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Model theory 2. Formulas, satisfaction

Formulas, satisfaction. Exercise 1 (interpreting terms) Let M be an L-structure and t(x1,...,xn) an L-term. We write tM for the function from Mn to M that maps Â¯a to ... 
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Model theory 2. Formulas, satisfaction



Exercise 1 (interpreting terms) Let M be an L-structure and t(x1 , . . . , xn ) an L-term. We write tM for the function from M n to M that maps a ¯ to the interpretation tM (¯ a). In the language of rings, for the natural ring structure on R, show that these functions are precisely the polynomial functions having coefficients in Z. What is the smallest Lring -substructure of R? Exercise 2 (expressing mathematical statement by formulas) For every mathematical statement S below, find a suitable language L, an L-structure (M, LM ) and an L-sentence σ such that S is equivalent to M |= σ. 1. Given a map f from R to R, the statement is ‘f is continuous on R (for the usual topology)’. 2. The set X has exactly 3 elements and Y is a subset of X having exactly two elements. 3. The binary relation 6 is a linear order on X. 4. Γ ⊂ X 3 is the graph of a surjective function from X to X. 5. Given a field K, the statement is ‘every injective polynomial map from K to K is surjective’. 6. Given a field K, the statement is ‘the polynomial a0 + a1 X + a2 X 2 + a3 X 3 is irreducible over K’. 7. Through every two distinct points, there is exactly one straight line. Exercise 3 (satisfaction in a substructure) Let M be an L-structure, and N ⊂ M an L-substructure. 1. Show that the inclusion map N ⊂ M is an L-embedding. 2. Let ϕ(x1 , . . . , xn ) be a quantifier-free formula and (a1 , . . . , an ) an n-tuple in N . Show that N |= ϕ(a1 , . . . , an )



⇐⇒



M |= ϕ(a1 , . . . , an ).



3. Let ϕ(x1 , . . . , xn , y1 , . . . , yn ) be a quantifier-free formula and a ¯ an n-tuple in N . Show that N |= ∃x1 . . . ∃xn ϕ(x1 , . . . , xn , a ¯)



=⇒



M |= ∃x1 . . . ∃xn ϕ(x1 , . . . , xn , a ¯).



Does the reverse implication hold? 4. Let ϕ(x1 , . . . , xn , y1 , . . . , yn ) be a quantifier-free formula and a ¯ an n-tuple in N . Show that M |= ∀x1 . . . ∀xn ϕ(x1 , . . . , xn , a ¯)



=⇒



N |= ∀x1 . . . ∀xn ϕ(x1 , . . . , xn , a ¯).



Exercise 4 (logical equivalence) 1. Show that every formula is logically equivalent to a prenex one. 2. Let x ¯ = (x1 , . . . , xn ), ϕ(¯ x) a formula and t1 (¯ x), . . . , tn (¯ x) terms. Show that there is a formula ψ(¯ x) that is logically equivalent to ϕ(¯ x) and such that the terms t1 (¯ x), . . . , tn (¯ x) are compatible with ψ(¯ x) (i.e. such that occurences of xi in the terms tj are free when substituted in ψ).
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If Ï• is an atomic formula, it is of the form r(t1, ..., tm) for a relation symbol r and terms t1 ... By induction hypothesis, Ïˆ is logically equivalent to a prenex formula Ïˆ .
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Determine the atomic Lmon-formulas and their interpretations in a model of Î£1. 2. Let G, H be two models of Î£2. Let Â¯a in G and Â¯b in H be two n-tuples such that ...
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Model theory 3. Formal proofs 

Let A(a1,...,an) be a sentential formula in sentential variables a1,...,an. ... Exercise 2 (a few formal proofs) Let Ï•1,...,Ï•n,Ï• and Ïˆ be formulas, Î› a set of formulas.
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[image: alt]





Model theory 10. Quantifier elimination 

A subset A of Mn is definable if there is a formula Ï•(Â¯x) such that ... by a quantifier-free formula, Ï€(A) is also definable by a quantifier-free formula. 2.










 


[image: alt]





Model theory 1. Structures, morphisms 
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Model theory 3. Formal proofs (correction) 

3. Formal proofs (correction). Exercise 1. Note that f2. A = fA holds for every sentential formula A, since 02 = 0 and 12 = 1. Claim 1.1 For any sentential formulas A ...










 


[image: alt]





Model theory 6. Ordinals and cardinals (correction) 

The ordinal Î± + Î² is isomorphic to the disjoint union Î±âˆ� Î² (defined to be Î± Ã— {0} ... If Î² = Î³ + 1 and fÎ³ : Î± + Î³ âˆ’â†’ Î±âˆ� Î³ is an isomorphism sets, we define fÎ² : Î± + Î² ...










 


[image: alt]





The formulas Breakfast 

149 Boulevard Saint-Germain. 75006 Paris schedule. Services. Wifi access, Privatization. Means of payment. Credit Card, American Express, Cash. ROUTE.










 


[image: alt]





model theory and arithmetic comptes rendus dune 
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Model theory 7. Elementary substructures and extensions 

Recall briefly what are the atomic Lring-formulas and their interpretations in a model of Î£. 2. Let Â¯a in M and Â¯b in N be two n-tuples such that for any atomic ...
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Model theory 6. Ordinals and cardinals 

Show that if Î± is an ordinal number obtained by finitely many applications of ordinal operations. (addition, multiplication and exponentiation) to Ï‰ or natural ...
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Sep 2, 2004 - I approached this project with one goal in mind: To write the ultimate Excel book that would ...... monthly payment for a car loan. (You need to ...
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Appendix Useful Formulas .fr 

The indices a, b correspond to the quark color and run from 1 to 3; the indices ..... In addition to the quark-boson and and lepton-boson couplings given above,.
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Roark's Formulas for Stress & Strain 

Effect of Form and Scale on Strength; Rupture Factor. Prestressing. .... Strain Gage Rosette Equations Applied to a Specimen of a Linear, Isotropic. Material. 102.Missing:
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