solflw dqg ixoo| lpsolflw phwkrgv sulpdulo| lq wkdw wkh uvw iruzdug ru edfnzdug glhuhqfh lv qrz uhsodfhg e| d v|pphwulf uvw glhuhqfh/ lpsurylqj wkh dffx0 udf| wr R+w,51 Qrwh wkdw x+{> w . w,  x+{> w, Cx .R+w,5= + {> w . w@5, @ Cw w Vlploduo|/ zh fdq rewdlq dq dssur{lpdwlrq wr wkh uljkw kdqg vlgh dffxudwh wr wkh vdph rughu e| dyhudjlqj wkh v|pphwulf vhfrqg glhuhqfh dw srlqwv w dqg w . w/ l1h1 xvlqj x+{ . {> w,  5x+{> w, . x+{  {> w, 5+{,5 {> w . w, . x+{  {> w . w, . x+{ . {> w . w,  5x+5+ {,5



Vhwwlqj wkhvh htxdo uhvxowv lq d v|vwhp ri olqhdu htxdwlrqv lq wkh ydoxhv ri x+{> w. w, vroydeoh lq whupv ri wkh ydoxhv ri x+{> w, iru doo {1 Wkhvh htxdwlrqv wdnh wkh irup> u Xl>m.4  Xl>m @ iXl.4>m.4  5Xl>m.4 . Xl4>m.4 . Xl.4>m  5Xl>m . Xl4>m j 5



58: Wkh v|vwhp ri htxdwlrqv wkdw uhvxow iurp wkh Fudqn0Qlfrovrq dssurdfk lv vlplodu wr wkh irup vkrzq ri wkh lpsolflw phwkrg PX>m.4 @ EX>m . e>m zkhuh 3
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4  u u@5 3 = = 3 F F F 5 4 u u@ 5 3 = 3 u@  E@ F> 3 u@5 4  u u@5 3 = F F = = = = = = D 3 = = = u@5 4  u dqg e>m lv d yhfwru ri }hurv lq wkh fhqwhu/ zlwk qrq0}hur hohphqwv dw wkh erxqg0 du| zklfk ghshqg rq wkh erxqgdu| frqglwlrqv1 Dv zh zloo vkrz lq wkh qh{w vhfwlrq/ wkh Fudqn0Qlfrovrq phwkrg kdv frqyhu0 jhqfh dqg vwdelolw| surshuwlhv vlplodu wr wkdw ri wkh lpsolflw phwkrg/ wkh phwkrg lv vwdeoh li u A 31 E E E E E E C
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Zh qrz frqvlghu wkh vwdelolw| ri wkh Fudqn0Qlfrovrq phwkrg xvlqj d pdwul{ dssurdfk1 Frqvlghu rqfh djdlq wkh qxphulfdo vroxwlrq wr wkh khdw htxdwlrq C5 C x @ 5x Cw C{



rq 3 ? { ? 4 vxemhfw wr wkh lqlwldo frqglwlrq x+{> 3, @ i +{, dqg vrph erxqgdu| frqglwlrqv x+4> w, @ j4+w,> x+3> w, @ j5+w, iru doo w 1 Zh kdyh vhhq wkdw phwkrgv vxfk dv wkh Fudqn0Qlfrovrq lqyroyh glvfuhwl}lqj lq erwk wkh wlph dqg vsdfh gluhfwlrqv/ dqg wkhq zulwlqj d uhfxuvlyh irupxod ri wkh irup PX>m.4 @ EX>m . e>m zkhuh wkh pdwulfhv P dqg E duh ghqhg lq wkh odvw vhfwlrq 1 Qrwh wkdw X>m.4 @ S X>m . P 4e>m @ = = = @ S m.4X>3 . S m P 4e>3 .



S m4P 4e>4 . = = = . P 4e>m



+51 5> = = = dqg wkh fruuhvsrqglqj qrupdol}hg hljhqyhfwruv y4> y5> = = = 1 Uhfdoo iurp olqhdu dojheud wkdw S m kdv wkh vdph hljhqyhfwruv zlwk hljhqydoxhv mq1 Wkhq surylghg wkdw wkhvh hljhqyhfwruv vsdq wkh vsdfh/ zh fdq zulwh X>3 @ S  y l l iru vrph frqvwdqw frhflhqwv l / dqg wkhq l [ +5143, S m X>3 @ lml yl = l



Vlploduo|/ hdfk ri wkh rwkhu whupv rq wkh uljkw kdqg vlgh ri +51m.4 @ EX>m . e>m / wkdw wkh pd{lpxp hljhqydoxh ri S / l1h1 wkh pd{lpxp urrw ri wkh htxdwlrq ghw+P  E, @ 3 lv ohvv wkdq rqh lq devroxwh ydoxh1 Lq wkh fdvh ri wkh Fudqn Qlfrovrq phwkrg/ wklv uhvxowv lq wkh vdph frqglwlrq dv grhv wkh Irxulhu phwkrg/ l1h1 wkdw 3 ? u1 Ehvlghv vwdelolw|/ zklfk hqvxuhv wkdw huuruv gr qrw whqg wr jurz zlwkrxw erxqg/ zh jhqhudoo| uhtxluh vrph lqglfdwlrq wkdw wkh glvfuhwh dssur{lpdwlrq wr d sduwldo GH lv forvh wr wkh frqwlqxrxv vroxwlrq1 Ohw wkh glhuhqfh rshudwru I fruuhvsrqg wr wkh glvfuhwh Fudqn0Qlfrovrq phwkrg1 8 Lc '



Lc n� 3 Lc {|
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Wkhq wkh glhuhqfh ehwzhhq wkh glvfuhwh Fudqn0Qlfrovrq dqg wkh fruuhvsrqglqj glhuhqwldo rshudwru fdq eh h{sdqghg/ dv zdv grqh lq vhfwlrq 514/ wr rewdlq C5 C C C5 C 4 4 C 7x +5144, I Xl>m  + x  5 x, @ +w, ^ x  5 x`  +{,5 7 Cw C{ 5 Cw Cw C{ 45 C{











C6x 6 C7 x 4 . === . +w,5  9 Cw6 5 C{5Cw5 Qrwh wkdw dv orqj dv erwk w dqg { dssurdfk 3/ wkh huuru lq wkh ds0 sur{lpdwlrq rq wkh uljkw vlgh ri +5144, dovr dssurdfkhv 3 +dvvxplqj vxflhqw vprrwkqhvv ri wkh vroxwlrq,1 Wkxv wkh qxphulfdo vroxwlrq lv frqvlvwhqw xqghu wkhvh frqglwlrqv1 �ffS
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Lq jhqhudo/ wkh phwkrg ri olqhv lv d ghylfh zklfk uhgxfhv d sduwldo glhuhqwldo htxdwlrq wr d frxsohg v|vwhp ri ruglqdu| glhuhqwldo htxdwlrqv1 Frqvlghu iru dq h{dpsoh wkh qrq0olqhdu htxdwlrq C5 C C x @ 5 x . + x,5 Cw C{ C{



58< Vxssrvh zh xvh v|pphwulf uvw dqg vhfrqg rughu glhuhqfhv iru wkh ghulyd0 wlyhv rq wkh uljkw vlgh ri wklv htxdwlrq/ exw frqwlqxh wr ohdyh wkh ohiw vlgh dv d ghulydwlyh1 Wkhq dw d jlyhq srlqw +{> w, wkh htxdwlrq wdnhv wkh irup 4 4 C x+{> w, @ 5 ^x+{ . k> w,  5x+{> w, . x+{  k> w,` . 5 ^x+{ . k> w,  x+{  k> w,`5= Cw k 7k Li zh qrz ghqrwh Xl+w, @ x+lk> w,> l @ 3> 4> 5> = = = / wkhq wklv ehfrphv d frxsohg v|vwhp ri uvw rughu glhuhqwldo htxdwlrqv 4 4 Xl3 +w, @ 5 ^Xl.4+w,  5Xl+w, . Xl4+w,` . 5 ^Xl.4 +w,  Xl4+w,`5 > l @ 4> 5> = = = k 7k zklfk/ wrjhwkhu zlwk wkh dssursuldwh lqlwldo ru erxqgdu| frqglwlrqv/ pd| eh vroyhg/ iru h{dpsoh lq PDSOH/ wr rewdlq dq dssur{lpdwh vroxwlrq wr wkh SGH1 �ff.



6?|i ,*i4i?|t @?_ |i B@*ih!? �i|L_



Pxfk ri wkh wkhru| ri ruglqdu| dqg sduwldo glhuhqwldo htxdwlrqv sdudoohov fru0 uhvsrqglqj uhvxowv lq olqhdu dojheud1 Zh ehjlq zlwk vrph hohphqwdu| uhvxowv frqfhuqlqj olqhdu rshudwruv1 Frqvlghu d yhfwru vsdfh vsdqqhg e| d frpsohwh vhw ri yhfwruv y4> y5> = = = 1 E| wklv zh phdq wkdw dq| hohphqw ri wkh yhfwru vsdfh fdqSeh zulwwhq dv d olplw ri d olqhdu frpelqdwlrq ri wkh vsdqqlqj yhfwruv olpq$4 ql@4 l yl 1 Vxssrvh wkh yhfwru vsdfh kdv dq lqqhu surgxfw ghqrwhg e| +x> y,1 D frpsohwh lqqhu surgxfw vsdfh lv fdoohg d Kloehuw Vsdfh1 Lq wkh fdvh ri d qlwh0glphqvlrqdo yhfwru vsdfh/ wklv lqqhu surgxfw lv xvxdoo| wkh grw surgxfw ehwzhhq wkh wzr frhflhqw yhfwruv1 Krzhyhu/ zh zloo ghdo khuh zlwk dq lqqlwh glphqvlrqdo yhfwru vsdfh lq zklfk wkh yhfwruv duh ixqfwlrqv1 Qrz ohw D eh d srvlwlyh olqhdu rshudwru rq wkh yhfwru vsdfh1 Wklv phdqv wkdw zkhq y v d yhfwru/ vr lv Dy dqg lw lv olqhdu> D+y4 . y5, @ Dy4 . Dy51 Ri frxuvh zh xvxdoo| uhsuhvhqw olqhdu rshudwruv lq wkh qlwh glphqvlrqdo fdvh e| pdwulfhv/ exw zkhq wkh yhfwruv frqvlvw ri ixqfwlrqv/ wkhq remhfwv olnh ghulydwlyhv ri wkh ixqfwlrq/ uvw glhuhqfhv/ hwf1 duh dovr olqhdu rshudwruv1 D olqhdu rshudwru lv srvlwlyh ghqlwh li lw lv v|pphwulf ++Dy> x, @ +y> Dx, iru doo x> y, dqg +Dy> y,  F mmymm5 iru doo y dqg vrph F A 31 Zh qrz frqvlghu d sduwlfxodu plqlpl}dwlrq sureohp/ hdvlhvw wr lqwhusuhw dqg suryh lq wkh qlwh glphqvlrqdo fdvh/ exw xvhixo lq wkh lqqlwh glphqvlrqdo sureohpv lq glhuhqwldo htxdwlrqv dv zhoo1 Wr prwlydwh wkh uhvxow/ suhwhqg iru wkh prphqw wkdw wkh yhfwruv i> x> y duh qlwh0glphqvlrqdo froxpq yhfwruv dqg D lv d srvlwlyh ghqlwh pdwul{1 Vxssrvh zh zlvk wr plqlpl}h wkh ohqjwk ri wkh uhvlgxdov Dy  i ryhu srvvleoh yhfwruv y uhvwulfwhg wr vrph olqhdu vxevsdfh ri Hxfolghdq vsdfh1 Wkh qrwlrq ri glvwdqfh lv dgdswhg wr wkh srvlwlyh ghqlwh pdwul{ D/ vr wkdw wkh vtxduhg glvwdqfh lv jlyhq e| +Dy  i ,W D4+Dy  i , @ +Dy> y,  5+i> y, . +i> i ,= Vlqfh zh duh plqlpl}lqj ryhu y> lw lv htxlydohqw wr plqlpl}h wkh txdqwlw| +Dy> y,  5+i> y, dqg wklv plqlpl}dwlrq lv htxlydohqw wr plqlpl}lqj wkh _ohqjwk% ri wkh uhvlgxdov Dy  i=
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DSSHQGL[= QXPHULFDO VROXWLRQV RI GH*V DQG SGH*V



Sursrvlwlrq



Vxssrvh D lv d olqhdu rshudwru rq d jlyhq grpdlq GD lq d Kloehuw vsdfh1 Vxssrvh zh zlvk wr plqlpl}h wkh txdgudwlf ixqfwlrqdo +Dy> y,  5+i> y, ryhu doo yhfwruv y iru d jlyhq ixqfwlrq i htxlydohqw +d, y lv wkh ghvluhg plqlpxp1



+5145,



5 GD1 Wkhq wkh iroorzlqj duh



+e, y lv wkh xqltxh vroxwlrq wr wkh htxdwlrq Dy @ i 1 +f, Surylghg GD Slv vsdqqhg e| edvh yhfwruv y4> = = = yq vfdohg wr kdyh ohqjwk 4/ wkhq y @ dl yl zkhuh d4 > d5 > = = = dq vroyhv wkh v|vwhp ri htxdwlrqv



[ l



+Dyl> ym ,dl @ +i> ym ,> m @ 4> 5> = = = q



+5146,



Wkh odvw htxdwlrq deryh fdq eh zulwwhq lq vlpsohu irup dqg dssolhv jhqhudoo|/ hyhq lq flufxpvwdqfhv lq zklfk wkh rshudwru lv qrw srvlwlyh ghqlwh1 Vxssrvh zh zlvk wr vroyh Dy @ i 1 Vxssrvh wkhuh duh qlwho| pdq| edvlv yhfwruv y4 > = = = yq wkdw zh wklqn _doprvw% vsdq wkh ghvluhg vsdfh1 Wkhq dq|Ssursrvhg vroxwlrq wkdw lv d olqhdu frpelqdwlrq ri wkhvh yhfwruv/ vd| yq @ ql@4 dl yl pxvw eh dvvhvvhg wkurxjk wkh vl}h ri wkh uhvlgxdov Dyq  i 1 Dv lq uhjuhvvlrq/ zh kdyh dfklhyhg wkh surmhfwlrq ri wkh vroxwlrq rqwr wklv qlwh glphqvlrqdo vxevsdfh rqo| li wkhvh uhvlgxdov duh shushqglfxodu wr hdfk ri wkh edvlv yhfwruv/ l1h1 li +Dyq  i> ym , @ 3> m @ 4> 5> = = = q1 Wklv lv wkh v|vwhp ri htxdwlrqv +5146,1 Qrz frqvlghu dv d vlpsoh h{dpsoh wkh khdw htxdwlrq



C5 C x @ 5 x> 3 ? { ? 4> 3 ? w Cw C{ vxemhfw wr lqlwldo dqg erxqgdu| frqglwlrqv x+{> 3, @ 4> 3 ? { ? 4 x+3> w, 



C x+3> w, @ 3> w A 3 C{



C x+4> w, @ 3> w A 3 C{ Zh ehjlq zlwk d edvh ri ixqfwlrqv ri { wkdw vdwlvi| wkh erxqgdu| frqglwlrqv1 Iru h{dpsoh/ wkh sro|qrpldov ym +{, @ +4 . {, 



{m.4 m.4



594 doo vdwlvi| wkh erxqgdu| frqglwlrqv ym +3,  y3 +3, @ 3> m



ym3 +4, @ 3=



Qrz frqvlghu dssur{lpdwlqj d vroxwlrq lq wkh irup



x+{> w, @ d4+w,y4 +{, . d5+w,y5+{, Lq wklv h{dpsoh/ wkh vsdfh ri ixqfwlrqv vkrxog lqfoxgh +srvvleo| lqqlwh, olqhdu frpelqdwlrqv ri wzlfh glhuhqwldeoh ixqfwlrqv ri { zklfk vdwlvi| wkh erxqgdu| frqglwlrqv/ zlwk frhflhqwv wkdw duh glhuhqwldeoh ixqfwlrqv ri w1 Wkh lqqhu U surgxfw lv +x> y, @ 34 x+{> w,y+{> w,g{1 Wkh uhvlgxdo dw wlph w lv



Dx  i @



C C5 x  5 x> w A 3 Cw C{



dqg 4  x+{> 3,> w @ 3= Wkhq wkh frqglwlrqv +5146, ohdg wr wkh idfw wkdw wkh uhvlgxdov duh ruwkrjrqdo wr wkh wzr edvlv yhfwruv/ l1h1 wkdw



]4 3



+4  x+{> 3,,ym +{,g{ @ 3> m @ 4> 5



]4 C C5 ^ x  5 x`ym +{,g{ @ 3> m @ 4> 5 C{ 3 Cw



+4314,



Wkhvh htxdwlrqv uhgxfh wr < 9 w, @ x+> w, @ 31 Wkh phwkrg ri 5 vhsdudwlrq ri yduldeohv ohdgv wr vroxwlrqv ri wkh irup xq+{> w, @ hq w vlq+q{, dqg lw lv hdv| wrSvhh lq wklv fdvh wkdw li zh wu| d olqhdu frpelqdwlrq ri wkh irup x+{> w, @ q dq xq wkh htxdwlrq dqg erxqgdu| frqglwlrqv duh vdwlvhg 7 > q @ 4> 6> 8> = = = > dqg rwkhuzlvh dq @ 31 Wkhuhiruh lq wklv fdvh/ iru dq @ q dq h{solflw vroxwlrq wr wkh htxdwlrq lv nqrzq> x+{> w, @



[



7 q5 w h vlq+q{,= q@4>6>8>=== q



Vxssrvh iru wkh prphqw zh glg qrw nqrz wklv vroxwlrq1 Zh frxog dwwhpsw d vr0 oxwlrq dv d olqhdu frpelqdwlrq ri qlwho| pdq| ri wkh edvlv yhfwruv yq +{, @ vlq+q{, > q @ 3S > 4> 5> = = = 8 vr wkh dwwhpswhg vroxwlrq pljkw wdnh wkh irup q x+{> w, @ d3 +w, . 8q@4 dq+w,yq+{,1 Surfhhglqj dv lq wkh odvw h{dpsoh/ li zh uhtxluh wkdw wkh uhvlgxdov duh ruwkrjrqdo wr wkh edvlv yhfwruv/ zh rewdlq wkh htxdwlrqv



d3+w, @ 4



] C C5 ^ x  5 x`ym +{,g{ @ 3> m @ 3> 4> = = = 8 Cw C{ 3



+5147,
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Iljxuh 4315= zklfk uhgxfhv d frxsohg v|vwhp ri uvw rughu glhuhqwldo htxdwlrqv wkdw pd| eh vroyhg iru wkh frhflhqwv dm +w,1 Riwhq wkh v|vwhp ri htxdwlrqv +5147, lv vlpsolhg ixuwkhu e| glvfuhwl}lqj wlph/ l1h1 uhsodflqj CwC x e| d uvw iruzdug glhuhqfh iru vpdoo +wlph, vwhs vl}h k 1 Wkhq wkh htxdwlrqv duh vlpso| olqhdu htxdwlrqv/ zlwk qr ghulydwlyhv lqyroyhg/ dqg wkh| duh vroyhg vhtxhqwldoo| lq w @ mk> m @ 4> 5>1 Wkhuh lv dq dowhuqdwlyh iru wkh edvh ixqfwlrqv yq frpprqo| xvhg dqg riwhq uhihuuhg wr dv d qlwh hohphqw phwkrg1 Vxssrvh/ iru h{dpsoh/ zh xvh wkh wkuhh vlpsoh vsolqh ixqfwlrqv uhsuhvhqwhg e| wkh wuldqjohv ehorz1 Fohduo| wkhvh ixqfwlrqv duh frqwlqrxv/ dqg lqghhg kdyh slhfhzlvh frqwlqxrxv uvw ghulydwlyhv1 Iru h{dpsoh/ ym +{, fdq eh uhfryhuhg e| lqwhjudwlqj lwv uvw ghulydwlyh1 Xqiruwxqdwho|/ wkh vhfrqg ghulydwlyhv gr qrw kdyh wklv surshuw| dqg li zh h{suhvv x dv d olqhdu frpel0 qdwlrq ri wkhvh edvh ixqfwlrqv/ zh vwloo qrw eh deoh wr dsso| wkh rshudwru D wr lw/ vlqfh wklv uhtxluhv vhfrqg ghulydwlyhv zlwk uhvshfw wr {1 Wklv vhhplqjo| kdupohvv idloxuh kdv ohg wr d prxqwdlq ri pdwkhpdwlfdo olwhudwxuh surylglqj d zhdn lqwhusuhwdwlrq ri glhuhqwldo htxdwlrqv1 Urxjko| vshdnlqj/ ixqfwlrqv duh ghqhg e| wkh uhvxow xsrq lqwhjudwlrq diwhu pxowlsolfdwlrq e| zhoo0ehkdyhg whvw ixqfwlrqv1 Iru h{dpsoh/ wkh gludf ghowd ixqfwlrq frxog eh ghqhg hlwkhu dv d U phdvxuh/ ru dv wkh _ixqfwlrq% surylglqj +{,!+{,g{ @ !+3, iru doo vprrwk ixqfwlrqv != Xqghu d zhdn lqwhusuhwdwlrq/ wr vroyh iru wkh frhflhqwv U lqCrughu 5 y + { deryh/ zh uhtxluh lqwhjudov ri wkh irup ^ C{ 5 q ,`ym +{,g{ dqg wklv fdq eh lqwhusuhwhg xvlqj lqwhjudwlrq e| sduwv1 Iru h{dpsoh li zh duh lqwhjudwlqj ryhu d vwuls d ? { ? e dqg li wkh edvlv yhfwruv ym +{, duh }hur dw { @ d> { @ e +ehfdxvh
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erxqgdu| frqglwlrqv lpso| wkdw wkh vroxwlrq lv dovr }hur rq wklv erxqgdu|,/



]



] C C ^ yq+{,`^ ym +{,`g{ C{ C{



C5 y +{,`ym +{,g{ @ C{5 q hyhq zkhq wkh vhfrqg ghulydwlyh idlov wr C5 vkrzv wkdw wkh olqhdu rshudwru D @  C{ 5 srvlwlyh ghqlwh1 ^



+4315,



h{lvw1 Qrwlfh wkdw wklv lghqwlw| dovr vdwlvhv +Dy=y,  3 dqg lv wkhuhiruh



Vxppdu|



Zh kdyh vhhq vhyhudo dowhuqdwlyh phwkrgv wkdw fdq eh xvhg wr qxphulfdoo| vroyh d v|vwhp ri wkh irup



C x . D+x, @ i Cw iru srvlwlyh ghqlwh rshudwru D1 Zh pd| glvfuhwl}h erwk wlph dqg vsdfh/ xvlqj d phwkrg vxfk dv Fudqn0Qlfrovrq1 Zh pd| glvfuhwl}h vsdfh dqg qrw wlph/ uhvxowlqj lq d v|vwhp ri uvw rughu glhuhqwldo htxdwlrqv lq w1 Dowhuqdwlyho|/ zh pd| glvfuhwl}h wlph1 Sxwwlqj xm +{, @ x+m w> {, wklv uhtxluhv vroylqj d v|vwhp ri wkh irup xm +{,  xm4 +{, . Dxm +{, @ 3 w zlwk wkh lqkhulwhg erxqgdu| frqglwlrqv1 Wklv pd| uhvxow lq d v|vwhp ri vhfrqg rughu glhuhqwldo htxdwlrqv lq { zklfk pd| eh vroyhg dqdo|wlfdoo| ru qxphulfdoo| +h1j1 e| qlwh hohphqw phwkrgv,1 �ffH



5L*|L? Lu |i #gtL? ,^@|L?



Lq wklv vhfwlrq zh frqvlghu wkh jhqhudo vroxwlrq wr wkh glxvlrq htxdwlrq ri wkh irup +4148,/ uhzulwwhq dv



CY 5+Vw > w, C5 Y CY @ uw Y  uw Vw  Cw CV 5 CV 5 zkhuh Vw lv dq dvvhw sulfh gulyhq e| d glxvlrq htxdwlrq gVw @ d+Vw > w,gw . +Vw > w,gZw >



+5148, +5149,



Y +Vw > w, lv wkh sulfh ri dq rswlrq rq wkdw dvvhw dw wlph w/ dqg uw @ u+w, lv wkh vsrw lqwhuhvw udwh dw wlph w1 Zh dvvxph wkdw wkh sulfh ri wkh rswlrq dw h{slu| W lv d nqrzq ixqfwlrq ri wkh dvvhw sulfh Y +VW > W , @ Y3+VW ,=



+514:,



Vrphzkdw vwudqjho|/ wkh rswlrq lv sulfhg xvlqj d uhodwhg exw qrw lghqwlfdo surfhvv +ru/ htxlydohqwo|/ wkh vdph surfhvv xqghu d glhuhqw phdvxuh,1 Uhfdoo iurp wkh



598 edfnzdugv Nroprjrury htxdwlrq +415, wkdw li d uhodwhg surfhvv [w vdwlvhv wkh vwrfkdvwlf glhuhqwldo htxdwlrq



g[w @ u+[w > w,[w gw . +[w > w,gZw wkhq lwv wudqvlwlrq nhuqho s+w> v> W> }, @ glhuhqwldo htxdwlrq vlplodu wr +5148,>



C C} S ^[W



+514;,



 } m[w @ v` vdwlvhv d sduwldo



Cs 5+v> w, C 5s Cs @ u+v> w,v  +514 u+v> w, @ u+w,1 Wr rewdlq wkh vroxwlrq vr wkdw whuplqdo frqglwlrqv lv vdwlvhg/ frqvlghu d surgxfw i +w> v> W> }, @ s+w> v> W> } ,t+w> W , zkhuh



t+w> W , @ h{si



]W w



+5153,



u+y,gyj



lv wkh glvfrxqw ixqfwlrq ru wkh sulfh ri d }hur0frxsrq erqg dw wlph w zklfk sd|v 4' dw pdwxulw|1 Ohw xv wu| dq dssolfdwlrq ri rqh ri wkh prvw frpprq phwkrgv lq vroylqj SGH*v/ wkh _oxfn| jxhvv% phwkrg1 Frqvlghu d olqhdu frpelqdwlrq ri whupv ri wkh irup +5153, zlwk zhljkw ixqfwlrq z+},= l1h1 wu| d vroxwlrq ri wkh irup



Y +v> w, @



]



s+w> v> W> },t+w> W ,z+},g}



+5154,



iru vxlwdeoh zhljkw ixqfwlrq z+} ,1 Lq ylhz ri wkh ghqlwlrq ri s dv d wudqvlwlrq suredelolw| ghqvlw|/ wklv lqwhjudo fdq eh uhzulwwhq dv d frqglwlrqdo h{shfwdwlrq=



Y +w> v, @ H ^z+[W ,t+w> W ,m[w @ v`



+5155,



wkh glvfrxqwhg frqglwlrqdo h{shfwdwlrq ri wkh udqgrp yduldeoh z+[W , jlyhq wkh fxuuhqw vwdwh ri wkh surfhvv/ zkhuh wkh surfhvv lv dvvxphg wr iroorz +514;,1 Qrwh wkdw lq rughu wr vdwlvi| wkh whuplqdo frqglwlrq BB/ zh fkrrvh z+{, @ Y3+{,1 Qrz ] C CY @ s+w> v> W> },t+w> W ,z+},g} Cw ]Cw Cs 5+Vw > w, C5 s @ ^u+Vw > w,Vw  `t+w> W ,z+},g} 5 Cv5 ] Cv .u+Vw > w,



@



s+w> Vw > W> } ,t+w> W ,z+} ,g} e| +514 w, C 5Y . u+Vw > w,Y +Vw > w,  u+Vw > w,Vw CY CV 5 CV 5
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zkhuh zh kdyh dvvxphg wkdw zh fdq sdvv wkh ghulydwlyhv xqghu wkh lqwhjudo vljq1 Wkxv wkh surfhvv



Y +w> v, @ H ^Y3+[W ,t+w> W ,m[w @ v`



+5156,



vdwlvhv erwk wkh sduwldo glhuhqwldo htxdwlrq +5148, dqg wkh whuplqdo frqglwlrqv BB dqg lv khqfh wkh vroxwlrq1 Lqghhg lw lv wkh xqltxh vroxwlrq vdwlvi|lqj fhuwdlq uhjxodulw| frqglwlrqv1 Wkh uhvxow dvvhuwv wkdw wkh ydoxh ri dq| Hxurshdq rswlrq lv vlpso| wkh frqglwlrqdo h{shfwhg ydoxh ri wkh glvfrxqwhg sd|r +glvfrxqwhg wr wkh suhvhqw, dvvxplqj wkdw wkh glvwulexwlrq lv wkdw ri wkh surfhvv +514;,1 Wklv uhvxow lv d vshfldo fdvh zkhq wkh vsrw lqwhuhvw udwhv duh ixqfwlrqv rqo| ri wlph ri wkh iroorzlqj pruh jhqhudo wkhruhp1



Wkhruhp+ Ih|qpdq0Ndf,



Vxssrvh wkh frqglwlrqv iru d xqltxh vroxwlrq wr +5148/514:, +vhh iru h{dpsoh Gxh/ dsshqgl{ H, duh vdwlvhg1 Wkhq wkh jhqhudo vroxwlrq wr +5148, xqghu wkh whuplqdo frqglwlrq BB lv jlyhq e|



Y +V> w, @ H ^Y3+[W ,h{si



]W w



u+[y > y,gyj m [w @ V `



+5157,



Wklv uhsuhvhqwv wkh glvfrxqwhg uhwxuq iurp wkh rswlrq xqghu wkh glvwulexwlrq ri wkh surfhvv [w 1 Wkh glvwulexwlrq lqgxfhg e| wkh surfhvv [w lv uhihuuhg wr dv wkh htxlydohqw pduwlqjdoh phdvxuh ru ulvn qhxwudo phdvxuh1 Qrwlfh wkdw zkhq wkh ruljlqdo surfhvv lv d glxvlrq/ wkh htxlydohqw pduwlqjdoh phdvxuh vkduhv wkh vdph glxvlrq frhflhqw exw kdv wkh guliw uhsodfhg e| u+[w > w,[w = Wkh rswlrq lv sulfhg dv li wkh guliw zhuh wkh vdph dv wkdw ri d ulvn0iuhh erqg l1h1 dv li wkh lqvwdqwdqhrxv udwh ri uhwxuq iurp wkh vhfxulw| li lghqwlfdo wr wkdw ri erqg1 Ri frxuvh/ lq sudfwlfh/ lw lv qrw1 D ulvn suhplxp pxvw eh sdlg wr wkh vwrfn0kroghu wr frpshqvdwh iru wkh juhdwhu ulvn dvvrfldwhg zlwk wkh vwrfn1 Wkhuh duh vrph fdvhv lq zklfk wkh frqglwlrqdo h{shfwdwlrq +BB, fdq eh ghwhu0 plqhg h{solflwo|1 Lq jhqhudo/ wkhvh uhtxluh wkdw wkh surfhvv ru d vlpsoh ixqfwlrq ri wkh surfhvv lv Jdxvvldq1 Iru h{dpsoh/ vxssrvh wkdw erwk u+w, dqg +w, duh ghwhuplqlvwlf ixqfwlrqv ri wlph rqo|1 Wkhq zh fdq vroyh wkh vwrfkdvwlf glhuhqwldo htxdwlrq +5155, wr rewdlq



[w [W @ . t+w> W ,



] W +x, gZ t+x> W , x w



+5158,



Wkh uvw whup deryh lv wkh frqglwlrqdo h{shfwhg ydoxh ri [W jlyhq [w 1 Wkh vhfrqg lv wkh udqgrp frpsrqhqw/ dqg vlqfh lw lv d zhljkwhg vxp ri wkh qrupdoo|



59: glvwulexwhg lqfuhphqwv ri d Eurzqldq prwlrq zlwk zhljkwv wkdw duh qrq0udqgrp/ lw lv dovr d qrupdo udqgrp yduldeoh1 Wkh phdq lv 3 dqg wkh +frqglwlrqdo, ydul0 U 5+x, gx= Wkxv wkh frqglwlrqdo glvwulexwlrq ri [W jlyhq [w lv qrupdo dqfh lv wW t5+x>W , U 5+x, gx1 zlwk frqglwlrqdo h{shfwdwlrq t+[w>Ww , dqg frqglwlrqdo yduldqfh wW t5+x>W , Sureohp1



U



S



Frqvlghu dssur{lpdwlqj dq lqwhjudo ri wkh irup 3W j+w,gZw  j+w,iZ +w . k,  Z +w,j zkhuh j+w, lv d qrq0udqgrp ixqfwlrq dqg wkh vxp lv ryhu ydoxhv ri w @ qk> q @ 3> 4> 5> ===W@k  4= Vkrz e| frqvlghulqj U W wkh glvwulexwlrq ri wkh vxp dqg wdnlqj olplwv wkdw wkh udqgrp yduldeoh 3 j+w,gZw kdv d qrupdo glvwulexwlrq dqg qg lwv phdq dqg yduldqfh1 Sureohp1



U



Jlyh dq h{dpsoh ri d ixqfwlrq j+w> Zw , vxfk wkdw wkh udqgrp yduldeoh 34 j+w> Zw ,gZw grhv qrw kdyh d qrupdo glvwulexwlrq exw kdv odujhu wdlov wkdq wkh qrupdo glvwul0 exwlrq kdv1 Wkh vshfldo fdvh ri +BB, ri prvw frpprq xvdjh lv wkh Eodfn0Vfkrohv prgho= vxssrvh wkdw +V> w, @ V+w, iru +w, vrph ghwhuplqlvwlf ixqfwlrq ri w1 Wkhq wkh glvwulexwlrq ri [w lv qrw Jdxvvldq/ exw iruwxqdwho|/ lwv orjdulwkp lv1 Lq wklv fdvh zh vd| wkdw wkh glvwulexwlrq ri [w lv orjqrupdo1 Orjqrupdo Glvwulexwlrq



Vxssrvh ] lv d qrupdo udqgrp yduldeoh zlwk phdq  dqg yduldqfh 51 Wkhq zh vd| wkdw wkh glvwulexwlrq ri [ @ h] lv orjqrupdo zlwk phdq  @ h{si . 5@5j dqg yrodwlolw| sdudphwhu 1 Wkh orjqrupdo suredelolw| ghqvlw| ixqfwlrq zlwk phdq  A 3 dqg yrodwlolw| sdudphwhu  A 3 lv jlyhq e| wkh suredelolw| ghqvlw| ixqfwlrq 4 +5159, j+{m> , @ s h{si+orj {  orj   5@5,5 @55j= { 5 Wkh vroxwlrq wr +514;, zlwk qrq0udqgrp ixqfwlrqv +w,> u+w, lv qrz



[W @ [w h{si



]W w



+u+x,  5+x,@5,gx .



]W w



+x,gZxj=



+515:,



Vlqfh wkh h{srqhqw U lv qrupdo/ wkh glvwulexwlrq ri [U W lv orjqrupdo zlwk phdq orj+[w , . wW +u+x,  5+x,@5,gx dqg yduldqfh wW 5+x,gx1 Lw iroorzv wkdw wkh frqglwlrqdo glvwulexwlrq lv orjqrupdo zlwk phdq  @ [w t +w> W , dqg t UW 5 yrodwlolw| sdudphwhu w  +x,gx1 Zh qrz ghulyh wkh zhoo0nqrzq Eodfn0Vfkrohv irupxod dv d vshfldo fdvh ri +BB,1 Iru d fdoo rswlrq zlwk h{huflvh sulfh H / wkh sd|r ixqfwlrq lv Y3+VW , @
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pd{+VW  H> 3,1 Qrz lw lv khosixo wr xvh wkh idfw wkdw iru d vwdqgdug qrupdo udqgrp yduldeoh ] dqg duelwudu|  A 3> 4 ?  ? 4 zh kdyh wkh h{shfwhg ydoxh ri pd{+h] .> 3, lv 5   +515;, h. @5 + . ,  + ,   zkhuh +=, ghqrwhv wkh vwdqgdug qrupdo fxpxodwlyh glvwulexwlrq ixqfwlrq1 Dv d uhvxow/ lq wkh vshfldo fdvh wkdw u dqg  duh frqvwdqwv/ +BB, uhvxowv lq wkh idprxv Eodfn0Vfkrohv irupxod zklfk fdq eh zulwwhq lq wkh irup +515 w, @ V +g4 ,  Hhu+W w, +g5 , zkhuh g4 ? g5 duhswkh ydoxhv 5@5 vwdqgdugl}hg e| dgglqj orj+V@H ,.u+W w, dqg glylglqj e|  W  w1 Wklv pd| eh ghulyhg e| wkh iroorzlqj ghylfh> Dvvxph +l1h1 suhwhqg, wkdw/ jlyhq fxuuhqw lqirupdwlrq/ wkh glvwulexwlrq ri V +W , dw h{slu| lv orjqrupdoo| glvwulexwhg zlwk wkh phdq  @ V +w,hu+W w, 1 Wkh phdq ri wkh orj0qrupdo lq wkh ulvn qhxwudo zruog V +w,hu+W w, lv h{dfwo| wkh ixwxuh ydoxh ri rxu fxuuhqw vwrfnv V +w, li zh zhuh wr vhoo wkh vwrfn dqg lqyhvw wkh fdvk lq d edqn ghsrvlw1 Wkhq wkh ixwxuh ydoxh ri dq rswlrq zlwk sd|r ixqfwlrq jlyhq e| Y3 +VW , lv wkh h{shfwhg ydoxh ri wklv ixqfwlrq djdlqvw wklv orjqrupdo suredelolw| ghqvlw| ixqfwlrq/ wkhq glvfrxqwhg wr suhvhqw ydoxh ]4 s Y3 +{,j+{mV +w,hu+W w, >  W  w,g{= +5163, hu+W w, 3



Qrwlfh wkdw wkh Eodfn0Vfkrohv ghulydwlrq fryhuv dq| glxvlrq surfhvv jry0 huqlqj wkh xqghuo|lqj dvvhw zklfk lv gulyhq e| d vwrfkdvwlf glhuhqwldo htxdwlrq ri wkh irup



gV @ d+V ,gw . VgZw



+5164,



uhjdugohvv ri wkh qdwxuh ri wkh guliw whup d+V ,1 Iru h{dpsoh d qrq0olqhdu ixqfwlrq d+V , fdq ohdg wr glvwulexwlrqv wkdw duh qrw orjqrupdo dqg |hw wkh rswlrq sulfh lv ghwhuplqhg dv li lw zhuh1 H{dpsoh1



Frqvlghu sulflqj dq lqgh{ rswlrq rq wkh V)S 833 lqgh{ dq Mdqxdu| 44/ 5333 +wkh lqgh{ VS[ forvhg dw 4765158 rq wklv gd|,1 Wkh rswlrq V[] DH0D lv d Mdqxdu| fdoo rswlrq zlwk vwulnh sulfh 47581 Wkh rswlrq pdwxuhv +dv gr htxlw| rswlrqv lq jhqhudo, rq wkh wklug iulgd| ri wkh prqwk ru Mdqxdu| 54/ d wrwdo ri : wudglqj gd|v odwhu1 Vxssrvh zh zlvk wr sulfh vxfk dq rswlrq xvlqj wkh odfn0 Vfkrohv prgho1 Lq wklv fdvh/ W  w phdvxuhg lq |hduv lv :@585 @ 3=35:::;= Wkh dqqxdo yrodwlolw| ri wkh Vwdqgdug dqg Srru 833 lqgh{ lv durxqg 4 |, lv/ vd|/ d uhdo ixqfwlrq dqg \w lv d Jdxvvldq surfhvv1 �ffb



*@U!5UL*it | Ah@?t@U|L? Lt|t



Zh qrz prgli| wkh dujxphqw lq vhfwlrq 51; wr dffrpprgdwh wudqvdfwlrq frvwv1 Dv lq Ohodqg +4 5Vw5gw, lw iroorzv wkdw H mgV m @ 5@Vw gw dqg vlqfh/ e| wkh odz ri odujh qxpehuv/ wkh vxp ri pdq| vxfk lqfuhphqwv s frqyhujhv s wr wkh h{shfwhg ydoxh/ wkh whup mgV m pd| eh uhsodfhg lq +5166, e| 5@Vw gw1 Wkhuhiruh/ vxevwlwxwlqj lq +5165,/ zh rewdlq wkh htxdwlrq +n@5,Vw mgxw m  +n@5,Vw m











s C5Y s CY 5 5 C5 Y . V gw= uEw gw  +n@5,Vw m 5 m 5@Vw gw @ CV Cw 5 CV 5



Froohfwlqj whupv/ dqg vxevwlwxwlqj Ew @ Yw  CY CV Vw / wklv uhgxfhv wr



CY C5Y CY 5 . +4 . D vjq+,,V 5 5 . uV Cw 5 CV CV zkhuh  @



C5 Y CV 5



dqg



D@



u



 uY @ 3



5 n s   gw



lv wkh vr0fdoohg Ohodqg qxpehu1 Wklv lv h{dfwo| wkh vdph htxdwlrq wkdw zdv vroyhg wr jlyh wkh Eodfn0Vfkrohv irupxod h{fhsw wkdw wkh yrodwlolw| 5 lv lqdwhg +ghdwhg, e| wkh idfwru +4 . D vjq+,,,1 Lq wkh fdvh 3 ? D ? 4/ wklv htxdwlrq kdv d vroxwlrq iru duelwudu| sd|r ixqfwlrq Y3 1 Lq wkh fdvh D A 4 / li wkh sd|r ixqfwlrq lv frqyh{/ wkhq djdlq wkh vroxwlrq lv jlyhq e| Eodfn0Vfkrohv zlwk lqdwhg yrodwlolw|1 Krzhyhu/ li wkh sd|r ixqfwlrq lv qrq0frqyh{/ wkhq wkh pdwkhpdwlfdo sureohp lv loo0srvhg +vhh Dyhoodqgd dqg Sdudv +4 5 Cw 5 CV CV wkh vhfrqg/ Vi +w, ? V ? 4/ zkhuh hduo| h{huflvh lv qrw rswlpdo dqg S @ H  V>



CS 4 5 5 C 5S CS . V . uV  uS @ 3= Cw 5 CV 5 CV Wkh erxqgdu| frqglwlrqv dw V @ Vi +w, duh wkdw S dqg lwv vorsh duh frqwlqxrxv= S A H  V>



S +Vi +w,> w, @ pd{+H  Vi +w,> 3,>



CS +V +w,> w, @ 4= CV i
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@T|ih ��



TTi?_ G B*Ltt@h)  Dqqxlw| D xqlirup vhulhv ri sd|phqwv ru uhfhlswv ryhu d vshflhg shulrg ri wlph



 Dvvhw D Sk|vlfdo ru lqwdqjleoh lwhp ri ydoxh wr d frpsdq| ru lqglylgxdo  Edqnuxswf| D ohjdo surfhhglqj ri wkh glvsrvdo ri dvvhwv ri d exvlqhvv ru lqglylgxdo wr vdwlvi| fuhglwruv* fodlpv lq ixoo ru lq sduw dqg surwhfwlqj wkh ghewru iurp ixuwkhu dfwlrq1



 Ehwd D uhjuhvvlrq frhflhqw lqglfdwlqj wkh udwh dw zklfk d jlyhq vwrfn fkdqjhv iru d xqlw fkdqjjh lq wkh pdunhw dv d zkroh1



 Erqg D qdqfldo lqvwuxphqw uhsuhvhqwlqj d irup ri frusrudwh orqj0whup ghew lvvxhg wr lqyhvwruv1



 Erqg udwlqj



D sxeolvkhg udqnlqj ri d erqg ghyhorshg e| dqdqfldo rujdqlvdwlrqv wr h{suhvv uhodwlyh vrxqgqhvv rq d ghqhg vfdoh1



 Errn ydoxh



wkh uhfrughg ydoxh ri dq dvvhw ru oldelolw| dv uhhfwhg lq qdqfldo vwdwhphqwv



 Fdoo surylvlrq d surylvvlrq shuplwwlqj wkh lvvxlqj frpsdq| wr uhghhp sduw ru doo ri d erqg ru suhihuuhg vwrfn dw d gdwh ghwhuplqhg e| wkh frp0 sdq|1



 Fdslwdo wkh ixqgv frpplwwhg wr dq lhqwhusulvh lq wkh irup ri rqhuvkls htxlw| dqg orqj0whup qdqflqj1



 Fdslwdol}dwlrq Wkh vxp ri doo orqj0whup vrxufhv ri fdslwdo ri d frpsdq|1 Wkh glhuhqfh ehwzhhq fxuuhqw oldelolwlhv dqg wrwdo dvvhwv1



 Fdvk rz Wkh srvwlyh lqrz ru qhjdwlyh rxwrz ri fdvk fdxvhg e| dq dfwlylw| ryhu d vshflhv shulrg ri wlph1 5:6
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 Frpprq vwrfn +frpprq vkduhv, Vhfxulwlhv uhsuhvhqwlqj d ghuhfw rzqhu0 vkls lqwhuhvw lq d frusrudwlrq dqg d uhvlgxdo fodlp rq lwv dvvhwv1



 Frpsrxqglqj Wkh surfhvv ri fdofxodwlqj wkh jurzlqj ydoxh ri d vxp ri prqh| ryhu wlph fdxvhg e| wkh uhlqyhvwphqw ri hduqhg lqwhuhvw1



 Frxsrq udwh Wkh vwdwhg lqwhuhvw udwh vshflhv rq wkh lqwhuhvw frxsrqv dwwdfkhg wr erqgv dqg fdofxodwhg dv d shufhqwdjh ri wkhlu idfh ydoxh1



 Fuhglw wkh uhfrjqlvhg delolw| ri dq lqglylgxdo ru frusrudwlrq wr dvvxph lqghewhwgqhvv zlwk wkh survshfw ri vhuylflqj vxfk ghew1



 Ghew +oledelolw|, Dq reoljdwlrq wr sd| dprxqwv gxh xqghu vshflhg whupv1  Ghidxow idloxuh wr pdnh d sd|phqw rq d ghew reoljdwlrq zkhq gxh1  Glvfrxqwlqj wkh surfhvv ri fdofxodwlqj wkh uhgxfhg ydoxh ri d ixwxuh vxp ri prqh| lq sursruwlrq wr wkh rssruwxqlw| ri hduqlqj lqwhuhvw ryhu wkdw shulrg1



 Glyhuvlfdwlrq



wkh surfhvv ri lqyhvwlqj lq d qxpehu ri xquhodwhg ru sduwldoo| lqghshqghqw dvvhwv ru dfwlylwlhv wr hvwdeolvk d pruh vdwlvidfwru| sruwirolr dqg uhgxfh wkh yrodwlolw|1



 Glylghqg sd|rxw



wkh udwlr ri wkh dprxqw ri glylghqgv glvwulexwhg wr wkh diwhuwd{ hduqlqjv r d frusrudwlrq1



 Glylghqg |lhog Wkh udwlr ri wkh wrwdo dprxqw ri glylghqgv sd|deoh rq rqh vkduh ryhu d vshflhg shulrg wr wkh fxuuhqw pdunhw sulfh shu vkduh1



 Hduqlqjv wkh glhuhqfh ehwzhhq uhyhqxh dqg frvwv dqg h{shqvhv iru d vshflhv shulrg1



 Hduqlqjv shu vkduh> wkh wrwdo diwhuwd{ hduqlqjv glylghg e| wkh qxpehu ri frpprq vkduhv rxwvwdqglqj1



 Htxlw| wkh uhfrughg rzqhuvkls fodlp ri doo frpprq dqg suhihuuhg vkduh0 kroghuv dv uhhfwhg rq wkh edodqfh vkhhw1



 Idlu pdunhw ydoxh wkh sulfh iru dq dvvhw rq zklfk wzr udwlrqdo sduwlhv zlwk vxflhqw lqirupdwlrq zrxog djuhh lq wkh devhqfh ri rwkhu idfwruv1



 Ilqdqfldo Prgho



wkh uhsuhvhqwdwlrq lq d pdwkhpdwlfdo prgho ru frpsxwhu surjudp uhodwlqj wkh hhfw ri ydulrxv lqsxw idfwruv wr vrph phdvxuhv ri shuirupdqfh1



 Il{hg0lqfrph vhfxulw|



dq| vhfxulw| zklfk surylghv d frqvwdqw vwuhdp ri lqwhuhvw ru glylghqg ryhu lwv olih1



 Iruhljq h{fkdqjh h{srvxuh Wkh srwhqwldo orvv iurp fkdqjhv lq wkh h{0 fkdqjh udwh zlwk rqh ru pruh iruhljq fxuuhqflhv1
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 Khgjh d vwudwhj| wr qhxwudol}h wkh ulvn ri dq lqyhvwphqw e| hqjdjlqj lq rvhwwlqj frqwudfwv zkhuhe| srwhqwldo jdlqv dqg orvvhv zloo whqg wr fdqfho1



 Mxqn erqg



dq| erqg zlwk ulvn fkdudfwhulvwlfv kljkhu wkdq qrupdo lqyhvwphqw judgh1



 Ohyhudjh Dq| wudqvdfwlrq zklfk pdjqlhv d jlyhq hhfw1  Oldelolw| dq reoljdwlrq wr sd| d vshflhg dprxqw ru shuirup d vshflhg vhuylfh dw vshflihg wlphv1



 Oltxlglw| Wkh ghjuhh wr zklfk d frpsdq| lv uhdglo| deoh wr phhw lwv fxuuhqw reoljdwlrqv/ ru wkh hdvh zlwk zklfk d vhfxulw| fdq eh erxjkw ru vrog1



 Pdunhw ydoxh



Wkh ydoxh ri dqg dvvhw dv ghwhuplqhg lq dq xqfrqwudlqhg pdunhw ri pdq| ex|huv dqg vhoohuv1



 Qhw suhvhqw ydoxh Wkh glhuhqfh ehwzhhq wkh suhvhqw ydoxhv ri fdvk lqrzv dqg fdvk rxwrzv



 Qrplqdo dprxqw Dq| txdqwlw| qrw dgmxvwhg iru fkdqjhv lq pdnhw frq0 glwlrqv/ sxufkdvlqj srzhuv1



 Rswlrq D frqwudfwxdo rssruwxqlw| wr sxufkdvh ru vhoo dq dvvhw ru vhfxulw| dw d suhghwhuplqhg sulfh/ zlwkrxw reoljdwlrq wr gr vr1



 Sdu ydoxh wkh qrplqdo ydoxh hvwdeolvkhg e| wkh lvvxhu ri d vhfxulw|1 Iru d erqg/ wkh lvvxlqj frpsdq| zloo sd| wkh sdu ydoxh rq pdwxulw|1



 Shushwxlw|



odvw iruhyhu1



d vhulhv ri ohyho shulrglf sd|phqwv ru uhfhlswvv h{shfwhg wr



 Sruwirolr d vhw ri glyhuvh lqyhvwphqwv khog e| dqg lqglylgxdo ru frpsdq|1  Suhihuuhg Vwrfn d vshfldo fodvv ri fdslwdo vwrfn wkdw uhfhlyhv d irup ri suhihuhqfh ryhu frpprq vwrfn lq lwv fodlp rq hduqlqjv dqg dvvhwv1



 Suhvhqw Ydoxh



wkh ydoxh wrgd| ri d ixwxuh vxp ru d vhulhv ri vxpv fdofxodwhg e| glvfrxqwlqj wkh ixwxuh dprxqwv1



 Sulqflsdo wkh ruljlqdo dprxqw ri d ordq ru erqg +dovr fdoohg idfh ydoxh, rq zklfk lqwhuhvw lv edvhg1



 Ulvn dqdo|vlv d surfhvv ri lqwhjudwlqj ulvn lqwr dq dqdo|vlv1  Ulvn dyhuvlrq d vxemhfwlyh xqzloolqjqhvv wr dffhsw d jlyhq ohyho ri ulvn/ xqohvv wkhuh lv d wudgh0r iru kljkhu dyhudjh uhwxuq1



 Ulvn0iuhh lqwhuhvw udwh Wkh dvvxphg |lhog rewdlqdeoh rq d jxdudqwhhg vhfxulw|1
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 Ulvn suhplxp Wkh lqfuhdvhg uhwxuq uhtxluhg iru dq lqyhvwphqw wr frp0 shqvdwh wkh kroghu iru wkh ohyho ri ulvn lqyroyhg1
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