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Chapitre 3 7e édition



La théorie du choix en incertitude
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Part 3. The Theory of Choice under Uncertainty



3.1 Five Axioms 3.2 Utility Functions 3.3 Risk Aversion and Attitudes Towards Risks 3.4 Stochastic Dominance 3.5 Non-Expected Utility Theory
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Basic ideas • How people make choices when faced with uncertainty? – – – –



Allocation decisions Various criteria Axioms of behavior Parameterizing the objects of choice (mean, variances, etc.)



• Other approaches : anthropology, sociology, psychology
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Which criterion? • Some famous decision rules -



Best guaranteed payoff – maximin Optimism – pessimism index Minimise regret Highest average payoff Expected profit maximisation ... Maximise the expected utility
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St. Petersburg Paradox • Toss coin until you get a head, n tosses, win 2(n) coins.  How much would you pay to play this game?  Expected payoff or gain of this gamble is infinite:  1 1 2 1 3  1 E (G )  2  2 2  3 2  ...  1  1  1E(..... G )    n 2 2 2 n 1  2







 n 2   



• Bernoulli suggests that E[G]  E[U(G)] -



Each additional unit of wealth is worth less than the previous one. 



( )



 1 EUln(G 2 )    n n 1  2
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3.1 Five Axioms
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Foundations of the expected utility theory •



Objective: to develop a theory of rational decision-making under uncertainty with the minimum sets of reasonable assumptions possible



•



The following five axioms of cardinal utility provide the minimum set of conditions for consistent and rational behaviour



•



What do these axioms of expected utility mean? 1. all individuals are assumed to make completely rational decisions (reasonable) 2. people are assumed to make these rational decisions among thousands of alternatives (hard)
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5 Axioms of Choice under uncertainty A1.Comparability (also known as completeness). For the entire set of uncertain alternatives, an individual can say either that either x is preferred to outcome y (x  y) or y is preferred to x (y  x) or indifferent between x and y (x ~ y). A2.Transitivity (also know as consistency). If an individual prefers x to y and y to z, then x is preferred to z. If (x  y and y  z, then x  z). Similarly, if an individual is indifferent between x and y and is also indifferent between y and z, then the individual is indifferent between x and z. If (x ~ y and y ~ z, then x ~ z).
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Rational?
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5 Axioms of Choice under uncertainty A3.Strong Independence. Suppose we construct a gamble where the individual has a probability α of receiving outcome x and a probability (1-α) of receiving outcome z. This gamble is written as: G(x,z:α) Strong independence says that if the individual is indifferent to x and y, then he will also be indifferent as to a first gamble set up between x with probability α and a mutually exclusive outcome z, and a second gamble set up between y with probability α and the same mutually exclusive outcome z. If x ~ y, then G(x,z:α) ~ G(y,z:α) NOTE: The mutual exclusiveness of the third outcome z is critical to the axiom of strong independence. Microéconomie de la finance – Christophe BOUCHER – 2013/2014
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5 Axioms of Choice under uncertainty A4.Measurability. (CARDINAL UTILITY) If outcome y is less preferred than x (y  x) but more than z (y  z), then there is a unique probability α such that: the individual will be indifferent between [1] y and [2] a gamble between x with probability α z with probability (1-α). In Maths, if x  y  z or x  y  z , then there exists a unique α such that y ~ G(x,z:α)
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5 Axioms of Choice under uncertainty A5.Ranking. (CARDINAL UTILITY) If alternatives y and u both lie somewhere between x and z and we can establish gambles such that an individual is indifferent between y and a gamble between x (with probability α1)and z, while also indifferent between u and a second gamble, this time between x (with probability α2) and z, then if α1 is greater than α2, y is preferred to u. If x  y  z



and



x u z



then if y ~ G(x,z:α1) and u ~ G(x,z:α2), then it follows that if α1  α2 then y  u, or if α1 = α2, then y ~ u Microéconomie de la finance – Christophe BOUCHER – 2013/2014
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3.2 Utility Functions
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From VNM Axioms to Expected Utility Theory



• People are greedy, prefer more wealth than less.



• The 5 axioms and this assumption is all we need in order to develop a expected utility theorem and actually apply the rule of: max E[U(W)] = max ∑iαiU(W i)
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Utility function properties



•



Utility functions must have 2 properties 1.



Order preserving: if U(x) > U(y) => x  y



2.



Expected utility can be used to rank combinations of risky alternatives: U[G(x,y:α)] = αU(x) + (1-α) U(y)
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Remark



• Utility functions are unique to individuals - There is no way to compare one individual's utility function with



another individual's utility - Interpersonal comparisons of utility are not possible if we give 2 people $1,000 there is no way to determine who is happier
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3.3 Risk Aversion and Attitudes Towards Risks
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Risk aversion



• Consider the following gamble: -



Prospect a: prob = α



-



Prospect b: prob = 1-α



-



G(a,b:α)



• Do you prefer the expected value of the gamble with certainty, or do you prefer the gamble itself?
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Example • Consider the gamble with - 10% chance of winning €100 - 90% chance of winning €0 - E(gamble) = €10



• Do you prefer the €10 for sure or would you prefer the gamble? - if you prefer the gamble, you are risk loving - if you are indifferent to the options, risk neutral - if you prefer the expected value over the gamble, risk averse Microéconomie de la finance – Christophe BOUCHER – 2013/2014
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Preferences to Risk



U(W)



U(W)



U(W)



U(b) U(b) U(a)



U(b) U(a) U(a)



a b W Risk Preferring



a b Risk Neutral



U'(W) > 0 U''(W) > 0



U'(W) > 0 U''(W) = 0
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a b W Risk Aversion U'(W) > 0 U''(W) < 0 21



Logarithmic Utility Function U(W) 3.40 3.00 3.30



Let U(W) = ln(W)



1.97 1.61



U'(W) > 0 U''(W) < 0 U'(W) = 1/W U''(W) = - 1/W 2 MU positive But diminishing



0



1



5
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U[E(W)] and E[U(W)] • U[E(W)] is the utility associated with the known level of expected wealth (although there is uncertainty around what the level of wealth will be, there is no such uncertainty about its expected value) • E[U(W)] is the expected utility of wealth, that is utility associated with level of wealth that may obtain • The relationship between U[E(W)] and E[U(W)] is very important
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Expected Utility, Utility Expected and Risk Aversion • Risk aversion : U[E(W)] > E[U(W)] : strictly concave utility function



• Risk lover : U[E(W)] < E[U(W)] : strictly convex utility function



• Risk neutral : U[E(W)] = E[U(W)] : linear utility function



U(W)



Risk aversion Risk neutral



Risk lover



W Microéconomie de la finance – Christophe BOUCHER – 2013/2014
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Indifference curves for a risk-averse investor



E



U



C



B A



B G
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Indifference curves for a risk-neutral investor



E



U



A



B



B G
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Indifference curves for a risk-lover investor



E



U



D A B C



B G
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Expected Utility Assume that the utility function is natural logs: U(W) = ln(W) Then MU(W) is decreasing U(W) = ln(W) U'(W)=1/W => MU>0 U''(W) < 0 => MU diminishing Consider the following example: 80% change of winning €5



and



20% chance of winning €30



E(W) = (.80)*(5) + (0.2)*(30) = $10 U[E(W)]



=



U(10) = 3.30



E[U(W)]



= (0.8)*[U(5)] + (0.2)*[U(30)] = (0.8)*(1.61) + (0.2)*(3.40) = 1.97 Therefore, U[(E(W)] > E[U(W)] -- risk reduces utility Microéconomie de la finance – Christophe BOUCHER – 2013/2014
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Certainty Equivalent and Markowitz Premium U(W)



U[E(W)] = U(10) = 3.30



3.40 3.00



E[U(W)] = 0.8*U(5) + 0.2*U(30) = 0.8*1.61 + 0.2*3.40 = 1.97 Therefore, U[E(W)] > E[U(W)] Uncertainty reduces utility



3.30 1.97 1.61 3.83



Certainty equivalent: 7.17 That is, this individual will take 7.17 with certainty rather than the uncertainty around the gamble



Risk Prem



0



1



5 7.17 10
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The Markowitz Risk Premium •



The Expected wealth is 10



•



The E[U(W)] = 1.97



•



How much would this individual take with certainty and be indifferent the gamble



•



Ln(CE) = 1.97



•



Exp(Ln(CE)) = CE = 7.17



•



This individual would take 7.17 with certainty rather than the gamble with expected payoff of 10



•



The difference, (10 – 7.17 ) = 3.83, can be viewed as a risk premium – an amount that would be paid to avoid risk



•



If this individual is offered insurance against the gamble that cost less € 3.83, he will buy it.
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The Risk Premium



Risk Premium



• if • if • if



=



an individual's expected wealth,given the gamble



U[E(W)] > E[U(W)] U[E(W)] = E[U(W)] U[E(W)] < E[U(W)]



-



level of wealth the individual would accept with certainty if the gamble were removed (ie the certainty equivalent)



then risk averse individual then risk neutral individual then risk loving individual



(RP > 0) (RP = 0) (RP < 0)



• risk aversion occurs when the utility function is strictly concave • risk neutrality occurs when the utility function is linear • risk loving occurs when the utility function is convex
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The Arrow-Pratt Premium • • • •



Risk Averse Investors Assume that utility functions are strictly concave and increasing Individuals always prefer more to less (MU > 0) Marginal utility of wealth decreases as wealth increases



A More Specific Definition of Risk Aversion W = current wealth Gamble Z The gamble has a zero expected value: E(Z) = 0 (actuarially neutral) what risk premium (W,Z) must be added to the gamble to make the individual indifferent between the gamble and the expected value of the gamble? Microéconomie de la finance – Christophe BOUCHER – 2013/2014
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The Arrow-Pratt Premium



The risk premium  can be defined as the value that satisfies the following equation: E[U(W + Z)] = U[ W + E(Z) - ( W , Z)] (1) LHS: expected utility of the current level of wealth, given the gamble



RHS: utility of the current level of wealth plus the expected value of the gamble less the risk premium



We want to use a Taylor series expansion to (1) to derive an expression for the risk premium (W,Z) Microéconomie de la finance – Christophe BOUCHER – 2013/2014
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Absolute Risk AVersion •



Arrow-Pratt Measure of a Local Risk Premium (derived from (1) above): 1 U (W)  =  2Z ( ) 2 U (W)



•



Define ARA as a measure of Absolute Risk Aversion U (W) ARA = U (W) This is defined as a measure of absolute risk aversion because it measures risk aversion for a given level of wealth ARA > 0 for all risk averse investors (U'>0, U''0)
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Some Standard Utility Functions •



Logarithmic Utility Function (Bernoulli):



U (W )  ln W U '(W )  W 1 U ''(W )  W 2



1 ARA = W



RRA = 1
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