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Abstract: To the design of room, acousticians normally use besides their experience different tools such as computer modelling software. The most used is ray-tracing technique but it is not sufficient for taking into account the particular shape of long rectangular rooms. For example, in such rooms, most angles of reflection are large, with absorption coefficients that do not correspond to ISO random incidence absorption values. This leads to inefficient models. Moreover, the same applies to the scattering process though furniture. Frequency bandwidth is another barrier for accurate acoustical prediction with ray-tracing technique. This paper presents a modified wave equation for sound energy density and sound intensity. By revisiting the relationships between those two quantities, we model the physical phenomena involved by sound propagation in a finite medium with obstacle as a modified wave equation. This linear second-order hyperbolic equation depends on few parameters such as absorption and diffusion coefficients. We propose an adjustment method of the model with in situ measurements to estimate the coefficients in an one-dimensional case. Keywords: architectural acoustic, diffusion coefficient, room acoustic modelling, in situ measurement, SoundField microphone.



Modified wave equation for modelling diffuse sound fields 1 Introduction Numerical modelling introduced in the last decades gives very instructive information for the acoustical design of rooms. But the lack of a consistent physical model of the sound fields in enclosed spaces hampers proper optimization. Introduced by Morse and Feshback [4] and developed by Ollendorff [6], the diffusion equation based on statistical approach allows different amounts of wall scattering to be taken into account, but fails to predict the sound decay in some cases [7]. The present work is an attempt to overcome those limitations. Section 2 presents the theory of the stress-energy tensor involving Morse and Feshback’s coupled equations, which are solved by a finite difference time domain method in Section 3. Section 4 validates the model and compares the results with in situ measurements. Section 5 discusses the results and Section 6 concludes the paper.



2 Theory of the stress-energy tensor 2.1 System of coupled equations In 1953, Morse and Feshbach [4] introduced 2 coupled equations to express the conservation ~ of energy density and sound intensity. Noting J~ = cI with ~I the sound intensity and c the speed of sound, the conservation of energy E is given by 1 ∂t E + ~∇ · J~ = 0 c



(1)



with ∂t and ~∇ the first time derivative and the "Nabla" operator respectively. By extension, we still call J~ the sound intensity. The conservation of sound intensity is given by 1 ~ ~ ∂t J + ∇E = 0 c



(2)



where E is the wave-stress symmetric tensor [5]. E, J~ and E can be expressed in terms of the velocity potential [1]. 2.2 Stress-energy tensor We can generalize the energy conservation by combining all the energy quantities E, J~ and E into a single tensor, the stress-energy tensor. With (·)T the transposed vector, we have E J~T T= ~ J E 
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2.3 Dimensional reduction by integration Volume scattering and surface diffusion are described in the literature under the form of a diffusion coefficient β within a diffusion equation for scattering phenomena, and as the boundary conditions for surface diffusion. This was first described by Ollendorff [6] and later proposed by Picault et al. [7]. Here, we complete the system of coupled equations with an energy and momentum balance on the walls that naturally introduces acoustic absorption and diffusion. 2.3.1 Energy balance on the walls Starting with equation (1), we consider the propagation of sound in a corridor along the ~x direction. We assume that E and Jx are constant on the section, that Jy is independent of z and Jz is independent of y. Performing a balance of energy on the walls, the incident sound intensity Jinc and the reflected sound intensity Jre f are given by [3] Jinc =



E J + 4 2



;



Jre f =



E J − 4 2



Thus, the energy balance yields Jinc − Jre f = Jabs where Jabs = α Jinc is the sound intensity absorbed by the wall and α is the Sabine absorption coefficient. We obtain [1] J=



α E 2(2 − α )



Introducing the modified absorption coefficient A =



α 1− α2



(3) , equation (1) becomes



1 A ∂t E + ∂x Jx = − E c λ with λ =



4V S



(4)



the mean free path in a room of volume V and walls total surface area S.



2.3.2 Momentum balance on the walls Applying this method to equation (2), we assume that Jx and Exx are constant on the section, that Exy is independent of y and Exz is independent of z. Performing a momentum balance, we consider on the wall the incoming momentum Mxy,in and the outgoing momentum Mxy,out . With J = Jx as J has only one component, we have Mxy,in =



Exy J c+ c 2 4



;



Mxy,out = −



Exy J c+ c 2 4



Thus, the momentum balance yields Mxy,in −Mxy,out = Mxy,di f where Mxy,di f = β Mxy,in is the diffused momentum. We obtain [1] β J (5) Exy = 2(2 − β )
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Introducing the modified diffusion coefficient D =



β 1− β2



, equation (2) becomes



1 D ∂t J + ∂x Exx = − J c λ



(6)



Equation (4) and (6) are part of a system of coupled first order partial differential equations. Those equations describe the one-dimensional conservation of the energy density and the sound intensity with absorption and diffusion on the walls. Note that equation (4) and (6) can be generalized to corridors with different absorption and diffusion coefficients on each walls by numerically introducing the mean coefficient. 2.4 General equation Equation (4) and (6) can be developed in 1 A+D AD ∂tt E − ∂xx E + ∂t E + 2 E = 0 2 c λc λ



(7)



Equation (7) is a linear second-order hyperbolic equation known as the telegrapher’s equation. It is constituted of an ordinary wave equation, to which two supplementary terms combine the effect of absorption and diffusion. 2.5 Condition on the boundaries The condition on the boundaries can be written from the energy balance that has been obtained earlier. With respect to the system of coupled equations, the condition on the boundaries is 1 D ∂x E + ( ∂t + )Ar E = 0 (8) c λ where Ar is the modified absorption coefficient applied to the boundaries and has already been defined in the literature [3]. This is a mixed boundary condition. As one can see, the diffusion coefficient plays some role in the boundary condition.



3 Finite difference time domain simulation In this section we present the numerical method that we used to solve the general equation (7), which is a finite difference time domain (FDTD) method. 3.1 Discrete general equation We use a simplified FDTD approach which is a centred-time centred-space scheme. On the limits of the domain, the approximations used are centred space and time. The discrete general equation is n n Ein+1 (a + 1) = Ein−1 (a − 1) + Ein (2(1 −Cr2 ) − b) +Cr2 (Ei+1 + Ei−1 ) + O[(∆t)2 , (∆x)2 ]



(9)
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c∆t c∆t 2 with Cr = c∆t ∆x the Courant-Friedrichs-Lewy coefficient, a = (A + D) 2λ , b = AD( λ ) . This equation is a simple explicit form of FDTD. The accuracy of this scheme is second order in time and space.



4 Validation of the model To assess the model, we solve the general equation with MATLAB. The computation results are first validated by varying the absorption and diffusion coefficients. Then, we compare the results with in situ measurements. This permits to obtain the coefficients by an adjustment method. The results are energy levels presented after time integration for each position of receiver (space decays), and as function of time after source extinction for two receiver positions (time decays). 4.1 Computation results 4.1.1 Model parameters The FDTD model is calculated for an impulse of 100dB propagating through a 40m long corridor. The source is situated at 10m from the end wall and receivers are positioned every meters form the source. The space discretization step ∆x can be large as we are studying energy propagation. We set it at ∆x = 1m. Inversely, if the time discretization step ∆t is small, results will be more precise. We set it at 1.10−3 s. The values of the absorption and diffusion coefficients are set from α = 0.1 to α = 0.5 and from β = 0.5 to β = 1.5. The absorption coefficient at both extremities is set to αr = 0.1. The mean free path is λ = 2m and the speed of sound c = 344m/s. 4.1.2 Space decays To begin with, Figure 1 plots the energy space decays for different values of the absorption and diffusion coefficients. The increase of the slope of the space decays is clearly visible as α or β increase. 4.1.3 Time decays Secondly, Figures 2 and 3 plot the energy time decays for different values of the absorption and diffusion coefficients. As for space decays, the slope of the time decays increases as α increases. On the contrary, the variation of the slope is almost negligible as β increases. Those results show that there is no equivalence between the coefficients. At 16m from the source, as at 4m, the time decay slopes increase when α increases, but not when β increases. One can observe that at this distance, the maximum level of the decay decreases when the coefficients increase. Furthermore, the maximum is reached earlier when α increases and later when β increases, which shows again that there is no equivalence between the coefficients. This was not visible at 4m from the source. One can observe that the curves of Figures 2 and 3 intersect when β increases, but not when



5



Figure 1: Energy space decays for different values of α (top) and β (bottom) in a 40m long corridor with the source position at 10m. Parameters are set to λ = 2m, ∆x = 1m, ∆t = 1ms and αr = 0.1.



α increases. This result indirectly shows that energy is concentrated arround the source. 4.2 Comparison with measurements 4.2.1 Measurement The measurements have been made with the help of a SoundField ST250 microphone [2]. The sound source is an Outline GRS omnidirectional speaker and a Tannoy VS10 sub woofer. The source was positioned on the center axis of the corridor at 1m from one extremity and at 1.5m above the floor. The signals was a 20Hz to 20kHz 10s sweep sine. Signals recorded are post-treated to obtain room impulse responses (IR) by convolution with the inverse sweep. The IR are then used to calculate the sound level by Schroeder’s reverse integration [8]. 4.2.2 Room characteristics The room under measurement is a corridor similar to the one-dimensional model. It is 32m long, 2.5m high and 1.7m wide. The mean free path is 2m in accordance with room dimensions. Several offices are located along the corridor, with some recesses installed, giving more diffusion. The corridor ends with a chicane as shown in Figure 4. The corridor features are carpet on the floor and compact mineral wool on the ceiling. Ceiling is interrupted by ten incised roof windows one meter above a metal grid which is 1.7m large and 2m long. The walls are constituted of windows and glass doors alternated with metal.
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Figure 2: Energy time decays at 4m from the source for different values of α (top) and β (bottom) in a 40m long corridor with the source position at 1m and the receiver position at 5m. Parameters are set to λ = 2m, ∆x = 1m, ∆t = 1ms and αr = 0.1. Moreover, the corridor is furnished with display stands and cupboards covering one third of the walls and generating scattering. 4.2.3 Adjustment results Estimations of the absorption and diffusion coefficients can be derived from comparison with measurements. We saw above that variations of β do not influence the slope of the time decay. By comparison with time decay we can then estimate the absorption coefficient. Once α is set, we deduce β with the help of the space decay. Figures 5 and 6 plot the time decays (top) that give the absorption coefficients for the octave band 1000Hz. Then the space decay (bottom) gives the diffusion coefficient at 1000Hz. α is 0.25 for Figure 5 and 0.23 for Figure 6. This correspond to a β of 0.52 for both Figures 5 and 6.



5 Discussion 5.1 Time of arrival of the direct sound Figures 2 and 3 show different times of arrival of the energy. Figure 2 was calculated at 4m from the source and Figure 3 at 16m, which gives times of arrival of the direct sound of resp. 12ms and 47ms. The Figures show that a part of the energy is coming earlier than the time of
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Figure 3: Energy time decays at 16m from the source for different values of α (top) and β (bottom) in a 40m long corridor with the source position at 1m and the receiver position at 17m. Parameters are set to λ = 2m, ∆x = 1m, ∆t = 1ms and αr = 0.1.



Figure 4: Plan of the corridor under measurement (shaded area). The source S1 is shown by a red circle and the axis of measurement by a blue arrow (colour on-line). propagation. However, the maximum is in quite good correspondence with the expected time of arrival for low diffusion values in the lower Figure 3. The time of arrival of the energy depends on the diffusion coefficient.
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Figure 5: Adjustment of the model by comparison with the time and space decays measured at 4m from the source in a corridor of size 1.7m × 2.5m × 32m.



Figure 6: Adjustment of the model by comparison with the time and space decays measured at 16m from the source in a corridor of size 1.7m × 2.5m × 32m.



6 Conclusion A generalised wave equation for energy density has been presented in this study. This equation is a linear, second order, hyperbolic, differential equation which depends among others
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on mean free path, absorption and diffusion coefficients. We solve the equation for a onedimensional room with a finite difference time domain technique. The results show that there is no equivalence between the coefficients. Furthermore, we give evidences that diffusion concentrates energy around the source and has no influence on the decay time, conversely to the absorption coefficient. This permits to propose an adjustment method of the model with in situ measurements, to estimate the global coefficients per sections of a corridor. The results are quite good for the absorption coefficient, and needs more measurements to conclude for the diffusion coefficient, due to the impossibility of comparison with other values. Future work will compare the model with the analytic model of Ollendorff [6] and Picault et al. [7] to evaluate if there is agreement between them. Furthermore, we will implement the general equation for open-spaces, which are equivalent with two-dimensional spaces. Finally, we still have to estimate the coefficients from in situ measurements of the IR, with the help of equation (3) and (5), using all 4 channels of the Ambisonics micorphone. Acknowledgements This work was carried out under a CIFRE convention (no 2012/1184) between Impédance S.A.S. and Université Pierre et Marie Curie (Institut Jean le Rond d’Alembert). References [1] H. Dujourdy, B. Pialot, T. Toulemonde, and J.-D. Polack. Energetic wave equation for modelling diffuse sound field. Acta Acust united Ac. [2] J. P. Espitia Hurtado, H. Dujourdy, and J. D. Polack. Caractérisation expérimentale du microphone SoundField ST250 pour la mesure de la diffusivité du champ sonore. In 12ème Congrès Français d’Acoustique (CFA), pages 795–801, Poitiers, France, 2014. [3] Y. Jing and N. Xiang. On boundary conditions for the diffusion equation in room acoustic prediction: theory, simulations, and experiments. J. Acoust. Soc. Am., 123(1):145–153, 2008. [4] P. M. Morse and H. Feshbach. Method of Theoretical Physics. Mc Graw-Hill Book Company, 1953. [5] P. M. Morse and K. U. Ingard. Theoretical Acoustics. Mc Graw-Hill Book Company, 1968. [6] F. Ollendorff. Statistical room acoustics as a problem of diffusion, a proposal. Acustica, 21:236–245, 1969. [7] J. Picaut, L. Simon, and J. D. Polack. A mathematical model of diffuse sound field based on a diffusion equation. Acta Acust united Ac, 83(4):614–621, 1997. [8] M. R. Schroeder. New method for measuring reverberation time. J. Acoust. Soc. Am., 37:409–412, 1965.
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