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3 THE MOHR-COULOMB MODEL (PERFECT-PLASTICITY) Plasticity is associated with the development of irreversible strains. In order to evaluate whether or not plasticity occurs in a calculation, a yield function, f, is introduced as a function of stress and strain. A yield function can often be presented as a surface in principal stress space. A perfectly-plastic model is a constitutive model with a fixed yield surface, i.e. a yield surface that is fully defined by model parameters and not affected by (plastic) straining. For stress states represented by points within the yield surface, the behaviour is purely elastic and all strains are reversible.



3.1 ELASTIC PERFECTLY-PLASTIC BEHAVIOUR The basic principle of elastoplasticity is that strains and strain rates are decomposed into an elastic part and a plastic part:



ε& = ε&e + ε& p



ε = ε e+ε p



(3.1)



Hooke's law is used to relate the stress rates to the elastic strain rates. Substitution of Eq. (3.1) into Hooke's law (2.9) leads to: e e σ&’ = D ε& e = D ( ε& - ε& p )



(3.2)



According to the classical theory of plasticity (Hill, 1950), plastic strain rates are proportional to the derivative of the yield function with respect to the stresses. This means that the plastic strain rates can be represented as vectors perpendicular to the yield surface. This classical form of the theory is referred to as associated plasticity. However, for Mohr-Coulomb type yield functions, the theory of associated plasticity leads to an overprediction of dilatancy. Therefore, in addition to the yield function, a plastic potential function g is introduced. The case g ≠ f is denoted as non-associated plasticity. In general, the plastic strain rates are written as:



∂g ε& p = λ (3.3) ∂ σ’ in which λ is the plastic multiplier. For purely elastic behaviour λ is zero, whereas in the case of plastic behaviour λ is positive:



λ =0



for:



f0



for:



f=0



and:



∂ fT e D ε& > 0 ∂ σ’



(Plasticity)



(3.4b)
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Figure 3.1 Basic idea of an elastic perfectly plastic model These equations may be used to obtain the following relationship between the effective stress rates and strain rates for elastoplasticity (Smith & Griffith, 1982; Vermeer & de Borst, 1984):



 e α e ∂g ∂ f T e  D  ε& σ&’ =  D - D   ∂ σ’ ∂ σ’ d  



(3.5a)



where:



d=



∂ f T e ∂g D ∂ σ’ ∂ σ’



(3.5b)



The parameter α is used as a switch. If the material behaviour is elastic, as defined by Eq. (3.4a), the value of α is equal to zero, whilst for plasticity, as defined by Eq. (3.4b), the value of α is equal to unity. The above theory of plasticity is restricted to smooth yield surfaces and does not cover a multi surface yield contour as present in the Mohr-Coulomb model. For such a yield surface the theory of plasticity has been extended by Koiter (1960) and others to account for flow vertices involving two or more plastic potential functions:



ε& p = λ 1



∂ g1 ∂ g2 + λ2 + ... ∂ σ’ ∂ σ’



(3.6)



Similarly, several quasi independent yield functions (f 1, f 2, ...) are used to determine the magnitude of the multipliers (λ1, λ2, ...).



3.2 FORMULATION OF THE MOHR-COULOMB MODEL The Mohr-Coulomb yield condition is an extension of Coulomb's friction law to general states of stress. In fact, this condition ensures that Coulomb's friction law is obeyed in any plane within a material element.



3-2



MATERIAL MODELS MANUAL



The full Mohr-Coulomb yield condition can be defined by three yield functions when formulated in terms of principal stresses (see for instance Smith & Griffith, 1982): f 1 = 1 | σ 2’ - σ 3’ |+ 1 ( σ 2’ + σ 3’ ) sinϕ - c cos ϕ ≤ 0 2 2



(3.7a)



f 2 = 12 | σ 3’ - σ 1’| + 12 ( σ 3’ + σ 1’ ) sinϕ - c cos ϕ ≤ 0



(3.7b)



f 3 = 12 | σ 1’ - σ 2’ |+ 12 ( σ 1’ + σ 2’ ) sinϕ - c cos ϕ ≤ 0



(3.7c)



The two plastic model parameters appearing in the yield functions are the well-known friction angle n and the cohesion c. These yield functions together represent a hexagonal cone in principal stress space as shown in Fig. 3.2.



Figure 3.2 The Mohr-Coulomb yield surface in principal stress space (c = 0) In addition to the yield functions, three plastic potential functions are defined for the Mohr-Coulomb model: g1 = 12 | σ 2’ - σ 3’ |+ 12 ( σ 2’ + σ 3’ ) sinψ



(3.8a)



g2 = 12 | σ 3’ - σ 1’ |+ 12 ( σ 3’ + σ 1’ ) sinψ



(3.8b)



g3 = 1 | σ 1’ - σ 2’ |+ 1 ( σ 1’ + σ 2’ ) sinψ 2 2



(3.8c)
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The plastic potential functions contain a third plasticity parameter, the dilatancy angle ψ. This parameter is required to model positive plastic volumetric strain increments (dilatancy) as actually observed for dense soils. A discussion of all of the model parameters used in the Mohr-Coulomb model is given at the end of this section. When implementing the Mohr-Coulomb model for general stress states, special treatment is required for the intersection of two yield surfaces. Some programs use a smooth transition from one yield surface to another, i.e. the rounding-off of the corners (see for example Smith & Griffith, 1982). In PLAXIS, however, the exact form of the full Mohr-Coulomb model is implemented, using a sharp transition from one yield surface to another. For a detailed description of the corner treatment the reader is referred to the literature (Koiter, 1960; van Langen & Vermeer, 1990). For c > 0, the standard Mohr-Coulomb criterion allows for tension. In fact, allowable tensile stresses increase with cohesion. In reality, soil can sustain none or only very small tensile stresses. This behaviour can be included in a PLAXIS analysis by specifying a tension cut-off. In this case, Mohr circles with negative principal stresses are not allowed. The tension cut-off introduces three additional yield functions, defined as: f 4 = σ1' - σt ≤ 0 f 5 = σ2' - σt ≤ 0 f 6 = σ3' - σt ≤ 0



(3.9a) (3.9b) (3.9c)



When this tension cut-off procedure is used, the allowable tensile stress, σt, is, by default, taken equal to zero. For these three yield functions an associated flow rule is adopted. For stress states within the yield surface, the behaviour is elastic and obeys Hooke's law for isotropic linear elasticity, as discussed in Section 2.2. Hence, besides the plasticity parameters c, n, and ψ, input is required on the elastic shear Young's modulus E and Poisson's ratio ν.



3.3 BASIC PARAMETERS OF THE MOHR-COULOMB MODEL The Mohr-Coulomb model requires a total of five parameters, which are generally familiar to most geotechnical engineers and which can be obtained from basic tests on soil samples. These parameters with their standard units are listed below: E ν n c ψ
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Young's modulus Poisson's ratio Friction angle Cohesion Dilatancy angle



[kN/m2] [-] [°] [kN/m2] [°]
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Figure 3.3 Parameter tab sheet for Mohr-Coulomb model Young's modulus (E) PLAXIS uses the Young's modulus as the basic stiffness modulus in the elastic model and the MohrCoulomb model, but some alternative stiffness moduli are displayed as well. A stiffness modulus has the dimension of stress. The values of the stiffness parameter adopted in a calculation require special attention as many geomaterials show a non-linear behaviour from the very beginning of loading. In soil mechanics the initial slope is usually indicated as E0 and the secant modulus at 50% strength is denoted as E50 (see Fig. 3.4). For materials with a large linear elastic range it is realistic to use E0, but for loading of soils one generally uses E50. Considering unloading problems, as in the case of tunnelling and excavations, one needs Eur instead of E50. For soils, both the unloading modulus, Eur, and the first loading modulus, E50, tend to increase with the confining pressure. Hence, deep soil layers tend to have greater stiffness than shallow layers. Moreover, the observed stiffness depends on the stress path that is followed. The stiffness is much higher for unloading and reloading than for primary loading. Also, the observed soil stiffness in terms of a Young's modulus may be lower for (drained) compression than for shearing. Hence, when using a constant stiffness modulus to represent soil behaviour one should choose a value that is consistent with the stress level and the stress path development. Note that some stress-dependency of soil behaviour is taken into account in the advanced models in PLAXIS, which are described in Chapters 4 to 6. For the Mohr-Coulomb model, PLAXIS offers a special option for the input of a stiffness increasing with depth (see Section 3.4).
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Figure 3.4 Definition of E0 and E50 for standard drained triaxial test results Poisson's ratio (ν ) Standard drained triaxial tests may yield a significant rate of volume decrease at the very beginning of axial loading and, consequently, a low initial value of Poisson's ratio (ν 0). For some cases, such as particular unloading problems, it may be realistic to use such a low initial value, but in general when using the Mohr-Coulomb model the use of a higher value is recommended. The selection of a Poisson's ratio is particularly simple when the elastic model or Mohr-Coulomb model is used for gravity loading (increasing ΣMweight from 0 to 1 in a plastic calculation). For this type of loading PLAXIS should give realistic ratios of K0 = σh / σν. As both models will give the wellknown ratio of σh / σν = ν / (1-ν) for one-dimensional compression it is easy to select a Poisson's ratio that gives a realistic value of K0. Hence, ν is evaluated by matching K0. This subject is treated more extensively in Appendix A of the Reference Manual, which deals with initial stress distributions. In many cases one will obtain ν values in the range between 0.3 and 0.4. In general, such values can also be used for loading conditions other than one-dimensional compression. Cohesion (c) The cohesive strength has the dimension of stress. PLAXIS can handle cohesionless sands (c = 0), but some options will not perform well. To avoid complications, non-experienced users are advised to enter at least a small value (use c > 0.2 kPa).
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PLAXIS offers a special option for the input of layers in which the cohesion increases with depth (see Section 3.4). Friction angle (n) The friction angle, n (phi), is entered in degrees. High friction angles, as sometimes obtained for dense sands, will substantially increase plastic computational effort. The computing time increases more or less exponentially with the friction angle. Hence, high friction angles should be avoided when performing preliminary computations for a particular project.



Figure 3.5 Stress circles at yield; one touches Coulomb's envelope The friction angle largely determines the shear strength as shown in Fig. 3.5 by means of Mohr's stress circles. A more general representation of the yield criterion is shown in Fig. 3.2. The Mohr-Coulomb failure criterion proves to be better for describing soil behaviour than the Drucker-Prager approximation, as the latter failure surface tends to be highly inaccurate for axisymmetric configurations. Dilatancy angle (ψ ) The dilatancy angle, ψ (psi), is specified in degrees. Apart from heavily over-consolidated layers, clay soils tend to show little dilatancy (ψ ≈ 0). The dilatancy of sand depends on both the density and on the friction angle. For quartz sands the order of magnitude is ψ ≈ n - 30°. For n-values of less than 30°, however, the angle of dilatancy is mostly zero. A small negative value for ψ is only realistic for extremely loose sands. For further information about the link between the friction angle and dilatancy, see Bolton (1986).
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3.4 ADVANCED PARAMETERS OF THE MOHR-COULOMB MODEL When using the Mohr-Coulomb model, the button in the Parameters tab sheet may be clicked to enter some additional parameters for advanced modelling features. As a result, an additional window appears as shown in Fig. 3.6. The advanced features comprise the increase of stiffness and cohesive strength with depth and the use of a tension cut-off. In fact, the latter option is used by default, but it may be deactivated here, if desired.



Figure 3.6 Advanced Mohr-Coulomb parameters window Increase of stiffness (Eincrement ): In real soils, the stiffness depends significantly on the stress level, which means that the stiffness generally increases with depth. When using the Mohr-Coulomb model, the stiffness is a constant value. In order to account for the increase of the stiffness with depth the Eincrement-value may be used, which is the increase of the Young's modulus per unit of depth (expressed in the unit of stress per unit depth). At the level given by the yref parameter, the stiffness is equal to the reference Young's modulus, Eref , as entered in the Parameters tab sheet. The actual value of Young's modulus in the stress points is obtained from the reference value and Eincrement. Note that during calculations a stiffness increasing with depth does not change as a function of the stress state. Increase of cohesion (cincrement ): PLAXIS offers an advanced option for the input of clay layers in which the cohesion increases with depth. In order to account for the increase of the cohesion with depth the cincrement-value may be used, which is the increase of cohesion per unit of depth (expressed in the unit of stress per unit depth). At the level given by the yref parameter, the cohesion is equal to the (reference) cohesion, cref , as entered in the Parameters tab sheet. The actual value of cohesion in the stress points is obtained from the reference value and cincrement.
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Tension cut-off: In some practical problems an area with tensile stresses may develop. According to the Coulomb envelope shown in Fig. 3.5 this is allowed when the shear stress (radius of Mohr circle) is sufficiently small. However, the soil surface near a trench in clay sometimes shows tensile cracks. This indicates that soil may also fail in tension instead of in shear. Such behaviour can be included in a PLAXIS analysis by selecting the tension cut-off. In this case Mohr circles with positive principal stresses are not allowed. When selecting the tension cut-off the allowable tensile strength may be entered. For the Mohr-Coulomb model and the Hardening-Soil model the tension cut-off is, by default, selected with a tensile strength of zero.
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