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Introduction



In this Chapter we will departure from growth to study households’ consumption decisions. Despite we will not directly focus on the implications of consumption decisions in growth, the two topics are connected. This is because the saving rate in the Solow model —which is modelled as an exogenous constant— is really the result of households’ decisions. In this chapter we will study: • The relationship between consumption and income, distinguishing between permanent income and transitory income. • The implications of uncertainty in income on consumption decisions. • The effect of interest rates on consumption and savings. • The interaction between consumption and financial markets.
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Consumption without uncertainty



In this Section we study the consumption/savings households’ decision assuming that current and future income is deterministic, i.e., it known by households well in advance



2.1



A two-period model without uncertainty



We will start considering an economy with households living two periods t = 1, 2.



1
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2.1.1



Model set-up



The households’ consumption problem has three key ingredients:



Utility function. Households have utility over consumption time. Let C1 denote consumption in t = 1 and C2 denote consumption in t = 2. The utility gained from consuming in t = 1 is U (C1 ) and the utility gained in t = 2 is U (C2 ). Let dU (C) dC denotes marginal utility — the extra gain in utils from one more unit of consumption. Utility M U (C) =



functions exhibit diminishing returns, implying that marginal utility is declining in total consumption: dM U (C) d2 U (C) = < 0. dC dC 2 For example, if U (C) = log (C) then 1 , C 1 dM U (C) = − 2 < 0. dC C M U (C) =



Discounting the future. When making consumption and savings decisions, households act “impatiently” by discounting utility in t = 2 relative to t = 1. Denote the discount factor β < 1. The total household utility from consuming C1 and C2 is assumed to be a weighted sum of the per-period utilities, where the weighting depends on the discount factor: U (C1 ) + βU (C2 ) This equation expresses the idea that households care more about today relative to tomorrow.



Budget constrain. Suppose that households work in t = 1 and t = 2 and receive exogenous wage income W1 in t = 1 and W2 in t = 2. Households can save the amount A in t = 1 to use for consumption in t = 2. Savings pays the interest rate r. 2
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Consumption in t = 1 is then C1 = W1 − A, while consumption in t = 2 is C2 = W2 + (1 + r) A. These two expressions can be thought of as the per-period budget constraints of the households, i.e. how much the household has available to consume, given their savings decisions. The expression for C1 and C2 are linked by the amount of savings A. Thus, we can merge these two expressions to get the lifetime budget constrain: C1 +



C2 W2 = W1 + 1+r 1+r



which imply that the present value of consumption equals the present value of income. 2.1.2



Solving the model



Since W1 and W2 are given, we can substitute in the budget constraints to obtain an expression for household utility in terms of the savings A and the wages and interest rate r: U (W1 − A) + βU (W2 + (1 + r)A) An increase in savings A implies lower consumption today but higher consumption tomorrow. Households should choose A to maximize the discounted sum of utility. Taking the derivative of the household utility with respect to savings A implies: −U 0 (W1 − A) + βU 0 (W2 + (1 + r)A) (1 + r) = 0 Re-arranging, we have U 0 (W1 − A) = β (1 + r) U 0 (W2 + (1 + r)A) U 0 (C1 ) = β (1 + r) U 0 (C2 ) This is a consumption Euler Equation (EE). The term on the left is the marginal cost in terms of foregone utility of saving an extra unit of consumption today. The term on the right is the marginal benefit in terms of utility of having an additional unit of assets tomorrow. The asset pays (1 + r). Households discount tomorrow’s benefit by β. 3
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Alternative solution method. Another way to solve this problem is to maximize the objective U (C1 ) + βU (C2 ) subject to the lifetime budget constrain C1 +



W2 C2 = W1 + 1+r 1+r



The Lagrangian representation of this problem is    C2 W2 L = U (C1 ) + βU (C2 ) − λ C1 + − W1 + 1+r 1+r Note that in this case we have only one restriction since we have merged all one-period budget constrains, so we have only one Lagrangian multiplier λ. The FOC are C1 : U 0 (C1 ) = λ C2 : βU 0 (C2 ) =



λ 1+r



Combining them both we get the same expression for the Euler Equation (EE): U 0 (C1 ) = β (1 + r) U 0 (C2 ) . 2.1.3



Example 1: Log utility



Consider the following functional form for households’ utility: U (C) = log (C) The Euler Equation (EE) in this case is 1 β = (1 + r) C1 C2 C2 = (1 + r) βC1 . This equation relates consumption tomorrow relative to consumption today, which is a fixed proportion depending on the discount factor β and the interest rate r.
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Note that the EE does not determine the overall level of consumption today or tomorrows. Instead, the overall level of consumption is determined by combining the EE with the lifetime budget constraint. Substituting this expression into the budget constraint, we have C1 +



W2 (1 + r) β C1 = W 1 + 1+r 1 + r  1 W2 C1 = W1 + 1+β 1+r   (1 + r) β W2 C2 = W1 + 1+β 1+r



Define human wealth H as the present discount value of wages: H = W1 +



W2 1+r



then our solution implies that consumption in t = 1 and t = 2 is proportional to the current value of wealth: 1 H, 1+β β(1 + r) = H. 1+β



C1 = C2



To illustrate the idea of consumption smoothing, note that the increase of wage either at t = 1 or t = 2 imply the increase of consumption in both periods. In addition, an increase in the discount factor β makes future utility more valuable and causes an increase in consumption tomorrow relative to today. With log utility the consumption/wealth ratio does not respond to the interest rate. This is because an increase in the interest rate has two effects in households’ consumption decisions: On one hand, a higher interest rate makes saving in t = 1 more attractive (substitution effect), which is a force that should decrease consumption at t = 1. But, on the other hand, a higher interest rate also makes the household richer since it gets more return from its savings in t = 1 (income effect). This income effect implies that the household would like to consume more in t = 1, pushing savings down. With log-utility, these effects cancel in such a way as to keep consumption-wealth ratios constant.



Remark: Interest rate and consumption decisions. To see better the role of the substitution and income effects of changing the interest rate, note that the lifetime budget constraint may 5
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be written as C2 = [(1 + r) W1 + W2 ] − (1 + r) C1 This is a straight line with positive intercept and negative slope − (1 + r) in the space (C1 , C2 ). We could draw also the standard indifference curve, which is convex. The combination between the FOC and the budget constraint may be represented and the tangency between the straight line and the higher posible indifference curve. A higher interest rate will affect the slope of the budget constraint as well as total wealth [(1 + r) W1 + W2 ]. 2.1.4



Example 2: β =



1 1+r



Note β is the discount factor that households apply when valuing future utility. The term



1 1+r



is



the discount factor that financial markets apply when valuing future payments. The assumption β=



1 1+r



implies that households discount the future at the same rate as financial markets. This is a



natural benchmark because, in equilibrium, financial markets should reflect household preferences. The solution to the optimal consumption-savings decision satisfies the following two conditions: U 0 (C1 ) = β (1 + r) U 0 (C2 ) and the lifetime budget constraint: C1 + When β =



1 1+r



W2 C2 = W1 + 1+r 1+r



the Euler Equation (EE) is U 0 (C1 ) = U 0 (C2 )



which can only hold if C1 = C2 for any functional form of the utility function. From the lifetime budget constraint, we can solve for C1 C1 +



W2 C1 = W1 + 1+r 1+r   1+r W2 C1 = W1 + 2+r 1+r   1+r C1 = C2 = H. 2+r 6
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This example illustrates an extreme form of consumption smoothing—consumption in t = 1 equal to consumption in t = 2. Again, an increase in the wage in period one will raise the level of consumption in t = 1, and cause an increase in savings, which will lead to more consumption in t = 2.



2.2



An infinite horizon model without uncertainty



This is a straightforward extension of the two-periods model displayed above. Consider a representative household with a utility ∞ P



β t−1 U (Ct )



t=1



where U (·) is the momentary utility function, which satisfies the standard properties U 0 > 0 and U 00 < 0, and β is the discount factor. The budget constraint of the household every period t may be represented as Ct + At+1 = (1 + r) At + Wt . In words, the LHS of this expression is the inflow of the households’ resources: its labor income in this period Wt , plus the total value of its savings in the period before, At , which is (1 + r) At . We assume that the interest rate r is exogenous and constant. The RHS of this expression above is the outflow of the households’ resources: the total consumption in the current period Ct plus what is invested in savings At+1 . To solve this problem, we use the Lagrangian approach. For this we first need to get the lifetime budget constraint. We can do so by iteratively replacing the At+1 term. Let start with t = 1 : C1 + A2 = (1 + r) A1 + W1 where A1 is the initial level of savings. Similarly, the budget constraint in t = 2 is C2 + A3 = (1 + r) A2 + W2 which may be written as A2 =



1 (C2 + A3 − W2 ) 1+r



Therefore, we can plug this expression in the budget constraint in t = 1: C1 +



1 (C2 + A3 − W2 ) = (1 + r) A1 + W1 1+r 7



M1-TSE. Macro I. 2010-2011. Chapter 3: Consumption



C1 +



C2 A3 W2 + = (1 + r) A1 + W1 + 1+r 1+r 1+r



Similarly, we can obtain A3 as A3 =



1 (C3 + A4 − W3 ) 1+r



and plugging this expression in the in the budget constraint in t = 1, we get   1 1 W2 C2 + (C3 + A4 − W3 ) = (1 + r) A1 + W1 + C1 + 1+r 1+r 1+r 1+r C2 C3 A4 W2 W3 C1 + + + 2 + 2 = (1 + r) A1 + W1 + 1 + r (1 + r) 1 + r (1 + r)2 (1 + r) Iterating in the same procedure, and assuming that A1 = 0 (only for simplicity), we get ∞ P t=1







1 1+r



t−1 Ct =



∞ P







t=1



1 1+r



t−1 Wt .



which is equivalent to the lifetime budget constraint in the two-periods model. Now we can write down the Lagrangian representation of the households’ optimization problem ( "  t−1  t−1 #) ∞ ∞ ∞ P P P 1 1 L= β t−1 U (Ct ) − λ Ct − Wt 1+r 1+r t=1 t=1 t=1 Hence, we get a sequence of FOCs, one for consumption in each period, such that  t−1 1 t−1 0 β U (Ct ) = λ 1+r Assuming that β =



1 , 1+r



the FOCs get simplified to U 0 (Ct ) = λ



which imply that consumption is constant, i.e., we recover our result that C ≡ C1 = C2 = C3 = ... 2.2.1



Permanent income hypothesis



This result motivates the Permanent Income Hypothesis (PIH), proposed by Friedman in 1957. The idea is that only permanent changes in income have a significant effect on consumption, opposed to transitory changes, which significantly affect savings. To this, suppose that income is
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constant, so W ≡ W1 = W2 = W3 = ... The lifetime budget constraint then becomes "  "  t−1 # t−1 # ∞ ∞ P P 1 1 C = W 1+r 1+r t=1 t=1     1+r 1+r C = W r r C = W. In this case, households’ consumption equals income. Suppose now that income has a permanent increase, such that income in all periods t > 0 increase in an amount ε. Following the same computation above, we get C =W +ε or, in words, there is a one-to-one relationship between changes in consumption and changes in income, provided that the change in income affects the current and all future periods. To see the effect of a transitory change in income, assume that only the income at t = 1 increases in an amount ε, i.e. W1 = W + ε and Wt = W ∀t > 1. The lifetime budget constraint then becomes: "



∞ P t=1







t−1 #



"



∞ P



t #







1 1 C = (W + ε) + 1+r 1+r t=1 "  #    t−1 ∞ P 1+r 1 C = ε+ W r 1+r t=1     1+r 1+r C = ε+ W r r r C = W+ ε 1+r



W



In words, when income increases in the first period, consumption in all period increase, but only in an extent equal to the present value of the net return of saving the extra income ε. Savings in t = 1 then are A2 = W1 − C1 



r = (W + ε) − W + ε 1+r ε = 1+r and savings in t = 2 are A3 = W2 + (1 + r) A2 − C2 9
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r = (W + ε) − W + ε 1+r ε = 1+r







which means that households keep the amount of savings constant over time and only consumes the income from the return of its savings. In a bit deeper sense, savings are not more that future consumption. We have seen here that savings do not have a value for households (savings do not produce utility), but savings allow households to transfer resources intertemporally.



3



Consumption under uncertainty



This Section relax the assumption used Section 2 that households know for sure their whole stream of income. In contrast, we will assume in this Section that income is stochastic.



3.1



Consumption and savings under uncertainty in a two-period model



The basic ingredients of this model are the same than in Section 2.1. Households now care about expected utility E {U (C1 ) + βU (C2 )} income is respectively given by W1 and W2 , so the budget constraint in t = 1 and t = 2 are C1 = W 1 − A C2 = (1 + r) A + W2 . The only twist w.r.t. Section 2.1 is that now we assume that income in t = 2 is random, such that  W + ε with prob. 21 W2 = W − ε with prob. 12 Thus, expected income in t = 2 is E [W2 ] =



1 1 [W + ε] + [W − ε] = W 2 2



Because t = 2 is the terminal period, whatever change in income in t = 2 will affect consumption in the same extent, so let define C2L and C2H such that 1 2 1 = (1 + r) A + W + ε with prob. 2



C2L = (1 + r) A + W − ε with prob. C2H



10
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Therefore, expected consumption is E (C2 ) = (1 + r) A + W then C2L = E (C2 ) − ε C2H = E (C2 ) + ε The main issue here is to check whether uncertainty is affecting the way in which households split their income in t = 1 between consumption and savings 3.1.1



Solving the model



Since only W2 is stochastic, households utility is U (C1 ) + βE [U (C2 )] where  1  1 E [U (C2 )] = U C2L + U C2H 2 2 Formally, the household choose savings A to solve:   1 1 U (W1 − A) + β U ((1 + r) A + W − ε) + U ((1 + r) A + W + ε) 2 2 Taking the derivative of this expression with respect to A, the optimal savings decision satisfies:   1 0 1 0 0 U ((1 + r) A + W − ε) + U ((1 + r) A + W + ε) U (W1 − A) = (1 + r)β 2 2 or 



 1  1 U (C1 ) = (1 + r)β U 0 C2L + U 0 C2H 2 2 0 0 U (C1 ) = (1 + r)βE [U (C2 )] 0







This is the Euler Equation (EE) under uncertainty. The marginal cost of saving an extra unit of consumption today is equal to the expected marginal benefit of saving tomorrow. Exactly as we did in the previous section, the need the EE and the lifetime budget constraint to solve for consumption {C1 , C2 } and savings A. 11
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The lifetime budget constraint may be obtained exactly as we did in the last section: C1 +



W2 C2 = W1 + 1+r 1+r



Let take expectations of this expression recognizing that in t = 1, C1 and W1 are known but C2 and W2 are unknown: C1 +



E [C2 ] E [W2 ] = W1 + 1+r 1+r



This expression says that the expected present discounted value of consumption is equal to the expected present discounted value of wages. We just need a functional form for utility to get an explicit solution. Note that the assumption β =



1 1+r



does not help us to pin down the optimal rule for consumption without specifying the



utility function. This is because the utility function U (·) is non-linear, so, in general, U 0 (·) is also non-linear. This curvature has an impact on the computation of E [U 0 (C2 )], so we need to precise the curvature of the utility function to compute this term. 3.1.2



The case of certain equivalence



Let’s assume that utility is a quadratic function of consumption: b U (C) = aC − C 2 2 where a, b > 0. This is a case in which the marginal utility is linear: U 0 (C) = a − bC. Assume now that β =



1 , 1+r



then the EE above imply U 0 (C1 ) = E [U 0 (C2 )] a − bC1 = E [a − bC2 ] C1 = E [C2 ] .



In this example, expected consumption in t = 2 is equal to actual consumption in t = 2. Using this expression in the lifetime budget constraint we obtained above, we get: C1 +



E [W2 ] E [C2 ] = W1 + 1+r 1+r 12
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C1 +



E [W2 ] C1 = W1 + ≡H 1+r 1+ r  1+r C1 = H 2+r



By defining human wealth as the expected present discounted value of consumption, we obtain the same solution for consumption in t = 1 as we did in the case of certainty. We call this result, “certainty equivalence”. The choice of consumption in t = 1 only depends on the expected wage in t = 2 and not the degree of uncertainty itself. Consumption in t = 2 is then C2L = C1 − ε C2H = C1 + ε Consumption in t = 2 differs from consumption in t = 1 because of surprises to the t = 2 wage rate. Thus surprises to the wage are fully reflected in consumption in t = 2. The household makes its consumption-savings decision to smooth expected income in t = 2 relative to t = 1 but it cannot smooth the unexpected component of t = 2 wages. In this example, households dislike uncertainty but it does not affect their behavior at the margin, hence it does not alter their choice over consumption relative to savings. In the next example, we show that the presence of uncertainty may influence the consumption/savings decision through a mechanism known as precautionary savings. 3.1.3



Precautionary savings



Now let assume that U (C) = Again assume that β =



1 , 1+r



C 1−γ 1−γ



then the EE above imply U 0 (C1 ) = E [U 0 (C2 )]   C1−γ = E C2−γ   1 L −γ 1 H −γ −γ C1 = E C + C 2 2 2 2



Since C2L = [C2 ] − ε 13
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1 1 =E (E [C2 ] − ε)−γ + (E [C2 ] + ε)−γ 2 2







In this example, if there is no uncertainty, ε = 0, and households perfectly smooth consumption across time periods, so we could recover our result C1 = C2 With uncertainty, this result will no longer hold. In particular, we have that C1 < E [C2 ] and C1 will be smaller as higher is the curvature of U 0 (·), which is governed by the parameter γ. Note that income in t = 1 is certain and fixed, so smaller C1 implies higher savings. This is way this parameter γ is interpreted as a risk aversion coefficient. In addition, households consume less and save more in the t = 1 owing to uncertainty in future income. To see this, note that, holding expected consumption in t = 2, E [C2 ], constant, an increase in the absolute value of the income shock ε will cause the expected marginal utility on the right hand side of this expression to increase. To maintain equality, the left hand side must also increase. This would require consumption today to fall relative to expected consumption tomorrow. In this example, uncertainty leads to precautionary savings: As uncertainty over future income increases, households consume less today and save more. The more risk averse households are (i.e., the more curvature has their marginal utility), the stronger will be the precautionary motive for savings.



3.2



Consumption and savings under uncertainty with an infinite horizon model



We now consider the role of uncertainty for the case of an infinitely lived household. Let Et [U (Ct+s )] denote expected utility in period t+s given information available to the household in period t. Households again maximize the expected discounted sum of the stream of all current 14
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and future utility: ∞ P



β s Et [U (Ct+s )] .



s=0



This expression is equivalent to the one used to study consumption and savings without uncertainty in Section 2.2. The only difference is that, instead of starting from period 1, we start from a given period t. Households have a one-period budget constraint Ct+s + At+s+1 = (1 + r) At+s + Wt+s for any given period t + j. Similarly as we did in Section 2.2, we can pull all one-period budget constrains together, such that s  s  ∞ ∞ P P 1 1 Ct+s = (1 + r) At + Wt+s 1+r 1+r s=0 s=0 with the only difference that now we do not assume that savings in the period before are zero (in Section 2.2 we assumed that A0 = 0 to get rid of the A term in the RHS of the last expression above). We again use the Lagrangian method to solve this problem: ∞ ∞  s  s  ∞ P s P P 1 1 L = max β Et [U (Ct+s )] − λ Ct − (1 + r) At − Wt {Ct }∞ 1+r 1+r s=0 s=0 s=0 t=1 The FOC for Ct+s is s







0



β Et [U (Ct+s )] =



1 1+r



s λ



For instance, if we look at s = 0 and s = 1, we have Ct : U 0 (Ct ) = λ 



0



Ct+1 : βEt [U (Ct+1 )] =



1 1+r



 λ



which together imply U 0 (Ct ) = β (1 + r) Et [U 0 (Ct+1 )] . This is the version of the Euler Equation under uncertainty that determines consumption today relative to tomorrow. The LHS does not have expectations because we are assuming that the household is solving this problem starting on period t, when it already observe its current income, 15
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so its consumption and savings at this period are certain. However, this is not true at t + 1, and this is why expectations are taken in the RHS of the EE above. As above, we need the EE and the lifetime budget constraint to solve this problem. Take expectations at t of the budget constraint:  s s  ∞ ∞ P P 1 1 Et [Ct+s ] = (1 + r) At + Et [Wt+s ] 1+r 1+r s=0 s=0 If we have a functional form for U 0 (·) and for simplicity assume that β =



1 , 1+r



we can use the EE



between Ct and Ct+1 to find a relationship between Ct and Et [Ct+1 ], and the EE between Ct+1 and Ct+2 for a relationship between Et [Ct+1 ] and Et [Ct+2 ], and so forth. All these relationships allow us to form a relationship between Ct and Et [Ct+s ] for all s > 0. And, then, we can use the expected form of the lifetime budget constraint to solve for Ct . 3.2.1



Certainty equivalence



Let’s again assume β = 1 + r and quadratic utility so that the EE is a − bEt [Ct+s ] = a − bEt [Ct+s+1 ] Et [Ct+s ] = Et [Ct+s+1 ] for s ≥ 0. Thus, Ct = Et [Ct+s ] for s ≥ 0. This expression implies that our best forecast of future consumption is current consumption. Using the expected form of the lifetime budget constraint, we have s  ∞  P 1 Ct = (1 + r) At + Ht 1+r s=0 where Ht =



∞ P s=0







1 1+r



s Et [Wt+s ]



Thus, Ct =



r [(1 + r) At + Ht ] 1+r



Again, consumption displays certainty-equivalence: only expected wages matter for consumption and not the degree of uncertainty in the wage process. 16
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3.2.2



Persistence of wages



To fully solve this model under certainty equivalence, we need to compute the expectations of future income which are implicit in the definition of Ht . To compute these expectations, let’s assume that wages follow an autoregressive process (Wt − W ) = ρ (Wt−1 − W ) + εt Wt = (1 − ρ) W + ρWt−1 + εt with ρ ∈ (0, 1) and εt is a serially uncorrelated shock to wages and W denotes the unconditional mean or long-run value of the wage process: E [Wt ] = W. Note that the expectation operation is independent of time. This process implies that deviations from the mean are persistent, but, in the absence of shocks, wages converge to their unconditional mean. The parameter ρ controls how quick is this convergence, so ρ measures the persistence of the income process. The bottom line idea is that current deviations of wages w.r.t. their unconditional mean W provides information about future deviations of wages w.r.t. their unconditional mean: Et [Wt+s − W ] = ρs (Wt − W ) . Note that now the expectation operator is conditional on information in period t, i.e., the current realization of wages is already known by households. Under this process for wages, the expected discount sum of income is  s ∞ P 1 Ht = Et [Wt+s ] 1+r s=0  s ∞ P 1 = Et [(1 − ρ) W + ρWt+s−1 + εt+s ] 1+r s=0  s ∞ P 1 = Et [W + ρ (Wt+s−1 − W ) + εt+s ] 1+r s=0 ∞  s   s ∞ P P 1 1 = W+ Et [ρ (Wt+s−1 − W ) + εt+s ] 1+r 1+r s=0 s=0 ∞  s   s ∞ P P 1 1 = W+ Et [ρ [ρ (Wt+s−2 − W ) + εt+s−1 ] + εt+s ] 1+r 1+r s=0 s=0 ∞  s   s  s  ∞ P P P s−i 1 1 s = W+ Et ρ εt+i + ρ (Wt − W ) 1+r 1+r s=0 s=0 i=1 17
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Note that Et [εt+i ] = 0 ∀i > 0 Thus Ht



∞  s   s ∞ P P 1 1 = W+ ρs (Wt − W ) 1+r 1+r s=0 s=0 Wt − W W = ρ 1 + 1 − 1+r 1 − 1+r 1+r 1+r = W+ (Wt − W ) r 1+r−ρ



In the last Section we shown that under certainty equivalence we have Ct =



r [(1 + r) At + Ht ] 1+r



so, consumption at t satisfies Ct = rAt + W +



r (Wt − W ) . 1+r−ρ



The consumption function relates consumption to current financial assets and the current income. As in the case of no uncertainty, we again find that the effect of a change in income today on consumption is small. Note that we also allow here for a non-zero stock of savings at the beginning of the period (recall: here At 6= 0, in opposition to the assumption A1 = 0 when we studied this problem without uncertainty), so a change in the current stock of savings also have a small effect on current consumption. In general, the response of consumption to wages depends on the degree of persistence in the wages process: dCt r = ≤1 dWt 1+r−ρ If ρ = 0 all shocks to wages are completely transitory. In this case, an increase in the current wage Wt has a small effect on consumption: dCt r = dWt 1+r This result is equivalent to our result at the end of Section 2.2, when we studied the Permanent Income Hypothesis (PIH) without uncertainty. Only a proportion 18



r 1+r



of the extra income at t is
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invested and therefore a proportion



1 1+r



is saved because, since ρ = 0, households interpret any



change in their observed income as transitory. In the converse case, ρ = 1, all shocks to wages are taken as permanent, so dCt =1 dWt and thus all the extra income is consumed and nothing is saved.



3.3



The random walk hypothesis of consumption



This hypothesis for consumption under uncertainty is the counterpart of the Permanent Income Hypothesis for consumption under certainty. Assuming that β =



1 1+r



and under certainty equiva-



lence, the Euler equation (EE) is such that Et Ct+1 = Ct . Let denote vt+1 = Ct+1 − Et Ct+1 as the surprise in t + 1 consumption given information available at time t. The term vt+1 is a forecast error which is uncorrelated with information known to the household in t. We then have that Ct+1 = Ct + vt+1 . This equation implies that consumption follows a random-walk, i.e. changes in consumption are unforecastable ∆Ct+1 = vt+1 . This result is based on quadratic utility. Unfortunately quadratic utility is undesirable for a number of reasons. A more realistic utility function would be of the form U (C) =



C 1−γ . 1−γ



In this case, the EE takes the form −γ Ct−γ = β (1 + r) Et Ct+1
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If we define now −γ −γ Vt+1 = Ct+1 /Et Ct+1



we get that −γ Ct−γ = β (1 + r) Ct+1 /Vt+1



and after applying logs, we get log Ct+1 = cons + log Ct + vt+1 where vt+1 = − γ1 log Vt+1 . Again vt+1 is a forecast error it should be uncorrelated with variables known in t such as GDP. 3.3.1



Testing the Random Walk Theory of Consumption



Hall (JPE, 1978) tests this model by estimating the following equation log Ct+1 = γ 0 + γ 1 log Ct + γ 2 log Yt + vt+1 where Yt denotes current real GDP.and Ct is measured using nondurables consumption plus services. In general, Hall finds results that are consistent with the predictions of the model. In particular, he finds that the estimated values are close to those predicted by theory: γ1 = 1 γ2 = 0 Campbell and Mankiw (NBER Macro Annual, 1989) revisit this question but formulate the problem slightly differerently. In particular, let Xt = Et ∆ log Yt+1 denote expected income (GDP) growth based on t information.in t. Campbell and Mankiw construct a measure of expected income growth and then regress realized consumption growth on expected income growth: ∆ log Ct+1 = γ 0 + γ 1 ∆Xt + vt+1 If the model is correct, then consumption growth should be uncorrelated with expected income growth and γ 1 = 0. Campbell and Mankiw estimate γ 1 = .5 which implies relatively large deviations of consumption from a random-walk. This finding has led to a whole branch of literature to explain this departure. 20
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4



Asset pricing implications



In this section we relax one key assumption that we have made so far: the return of savings is deterministic. We will assume now that the return of savings is stochastic. We also ask the question of what the expected return of a risky asset should be such that households will be indifferent between investing in a riskless asset or in a risky asset. To answer this question we need to relax another key assumption made so far: there is only one asset. Instead, we need to introduce two assets, one riskless and the other risky.



4.1



Playing with the Euler equation



Let assume first that there is only one asset in the economy, which is risky. This means that its ex-post return (1 + rt ) is known at t, i.e., households know in period t how much return they get in t for their savings made in t − 1. However, ex-ante return (1 + rt+1 ) is stochastic, i.e., households do not know in period t how much return the will get at t + 1 for their savings made in t. We could solve this problem exactly has we have solved the problem with infinite horizon and stochastic income. The only difference is that now (1 + rt+1 ) is stochastic, and because of this, future consumption is also stochastic. Therefore, the household problem is max∞



∞ P



{Ct+s }s=0 s=0



β s Et [U (Ct+s )]



subject to Ct+s + At+s+1 = (1 + rt+s ) At+s + Wt+s ∀s. Note that the difference now w.r.t. the case studied in Section 3 is that the interest rate is not constant. Because of this change, it is easier to study this problem by replacing consumption using the one-period budget constrains, so max∞



∞ P



{At+s }s=1 s=0



β s Et [U ((1 + rt+s ) At+s + Wt+s − At+s+1 )]



Then we take the FOC w.r.t. {At+s }∞ s=1 . For example, the FOC for At+1 is −Et [U 0 (Ct )] + βEt [U 0 (Ct+1 ) (1 + rt+1 )] = 0 21
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which imply U 0 (Ct ) = βEt [(1 + rt+1 ) U 0 (Ct+1 )] In words, the Euler equation must consider that the interest rate in t+1 is uncertain for households’ decisions in t, and because of this, consumption in t + 1 is also uncertain. As any expectations of the multiplication of two random variables, we can write the EE as U 0 (Ct ) = βEt [1 + rt+1 ] Et [U 0 (Ct+1 )] + covt {1 + rt+1 , U 0 (Ct+1 )} A bit counter intuitive result is that, when households must decide to invest in a risky asset, they do not really care about how risky the asset is, i.e., the variance of the asset return, but on the covariance between the return of the asset and their consumption. For instance, an asset with a positive covariance between return and the marginal return of consumption, i.e., that pays a high return when consumption is low, and low return when consumption is high, is a good instrument for households to smooth their consumption. Therefore, this is a very attractive investment asset. This effect can be seen in the expression. Suppose that covariance in the RHS increases but the expected return of the asset Et [1 + rt+1 ] is kept constant. Then, the equality between the RHS and the LHS is preserved if U 0 (Ct ) is higher and/or Et [U 0 (Ct+1 )] is smaller. Because marginal utility is decreasing, this implies that Ct is higher w.r.t. Ct+1 . The converse effect takes place if the covariance between asset return and marginal utility is negative. This result shows that what households really care is about hedging their consumption risk when they decide their portfolio choices. For instance, households in one country should invest in assets in other countries because return of these assets should be less correlated to their labor income than domestic asset. This presumption comes from the fact that labor income and assets return in one country should be affected by the same aggregate conditions. However, French and Poterba (AER, 1991) show that this prediction fails in the data: Households in one country have the strong tendency to invest in assets of their own country. This pattern is known as the home bias puzzle.



4.2



Consumption CAPM



In the subsection above we have allowed households to invest only in one risky asset and we have taken its expected return as exogenously given. Now we allow households to choose between a
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risky and a riskless asset. Then we ask what should be the expected return of the risky asset in equilibrium such that household want to invest in this risky asset. To answer this question, note that we could write the EE as Et [1 + rt+1 ] =



βEt



1 [U 0 (Ct ) − covt {1 + rt+1 , U 0 (Ct+1 )}] (Ct+1 )]



[U 0



This equation gives us a relationship that the risky asset must satisfy for the household to be indifferent between investing in this asset or consuming its investment today. A riskless asset should also satisfy the same EE, with the only difference that by definition a riskless asset is uncorrelated to consumption, i.e. 1 + rt+1 =



βEt



1 U 0 (Ct ) (Ct+1 )]



[U 0



Note that we are allowing the riskless asset to have a time-varying return rt+1 . The only difference with the risky asset is that rt+1 is known in advance (this is why there is no expectations in the LHS). We can now merge these two expressions to get Et [rt+1 ] − rt+1 = −



covt {1 + rt+1 , U 0 (Ct+1 )} . βEt [U 0 (Ct+1 )]



To understand this expression, assume that the covariance term in the RHS is negative, i.e. covariance between the risky asset return and consumption is positive. In this case the risky asset must pay a premium in terms of expected utility w.r.t. the riskless asset return in order to make households indifferent between investing in either asset. If in the data the LHS is higher than the RHS, then households will stop demanding the riskless asset and they will invest all their resources in the risky asset. This excess demand for the risky asset should decrease its expected return (for instance, because borrowers do not need to pay so much to raise the resources they want), so the expression above is really an equilibrium result. Also now that the more risk-averse households are (i.e., the more concave is their utility function), the lower is the computation of Et [U 0 (Ct+1 )] and thus the premium that risky assets must pay is higher. This model for the determination of asset prices is known as the Consumption Capital-Asset Pricing Model (Consumption CAPM), where the term in the RHS is know as consumption beta because it is interpreted as the coefficient of an asset return on consumption growth. 23
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Equity Premium Puzzle. No matter how beautiful this theory can be, Mehra and Prescott (JME, 1985) have shown that the Consumption CAPM theory fails in the data: The premium that risky assets pay in the data are by far higher to what the theory predicts. For instance, assume that U (Ct ) =



Ct1−γ 1−γ



Then, the EE for a risky asset is   −γ Ct−γ = βEt (1 + rt+1 )Ct+1 "  −γ # Ct+1 1 = βEt (1 + rt+1 ) Ct and let’s call



Ct+1 Ct



= 1 + gc , so   1 = βEt (1 + rt+1 ) (1 + gc )−γ



We can now use a second order approximation around rt+1 = gc = 0, so that 1 1 f (x, y)|x=y=0 ≈f (0, 0) + fx (0, 0) x + fy (0, 0) y + fxx (0, 0) x2 + fyy (0, 0) y 2 + fxy (0, 0) xy 2 2 1 ⇔ (1 + rt+1 ) (1 + gc )−γ ≈ 1 + rt+1 − γgc − γgc rt+1 + γ (γ + 1) gc2 . 2 Therefore, we can approximate the EE as   1 1 Et [rt+1 ] − γE [gc ] − γ [Et [rt+1 ] Et [gc ] + cov {rt+1 , gc }] + γ (γ + 1) var (gc ) + Et [gc ]2 = − 1 2 β if we assume that Et [rt+1 ] E [gc ] ≈ Et [gc ]2 ≈ 0, we get   1 1 Et [rt+1 ] = − 1 + γE [gc ] + γcov {rt+1 , gc } − γ (γ + 1) var (gc ) β 2 and for a riskless asset cov {rt+1 , gc } = 0   1 1 rt+1 = − 1 + γE [gc ] − γ (γ + 1) var (gc ) β 2 Thus Et [rt+1 ] − rt+1 = γcov {rt+1 , gc } As shown by Mehra and Prescott (JME, 1985), the difference in the average return of shocks (the risky asset) and government bonds (the riskless asset) for a sample between 1890 and 1979 in the 24
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US is 6%. In the same period, the standard deviation of consumption growth is 3.6%, the standard deviation of stock returns is 16.7%, and the correlation between them two is only .4. Thus, cov {rt+1 , gc } = std (rt+1 ) std(gc )corr(rt+1 , gc ) = .0024 Therefore, we need γ ≈ 25 to match Et [rt+1 ] − rt+1 = .06. This is an extraordinary level of risk aversion which is implausible in practice. There are a couple of proposals to rationalize this puzzle. One of them is based on the idea that households have habits of consumption and they really dislike to get consumption below this level, so they really need a very high return to accept a risky asset (Campbell and Cochrane, JPE 1999). An alternative explanation is relaxing the time separability of utility, i.e., instead of having U (C1 ) + βU (C2 ), there is a CES intertemporal utility function (Bansal and Yaron, JoF 2004). This non-trivial relation between periods amplify the importance of risk that could affect permanently the return of assets (for instance, inflation risk), so households need a high return to get compensated.
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