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MFP2



2



Answer all questions.



1



(a) Express 4 þ 4i in the form reiy , where r > 0 and p < y 4 p .



(3 marks)



(b) Solve the equation z5 ¼ 4 þ 4i giving your answers in the form reiy , where r > 0 and p < y 4 p .



2



(5 marks)



(a) Show that ð2r þ 1Þ3  ð2r  1Þ3 ¼ 24r 2 þ 2



(3 marks)



(b) Hence, using the method of differences, show that n P 1 r 2 ¼ 6 nðn þ 1Þð2n þ 1Þ r¼1



(6 marks)



3 A circle C and a half-line L have equations pﬃﬃﬃ jz  2 3  ij ¼ 4 argðz þ iÞ ¼



and



p 6



respectively. (a) Show that: (i) the circle C passes through the point where z ¼ i ;



(2 marks)



(ii) the half-line L passes through the centre of C.



(3 marks)



(b) On one Argand diagram, sketch C and L.



(4 marks)



(c) Shade on your sketch the set of points satisfying both pﬃﬃﬃ jz  2 3  ij44 and
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0 4 argðz þ iÞ 4



p 6



(2 marks)



3



4 The cubic equation z 3 þ iz 2 þ 3z  ð1 þ iÞ ¼ 0 has roots a , b and g . (a) Write down the value of: (i) a þ b þ g ;



(1 mark)



(ii) ab þ bg þ ga ;



(1 mark)



(iii) abg .



(1 mark)



(b) Find the value of: (i) a 2 þ b 2 þ g 2 ;



(3 marks)



(ii) a 2 b 2 þ b 2 g 2 þ g 2 a 2 ;



(4 marks)



(iii) a 2 b 2 g 2 .



(2 marks)



(c) Hence write down a cubic equation whose roots are a 2 , b 2 and g 2 .



(2 marks)



5 Prove by induction that for all integers n 5 1 n X ðr 2 þ 1Þðr!Þ ¼ nðn þ 1Þ!



(7 marks)



r¼1



Turn over for the next question
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s



Turn over



4



6



(a)



(i) By applying De Moivre’s theorem to ðcos y þ i sin yÞ3 , show that cos 3y ¼ cos3 y  3 cos y sin2 y (ii) Find a similar expression for sin 3y .



(3 marks) (1 mark)



(iii) Deduce that tan3 y  3 tan y tan 3y ¼ 3 tan2 y  1 (b)



(i) Hence show that tan



(3 marks)



p is a root of the cubic equation 12 x 3  3x 2  3x þ 1 ¼ 0



(3 marks)



(ii) Find two other values of y, where 0 < y < p , for which tan y is a root of this cubic equation. (2 marks) (c) Hence show that tan



7



p 5p þ tan ¼4 12 12



(2 marks)



x (a) Given that y ¼ ln tanh , where x > 0 , show that 2 dy ¼ cosech x dx



(6 marks)



x (b) A curve has equation y ¼ ln tanh , where x > 0 . The length of the arc of the curve 2 between the points where x ¼ 1 and x ¼ 2 is denoted by s. (i) Show that s¼



ð2 coth x dx



(2 marks)



1



(ii) Hence show that s ¼ lnð2 cosh 1Þ .



END OF QUESTIONS



Copyright Ó 2008 AQA and its licensors. All rights reserved.
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(4 marks)



AQA – Further pure 2 – Jan 2008 – Answers Question 1:



Exam report π



i 1   1 4 4 + 4i 4 2  a) = + i=  4 2e 2  2 5 iθ 5 b) Let's write z (= re ) r 5ei 5θ =



Part (a) was done well by the majority of candidates. However, responses to part (b) were less successful. A 5 number of candidates gave the roots of z =1 as their answer to part (b), whilst others left the modulus of the roots as



z 5= 4 + 4i becomes r 5ei 5θ = 4 2e



i



π 4



π



so r 5 = 4 2 and 5θ =



4



4 2 instead of 2 , and others again gave solutions outside the range of θ as specified in the question. Some candidates yet again were either unable to handle



+ k × 2π



2π π r = 2 and θ = + k × k =−2, −1, 0,1, 2 20 5 15π 7π π 9π 17π 2 and θ = ,− , , , r= − 20 20 20 20 20 The 5th roots of 4 + 4i are : 2e



−i



3π 4



, 2e



−i



7π 20



i



π



, 2e 20 , 2e



i



9π 20



, 2e



i



1π  or, when taking the fifth root of  + k × 2π  5 4 



wrote



2π  π  + k × i 5 



17π 20



Exam report



(2r + 1) − (2r − 1) = (8r + 12r + 6r + 1) − (8r − 12r + 6r − 1) 3



3



3



2



3



2



24r 2 + 2 2) ∑ ( (2r + 1)3 − (2r − 1)3 −=



n



n



b) 24∑= r2



= r 1= r 1



∑ ( (2r + 1)3 − (2r − 1)3 ) − ∑ 2 n



= r 1



= 3 − 1 + 5 − 3 + 7 − 5 + ... + 3



3



3



3



3



(2n − 1)3 − (2n − 3)3 + (2n + 1)3 − (2n − 1)3 − 2n =−1 + (2n + 1)3 − 2n =−1 + 8n3 + 12n 2 + 6n + 1 − 2n =8n3 + 12n 2 + 4n r 2 4n ( 2n 2 + 3n += 24∑ = 1) 4n(2n + 1)(n + 1) n



r =1



∑r r =1



2



=



,



e 4



Question 2:



n



e



π   + k × 2π  i 4 



1 n(n + 1)(2n + 1) 6



n



= r 1



Again part (a) was answered well, but solutions to part (b) were mixed. Generally speaking, the best solutions came from candidates who rewrote part (a) as



= r2



1 (2r + 1)3 − (2r − 1)3 − 2 ) ( 24



before making their summation. Those candidates who preferred to use part (a) in the form in which it was printed either forgot to sum the 2’s to make 2n or only partially divided by 24. A small number of candidates used the method of induction either through confusing the two methods of summation or by deliberately choosing an alternative method. Either way, no credit could be given.



Question 3:



Exam report



a ) i ) −i − 2 3 − i = −2 3 − 2i = (−2 3) 2 + (−2) 2 = 12 + 4 = 16 = 4



The circle C passes through the point where z = −i ii ) The centre of C is the point where = z 2 3 +i



arg( z= + i ) arg(2 3 + = i + i ) arg(2 3 + 2i ) 2 π Tan −1 ( )= . 6 2 3 The half-line L passes through the centre of C.



Lack of clear evidence that candidates understood what they were doing in part (a) caused a loss of marks for this part of the question. Methods varied. Those candidates who turned this part of the question into a coordinate geometry exercise probably provided the clearest solutions. Those candidates who evaluated



−2i − 2 3 and arg(2 3 + 2i ) provided less convincing solutions and in some cases evident error. For instance it was not uncommon to see



b) c)



−2i − 2 3 written as



(2 3)



2



− (2i ) 2



Part (b) on the whole was done well except that in some instances not all the results of part (a) were incorporated in the candidate’s Argand diagram. Part (c) was done well but, if a mistake did occur, it was almost always that the shaded area would be bounded by the real axis rather than by a line parallel to the real axis through the point represented by the complex number z = – i.



Question 4:



Exam report



z + iz + 3z − (1 + i ) = 0 has roots α , β , γ . a ) i ) α + β + γ =−i ii ) αβ + αγ + βγ = 3 iii ) αβγ = 1 + i 3



2



b) i ) α 2 + β 2 + γ 2 = (α + β + γ ) 2 − 2(αβ + αγ + βγ ) =(−i ) 2 − 2 × 3



α2 + β2 +γ 2 = −7 ii ) α 2 β 2 + α 2γ 2 + β 2γ 2 = (αβ + αγ + βγ ) 2 − 2(α 2 βγ + β 2αγ + γ 2αβ ) = (αβ + αγ + βγ ) 2 − 2αβγ (α + β + γ ) = (3) 2 − 2 × (1 + i )(−i ) = 9 + 2i + 2i 2 7 + 2i α 2 β 2 + α 2γ 2 + β 2γ 2 = iii ) α 2 β 2γ 2 =(αβγ ) 2 =(1 + i ) 2 = c) z 3 − (−7) z 2 + (7 + 2i ) z − 2i = 0 z 3 + 7 z 3 + (7 + 2i ) z − 2i = 0



This question was probably the most popular question on this paper and certainly showed candidates well prepared to answer questions on this part of the specification. There were many fully correct solutions or correct apart from the odd sign error, the most common of which 2 was to write down (– i) as +1 instead of –1. If there was a major loss of marks, it was usually in the inability of a candidate 2 2 to evaluate Σα β and in this case the candidate started by considering



( ∑α )



2 2



α 2 β 2γ 2 = 2i



4



only to find that the evaluation



of Σα posed a serious problem.



Question 5:



Exam report n



The proposition Pn , for all n ≥ 1, ∑ (r 2 + 1)(r !) = n(n + 1)! r =1



is to be proven by induction 1



∑ (r



Base case: n = 1,



2



(12 + 1)(1!) = 2 + 1)(r !) =



r =1



and 1(1 + 1)! = 2! = 2 the proposition P1 is true k



Let's supppose that Pk is true, ie ∑ (r 2 + 1)(r !) =k (k + 1)! r =1



k +1



Let's show that Pk +1 is true, Let's show that



∑ (r



2



+ 1)(r !) =(k + 1)(k + 2)!



r =1



−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−− k +1



∑ (r 2 + 1)(r !)=



k



∑ (r



2



r 1 =r 1



+ 1)(r !) + ( (k + 1) 2 + 1) (k + 1)!



= k (k + 1)!+ ( k 2 + 2k + 2 ) (k + 1)! = (k + 1)!( k + k 2 + 2k + 2 ) = (k + 1)!( k 2 + 3k + 2 ) = (k + 1)!(k + 2) (k + 1)   



Responses to this question varied considerably. It was not, in general, that candidates did not understand the method of induction but rather that the algebraic manipulation especially in the handling of factorials proved to be a stumbling block. For instance 2 k (k +1)! would be written as (k + k )! and in a significant number of solutions candidates, having managed to reach (k +1)(k + 2)(k +1)!, abandoned their solutions not realising that the result was, in fact, (k +1)(k + 2)! .



= (k + 2)! (k + 1) −−−−−−−−−−−−−−−−−−−−−−−−−−−− Conclusion : If the proposition is true for n= k , then it is true for n= k + 1 and because it true for n = 1, we can conclude according to the induction principal that the proposition is true for all n. n



For all n ≥ 1, ∑ (r 2 + 1)(r !) = n(n + 1) ! r =1



Question 6:



Exam report



a ) i ) ( Cosθ + iSinθ ) =Cos3θ + iSin3θ 3



and also



( Cosθ + iSinθ )



3



=Cos 3θ + 3iCos 2θ Sinθ − 3Cosθ Sin 2θ − iSin3θ = ( Cos3θ − 3Cosθ Sin2θ ) + i ( 3Cos 2θ Sinθ − Sin3θ )



By identifying the real and imaginary parts, we have Cos3θ = Cos 3θ − 3Cosθ Sin 2θ ii )



Sin3θ = 3Cos 2θ Sinθ − Sin3θ



iii ) Tan 3θ =



Sin3θ 3Cos 2θ Sinθ − Sin3θ = Cos3θ Cos 3θ − 3Cosθ Sin 2θ



Now divide the numerator and the denominator by Cos 3θ Tan3θ =



3



Sinθ Sin3θ − Tanθ − Tan3θ Tan3θ − 3Tanθ Cos θ Cos 3θ 3= = Sin 2θ 1 − 3Tan 2θ 3Tan 2θ −1 1− 3 Cos 2θ



Responses to this question were rather disappointing. In part (a)(i), although most candidates correctly quoted cos3θ + i sin 3θ = (cosθ 3 + i sinθ) , some immediately went on to use the multiple angle formulae instead of expanding (cosθ + 3 i sinθ) . Some of those candidates who expanded 3 (cosθ + i sinθ) did not seem to realise that the answers to parts (a)(i) and (a)(ii) were obtained by simply equating real and imaginary parts. Other 3 candidates wrote i as +i and so were unable to reach the correct result of part (a)(ii) and the printed result in part (a)(iii). Even those candidates who worked parts (a)(i) and (a)(ii) correctly in terms of sinθ and cosθ , having written Sin3θ , did not realise Cos3θ that the division of numerator and denominator by – cos3θ would give the printed result, but rather chose 2 2 to use sin θ + cos θ =1 to express numerator and denominator in a different form, with no hope of reaching the printed result.



Question 6:continues



π



b) i ) For θ =



12



Exam report



, we have



3π Tan = 12



Tan3



π



− 3Tan



π



12 . Let x be tan π π 12 3Tan 2 − 1 12 x3 − 3x then x3 − 3x = 3x 2 − 1 1= 2 3x − 1 x3 − 3x 2 − 3x + 1 = 0 ii ) the other values of θ can be obtained by solving Although the question in part (b)(i) started with the word Tan3θ = 1 : ‘hence’ few candidates took up the hint and replaced θ by



π



3θ=



4



π



θ=



12



12



π in part (a)(iii). 12



+ kπ +k×



π



for k = 0, θ =



12 5π k = 1, θ = 12 9π 3π k 2,= = θ = 12 4 3 2 c) The three roots of the equation x − 3 x − 3 x + 1 = 0 are α = Tan



π 12



3



π



, β = Tan



If this part was attempted it was often done by solving the cubic equation in x to find its three roots and then by quoting that for Tan



Tan



π



= 2 − 3 and a corresponding result 12



5π and consequently using these results in part 12



(c), a method not indicated by the question.



5π 3π , γ = Tan = −1 12 4



3 α + β +γ = 5π π



3 −1 = 12 π 5π Tan + Tan =4 12 12



Tan



12



+ Tan



Question 7:



x  ln  Tanh  x > 0 2  x 1 x sec h 2  Cosh  dy 2  1 2 1 2 = = × × x x dx 2 2 x Tanh Cosh Sinh 2 2 2 dy 1 1 1 = = = dx 2Cosh x Sinh x Sinh(2 × x ) Sinhx 2 2 2 dy = Cosech x dx a) y



Exam report Although many candidates were able to write down



1 tanh



x 2



multiplied by 1 sech 2 x , fewer were able to combine these 2 2 results to obtain cosech x . Even those candidates who expressed



dy x x entirely in terms of cosh and sinh dx 2 2



seemed to baulk at the algebra which led to



1 . x x 2sinh cosh 2 2



Question 7:continues



Exam report 2



2 2  dy  2 b) i ) s = ∫1 1 +  dx  dx = ∫1 1 + Cosech x dx



1 Sinh 2 x + 1 Cosh 2 x 1 + Cosech 2 x = 1+ Coth 2 x = =2 = 2 2 Sinh x Sinh x Sinh x 2



s = ∫ Coth x dx 1



2 Cosh x dx ln ( Sinh x ) 1 = ∫ 1 1 Sinh x s ln(sinh 2) − ln(sinh1) =



ii ) s =



2



Coth x dx ∫=



2



 Sinh 2  s = ln    Sinh1  using Sinh 2 x = 2sinh x cosh x, we have sinh 2 = 2sinh1cosh1  2sinh1cosh1  s = ln   sinh1   s = ln ( 2 cosh1)



Grade boundaries



Part (b)(i) was done well and many candidates were able to arrive at s = ln sinh 2 – ln sinh1 in part (b)(ii) but were unable to reach the printed answer. If the integral of coth x was performed incorrectly, it was often by coth x being replaced by 1 followed by ln tanh x or ln cosh x as the tanh x integral.



MFP2 - AQA GCE Mark Scheme 2008 January series



Key to mark scheme and abbreviations used in marking M m or dM A B E or ft or F CAO CSO AWFW AWRT ACF AG SC OE A2,1 –x EE NMS PI SCA



mark is for method mark is dependent on one or more M marks and is for method mark is dependent on M or m marks and is for accuracy mark is independent of M or m marks and is for method and accuracy mark is for explanation follow through from previous incorrect result correct answer only correct solution only anything which falls within anything which rounds to any correct form answer given special case or equivalent 2 or 1 (or 0) accuracy marks deduct x marks for each error no method shown possibly implied substantially correct approach



MC MR RA FW ISW FIW BOD WR FB NOS G c sf dp



mis-copy mis-read required accuracy further work ignore subsequent work from incorrect work given benefit of doubt work replaced by candidate formulae book not on scheme graph candidate significant figure(s) decimal place(s)



No Method Shown Where the question specifically requires a particular method to be used, we must usually see evidence of use of this method for any marks to be awarded. However, there are situations in some units where part marks would be appropriate, particularly when similar techniques are involved. Your Principal Examiner will alert you to these and details will be provided on the mark scheme. Where the answer can be reasonably obtained without showing working and it is very unlikely that the correct answer can be obtained by using an incorrect method, we must award full marks. However, the obvious penalty to candidates showing no working is that incorrect answers, however close, earn no marks. Where a question asks the candidate to state or write down a result, no method need be shown for full marks. Where the permitted calculator has functions which reasonably allow the solution of the question directly, the correct answer without working earns full marks, unless it is given to less than the degree of accuracy accepted in the mark scheme, when it gains no marks. Otherwise we require evidence of a correct method for any marks to be awarded.
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MFP2 Q



Solution 1(a)



(b)



Marks



Any method for finding r or θ π r = 4 2, θ = 4



Comments



M1 A1A1



3



πi



z5 = 4 2 e 4



z = 2e



z= 2e , 2e



−7 π i 20



2e ,



9π i 20



2e



2e



,



17 π i 20



1



,



A2,1,0 F



−15π i 20



Total 2(a) Attempt to expand ( 2r + 1) − ( 2r − 1) 3



( 2r + 1)



3



3



or ( 2r − 1) expanded 3



5



Accept r in any form eg 3210 Correct but some answers outside range allow A1 ft incorrect r , θ in part (a)



8



M1 A1 A1



24r 2 + 2



33 − 13 = 24 × 12 + 2 53 − 33 = 24 × 22 + 2



r =1 r=2



M1 needs some reference to a +2k πi A1 for r ⎤ incorrect r , θ part (a) A1 for θ ⎥⎦



M1 A1F A1F



π i 2 kπ i + 20 5



πi 20



(b)



Total



3



M1A1



AG



3 rows seen Do not allow M1 for ( 2n + 1) – 1 not equal to anything 3



( 2n + 1)



r=n



( 2n + 1)



3



3



− ( 2n − 1) = 24 × n 2 + 2 3



n



− 1 = 24∑ r 2 + 2n



A1



r =1



n



8n3 + 12n 2 + 6n + 1 − 1 − 2n = 24∑ r 2



M1



M1 for multiplication of bracket or taking ( 2n + 1) out as a factor



A1



CAO



r =1



n



8n3 + 12n 2 + 4n = 24∑ r 2 r =1



n



r ∑ r =1



2



=



1 n ( n + 1)( 2n + 1) 6



A1 Total



6 9



4



AG
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MFP2 (cont) Q 3(a)(i)



Solution



z = −i



Marks



−2 3 − 2i = 12 + 4 = 4



Total



−2 3 − 2i



M1 A1



(ii) Centre of circle is 2 3 + i



B1



Substitute into line π arg 2 3 + 2i = shown 6



M1



Circle: centre correct through ( 0, − 1)



B1 B1 B1 B1 B1F B1



Comments



2



4



(



)



Do not accept 2 3, 1 unless attempt to solve using trig



(



)



A1



3



(b)



Half line: through ( 0, − 1) through centre of circle (c) Shading inside circle and below line Bounded by y = −1 4(a)(i) (ii) (iii) (b)(i)



Total



∑α = − i



∑αβ = 3 αβγ = 1 + i



∑α



2



= ( ∑ α ) − 2∑ αβ used 2



= (−i) − 2 × 3 = −7



(c)



1



B1 B1



1 1



A1F 2



2



Allow if sign error or 2 missing 3



M1



2



(iii)



B1



A1F



∑α β = ( ∑αβ ) − 2∑αβ ⋅ βγ = ( ∑ αβ ) − 2αβγ ∑ α 2



2 11



M1



2



(ii)



4



ft errors in (a)



Allow if sign error in 2 missing



A1



= 9 − 2 (1 + i )( − i ) = 7 + 2i



A1F A1F



4



ft errors in (a) ft errors in (a)



α 2 β 2γ 2 = (1 + i ) = 2i



M1 A1F



2



ft sign error in αβγ



z + 7 z + ( 7 + 2i ) z − 2i = 0



B1F B1F



2



3



2



Total



5



2 14



Correct numbers in correct places Correct signs
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MFP2 (cont) Q Solution 5 Assume result true for n = k



Then



k +1



∑(r



2



r =1



(



Marks



Comments



+ 1) r !



)



= ( k + 1) + 1 ( k + 1)!+ k ( k + 1)! 2



Total



M1A1



Taking out ( k + 1)! as factor



m1



= ( k + 1)!( k + 2k + 1 + 1 + k ) 2



A1



= ( k + 1)( k + 2 )!



A1



k = 1 shown (1 + 1)1! = 2 2



1 × 2! = 2



B1



Pk ⇒ Pk +1 and P1 true



E1



7 7



If all 6 marks earned



A1



3



AG



A1F



1



Total 6(a)(i)



cos3θ + isin 3θ = ( cos θ + isin θ )



3



M1



= cos θ + 3i cos θ sin θ + 3i cosθ sin θ + i3 sin 3 θ Real parts: cos3θ = cos3 θ − 3cos θ sin 2 θ 3



2



2



2



(ii) Imaginary parts: sin 3θ = 3cos 2 θ sin θ − sin 3 θ (iii)



(b)(i)



sin 3θ cos3θ 3cos 2 θ sin θ − sin 3 θ = cos3 θ − 3sin 2 θ cos θ 3tan θ − tan 3 θ = 1 − 3tan 2 θ tan 3 θ − 3tan θ = 3tan 2 θ − 1 tan 3θ =



M1



Used



A1F



Error in sin 3θ



A1



3π =1 12 π x3 − 3x tan is a root of 1 = 2 12 3x − 1 3 2 x − 3x − 3x + 1 = 0 (ii) Other roots are tan 5π , tan 9π 12 12 (c)



A1



tan



π 5π 9π + tan + tan =3 12 12 12 π 5π tan + tan =4 12 12 tan



3



AG



B1



Used (possibly implied)



M1



Must be hence



A1



3



B1B1



2



M1 A1 Total



Must be hence 2 14



6
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MFP2 (cont) Q Solution 7(a) dy 1 … = dx tanh x 2 x sech 2 … 2 1 2 1 = sinh x 2 cosh 2 x 2 2 cosh x 2 1 = x 2sinh cosh x 2 2 1 = sinh x = cosech x



Marks



s=∫



2 1



B1 B1



M1



OE ie expressing in sinh x and cosh x 2 2



M1



ie use of sinh 2 A = 2sinh A cosh A



A1



6



AG



2



AG



(B1)



(B1B1)



(M1) (M1) (A1)



1 + cosech 2 x dx



M1



2



= ∫ coth x dx



A1



s = [ ln sinh x ] 1



M1



= ln sinh 2 − ln sinh1 2sinh1cosh1 = ln sinh1 = ln ( 2cosh1)



A1



1



(ii)



Comments



B1



Alternative ln sinh x − ln cosh x 2 2 x cosh sinh x 1 2 –1 2 2 sinh x 2 cosh x 2 2 cosh 2 x – sinh 2 x 2 2 2sinh x cosh x 2 2 Use of sinh2A = 2sinh A cosh A result (b)(i)



Total



2



needs to be correct



A1F A1 Total TOTAL



7



must be seen 4 12 75



AG
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